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AN EXPONENTIAL DISCONTLNUOUS SCHEME FOR 
DISCRETE-ORDINATE CALCULATIONS IN CARTESIAN GEOMETRIES 

Todd A. Wareing 
University of California 

Los Alamos National Laboratory 
Los Alamos, New Mexico 87545 

ABSTRACT 

We describe a new nonlinear spatial differencing scheme for solving the discrete-ordinate transport equations, called the 
exponential discontinuous (ED) scheme in one, two and three dimensional Cartesian geometries. The ED scheme is much 
easier to derive and less computationally expensive than the recently developed nonlinear characteristic (NC) scheme and is 
nearly as accurate for deep penetration shielding problems. Like the nonlinear characteristic scheme, the exponential 
discontinuous scheme produces strictly positive angular fluxes given positive discrete-ordinate sources. However, the ED 
scheme can be less accurate than even the linear discontinuous (LD) scheme for certain types of problems. Numerical results 
are provided to show the accuracy and positivity of the ED scheme. 

I. INTRODUCTION 

Recent efforts in the development of numerical schemes for the discrete-ordinate equations have led to the develo ment of 
some very accurate and positive nonlinear differencing schemes. The algebraically equivalent nonlinear characteristice3 (NC) 
and exponential character is ti^^-^ (EC) spatial differencing schemes were recently introduced. To eliminate confusion, from 
now on we will refer to the NCEC scheme as the nonlinear exponential characteristic (NEC) scheme. The NEC scheme uses 
the method of characteristics with an exponential representation for the source within each spatial cell together with the 
preservation of the first two spatial source moments. This moment preserving, exponential source representation is derived 
using information theory6. The NEC scheme is very accurate and produces strictly positive angular fluxes given positive 
discrete-ordinate sources. Also, a nonlinear c~rner-balance~ (NLCB) scheme has been developed that is also very accurate and 
positive. These schemes are all based upon the method of characteristics and have been developed for one, two and three 
dimensional geometries. They are all limited to Cartesian geometries and are difficult to derive and implement. 

Recent developments have led to a new exponential discontinuous (ED) scheme based upon a moment preserving 
exponential distribution for the angular flux within each  ell^^^. This exponential distribution is also derived using 
information theory. Unlike the NEC and NLCB schemes, the ED scheme is rather easy to derive and implement and is 
potentially less computationally expensive. The ED scheme produces strictly positive angular fluxes given positive discrete- 
ordinate sources. However, the accuracy of the ED scheme is more problem dependent than the NEC scheme. For optically 
thick, deep-penetration problems, the ED scheme is nearly as accurate as the NC scheme, but the accuracy degrades as the 
cells become optically thin or for problems where the angular flux is not rapidly varying. 

In this paper we develop the ED scheme in one, two and three dimensional Cartesian geometries and discuss the method 
of solution. We provide results to show the accuracy and positivity of the ED as well as timing comparisons with many well 
known linear and nonlinear schemes. 

The remainder of the paper is as follows: In Section 11, we derive the ED equations for the one, two and three 
dimensional Cartesian geometries. In Section 111, we discuss the method used to solve the ED equations. In Section IV, we 
provide numerical results and timing comparisons. In Section V we provide some conclusions. 
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11. THE EXPONENTIAL DISCONTINUOUS SCHEME 

In this section we derive the ED scheme for the discrete-ordinates equations in slab, x-y and x-y-z geometries. 

1I.a. Slab Geometry 

The monoenergetic slab geometry discrete-ordinate equations are given by: 

Here y,(x) is the discrete-ordinate angular flux and S,(x) is the discrete-ordinate source comprised of a combination of 
scattering, fission or fixed sources. The slab is divided into a spatial mesh consisting of I cells. The first step in deriving the 
ED equations is to form the zeroth and first spatial moments of Eq.(l) within the i-th cell. This is done by multiplying 
Eq.(l) by both 1 a n d q ( x ) = 2 / h i ( x - x i )  and integrating over the volume of the cell. This gives the first two spatial 
moment balance equations. 

where 

and 

Eqs.(2) and (3) are exact but involve three unknowns. An auxiliary equations is needed for closure. To obtain an 
auxiliary equation we assume a exponential distribution for the angular flux within each cell. Using information theory we 
find that this distribution is given by: 

For more details on the information theory technique for obtaining Eq.(9), refer to reference 1. To find urn,; and A,,,,,, we 
apply our definitions for the zeroth and first spatial moments of the angular flux [Eq.(5) and (6)] to Eq.(9). This gives 



Eq.(9) becomes 

V m . 1  

Eq.( 10) is used to obtain relations between the cell edge fluxes and the zeroth and first spatial moment of the angular flux. 
We assume that the angular fluxes are discontinuous at the edges of the cell. This gives the following auxiliary equation: 

To summarize, our slab geometry ED equations are given by Eq.(2),(3),( 11) and (13). 

I1.b. X-Y Geometry 

The monoenergetic x-y geometry discrete-ordinate equations are given by 

We divide the problem into a rectangular mesh consisting of (IxJ) spatial cells. Next we take the zeroth, x and y spatial 
coordinate moments of Eq.(14). and 
s ( y )  = 21 A y j ( y  - y j )  and integrating over the volume of the cell. This gives 

This is done by multiplying Eq.(14) by 1, r;(x)=2/Axi(x-x,)  

where, 

. x,+1/2 
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and 

This gives three equations with seven unknowns. As in slab geometry, to obtain the auxiliary equations we assume a 
exponential distribution for the angular flux within each cell. From Information theory, we find that this distribution is 
given by: 

, P , ( X ) + G ,  lPl(b) 7 x E [ x 1 - 1 / 2 . x , + 1 / 2 ]  9 Y E [ Y j 4 / 2 ? Y j + 1 / 2 ] .  (26) ' Y , ( X , Y )  = a m . w  

To find 
Inserting Eq.(26) into Eq.(22) and (23), we obtain 

A i , l , j  and Ah, l , j ,  we apply the definitions for the zeroth, x and y spatial moments of the angular flux. 

and 

Eq.(26) becomes 

We next use Eq.(29) to obtain our auxiliary equations. We assume that the angular fluxes are discontinuous at the edges 
of the cell. Inserting Eq.(32) into Eqs.(l8) to (21) gives the following four auxiliary equations: 
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To summarize, the ED equations in x-y geometry are given by Eq.( 15)-( 17), (28) and (30)-(33) 

1I.c. X-Y-Z Geometry 

To derive the ED equations in x-y geometry, we first divide the problem into a rectangular mesh consisting of (I x J x K) 
spatial cells. Next, as in x-y geometry, we take the zeroth, x, y and z spatial coordinate moments of Eq.(34). This is done 
by multiplying Eq.(34) by 1, e ( x ) = 2 / A q ( x - x i ) ,  e (y )=2 /Ayj (y -y j )  and P,(z)=2/Azk(t-zk) and integrating over 
the volume of the cell. Due to space limitations, the x-y-z geometry equations are not given, but follow directly from the 
derivation for x-y geometry. Four equations are generated with thirteen unknowns. As in slab and x-y geometry, to obtain 
the auxiliary equations we assume a exponential distribution for the angular flux withn each cell. From Information theory, 
this distribution is given by: 

To find a,,,i,j,k, Ac, i , i , k ,  Ai,i,j,kand xm,ivj,k, we apply our definitions for the zeroth, x, y and z spatial moments of the 
angular flux, to obtain 

and 

- = 3[~0th(Ak,;,j,k)-- , 7 = x , y , z .  
G . i ,  ' I  j .k  

y/r . . 
m,i , j .k  

Wm, i . j . k  

Eq.(35) becomes 

(37) 

We next use Eq.(38) to obtain our auxiliary equations, assuming that the angular fluxes are discontinuous at the edges of the 
cell. 

IV. SOLUTION METHOD FOR THE ED EQUATIONS 

Source iteration (SI) is used to iterate on the scattering source. We use the Newton iteration method to solve the within- 
cell nonlinear equations. An initial guess of A =  0 appears to be the most robust since the Newton iteration equations at 
A = 0 are algebraically equivalent to the LD equations. We perform Newton iterations until max(M/  A) I E ,  where E is the 
convergence criterion. I 
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Through testing of the ED scheme, we have observed that the discrete-ordinate source must be positive everywhere in the 
problem in order to obtain solutions to the ED equations. Therefore, for anisotropic scattering with a truncated Legendre 
expansion for the scattering source, the source can become negative and the iterative solution method for the ED scheme will 
not converge. This presents a strong disadvantage for the ED scheme at this time. 

V. NUMERICAL RESULTS 

In this section we provide results to slab, x-y and x-y-z geometry test problems. We compare the results with many of 
the advanced linear differencing schemes and the NEC scheme. We do not compare the ED results with the NC scheme in x- 
y-x geometry since the NEC scheme has not been implemented in x-y-z geometry. No acceleration was used for any of the 
methods. 

Two slab geometry test problems are given to demonstrate the accuracy of the ED scheme for different types of problems. 
The first slab test problem is a homogeneous, 50 cm thick, slab with a total cross section of unity and a scattering ratio of 
0.75. The left boundary is reflective and the right boundary is vacuum. There is a homogeneous source with a strength of 
unity in the first 10 cm of the problem. This represents a deep-penetration problem, where the flux drops off several orders of 
magnitude. Figure 1 shows the relative error in the average scalar flux in the right 10 cm of the problem for the ED, linear 
discontinuous (LD), linear nodal (LN) and NC schemes at mesh widths varying between IO mfp and 0.15625 mfp. Clearly 
the ED scheme is more accurate than the LD or LN schemes for optically thick cells, where the LD and LN schemes have 
relative errors of several orders of magnitude. The ED scheme is nearly as accurate as the NEC scheme and neither produce 
negative fluxes. For cells less that 1 mfp, the LN scheme becomes more accurate than the ED scheme. 

The second slab problem is identical to the first problem except that the homogeneous source is distributed throughout 
the entire slab. Here the angular flux is not rapidly varying. Figure 2 shows the relative error in the average scalar flux in 
the right 10 cm of the problem. For this problem, the ED scheme is less accurate than all of the other schemes. On average, 
the ED scheme is more computationally expensive than the other three methods in slab geometry. 

Two x-y geometry test problems are given. The first is a homogeneous square with 50 cm sides with a total cross 
section of unity and a scattering ratio of 0.75. The left and bottom boundaries are reflective and the right and top boundaries 
are vacuum. There is a homogeneous source with a strength of unity in the bottom-left 10 cm square of the problem. Figure 
3 shows the relative error in the average scalar flux in the top-right 10 cm square of the problem for the ED, LD, LN and 
NEC schemes at mesh widths varying between 10 mfp and 0.15625 mfp on each side. Again the ED scheme is more 
accurate than the LD or LN schemes. The ED scheme is nearly as accurate as the NEC scheme and neither produce negative 
fluxes. Figure 4 shows the relative error versus CPU time for all four methods. Here we see that the ED scheme is more 
efficient than the LD or LN methods, but not quite as efficient as the NEC scheme. 

The second x-y geometry test problem is identical to the first x-y geometry test problem except that the homogeneous 
source is distributed throughout the entire problem. Figure 5 shows the relative error in the average scalar flux in the top- 
right 10 cm square of the problem. Again, as in slab geometry, the ED scheme is the least accurate and would not be 
efficient for this type of problem since it is considerably more computationally expensive than the LD or LN schemes. 

The final problem is a x-y-z test problem. It is a homogeneous cube with 25 cm sides, a total cross section of unity and 
a scattering ratio of 0.75. The left, bottom and front boundaries are reflective and the top, right and back boundaries are 
vacuum. There is a homogeneous source with a strength of unity in the bottom-left-front 5 cm cube of the problem. Figure 
6 shows the relative error in the average scalar flux versus CPU time in the top-right-back 5 cm cube of the problem for the 
ED and LD schemes at mesh widths varying between 5 mfp and 0.5 mfp on each side. Clearly the ED scheme is more 
efficient than the LD scheme for this type of problem. It is not clear if the ED scheme will be more efficient than the NEC 
scheme for similar types of problems in x-y-z geometry. 

References 8 and 9 provide solutions and comparisons to more complicated heterogeneous, multigroup, deep penetration 
problems for the ED scheme in x-y and x-y-z geometries. 
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VI. CONCLUSION 

The ED scheme has been derived and tested in slab, x-y and x-y-z geomtries. Advantages of the ED scheme include being 
relatively easy to derive and implement along with positive, efficient and accurate solutions to optically thick, deep 
penetration problems. For slab and X-Y geometries, the ED scheme appears to be somewhat less efficient than the NEC 
scheme; however, it is not clear if this will be true for x-y-z geometry. The ED scheme is not limited to Cartesian 
geometries, but no effort has been made to apply it to curvilinear geometries. Disadvantages of the ED scheme include 
inaccuracy and inefficiency for non deep-penetration problems as compared to the LD, LN and NEC schemes and the inability 
to solve anisotropic scattering problems with negative scattering sources. It is hoped that some of the disadvantages can 
eventually be eliminated in the future. 
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Figure 1. Relative error in average scalar flux in the right 10 cm versus mesh width for Slab Test Problem 1. 
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Figure 2. Relative error in average scalar flux in the right 10 cm versus mesh width for Slab Test Problem 2. 
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Figure 3. Relative error in average scalar flux in the top-right 10 cm square versus mesh width 
for X-Y Test Problem 1. 
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Figure 4. Relative error in average scalar flux in the top-right 10 cm square versus CPU time 
for X-Y Test Problem 1. 
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Figure 5. Relative error in average scalar flux in the top-right 10 cm square versus mesh width 
for X-Y Test Problem 2. 
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Figure 6.  Relative error in average scalar flux in the top-right-back 10 cm cube versus CPU time 
for X-Y-Z Test Problem 1 .  
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