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VORTEX DYNAMICS AND CORRELATED DISORDER 

IN HIGH-T, SUPERCONDUCTORS 

V.M. Vinokur 

Argonne National Laboratory, Argonne, IL 60439, U S A  

ABSTRACT 

We develop a theory for the vortex motion in the presence of correlated disorder in 

the form of the twin boundaries and columnar defects. Mapping vortex trajectories onto 

boson world lines enables us to establish the duality of the vortex transport in the systems 

with correlated disorder and hopping conductivity of charged particles in 2D systems. A 

glassy-like dynamics of the vortex lines with zero linear resistivity and strongly nonlinear 

current-voltage behavior as V c( ezp[--c~nst/.J’~] in a Bose glass state is predicted. 

PA’CS numbers: 74.20.-2, 74.60.Ge, 72.15.Gd 
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The vortex dynamics in the systems with correlated disorder such as twin boundaries 

and/or the artificial columnar defects resulting from the irradiation of the sample with 

energetic heavy ions of tin, led or gold, has attracted a great deal of recent attention. Twin 

boundaries were found to give rise to a characteristic shoulder on the temperature resistive 

curve for magnetic field aligned with the c-axis and the corresponding sharp deep in the 

angular dependence of resistivity It was found in addition that even few twin boundaries 

can change significantly the regime of motion of the vortex lines '. The columnar defects 

appear especially important since they are expected to provide the maximum possible 

pinning of flux lines parallel to the heavy ions tracks; Indeed, columnar defects were 

observed to enhance dramatically flux pinning, to shift upward the irreversibility line,. 

and to depress magnetic relaxation 3-6. On the theoretical side, the theory of vortex 

pinning by correlated disorder was proposed. The formation of the specific Bose glass state 

characterized by the infinite tilt modulus c44, and zero linear resistivity pl jn  = (8) = 

0, where J is the applied current and V is the voltage induced by the vortex motion, was 

predicted '. The reported results on magnetization measurements revealed nonlinear (in 

time logarithm) magnetic relaxation with creep barriers diverging with the decreasing 

persistent current ' l1O,  and confirmed conclusively the theoretical predictions of 7 .  In this 

communication we present the further development of the theory of the vortex dynamics 

in the Bose glass state with the emphasis on the analogy of the vortex dynamics with the 

J=O 

quantum mechanical transport in 2D systems 7910. 

The thermally activated vortex transport in the Bose glass state where vortices are 

localized on the columnar defects has been formulated in terms of the nucleation creep 

model '. This model was originally proposed to describe the motion of dislocation in the 

random field of point defects 11, and was later adapted to the description of vortes creep 

in high temperature superconductors 12. Thermally activated vortex motion is considered 

as the sequence of the thermally activated jumps of the vortes segments or vortex bundles 

between the metastable states generated by disorder. Every elementary jump is viewed 



as the nucleation of the vortes loop, and the mean velocity of the vortex configuration -J 

determined by the nucleation rate of the optimal loop or the critical nucleous: 

Here 6F is the free energy for the formation of the critical nucleous and is determined by 

the balance between elasticity, pinning and driving Lorentz forces. 

Before the description of the dynamics itself let us review briefly the pinning properties 

of the Bose glass state 7910. One can distinguish two main regions on the B - T plain with 

respect to the pinning. Below some characteristic interaction field B*(T), which we will 

define in Appendix, vortices are pinned individually, whereas at B > B*(T) interactions 

between vortex lines become essential and one has to consider pinning of vortex bundles. . 

Let us consider first low fields B < B* and low temperatures (the esact criteria will . 

be given below), where each vortex is trapped near a single columnar pin. We model a 

columnar pin by a cylindrical cavity with radius ro. Solving the London and Ginzburg- 

Landau equations one can find the following interpolation formula for the vortex binding 

energy 7910: 

where eo = (@0/4nX>~, are the. London 

penetration length and the coherence length in ab-plane (we consider magnetic field aligned 

with the c-axis). The critical current J ,  corresponding the maximal pinning force the vortes 

experiences near the line defect is given with the good accuracy by 7*10: 

= nfic/e is the flux quantum, and X and 

where Jpb = c%1/12&~X~~ is the pair-breaking current. Thermal fluctuations affect 

both static and dynamic behavior of vortex configuration. On the other hand thermal 
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fluctuations cause thermally activated jumps of vortex lines over pinning barriers at small 

J << J, currents leading to creep phenomenon. We will see below that both types 

of thermal fluctuations can be described in a natural unified way by means of the con- 

cepts from the elementary quantum mechanics. The thermal fluctuations of vortex lines 

near their equilibrium positions renormalize pinning potential reducing thus critical cur- 

rents. The quantity characterizing pinning at finite temperatures is the binding free energy 

U(T) = Uo - TS, where entropy term accounts for thermal excursions of vortex lines. It 

was shown l3 that the classical partition function of the vortex system is equivalent to the 

imaginary time path integral representation of quantum mechanics of 2D Bose particles. 

In the thermodynamic limit L, 3 03, where Lz is the size of the system along z direction, 

the binding free energy is dominated by the lowest eigenvalue, Eo = -U(T) of the two 

dimensional Schrodinger equation 

where VD(r) represents pinning potential and r denotes the position in the plane perpendic- 

ular to z axis. Note that temperature T plays the role of Planck constant ft and vortex lin- 

ear tension €1 = [Gi/(4.-X)2-y2]Zn.~ plays the role of particle mass (y2 = .!ldz/M~, K = X / c ,  

and and X are coherence length and London penetration depth in ab-plain). 

Let us consider the pinning of a vortex line near a single columnar defect. The 

solution to Eq. (4) introduces important cha.racteristic temperatures describing pinning 

by columnar defects 1337*10. Approximating the potential of the columnar defect by the 

cylindrically symmetric rectangular potential with depth Uo, one finds for the binding 

energy l3 

U(T) = Uof(T/T*),  (5 1 

where the characteristic energy T* is given by 

T* = bo&%, 



where bo = maz(ro,t), f(x) M 1 - (c1/2)x2 at x 3 0, and f(x) x ( z 2 / 2 ) e z p [ - 2 ( x 2 ) ]  at 

2 3 00 and c1 is a constant related to the first zero of the Bessel function Jo(z). 

Note that in order to liberate vortex line from the columnar defect one has to pull 

out of the rod the segment of the vortex line by means of formation the double kink 

configuration. Then the vortex depinning can be completed by the adiabatic propagating 

of kinks along rod which costs no energy and the depinning energy is that needed for the 

formation of such a double kink configuration. The quantity T* corresponds to formation 

of the minimal possible kink and, therefore represents the characteristic pinning energy. 

We are mostly interested in the temperature region where & > TO.  The characteristic 

temperature TI separating regimes of strongly- and weakly localized vortex line can be 

defined as the solution of the self consistency relation T*(T1) = TI following from Eq.(5) 

where bo = f i<(T)  is used lo. Taking T O  = 35A, SO = E A ,  K = lo2, and Ginzburg number 

Gi = (see Appendix) for YBCO one gets TI = 0.94Tc. 

The quantity 6-l = T / , / m  describes the decay of the wave function into the 

classically forbidden region. At T << TI the wave length K *  << bo and vortex line is 

localized within the rod, at T >> TI thermal transverse excursions of-vortex line exceed 

well the rod effective radius bo. Vortex line is bound weakly with the binding energy l3 

U ( T )  = ;uo($-)2ex*[-2($-)?]. d 

and the transverse localization length 

As the localization length esceeds the mean distance d between rods, the vortes line 

cannot be pinned by a single pinning site any more, and is localized now by the fluctuations 

in the density of rods. This pinning regime can be described as the collective pinning of 

the single vortex line, and from the condition Z I ( T d l )  = cl one finds the self-consistent 

equation for the crossover temperature Tar = T*(Tdl) 
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At high fields B > B* the wondering of the vortex lines are confined by the interactions 

with another vortices rather than with the pinning potential (see lo and Appendix B. This 

is the region of the vortex lattice collective pinning '*lo. 

Critical currents at B < B* can be found as the ionization field necessary to pull out 

the particle out of the 2D potential well analogously to the usual Frantz-Keldysh effect 14. 

At TI < T < Tal those are the wells associated with the single rod, whereas at Tal < T 

vortices are localized by the Gaussian fluctuations in the defects density. A straightforward 

calculation gives 

Jc = J0y(~)2(-$)2ex*[-3(32]; TI < T < Tdl, B < B* (9) at 

and 

Jc Jo (;)2ro - - (T') ' ,  T > Td, B < B*. c y  
One can immediately check that at T = Tdl these expressions match each other up to the 

logarithmic factor. 

Now we consider flux dynamics at subcritical (but not too small) currents Jb < J < Jc ,  

and moderate magnetic fields B < Bb '< B*, where vortex dynamics is governed by 

the single vortex motion. The crossover current Jb and magnetic field B b  , where the 

crossover from the single-vortex creep to the creep of vortex bundles occurs, is defined by 

the condition ": 

L: = no, (11) 

where L,( J )  is the characteristic length of the fluctuating segment appearing in the single- 

vortex nucleation creep process. The creep of the single vortex escaping from the single 

rod occurs either via the thermally activated formation of the half loop saddle point config- 

uration or via the throwing a vortex segment onto an adjacent rod favored by the applied 

current. The average vortex velocity can be found as the rate of formation of these saddle 

configurations. The energy of the saddle configuration 6F can be found by means of the 
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standard variational procedure from the free energy functional for one flux line near the 

single rod: 

where f L  = $@oJ. An estimate of the saddle point energy can be obtained from the 

dimensional analysis. The energy of the half-loop configuration can be approximated as 

€1 U 2  SF - + UL - fLuL, 
L 

where u and L are the transverse and the longitudinal sizes of the half-loop. Optimization . 

with respect to the loop dimensions gives 

and the saddle configuration energy 

More quantitative description can be achieved by means of the quantum mechanical anal- 

ogy. Within this analogy the vortex creep is viewed as the quantum mechanical decay of 

the metastable state analogous to the process of the atom ionization in the external electric 

field which is assumed to be small as conipared to the ionization field.. The process of the 

half-loop formation maps onto the process of the ionization of the isolated atom, and the 

process of the vortes hopping between the different rods corresponds to the particle tun- 

neling in the external electric field from the one localized state to another. This hopping 

motion of the vortex lines is isomorphic, therefore, to the hopping conductivity in the 2D 

semiconducting systems. 

Note that the free energy in Ey.( 15) is identical to the action in the standard expression 

772, c/QjoJ --f e& ( E  is the electric for the so-called cold emission, with the substitution €1 

field). A standard WKB calculation gives the half loop generation nucleation rate TV as: 

A 2 f i  U(T)/? e z p  ( ----) 4&Ek(T) J1 

3 T J '  
vv N - 3314 wo- 

d €1 Ek(T)Jl 



where J1 = cU(T)/Qiod, Ek(T) = d d m  is the energy to form a kink connecting 

the segments of vortex line located on the adjacent rods separated by.the distance d and 

wo is the attempt frequency which can be estimated as wo N d m .  This gives rise 

to the vortex velocity v N (d2/ro)dm,  where U d  2 @oJ/qc, '1 = QioHc2/pnc2 is the 

vortex friction, and p n  is the resistivity in a normal state. As a result one finds for the 

current-voltage characteristic 

Vcx Jexp ----). 2f i  Ek(T) J1 
( 3 T J  

This result holds for in the interval J1 < J < J,. In this interval u* < d and, accordingly, 

the free in Eq. (17)'is 6F M 0.943EkJl/J < E k .  At J < J1 the hopping distance 

u* > d,  the free energy for the half loop formation exceeds the energy of the double-kink 

configuration, and the hopping vortex transport via the the vortex jumps .between the 

adjacent rods dominates the creep process. 

If the binding energies are all identical for each rod, the hopping vortex transport 

exhibits the nearest neighbour hopping conductivity features with vortices following per- 

colating trajectories in the plain perpendicular to z direction. This gives rise to a linear 

resistivity p cc ezp(-clEr;/T), where the constant c1 can be found from the 2D perco- 

lation theory 15. This scenario hods provided the dispersion y in the binding energies is 

small enough: yL, < Ek. The dispersion in binding energies arises both form the random 

environment near different pinning sites and because of the possible transitions of vortices 

between the randomly distributed pinning sites. The latter effect results in a different 

entropy contributions to the binding free energy and gives rise to a localization of the 

vortex lines near the pairs of the pinning sites separated by the smallest distance. In the 

quantum mechanical description this localization implies the dispersion in the bound state 

energy levels and is the exact analog of the Lifshitz localization of the quantum mechmical 

particle in the presence of the structure disorder. 

The dispersion of flux binding energies becomes relevant for J < J1 and L, > L1 = 

Ek/y. The flux line can hop nom only on the pinning site with the low energy level. The 
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elementary jump on the higher level is not possible since the total energy cost of such 

jump is proportional to the thickness of the sample L, and becomes infinite in the ther- 

modynamic limit. Hopping transport occurs now via the formation of the formation of the 

double superkink configurations connecting the vortex to the available state which opti- 

mizes the hopping probability. In the quantum mechanical analogy this process maps onto 

the variable range hopping (VRH) conductivity, and the description of the corresponding 

variable range flux hopping is achieved by the transcription of the 2D VRH formulas into 

the vortex language by m 3 €1, f i  - T, and e€ --+ $@oJ 7J0. The energy of the saddle 

trajectory is give then by 

The corresponding current-voltage characteristic takes the form 

We have introduced the density of states g(p)  just above the chemical potential. p, 

which defines the total number of states nf with energies in the interval at distance less 

than or equal to R from the given site as JV = g ( p ) R 2 A e .  From the condition y(p)R2Ae = 1 

the typical energy difference (per unit length) for a hop over a distance R is Ae = l / g ( p ) R 2 .  

The characteristic current J V R  is given by 

- C (20) 

Note that in the limit Lz --+ co the percolation regime of vortex transport cannot 

occur. The half loop tunneling regime recovers at currents J > J2, where 

(21) 

The density of states at low temperatures T < (cI /[)~T* is estimated as y E l/lrd2. 

In this temperature range JI M J2 x J v n  = cU/+od. 
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Now we turn to the vortex dynamics in the regime of the collective motion of the 

vortex bundles in the region B*(T) < B < B M ( T )  ',lo. We restrict ourselves to a brief 

discussion of collective creep where the transverse size of the vortes bundle 221 exceeds the 

columnar defects spacing d. The creep rate as usual is determined by the saddle trajectory 

of the vortex configuration free energy 

F = J d ~ ~ r [ ~ C , , ( ~ ) 2 + ~ C l , ( d ~ ~ u ) 2 + ~ C ~ ~ ( V l ) 2 + V ~ ( r - u ( ~ , r ) ) -  1 -JUT], 1 (22) 
C 

where UT is the component of the displacement u parallel to the Lorentz force. Because 

of the specific form of the pinning potential Vo(r) not containing an explicit dependence 

of the z-coordinate, the quantum mechanical analogy enables us to reduce the problem 

of cZassicaZ collective creep through columnar disorder to the problem of quantum tunnel- 

ing of a two dimensional pancake vortex lattice between metastable states generated by 

the quenched point disorder. The tilt modulus C44 plays a role of the fictitious particle 

71 mass", and and the tilt deformation represents a fictitious "kinetic energy.'' The creep 

rate is controlled again by the saddle point trajectory which can be found by a standard 

dimensional method7J0. As a result one finds the following current dependencies '*lo for 

the creep activation energy: 

(23) 

for the hopping distance u* < ao. When the hopping distance esceeds the vortes spacing, 

creep is governed by the CDW-like pinning 14, and the corresponding pinning energy read: 

J-1518Zn2 (+), a0 < R l  < x 

U C D W ( J )  0: const J-5/41n2 ( 4 )  , X < R l  < yX 

.~-5/81722 (0, -/A < R ~ ,  

(24) 

whereJb is some characteristic current describing pinning of vortes bundles '-lo. For more 

details concerning collective creep through the system of columnar defects see'v''. 
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Now we consider vortex creep at very low temperatures. At small fields the vortex 

creep is controlled by the quantum vortex tunneling from the columnar defects. The 

tunneling rate is determined by the saddle trajectory of the Euclidean action generating 

vortex motion near the rod 14: 

from the usual dimensional estimates one finds for the tunneling time 

where L is the characteristic length of the fluctuating segment. 

First, we estimate the creep rate dlnJ /dhz t  M tils; at currents close to the critical 

one J M J,. Using Eqs.(14) and (2) one ininiediately finds it, 21 q?$/Uo and the creep rate 

is given by 

Note that the creep rate of quantum tunneling does not depend upon the the strength of 

the pinning potential. 

Now we turn to the creep at small currents J << Jc.  We restrict ourselves to consid- 

eration of the half loop creep process and VRFH regimes. For the half loop process one 

and 

Analogously one finds for the VRFH one finds: 

where the estimate 9 N (Uod2)-l has been used. 
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A very interesting regime of tunneling may take place in very clean superconductors 

associated with the Hall motion of the vortex lines. In the absence of the pinning forces 

the general equation of the vortex motion has the form14: 

where zo is the unit vector along the vortex line and the second term at lhs of the Eq. 

(31) describes the Hall effect, a being the Hall constant. In the clean superconductors 

Q! = rfin,. Note that the Hall term has the same structure with respect to velocity as the 

dissipative term, and the term generating the Hall motion analogous to the firs dissipative 

term can be added to action in Eq. (25). If the dissipation is very small r] << CY, the 

quantum tunneling is governed by the Hall effect". The simple estimates for the quantum 

Hall tunneling can be easily obtained by dimensional analysis. In particular the half loop 

and VRHF regimes are described by Eqs. (27) and (30) respectively with the substitution 

r ]  3 CY. The quantum Hall tunneling is discussed in details in15. 

It is a great pleasure to thank D. R. Nelson for stimulating and exciting collaboration 

in obtaining the results presented above and V. B. Geshkenbein for fruitful discussions 

and friendly criticism. This work was supported through US. Department of Energy, 

BES-Materials Sciences, under contract No. W-31-109-ENG-38. 

APPENDIX. The characteristic interaction field B* ( T )  below which interactions are 

negligible is given by the following espressions ': 

B*(T) M B+, T < To 
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where B+ = Q o / 8  is the so called matching field at which vortex line spacing aois equal 

the mean distance between defects, d, TO is the radius of the columnar defect, 5‘0 is the 

coherence length at zero temperature. The Ginzburg number Gi = 5 s  1 iw* (h)’ is 

the reduced temperature (T, - T)/Tc at which fluctuations of the superconducting order 

parameter become comparalAe to the order parameter itself. 

vfill 
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