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ABSTRACT 

A probabilistic model has been developed for predicting the reliability of structures based on fracture mechanics and the 
results of nondestructive examination (NDE). The distinctive feature of this model is the way in which inspection results 
and the probability of detection (POD) curve are used to calculate a probability density function (PDF) for the number of 
flaws and the distribution of those flaws among the various size ranges. In combination with a probabilistic fracture 
mechanics model, this density function is used to estimate the probability of failure (POF) of a structure in which flaws have 
been detected by NDE. The model is useful for parametric studies of inspection techniques and material characteristics. 
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1. INTRODUCTION 

The key issue addressed in this paper is how to include inspection results in a probabilistic model of the reliability of a 
structure. Probabilistic fracture mechanics can be used to calculate the probability of failure of a structure due to a single 
flaw or numerous flaws when the nominal level of applied stress is known.' The random variables in such models are 
typically material properties, such as fracture toughness, flaw characteristics, such as size and orientation, and values for 
the applied stress. 

When the actual number of the flaws is uncertain the model must be modified to accommmodate variability in the flaw 
population. A method of modeling flaw population as a random variable and combining this model with a probabilistic 
fracture mechanics model is presented here. A probability density function for the number of flaws and the distribution of 
those flaws among the various size ranges is computed using NDE results and the POD curve of the inspection technique 
employed. This PDF is then used to estimate mean probability of failure. 

A very simple probabilistic fracture mechanics model is employed for this work. Only variability in the applied stress is 
Considered; all material properties are considered deterministic, The only type of flaws considered are surface cracks with 
constant aspect ratio. This simplified model is suflicient to demonstrate some of the more important characteristics of the 
modeling approach. 

2. FLAW POPULATION PROBABILITY DENSITY FUNCTION 

The issue in question is how to estimate the actual number of flaws and their sizes when imperfect NDE techniques are 
employed to detect them. It is assumed that the POD versus size curve of the NDE technique is known. It is also assumed 
that flaws can be grouped by size into a finite number of bins. For example, flaws with through-wall thickness fractions of 
less than .1 might be assigned to the first bin. The next bin might include flaws with through-wall thickness fractions 
greater than . 1 but less than .2, and so fourth. 

A single estimate of the number of flaws in each size bin is not particularly useful if the goal is to estimate statistical 
moments, such as the POF. A probability density function is desired, which we derive here. To begin, we assume that the 
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number of flaw size bins is R. Then for i=1. ..,R, the probability of there being mi flaws in the i-th bin, given that ni flaws 
have been detected, is denoted: 

By Bayes' rule 

The density function Pm is the probability of ni flaws being detected in the i-th bin, given that mi flaws actually exist, for 
i=l, ... ,R. Because the number of flaws detected in a bin is unrelated to the number of flaws detected in any other bin the 
PDF is separable as follows: 

If the POD for flaws in the i-th bin is pi, then each term in the product assumes a familiar binomial form, and Pmbecomes: 

The density function PM is the unconditionaI distribution of flaws in the R bins. A related PDF is Pw,, the distribution 
K 

of flaws in the R bins, assuming that the total number of flaws is fixed, i.e. assuming mToT = mr is held constant. If 
r=l 

d, is the probability that a flaw will be located in a the i-th bin (rather than in any of the remaining R-1 bins) then 
assumes the familiar multinomial form: P ~ W m  

For surface cracks, the d vector is referred to as the crack depth distribution. Typical crack depth distributions are 
exponential or ~f we make the assumption that the total number of flaws, mTOT, is uniformly distributed over 
the range 0 to some value mu, then we derive the expression for PM: 

The assumption that the total number of flaws is uniformly distributed is not essential, but it does simplifil the calculations. 
It is a conservative assumption in the sense that the density function Pw will be less sharply peaked because of it. 



The remaining term to be identified in equation (1) is PN. From probability theory we have: 

R 

Mere the sum mat^ 'om are over all values of mi, i= I,. . .,R, for which 

of equation (1) becomes: 

mr I m,, and mi 2 ni. So the denominator 
r=l 

Remembering that the vector n is the number of flaws detected in each flaw size range, it is clear that PN assumes a constant 
value once the NDE results have been obtained. Finally, we arrive at an equation for the probability that a certain 
population distribution of flaws exists, given that a particular distribution of flaws has been detected: 

The calculation of the mean probability of failure using this density hct ion will now be discussed. If$ is the POF due to 
one flaw in the i-th size range, then the overall POF due to a distribution, m, of flaws is: 

The mean POF is calculated using the flaw population PDF as follows: 

Where the summation ranges are as previously described. 

The computational requirements of equation (6) deserve some discussion. The summations in equation (6) and in the 
denominator term, PN, in equation (4) are potentially very costly to calculate. Two considerations reduce the computational 
requirements considerably: 
1. When flaws in adjacent flaw size range bins result in identical values for the POF, J, the adjacent bins can be 

combined, reducing the dimensions of the problem. Typically, the smallest flaws, which fall into the first few size 
range bins, result in zero probability of failure. These bins can be combined. Similarly, a few bins containing the 
largest flaws can sometimes be combined when flaws in these bins result in certain failure (POF=l). 

2. The magnitude of the PDF given by equation (4) is usually only significant over a small region of R-dimensional space. 
The summations only need to be done over this region. This region can be determined beforehand by first finding the 



distriiution, m, corresponding to the maximum value of the PDF and then determining the range of values for each mi 
that result in sigdicant magnitudes for the PDF. 

3. FRACTURE MECHANICS 

The essential element of the fracture mechanics model is an empirical equation relating the Mode I (tensile loading) stress 
intensity factor, KI, to the applied stress, St. This equation, derived by Newman and Raju4 for semielliptical surface cracks 
in a plate loaded in combined bending and tension, is 

where a is crack depth, Q is the shape fbctor, and F is the boundary correction factor. The shape factor, Q, is given by 

1.65 

Q = 1 + 1.464( '> C 

where c is the half-length of the d a c e  crack. The boundary correction factor, F, is given by 

where t is the thickness of the plate and 4 is the parametric angle of the ellipse. Other terms appearing in the above 
equation are as follows: 

MI = 1.1 3 - 0.09 (3 - 
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0.2 + - 
M, = -0.54+ 
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where b is the half-width of the cracked plate. 

The probability of failure is, by definition, the probability that the stress intensity factor exceeds some critical value, i.e. 

where KiC is the fracture toughness and h is a correction factor determined empirically. For this work h was assumed to be 
1.15. Values for the fracture toughness were taken from the literature. 

The applied stress, S, in equation (7), was considered to be a random variable with a gaussian PDF. The stress intensity 
factor, KI , is therefore a gaussian random variable also. The POF for a single crack is determined by first calculating the 
mean and standard deviation of the stress intensity factor from the mean and standard deviation of the applied stress using 
the above fi-acture mechanics equations. The area under the stress intensity factor PDF that exceeds the critical threshold, 
~ K I , ,  is by definition the POF. 

For this work all cracks are considered to have the same aspect ratio, so crack depth is the only size parameter of interest. 
The depth of a crack assigned to a depth range bin is assumed be equal to the midpoint of the depth range for that bin. 
Using this crack depth and the method outlined in the previous paragraph, a POF for each flaw size bin is calculated. For 
the i-th bin this POF is the parameter5 appearing in equation (5). 

4. PROBABILITY OF DETECTION AND CRACK SIZE DISTRIBUTION 

In order to apply this failure analysis methodology to a structure the relationship between the POD and crack depth must be 
estimated. For this work we assume the following form for the POD 

where PD is the POD, A is the area of the crack, A* is the crack area corresponding to FD=50%, E is the smallest possible 
probability of nondetection for very large cracks, and v is an empirically determined "slope." 

Khaleel and Simonen; at Pacific Northwest Laboratory (PNL), have identified three POD curves corresponding to three 
levels of NDE reliability. These NDE levels are described as follows: 
1. Marginal performance: In the judgment of the PNL experts, a POD performance that is described by this curve would 

represent a team having only a small chance of passing an Appendix VIII performance demonstration. 
2. Very good performance: In the judgment of the PNL experts, this curve corresponds to a team that significantly 

exceeds the minimum level of performance needed to pass an Appendix VI11 performance demonstration test. 
3. Advanced pedormane: In the judgment of the PNL experts, this curve corresponds to a team that has a level of 

performance signiiicantly better than expected from present day teams that have passed an Appendix VIII-type of 
performance demonstration. Such a team would need to apply advanced technologies and/or improved procedures that 
could be developed in the fumre. 

Table 1 presents the POD curve parameters for the three levels of NDE reliability used by Khaleel and Simonen. These 
three POD curves were used for this work. They are plotted in figure 1. 



We assume an exponential form for crack depth distributions. Figure 2 shows the exponential distribution of 476 cracks in 
40 crack depth bins. Figures 3 and 4 show distributions in which 234 and 118 cracks were apportioned according to the 
exponential crack depth distribution used in figure 2. Figures 5,6, and 7 show distributions of detected cracks, consistent 
with the presence of 476 cracks, as in figure 2, and the POD curves defined in table 1. We conducted test cases using these 
three distributions of detected cracks and six more distributions consistent with figures 3 and 4 and table 1. 

5. PROBABILITY OF FAILURE CALCULATIONS 

Nine test cases are presented here. Each test case results from one of the three POD curves described above and one value 
for the total number of cracks actually present. The assumed fracture mechanics parameters are as follows: 

0 platethickness 14.3 mm 
parametric angle of the elliptical cracks 900 
aspectratioofcracks 4.5 

0 widthofplate 6.096 m 
0 mean applied stress 186.2 Pa 
0 percent standard deviation of applied stress 10% 

Figure 8 shows the POF due to one crack in each of 40 crack depth bins, calculated assuming the above fracture mechanics 
parameters. Equations, (4), (3, and (6) are used to calculate the overall POF of the structure from the POF curve in figure 
8 and the crack population PDF (equation (4)). The results of the nine test cases are summarized in table 2. 

The benefit of more reliable NDE is clear from table 2. As NDE becomes more reliable the calculated POF of the structure 
approaches the POF that would be calculated if the achd crack population were known. As NDE becomes less reliable the 
probability of larger undetected cracks becomes greater and the calculated POF increases. 

The benefit of improved NDE seems to increase when fewer cracks are present. This is because the depths of the largest 
cracks decrease as the actual crack population decreases. These largest cracks influence the POF calculations the most, 
especially when more reliable NDE techniques are used. 

6. DISCUSSION 

In many risk assessment models a crack population is assumed for a structure without NDE input. Such assumptions are 
problematic for a number of reasons, one being the difficulty of predicting changes in the crack population in a component 
after years of service. This prediction task requires extensive experience with the materials used to fabricate the structure 
and with the structure’s operating environment in order to identify the processes for crack initiation and growth. The 
luxury of such experience does not exist generally because of the operational realities of most industries. As a result, 
substantial cOIlSeNatism exists in models predicting structural integrity and lifetime extension. The roll of NDE in lifetime 
prediction has generally been overlooked by these conservative prediction models. This work has demonstrated that NDE 
can play a significant roll in lifetime prediction. 

The probabilistic mode1 presented here is usefid for quanwng the improvements in reliability resuIting from NDE, and 
studying the effects of merent NDE performance levels. The probabilistic fracture mechanics model described here is 
quite simple, considering variability only in the applied stress. However, the methodology described in this paper could be 
used for more complicated models in which variability and uncertainty in several parameters are considered. Such a model 
would permit the simultaneous study of the effects of NDE and variability and uncertainty in material properties, loading 
conditions, and flaw characteristics. 

This study suggest that NDE can play a significant role in reducing the probability of failure of structures if the inspection 
procedures satisfy strict minimum performance requirements. The application of this methodology could provide 
justification for extending the lifetimes of pressure vessels or other industrial structures. 
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Table 1. POD c u m  parameters for three NDE 
reliability levels. 
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Figure 2. Exponential distribution of 476 cracks in 40 
crack depth bins. 
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Figure 4. Ejtponential distribution of 1 18 cracks in 40 
crack depth bins. 
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Figure 1. POD cutves for three levels of NDE reliability. 
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Figure 3. Exponential distribution of 234 cracks in 40 
crack depth bins. 

Marginal NDE performance 
476 actual cracks 
32 cracks detected 

25 
20 

L 15 
.c 
0 

{ - 10 
5 5  

0 I I l l l l l , n , , , n r  1 I I 

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 
Crack depth 

Figure 5. Number of cracks detected when NDE 
performance is marginal. 



Very good NDE performance 
476 actual cracks 
148 cracks detected 

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 
Crack depth 

F ~ u r e  6. Number of cracks detected when NDE 
performance is very good. 

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 
Crack Depth 

Figure 8. POF due to a single crack in each crack 
depth bin. 
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Figure 7. Number of cracks detected when NDE 
performance is advanced. 

Inspection 476 actual 234 actual 118 actual 
Performance cracks cracks cracks 

Marginal 8 . 0 ~ 1 0 ~ ~  4.0x104 2 . 0 ~ 1 0 ~ ~  

Very good 1.3~10'~ 3.5x109 3.9~10"' 

Advanced 4.9~10"' 1 .2x104 8 . 2 ~ 1 0 ~  

Table 2. POF calculations for  three different NDE 
reliability levels and three crack populations. 


