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AbslracL 

II should be possible to observe coherent synchrotron radi
ation at millimeter wavelengths in a compact electron stor
age ring, provided that the bunch can be made sufficiently 
short. On the other hand, for a short bunch the radia
tion reaction is so strong that it could :;ansc a longil udinal 
instability if the current exceeded some threshold. This 
might cause bunch lengthening, and cut 01T or reduce the 
coherent radiation. Using wake fields from simple models 
of the vacuum chamber, we estimate the threshold current 
for a proposed upgrade of the Brookhaven small x-ray light 
source, SXLS - Phase I. 

I. Introduction 
Coherent synchrotron radiation, normally suppressed by 

shielding due to the metallic vacuum chamber, ran occu-
at frequencies w greater thai; a certain threshold, roughly 
vz[R.fh)tri, where uv is I he wave guide cuinir of the cham
ber, R is HIP bending radius of particle orbits, and h is 
the transverse size of the chamber [J], Heretofore, only 
linac experiments with bending magnets [2] have provided 
suitable conditions to overcome the shielding and produce 
coherent radiation; namely, small bunch length O~L, small 
R, and large h. Murphy and Krinsky [3] have proposed an 
experiment offering similar conditions in a compact stor
age ring, SXLS - Phase I at Brookhaven. This machine, 
now out of service, would be upgraded with a new r.f. 
system (1.5 MeV, 2855 MHz, harmonic number 81}. In 
a parameter set for 150 MeV beam energy, the proposed 
bunch length is 0.32 mm; for 2U0 MeV operation the hunch 
length is 0.4'J mm. On the basis of impedance and stabil
ity estimates not including coherent radiation (curvature 
wake field), Murphy and Krinsky anticipated an operating 
current of about 2-1117 particles per bunch, In earlier oper
ation with the existing 50 kV, 211 MHz r.f system, longer 
bundles with currents up to 8.8-10'° (0.5 amp) were stored. 

Here we try to estimate the threshold for a longitudinal 
instability, accoutring for the wake field due to curvature, 
but neglecting other contributions to the wake field. 

II. Wnkfi Field for a Model of 1 lie Vacuum 
Chamber 

Suppression oTcoheren t rad ia t ion by shielding was rec
ognized as ear ly as t h e 1940*8 (Sclnviugcr, SchifT), a n d h a s 
been s tudied theoret ical ly in various s imple models ; see [1] 
for references. T h e mode l s all involve s imple geometr ies 

( smooth to rus , pi l lbox, parallel p la tes ) , and rely on solu
t ions of Maxwel l ' s equa t ions in the frequency d o m a i n in 
te rms or Desscl functions. Example s of wake potent ia ls 
from Fourier t r ans fo rms of such solut ions have been given 
by one of the a u t h o r s [4]. 

T h e r ing SXI .S is bu i l t in race h a c k form, wi th two 
large dipoles provid ing the bends . T h e bend ing radius is 
0.u'L)37 m. T h e v a c u u m chamber th rough the bends is rect
angula r in cross section (with an an t echamber for p u m p 
ing) , t he m a m c h a m b e r being 3.S c m high a n d 8 c m in 
wid th . In the s t r a i g h t sections the c h a m b e r is round , with 
a d i a m e t e r of 8.57 c m . To c o m p u t e the curva tu re wake 
field, we a s s u m e a s m o o t h , circular, toroidal c h a m b e r with 
rec tangular cross-sect ion, width 8 cm and height 3.8 cm. 
T h e b e a m is at the center of the cross-section, following a 
circular t ra jec tory of rad ius R = 0.(i037 m. T h e model in
cludes resistive walls, with conduct iv i ty a p p r o p r i a t e to the 
stainless steel c h a m b e r ; (actual ly , resist ivity has little effect 
on our conclusions , but it make-; it- easier to c o m p u t e the 
fields near resonances) . We hope t h a t this mode l gives a 
good p ic ture of I he wake lii-ld d u e to coherent rad ia t ion in 
the bends. It is no t clear t h a t o the r sources of wake fields 
(r.f. cavity, t r ans i t ions in chamber size, kicker, etc.) can 
be s imply added to t h e cu rva tu re wake field. Some light 
m i g h t be th rown on this ques t ion by more e l abo ra t e mod
els t h a t could be t rea ted by m o d e m a t c h i n g , for ins tance a 
s m o o t h to rus p e r t u r b e d by one cavity. 

T h e longi tud ina l coupl ing i m p e d a n c e for th is loroidal 
model has been derived in [I]. It is given for a b e a m wi th 
zero ex ten t in the radial d i rec t ion, but. with nonzero extent 
in the z-direction (we work in cyl indr i ra l coord ina tes , with 
the :-a.\ is pe rpend icu la r to I he pbuie of I lit- o rb i t ) . T h e 
transvei.se d i s t r ibu t ion in the r -di rcc t ion has l i t t le effect 
on the results . T h e fields are given as Fourier series in z 
and 0, with r -dependen t coefficients expressed in t e rms of 
Dessel functions. Cer ta in c igenniodes of lite whole chamber 
arc both resonan t and synchronous with the beam, and 
show u p as poles in t h e impedance (olf the real axis when 
walls are resistive). T he r e id a m i n i m u m frequency for a 
mode to be both resonant and synchronous , and t h a t is 
the threshold frequency for coherent rad ia t ion At lower 
frequencies lhe cu rva tu re impedance is purely reactive, and 
generally negligible. 

Figure 1 shows the real p a r i o r the impedance or llie 
luroidal rhan ibe r , mult ipl ied by the Fourier t ransform of a 
Gauss ian charge d i s t r ibu t ion with ff/, = U-3iJtni. T h e den
si ty of resonance peaks is much higher than in the exam
ples of [ l ] , which wen; for bigger rings with smal ler vacuum 
chambers . T h i s has to do with more m o d e s in the r-serics 
be ing i m p o r t a n t ; 13 modes were needed in t h e present case, Watt supported by the Dcp*nmau of Energy emend DE-AC03-76SF005I5 
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Figure. 1. Real part of longitudinal impedance in ohms, 
multiplied by Fourier transform of a Gaussian charge dis
tribution, erL = 0.3 mm. The abbcissa is the longitudinal 
mode number n = w/wo, where UQ is the angular revolution 
frequency. 

but only one in the previous examples. Infinitely many 
modes are required to retrieve the free-space synchrotron 
radiation. 

Figure. 2. Wake voltage for one turn, in kilovolts per 
picocoulomb, versus distance s from bunch center in units 
of 07,. Here s is positive in front of the bunch, and a positive 
wake voltage corresponds to energy lost by the test particle. 

Figure 2 shows Lhe corresponding wake voltage per Lnrn, 
as a function of I lie distance j: between a test particle and 
the center of the bunch. The bunch length is U.3niin. The 
distance s is expressed in units of ai, and is positive in 
front or the bunch. A positive value for the wake voltage 
means that energy is lost by the test particle. This wake 
voltage is quite substantial, being larger per i"iit length 
than that of the SLAC linac. 

The peaks of the impedance shift in position quite no
ticeably under very small changes in the trajectory radius 
R, since the dispersion curve for the structure runs almost 
parallel to the synchronism line [1]. A particular mode 
goes out of synchronism when R changes by a very small 
amount, but the mode spectrum is very dense, so thai an
other mode, synchronous at a slightly different frequency, 
can step in to take its place. The result is that the wake 
voltage does not vary appreciably as R sweeps over values 
corresponding to a typical bunch width. Indeed, if we av
erage the wake voltage over many values of R, extending 
over a typical bunch size, wc get something very close to the 
wake voltage for a single R. The corresponding averaged 
impedance has an ever more dense distribution of peaks as 
the number of R values in the average is increased. 

It is also interesting to observe Lhal the wake voltage 
for a beam circulating in the midplanc between two infi
nite parallel plates (perfectly conducting) is very nearly the 
same as that for the resistive torus, at least within a few 
(TL of the beam center. The impedance is totally differ
ent in appearance, however. Being an open structure, the 
parallel-pi ate system docs not have eigenmodes and poles 
of the impedance. Radiation to infinity takes the place of 
radiation into eigenmedes. 

We have also evaluated the transverse forces. The radial 
wake force is a substantial fraction or the longitudinal force, 
but the beam of 150 MeV is so "stiff in the longitudinal 
direction that the radial force will not give much transverse 
displacement. A circular orbit in equilibrium, with a cen
tripetal force due to the radial self field acting against Un
bending Held, has a radius dilfcriug by less than a micron 
from that in the presence of the bending licld alone. 

III. Estimate of Current Threshold for Instability 
We have applied a computer code written by K. Oidc 

[5] to estimate the threshold for a longitudinal instability 
The code solves a Vlasov equal ion, linearized about the 
equilibrium distribution as determined from I he llai'ssinski 
equation. Although one might, prefer to do a direct multi
part ide simulation, that is difficult in the pr.-.-ient instance 
because of I he long damping lime of SX1-S. Oide's routine 
to solve the Ila'issiuski equation assumes thai there is no 
Held in front, or the bunch, which is not the case in the 
toroidal chamber. Modes of l he whole chamber ring lor 
a long time (for an infinite time if the walls are perfectly 
conducting), so there is always some field in front of the 
bunch. This precursor field is relatively weak, however, 
so we merely cut it ofF to get a suitable wake potential for 
Oide's code. A separate solution of the llaissinski equation 
by our own iterative code, which docs not require that the 
precursor field vanish, showed thai, the precursor dues IIOL 
have a big effect on the potential well distortion. Indeed, 
the entire potential well distortion is pretty small up to 
our estimated threshold current. The bunch stays nearly 
Gaussian, and moves a little toward the peak or the r.f., to 
compensate the energy loss of I lie essentially resistive wake 
field. 

The result of running the code is that an instability sets 



in (i.e., the coherent frequency acquires a positive imagi
nary part) at a current of about 3- It) 7 particles per bunch. 
This is the result without account of momentum spread, as 
described by the Fokker-Planek term. According to Oirlc's 
rough estimate of the frequency shift due to the Fokkcr-
Planck term, the momentum spread may raise the thresh
old to about 4 • ID', but this is a very uncertain matter. 
In fact, we are not even entirely confident of the result 
without the Fokker-Planck term, since we were not able to 
observe unambiguous convergence as the number of angle 
modes in the distribution function was increased, and the 
mesh in the action variable was refined. Of course, a pos
itive imaginary part from the linearized Vlasov equation 
does not necessarily imply a permanent, and fatal instabil
ity. Nonlinear stabilization after initial growth is always a 
possibility. 
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