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Detonation product equation-of-state directly from 
the cylinder test 
L.G. Hill 
Los Alamos National Laboratory, Los Alamos NM, 87545, USA 

Abstract: A quasi-analytic method is presented 
for obtaining the detonation-product expansion 
isentrope directly from cylinder test data. The idea 
actually dates to G.I. Taylor’s invention of the cylin- 
der test- though he did not implement it for lack 
of data- but has received little attention since. 
The method uses the fact that the pressure may 
be determined from the measured wall trajectory, 
whereupon the associated specific volume follows 
from the equations of continuity and momentum. 
Using the =-based explosive PBX9501 as an ex- 
ample, the method makes a good prediction of the 
detonation pressure and the basic form of y, the 
isentropic exponent. However, the model isentrope 
is slightly low in the mid-range, perhaps because 
the standard cylinder test is not optimal for this 
analysis. A better-suited design is proposed, and a 
simple ad-hoc correction is offered that reconciles 
the standard test. 

Key words: cylinder test, detonation, equation of 
state, G.I. Taylor, HMX, PBX9501, solid explosives 

1. Introduction 
The ability to perform mechanical work on a sur- 
rounding medium is a key performance metric for 
any high explosive. This characteristic depends on 
the equation-of-state (EOS) of the expanding deto- 
nation products. Historically, the product EOS has 
most often been obtained by analysis of the explo- 
sive cylinder test. The test consists of a (nominally 
25.4 mm ID, 2.54 mm wall) precision-machined soft 
copper tube filled with a solid or liquid explosive. 
The explosive is detonated at one end, and the re- 
sulting high-pressure flow causes the tube to expand 
in a funnel shape. A steady structure is established 
after the wave has run a few diameters (see Fig. 1). 

The cylinder test was first proposed by G.I. Tay- 
lor in a wartime report (Taylor, 1941), which went 
mostly unnoticed by the greater explosives com- 
munity until at least 1963 when Taylor’s collected 
works were published. Meanwhile, the first cylin- 
der tests known to the author were performed at 
Los Alamos circa 1956, but the technique was not 

continued at that time. Lawrence Radiation Lab’ 
explored the idea circa 1960, and by 1965 had devel- 
oped the standard used today (Kury et al., 1965). 

- 
Figure 1. Schematic diagram of the cylinder test. 

The popularity of the cylinder test was due 
largely to the parallel development of the Jones- 
Wilkins-Lee (JWL) equation-of-state, an empir- 
ical equation that matches cylinder data well 
(Kury et al., 1965). The JWL equation was pro- 
posed at about the time when computing power 
became sufficient to calculate the cylinder test, and 
was validated using computational fluid dynamics 
(CFD). The basic method, still preferred for JWL 
calibration, is to perform a computer simulation us- 
ing assumed JWL parameters. The computed wall 
motion is compared to the experimental, and the 
parameters are adjusted. The process is repeated 
until satisfactory agreement is achieved. 

One may decrease the number of free parame- 
ters by imposing constraints; for example, the to- 
tal net work performed by the detonation prod- 
ucts is often equated to the total chemical en- 
ergy obtained from calorimetry. Nevertheless it 
is practically impossible to uniquely determine the 
several remaining parameters, since many combi- 
nations match cylinder data about equally well 
(Souers & Haselman, 1993). Moreover, the itera- 
tion process is sufficiently laborious that it is im- 
practical to perform it for every cylinder test. Con- 
sequently, the Livermore method scales cylinder 
data to a PETN standard, having determined the 
latter in some detail by the above process. 

presently Lawrence Livermore National Lab 
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Even if the calibration process were perfect, ac- 
curacy is limited by the JWL form itself. The JWL 
isentrope would appear to be quite good on the 
whole, though the structure of y(v), the isentropic 
exponent, is pathological for most choices of param- 
eters. The greater error is that the associated EOS, 
e = fn(p,v), assumes the Griineisen parameter I' 
(which dictates the EOS surface off the principle 
isentrope) to be constant and equal to that of an 
ideal gas. A single cylinder test does not address 
I'(v), as it does not attain states off the isentrope. 

This study examines a different approach to the 
problem which is quasi-analytic and, but for a fit to 
the data, form-free. The method is simple, explicit, 
and able to make freer predictions of the isentrope 
shape than is possible when the latter takes an as- 
sumed form. The method is based on the observa- 
tion that the cylinder wall is essentially a pressure 
gauge, in that its ideal trajectory is simply related 
to the internal pressure p pushing against it. By 
measuring the expanding case shape one may cal- 
culate the wall pressure p as a function of the axial 
coordinate z, which may then be related to the in- 
terior pressure by a quasi-1D or quasi-conical flow 
assumption. Application of the continuity and mo- 
mentum equations then provides a differential equa- 
tion for the specific volume ~ ( z ) .  The principal isen- 
trope is generated by parametrically plotting p(z) 
vs. ~ ( z ) ,  to which a JWL or other equation may be 
simply fit using nonlinear least-squares as desired. 
The associated internal energy may be obtained by 
integration of the isentropic relation de = -p dv. 

The above method was conceived by G.I. Taylor 
in his original report, though he did not implement 
it for lack of data.2 Indeed, Taylor noted that the 
experimental methods of the day were insufficient 
to provide more than a rough estimate anyway. Cu- 
riously, the idea received little attention when accu- 
rate data did become a~ailable.~ This is evidently 
due to the common belief that the problem is too 
complicated for any method but CFD. 

The cylinder test is indeed complicated in detail, 
as is illustrated in Fig. 2. The detonation wave is 
curved and has a finite-width reaction zone. The 
detonation drives a shock in the metal which reflects 
through the tube wall as an alternating series of 

2Taylor focused mainly on the forward problem- deter- 
mining the case expansion given a known isentrope- and es- 
timated the efficiency of energy transfer to the case (596%). 

'Two efforts (Hornberg, 1986 & Chen C-Y et al., 1994) 
are known to the author, the second closely following the 
first. The formulations differ from Taylor's simple proposal 
in that they introduce time dependence and the JWL equa- 
tion into the otherwise steady, form-free problem. 

compression and expansion waves. The expansion 
waves are transmitted to the interior and carry the 
signal that the tube is expanding. Other effects may 
be of some consequence: there is a series of shock 
waves transmitted to the surrounding fluid (usually 
air), the tube has a finite strength, and there is a 
boundary layer near the wall that accommodates 
the relative motion between it and the flow. 

Nevertheless, if viewed with a less critical eye 
the problem has a certain simplicity: the expan- 
sion is in fact isentropic, and essentially like the 
flow through a supersonic nozzle. The problem is 
also like a supersonic nozzle in that, to the extent 
that the Chapman-Jouguet (c-j) condition is satis- 
fied, the starting flow (corresponding to the nozzle 
throat) is sonic and the Mach angle of the leading 
rarefaction wave is 90 degrees. 

Wall is slightly compress- 
ible & has finite strength 

curved detonation 

from opposite wall not shown) 

Figure 2. Details of the cylinder test .  

2. Model 
2.1. Assumptions 

A few assumptions are made to allow analytic treat- 
ment: 1) the tube wall is assumed to be incompress- 
ible and equal to its nominal density p w ,  further 
implying that the wall accelerates in the classical 
manner without ringing; 2) the wall trajectory is 
assumed to be controlled solely by its inertia, based 
on the observation that the wall yield stress is neg- 
ligible compared to the applied fluid pressure over 
the test duration; 3) the explosive products are as- 
sumed to be inviscid and fully reacted in a zone thin 
compared to the dimensions of the test; 4) models 
are considered in which the flow pattern is assumed 
to be either quasi-one dimensional or quasi-conical 
and; 5) the wall geometry is treated in a manner 
consistent with the particular flow assumption (4). 

2.2. Wall Contour as a Pressure Gauge 

The ideal wall trajectory in a wave-fixed coordinate 
system is shown schematically in Fig. 3. In this 
frame the problem is steady, a feature essential to 
the following analysis. The wall streams in a t  the 
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detonation velocity Do, and the products enter at 
(to the extent that the wave is c-j) the local sonic ve- 
locity. There axe three curves of interest associated 
with the wall. The outer curve R(z )  is that mea- 
sured in the experiment, the center-of-mass curve 
rc(z) is relevant for the mechanics of the wall mo- 
tion, and the inner curve r(.) defines the channel 
through which the detonation products flow. 

f 

J. 

Figure 3. Schematic of the ideal wall trajectory. 

Consider a mass element drn that spans the local 
wall thickness 6 and which has an area dA exposed 
to the flow (Fig. 3). As the element passes by the 
wave front it feels the detonation pressure, followed 
by an ever-decreasing pressure as the flow expands 
and the wall deflects. Since the applied fluid pres- 
sure is everywhere normal to the element’s trajec- 
tory, it is clear from mechanics that the magnitude 
of its velocity in the streamwise direction remains 
unchanged; in other words, the effect of the applied 
pressure is only to deflect its path. Consequently- 
as noted by Taylor- the kinetic energy of the tube 
is constant in the wave-fixed frame. 

Consider now a control volume around the tube 
which intersects the wall normal to the tube axis 
somewhere upstream of the detonation, and normal 
to the local streamwise direction somewhere down- 
stream. Mass conservation requires that: 

pwo so Do = p w  sv, (1) 

where s denotes the cross-sectional area of the tube 
wall normal to the streamwise direction, v, is the 
local wall velocity, and the subscript 0 denotes the 
upstream condition. However, since the wall is as- 
sumed incompressible and v, is everywhere Do, s 
must conserve its initial value so. 

Writing Newton’s law for the element one may 
show that the local wall curvature is proportional 
to the fluid pressure pushing upon it; specifically 

where m~ is the wall mass per unit flow area, and 6 
is the curvature of the center-of-mass trajectory r,. 
The expression for mA depends on the particular 
geometric model for the tube expansion. 

2.3. Outer Wall Contour from Experiment 

Traditionally one measures the radial component of 
wall displacement vs. time, R - & = f ( t ) ,  using 
a streak camera back-lit by an explosively-driven 
flash. DO is simultaneously measured using electri- 
cal pins. Given f ( t ) ,  the case shape is obtained sim- 
ply by replacing t with ./DO, since this is the time 
(relative to the passage of the detonation front) that 
a point on the tube at a position I takes to reach the 
slit. The result is the same as if one were to take a 
snapshot of the tube- another viable alternati~e.~ 

2.4. Fit to the Outer Wall Data 

The wall data must be fit with an analytic form that 
enforces the classical assumptions of the model. It 
is clear that such a fit must average through the 
ring-up in a smooth way, for to track the ringing 
would result in the pressure from E& 2 becoming 
negative wherever the curvature changed sign. One 
may perform the fit to the temporal data f is t  fol- 
lowed by the above transformation, or the other way 
around. The present formulation uses a temporal 
fit so that traditional figures-of-merit, such as the 
“cylinder energyn, may also be computed. 

There are several restrictions on the fitting form, 
namely, 1) dR/dt(O) = 0, corresponding to zero ini- 
tial wall velocity; 2) dR/dt(oo) G v,, 0 < v, < 00, 

because at low pressure wall elements coast at a 
constant radial speed; 3) d2R/dt2(0) = a0 > 0, 
corresponding to a finite detonation pressure; 4) 
d3R/dt3(0) < 0, corresponding to a negative ini- 
tial isentrope slope, and; 5 )  d4R/dt4(t) > 0 so that 
the pressure decrease is everywhere monotonic. It 
is clear that many curves that fit the data well will 
not have all the above properties, so that some care 
is necessary in choosing a fitting form. 

One useful class of fitting functions is5 

where a0 is the initial radial acceleration, v, is the 
asymptotic radial velocity, and g is a function for 

4A third approach is to measure the wall velocity by inter- 
ferometry (Fabry-Perot or VISAR), which has the advantage 
that the data must be differentiated once rather than twice. 

5This is a generalization of the form suggested by 
Davis, 1987, who took g(t )  = &. Note that powers of t 
other than unity are inadmissible in the present analysis. 
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which limt+og(t) = at, a > 0. g(t)  = t is a good 
choice, but the following generalization is better: 

g(t) = (1 + t)" - 1 * (4) 

Used with Eq. 3, Eq. 4 predicts detonation pres- 
sures close to traditional handbook values, yet is 
flexible enough that a somewhat different detona- 
tion pressure Pd may be prescribed without notice- 
ably affecting the fit quality. To specify p d  one must 
constrain the parameter uo. This matter is compli- 
cated somewhat by the fact that Pd is determined by 
the center-of-mass curve rc, rather than that of the 
curve R to be fit. Accounting for this one obtains 

(5) 
4 SO Pd 

pw so (To + Ro) ' uo = 

where SO = m-0" is the initial channel area. 

Figure 4 shows wall expansion data for PBX950l6 
(95 wt.% HMX, 5 wt.% binder), together with a 
nonlinear least-squares fit of Eqs. 3 & 4 and the 
associated fit residuals (magnified lox). The resid- 
uals exhibit a symmetric, damped ringing structure, 
indicating that the fit is close to optimal. To achieve 
such a fit one must allow a virtual origin, replacing 
t by t - to,  when fitting. Once the other fitting pa- 
rameters are determined in conjunction with t o  the 
latter may be set to zero. 

0 5 10 15 
time@Sec) 

Figure 4. Wall expansion data and fit for PBX9501. 

2.5. Tube Geometry 

Two geometric models for the tube expansion are 
considered. The more general approach assumes 
only that the curves R(t) ,  rc( t ) ,  and r (z )  remain 
quasi-parallel to each other. The geometry is some- 
what complicated in detail, and space limitations 

'These data (Campbell & Engelke, 1975) were selected 
from archives for its exceptional clarity. Among other things, 
the shots were fired in a helium atmosphere to minimize the 
optical aberration normally caused by the external air shock. 

preclude further discussion here. Such an approach 
is appropriate for a quasi-conical flow model. 

The second approach assumes that the tube ex- 
pansion is quasi-1D but not, since the standard 
cylinder test has an initial wall thickness 20% of 
ro, thin-walled. This assumption is reasonable be- 
cause, although the asymptotic wall angle is not 
always small, much of the pressure drop occurs be- 
fore the wall turns significantly. This approach is 
appropriate for a quasi-1D flow model. 

The local wall thickness in the quasi-1D case is 

SO S(r) = R(%) - e(.) - -, A 

and the inner and center-of-mass contours are 

r(r)  = R(r) - 6(z )  and re(%) = R(t)  - - (7) w 
2 

respectively. The wall mass per unit flow area is 

and when using Eq. 2 one may, for the quasi-1D 
model, take K = rz( t ) .  By substitution the above 
equations may all be expressed in terms of the mea- 
sured curve R(t).  Fig. 5 shows the three wall con- 
tours so-determined, using the data fit of Fig. 4. 

.. 
Outer contour R G 

z30 
20 
10 

50 100 150 200 
(mm) 

Figure 5. Wall contours corresponding to fit of Fig. 4. 

2.6. Calculation of Specific Volume 

In the quasi-1D model the equations of continuity 
and momentum (Bernoulli's equation) are 

POSODO = p S v  and dp+pvdv=O,  (9) 

Eliminating the respectively, where S(z) = 
flow velocity v gives an equation of the form 

V' = A(z)V + B( t ) ,  (10) 

where V V / V O  and A(%) and B ( z )  are given by 
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L 

and po = 1/vo is the initial explosive density. 

Equation 10 may be integrated since S(z) and 
p(z) are specified. The initial relative volume V d  is 
given by the Rayleigh line as 

the detonation state being denoted by the subscript 
Q since no c-j assumption enters in the analysis. 

In the quasi-conical model the expression for S(z) 
is a spherical arc meeting the wall at right angles, 
and the product Sp‘ in B(z )  is replaced by (Sp)’. 

2.7. Analytical Method 

This model is particularly suited for symbolic ma- 
nipulation programs since the combined equations, 
though complicated in detail, require mostly differ- 
entiation. Only Q. 10 requires integration, and 
this must generally be performed numerically since 
B(z)  is usually quite complicated. The calculations 
here were performed using Mathematica. 

3. Results 
Figure 6 compares the isentrope generated from 
the data fit of Fig. 4 with a typical JWL fit 
(Dobratz & Crawford, 1985). The detonation pres- 
sures are similar- 37.9 GPa predicted from the 
present model compared to 37.0 GPa quoted for the 
JWL- but the present model lies somewhat below 
the JWL in the mid-range. The slope of the initial 
isentrope from the present model agrees with that 
of the Corresponding Rayleigh line to within 0.22%, 
indicating that the detonation is basically c-j. 

40, I 

Present model 
JWL 

-_--_ 
............... 30 I 
- Presentmodel(corrected) 

Rayleigh Line 

5 

1 2 3 4 5 v = v/vo 

Figure 6. Isentropes for PBX9501. 

Figure 7 shows the isentropic exponent y(V) cor- 
responding to the data fit of Fig. 4, The most 
striking feature is the sharp peak at about V = 
0.9. There has been some speculation as to whether 
such a peak is physical (see, e.g., Davis, 1993 and 

McCahan & Shepherd, 1993), but recent Hugoniot 
data for overdriven PBX9501 (Fritz et al., 1996)’ 
indicate that it is real in at least this case: Fritz’s 
points lie nearly on an isentrope and so define (to 
a good approximation) an extension of the present 
curve, the slope of which (see Fig. 7) is positive. 
y(V) corresponding to the JWL of Fig. 6 is also 
shown, and has a non-physical second peak. 

_.------_. 
2.5 

* 
Ovadriven Hugoniot data 

, . . . , . , . , . . . , 
0.5 - Present model (corrected) 

1 2 3 4 5 6 v =vh0 

Figure 7. Isentropic exponents for PBX9501. 

The discrepancy in Fig. 6 between JWL and the 
present model is due primarily to error in the lat- 
ter. This was confirmed in three ways: 1) the chem- 
ical energy release for PBX9501 has been measured 
from calorimetry and should be very close to the 
net work- the area under the isentrope less that 
under the Rayleigh line- but in the present model 
this area is too low; 2) the initial slope of y(V) does 
not match that of Fritz’s overdriven points, and; 3) 
CFD calculations show the wall motion calculated 
using the JWL of Fig. 6 to be closer to experiment 
than that computed using the present model. 

Considering that R(z) is differentiated twice to 
obtain pressure, it is natural to suspect that the 
problem is one of fitting error. However, one ob- 
serves that different reasonable fits err in essentially 
the same way. Nor is there much difference between 
the quasi-lD and quasi-conical models, suggesting 
that the error is not due to divergence. Finally, sen- 
sitivity studies indicate that the problem is not the 
neglect of wall strength or wall density variations. 
Eliminating these implies a basic problem with the 
flow assumptions early in the expansion. 

Let us assume, since the predicted detonation 
pressure is about right, that the wall provides a 
good measure of the (smoothed) pressure. The na- 
ture of the error would then be that the interior flow 
is not related to the wall pressure in the assumed 
way, and a volume error would result. Moreover 

‘For better comparison, Fritz’s detonation pressure of 
34.8 GPa was imposed as a constraint in Fig. 7. 

~~ 
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local errors, if consistent in sign, would contribute 
to a cumulative error in the volume integral. It is 
evident from Fig. 6 that the volume is too low. 

Given the above synopsis there are three situa- 
tions in which the model may be quantitatively use- 
ful. First, if one determines the high pressure part 
of the isentrope by another method (of which there 
are a few useful primarily for higher pressures), the 
present model can fill in the remainder of the curve 
using the end of the high-pressure data to start the 
volume integration. For example, if the JWL in 
Fig. 6 is used as a starting reference at the point 
where the ringing has died down, the agreement 
between the two curves remains good thereafter. 

A second approach is to apply a volume correc- 
tion using PBX9501 as a calibration standard. The 
goal is to deduce the proper scaling so that the same 
correction may be applied to other explosives and 
tube sizes. No correction is necessary at t = 0 be- 
cause enough parameters are known to determine yd 
initially. The error increases to a maximum some- 
where in the ring-up region, and by assumption de- 
creases asymptotically to zero as z -+ w. Lacking 
the information to motivate a particular function it 
is natural to assume something simple. Specifically, 
let us multiply the right hand side of Eq. 10 by the 
correction factor 1 + E(z) ,  where 

The choice of ZO = Doto (the virtual origin in spa- 
tial coordinates) as a scaling parameter assumes the 
error to be related to wall ring-up. The parameters 
a and p are pure numbers (representing the peak 
of E(%)  and its location as a fraction of ZO),  to be 
determined such that the total energy and the ini- 
tial slope of y(V) conform to the standard. This 
procedure gives a = 0.19 and p = 1.75, and leads 
to  the corrected curves in Fig. 6 and Fig. 7. When 
applied to a 25.4 mm PBX9502 (95 wt.% TATB, 5 

4. Conclusions 
The strengths of the present model are that it is 
simple, explicit, form-free (except for the data fit), 
and makes no c-j assumption. Applied to the stan- 
dard cylinder test the model makes a good predic- 
tion of the detonation pressure, exhibits the correct 
basic form for y, and predicts that the wave is close 
to c-j. The isentrope does, however, lie somewhat 
below the correct curve. It is suggested that the er- 
ror is largely due to wall effects, which may be dealt 
with by 1) calculation of the mid-to-low pressure re- 
gion only, 2) correction by appeal to a standard, or 
3) more appropriate experimental design. 
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