
ORNL/CP-102700 

Single-Iteration Learning Algorithm 
for Feed-Forward Neural Networks* 

'?? Protopopescu, 'Jacob Barhen, and 'R. Cogswell 

fCenter for Engineering Science Advanced Research 
Computer Science and Mathematics Division 

Oak Ridge National Laboratory 

Oak Ridge, TN 3783 1 
P. 0. BOX 2008-6355 

#Department of Mathematics and Computer Science 
Monmouth College 

Monmouth, IL 61462 

The submitted manuscript has been authored by a 
contractor of the U.S. Government under contract 
No. DE-AC05-960R22464. Accordingly, the U.S. 
Government retains a nonexclusive, royalty-free 
license to publish or reproduce the published form 
of this contribution, or allow others to do so, for 
U.S. Government purposes. 

Submitted to: Proceedings of the Fifth Conference of Information Systems Analysis and 
Synthesis (ISAS'99), and the Third Conference of Systemics, 
Cybernetics, and Informatics, (SCI'99), Orlando, FL, July 3 1 - August 4, 
1999. 

* This research was funded in part by the DeepLook Consortium under Agreement Number ERD-97-1506 
with Lockheed Martin Energy Research Corporation. Additional funding was provided by the Engineering 
Research Program of the Office of Basic Energy Sciences under contract DE-AC05-960R22464 with 
Lockheed Martin Energy Research Corporation. R. Cogswell's participation was supported by the Great 
Lakes Colleges AssociatiodAssociated Colleges of the Midwest Oak Ridge Science Semester, sponsored 
by the Office of University Science Education, Oak Ridge National Laboratory. 



DISCLAIMER 

This report was  prepared a s  an account of work sponsored 
by an agency of the  United States Government. Neither the  
United States Government nor any agency thereof, nor any 
of their employees, make any warranty, express or implied, 
or assumes any legal liability or responsibility for the  
accuracy, completeness, or usefulness of any information, 
apparatus, product, or process disclosed, or represents tha t  
its use would not infringe privately owned rights. Reference 
herein to any specific commercial product, process, or 
service by trade name, trademark, manufacturer, or 
otherwise does not necessarily constitute or imply its 
endorsement, recommendation, or favoring by the  United 
States Government or any agency thereof. The views and 
opinions of authors expressed herein do not necessarily 
state or reflect those of the  United States Government or 
any agency thereof. 



DISCLAIMER 

Portions of this document may be illegible 
in electronic image products. Images are 
produced from the best available original 
document. 



Single-Iteration Learning Algorithm for Feed-forward Neural Networks 

V. Protopopescu, J. Barhen, and R. Cogswell* 
Center for Engineering Science Advanced Research, 

Oak Ridge National Laboratory, Oak Ridge, TN 37831 -6364, USA 

Abstract. A new methodology for neural learning is presented, whereby only a single iteration is required to train a 
feed-forward network with near-optimal results. To this aim, a virtual input layer is added to the multi-layer 
architecture. The virtual input layer is connected to the nominal input layer by a special nonlinear transfer function, 
and to the first hidden layer by regular (linear) synapses. A sequence of dternating direction singuIar value 
decompositions is then used to determine precisely the inter-layer synaptic weights. This algorithm exploits the 
known separability of the linear (inter-layer propagation) and nonlinear (neuron activation) aspects of information 
transfer within a neural network. 

1. Introduction. Artificial neural networks are adaptive systems that process information by 
nonlinear response to discrete or continuous input [l]. Neural networks can provide practical 
solutions to a variety of artificial intelligence problems, including pattern recognition 121, 
autonomous knowledge acquisition from observations of correlated activities [3], real-time 
control of complex systems [4], and fast adaptive optimization [5]. At the heart of such advances 
Iies the development of efficient computational methodologies for “learning” [6]. The 
development of neural learning algorithms has generally been based upon the minimization of an 
energy-like error function [7]. Gradient-based techniques have typically provided the main 
computational mechanism for carrying out the minimization process, often resulting in excessive 
training times for the large-scale networks needed to address real-life applications. 
Consequently, to date, considerable efforts have been devoted to: (1) speeding up the rate of 
convergence [7,8 J and (2) designing more efficient methodologies for deriving the gradients of 
these functions or functionals with respect to the parameters of the network [9,10]. 

In a major departure from the above paradigms, Biegler-Konig and Btirman proposed a learning 
approach solely based on linear algebraic methods [ 111. In their seminal paper, they observed 
that it is possible to separate the linear (inter-layer propagation) and nonlinear (individual neuron 
activation function) aspects of information processing within a neural network. Using linear 
least squares, they obtained the synaptic weights for each layer, and invoked the inverse of the 
activation function to propagate any remaining error back into the preceding layer of the 
network. The essence of their approach was to minimize the learning error on each layer 
separately, rather than globally for the entire network. An accelerated training algorithm based 
on a similar scheme was more recently proposed by Tam and Chow [ 121. 

The methodology presented in this letter builds upon these seminal ideas, but introduces 
significant innovations. For instance, the algorithms in [11,12] solve each of a sequence of least 
square problems by using Householder transformations followed by a QR decomposition [ 131. 
Since for most practical applications the number of training examples exceeds the dimensionality 
of the training patterns, approximate results are typically obtained. Our proposed algorithm, on 
the other hand, implements a sequence of alternating direction singular value decompositions 
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(SVD) [13], on a network architecture having a monotonically decreasing number of nodes in 
successive layers. We also modify the traditional neural network architecture by introducing a 
virtual input layer connected to the input nodes through a nonlinear transfer function. The 
virtual layer acts as a preprocessor of the input vectors, and replaces a highly overdetermined 
linear system with a solvable one. Our algorithm has several new, important features, namely: 
(i) the network is trained in a single iteration; (ii) the method does not rely on calculating 
gradients, therefore it is not affected by local minima; (iii) the algorithm achieves near-optimal 
training results, and (iv) it generalizes well to vectors outside the training set. 

2. Architecture. We consider a generalized multi-layer feed-forward neural network. In general, 
the nodes (or neurons) are organized in layers, namely: (i) input, (ii) (one or several) hidden, and 
(iii) output. In addition to these traditional layers, we introduce a virtual input layer between the 
input layer and the (first) hidden layer. The virtual input layer allows for a specific type of 
preprocessing of the input vectors, and the associated computations between the actual and 
virtual input layers differ from the usual inter-layer neural network computations. 

The feed-forward neural network has (L+l) layers, numbered from zero (input layer) to L (output 
layer). An input vector is propagated forward through the neural network as a sequence of 
intermediate vectors at each successive layer. For the implementation of the proposed method, 
the number of nodes in successive layers must satisfy the inequalities Nf 2 Nf+, , 1 = 1, ... , L. 
The Nt nodes at the layer .t receive (local) input values and produce Nf output values (i.e. a 
vector of dimension Nf ) which are propagated to the next layer of nodes, or (for the output layer) 
represent the calculated output vector corresponding to the initial inputs. For the hidden and 

, output layers, the processing can be described as follows, Assume that an initial input vector is 
propagated through the network. Let s denote the row vector of outputs of the nodes at the layer 
e, and let t denote the row vector of inputs to the nodes at the layer (1+l). When bias weights are 
used, the vector t is calculated as 

t = s W +  b v ,  (1) 

where W is the matrix of interconnection weights, b is a constant between 0 and 1 (e.g. b=0.5), 
and v is a row vector of bias weights. Eq. 1 can be represented in an equivalent way by 
appending b to s to form 6 , adding the row vector v to W as the last row of the augmented 
matrix W , and calculating t = i W  . For the training problem, we consider the K training 
input vectors as rows of a matrix S, , where NO is the number of (scalar) input values. At the 
layer 1, the output vectors comprise the rows of a matrix S m t ,  where the column dimension N! 
is the number of nodes of layer 1, and the ith row is the output at layer 1 corresponding to the ith 
training input vector. Similarly, the input vectors for layer (1+l) form rows of a matrix TKNt+, , 
where Nt+, denotes the number of nodes in layer (l+l). The propagation of information 
between layers is given by the linear matrix equation 
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where WNfNf,I is the matrix of interlayer connection weights from layer 1 to layer (l+l), bK is a 

column vector of constants bi , and vNt,, is a row vector of Nl+] bias weights. If we form Smf 
from Smf by appending bK, and append v ~ , , ~  to WNfNf+l to form W, f , (+I , we can rewrite (2) as 

As a single initial input vector is propagated forward, each node in the (hidden or output) layer k' 
uses a transfer function cp that maps the presynaptic vector t at layer k' to a new postsynaptic 
output vector s (also at layer 4)  one component at a time. We assume cp is the sigmoid function 
with gain y so that the ith component Si of s is calculated using 

1 
1 +exp(-ytJ 

si = dti) = (4) 

For the training problem, the output matrix S KNf,I for the layer (1+l) is 

' where the transfer function cp is applied to each of the KXN,,, matrix entries individually. The 
final output patterns, which are vectors of dimension NL+I, form the rows of the output matrix 
SKN'+I * 

The processing between the input and virtual layers is realized in a different way. For a given set 
of training vectors, we assume there exists a particular nonlinear transfer function, y , that maps 
input vectors to virtual input vectors by directly applying the function yrather than the separate 
calculation of the vector t and the (component-wise) nonlinear transfer function at each node: 

In the training algorithm, the function I,U (which is not altered in the learning algorithm) maps the 
input pattern matrix S, (treated as the postsynaptic output of the input-layer nodes) to the 
postsynaptic output matrix S KN, of the virtual layer: 

3. Single-iteration neural learning algorithm. The goal in the learning process is to determine 
the weight parameters { WNfNf,, } that minimize (some norm of) the difference between the 
calculated output values and the target outputs. Our 
nonlinearities of the transfer functions at each layer 
propagation. To simplify the description, and without loss 

new approach is to decouple the 
from the linear interlayer pattern 
of generality, we discuss a network 
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architecture having NO = I input nodes, ZVl= V virtual input nodes, one hidden layer with N2 = H 
nodes, and N3 = 0 output nodes. We assume that the interconnection weight matrices WVH and 
WHO and bias weight vector vg are randomly initialized. The learning algorithm begins with the 
output layer. A full iteration consists of a backward pattern propagation to the virtual layer, 
followed by a forward sweep to the output layer of the neural network. (In the following, a bar 
indicates a calculated quantity, as opposed to a “target” or initialized quantity, and a superscriptf 
denotes a forward calculation.) We note that since q:%+(O,l) is bijective, the inverse q -’ is 
well-defined. The following two equations relate the presynaptic inputs at the output layer: 

- 
The first phase of the learning algorithm is implemented to minimize /ITKO - TKO 11, by solving 
the system - 

(TKO - b~ vo 1 = S KH WHO (10) 

for SKH. Since TKO is known and WHO and vo were initialized, we compute SKH using the SVD 
of WHO from the right. When WHO is a nonsingular square matrix, this step reduces to inverting 
WHO; however even in that case the SVD may be less expensive, especially for large matrices. 

Typically we need to modify the calculated solution sm, since in the forward calculations the 
corresponding entries of SKH are output values of the sigmoid function q, with range (0,l). Some 
of the calculated values of SKH may be outside the range of q. As described below, we shall 
find an invertible renormalization matrix r with the property that 

Then, 8 KH has values in the range of 9, while preserving the final column b K .  Here, [ 8 KH I b ~ ]  
denotes a matrix with K rows and H + 1 columns. We use g KH to determine 9 KH = q-’( KH ). 
If more than one hidden layer is used, one minimizes ll!fmf - Tmf 11 as above for each preceding 

hidden layer 4, until reaching the first hidden layer (counting from the input end). 

- 

When the presynaptic input matrix T KH for the (first) hidden layer has been calculated, we alter 
the process and begin the forward sweep, in which the weights are updated. We observe that 
T KH and the postsynaptic output ~ K V  of the virtual input layer are related by 

where KH is known from the backward sweep and ~ K V  is calculated from SKI. Thus we do not 
need to compute g KV. Rather, we carry out an SVD of SKV from the left to determine the 
interconnection weight matrix w& . Using Eq. (12), we derive a forward estimate of T K H :  
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The forward estimate of SKH is 

The augmented weight matrix between the hidden layer and the output layer is updated using the 
inverse of the renormalization matrix: 

wL0 = r-l wH0. 
Finally, a forward estimate of TKO is obtained: 

-f = $f W f  
T K O  KH HO’ 

which yields 

The error is measured as some norm (e.g. Lz ) of the difference between the provided target 
output pattern matrix and the corresponding forward estimate: 

- 
(18) 

If additiond hidden layers are used, each hidden layer matrix Smf is renormalized by post- 
multiplying by an appropriate matrix r, as in Eq. (11) during the backward sweep, and the 
augmented weight matrix WNfNf+, is updated by pre-multiplying by 

- E =  p K 0  - s ~ o ~ ~  - 

, as in Eq. (15). 

4. Construction of the renormalization matrix. The matrix r rescales the backward 
computation of s, so that its elements are in the range of cp (where again we assume only one 
hidden layer). sii + a - s ,  + p for 

appropriate constants a, p. The augmented matrix $ KH = [ ~ K H  I b K  ] includes a final column bK. 

The rescaled matrix [ KH I b d  = [ SKH I bK ] should preserve the K values of the vector bK in 
the last column. The transformations 

A simple method for rescaling is the transformation 

can be implemented by the matrix 
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r=  

For positive values of a, the matrix r is nonsingular and easily invertible. 

Notes: 
1. The range (0,l) of q corresponds to domain values (--, - ). We chose to restrict values to 

the subrange [0.1,0.9], which corresponds to the finite subdomain [ -ln(9), ln(9) 1. 
2. We use a2 1 to contract the values { su } to fit in an interval of length IO.8. If the range of 

{ sii } is less than 0.8, it is not necessary to expand the range, and we let a = 1. 
3. The value P represents a shift of the values to fit within [ 0.1,O.g 1. We have modified our 

choices of a and p so that the average value p for the set { sii } is mapped to 0.5, the center 
of the interval [ 0.1,O.g 3, and the value su farthest from p is mapped to either 0.1 or 0.9. 

5. Predicted error of learning results. Due to the SVD computations, the learning algorithm 
introduces “minimum norm” type approximations for the solutions of each of the linear systems. 
Due to the nonlinear transformations effected by each layer, even if each layer were solved 
optimally, this still would not guarantee global optimal results. However, we can predict near- 
optimal results for the learning algorithm if the following three conditions are met: 

1. The training set does not contain duplicate input vectors. 
2. The number H of hidden-layer nodes is greater than the number 0 of output nodes. (If more 

than one hidden layer is used, the number of hidden-layer nodes decreases in successive 
hidden layers.) 

3. The mapping from the input matrix SKI to the virtual-layer matrix ~ K V  produces a 
nonsingular square matrix (with V = K ). 

If condition (1) is not met, then the training set contains either duplicate copies of the same 
(input,output) pair, or contradictory patterns in which the same input is matched with more than 
one output pattern. Preprocessing of the training patterns can be introduced to handle such 
situations . 

- 
Condition (2) implies that the linear system (TKO - bK vo ) = S KH WHO is underdetermined 
(provided that the rows of WHO are linearly independent, as is usually the case) and hence the 
“minimum norm” solution for s KH should be exact (one of infinitely many). 

Condition (3) implies that ??m is invertible, and the singular value decomposition gives the 
inverse of ~ K V .  Thus the “minimum norm” solution for W VH should also be exact. 
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- -  - 

Since the inverse of the transfer function 9 is known explicitly, the preceding analysis predicts 
that, in theory, the learning algorithm should result in error E = 0 (or as close to zero as can be 
expected from repeated finite-precision calculations with matrices). 

6. Conversion from input layer to virtual-input layer. Condition (2) above illustrates the 
critical role of the virtual-input layer. It is common for the number K of training examples to 
exceed the number of input nodes I. If we attempt to use the training process without the virtual 
layer, the linear system TKH = SKI WIH is overdetermined for WIH, and the resulting “minimum 
norm” solution may be a poor approximation. (For example, for the standard XOR function with 
I = 2 binary inputs and K = 4 training examples, the training algorithm applied without the 
virtual input layer gives sio = [ 0.5 0.5 0.5 0.5 IT as an approximation of the target output 
vector sKO= o 1 1 o lT.) 

In the following, we present a mapping ly which always produces a nonsingular matrix SKV. 
Suppose the input vectors have dimension I > 1. For each component m = 1,2, ... , I ,  construct a 
KxK matrix gg) in which 

where S(i)m denotes the mth component of the ith training vector s(i) and Dm is the maximum of 
I ~ ( i ) ~  - s o m  I over all i, j = 1, ..., K . LetSKv be the block 
S&) . The determinant of the full matrix is [ 141: 
- diagonal matrix whose mth block is 

This guarantees that the matrix is nonsingular, but - for large I - severely increases the size of the 
matrix. As an alternative, we define the mapping ly by taking the (i~9th component of S KV to 
be 

where D is the maximum distance between input vectors in the training set. In general, for some 
training sets, the matrix S K V  obtained by using the transformation (23) may be singular. 
However, the SVD method does not require an invertible matrix. If the linear system is 
overdetermined, the SVD will generate a “least squares” best fit approximation. 

- 

We have studied several virtual-layer transformations to be used within this general approach to 
neural network training. Different virtual layer transformations may provide better 
representation of the data, yielding better learning results and/or better ability of the trained 
neural network to generalize. The choice of an optimal mapping ly from SKI to s KV is still under 
investigation. 
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7. Implementation. We implemented this algorithm on several examples with excellent results 
[14]. Here we present just one example, for illustration purposes. The functionfis given by: 

f(x,,x2,x3,x4,x5) =IxI -0.251+sin(6x2)-x3e0.’-”) +2x4 + x 5 ( 0 . 5 - x 5 ) ,  01 xi1 1. 

A neural network was constructed with five input nodes, 1000 virtual-layer nodes, a single 
hidden layer with 20 nodes, and one output node, using the component-wise virtual-layer 
transformation described by Eq. (21). The training set comprised 200 randomly generated input 
vectors (X I ,  x% x3, x4, x5 ) in [OJ]’, with corresponding output values off. The network was 
trained, and the absolute error was computed for each training input vector. The mean error was 
0.000006, with a maximum error of 0.000021. We tested the trained network’s ability to 
generalize using 1600 randomly generated vectors in.[O,l]’. The function values are between - 
1.75 and 3.4. The norm for the error was 0.0268, with a maximum absolute error of 0.1348. 

We also trained and tested a neural network using the alternative virtual-layer transformation of 
Eq. (23), using 5 input nodes, 200 virtual-layer nodes, and 20 hidden-layer nodes. For the 
training vectors, the mean error was 0.000189, with a maximum error of 0.000637. Over the test 
set, the norm error was 0.2812, with a maximum absolute error of 1.014. The component- 
wise transformation (21) produced more accurate results for this function. The training set 
comprised 200 randomly generated input vectors (XI ,  XZ, x3, x4, x5 ) in [0,ll5, with corresponding 
output values off. The network was trained, and the absolute error was computed for each 
training input vector. The mean error was 0.000087, with a maximum error of 0.000295. We 
tested the trained network‘s ability to generalize using 1600 randomly generated vectors in 
[O,lI5. The function values are between 0 and 3.5. The norm for the error was 0.3968, with a 
maximum absolute error of 1.34. 

8. Conclusions. We presented a new training algorithm for multi-layer feed-forward neural 
networks. The new algorithm has several important features: (i) the ability to train in a single 
iteration; (ii) avoidance of local minima of the error function; (iii) near-optimal training results; 
and (iv) the ability to generalize well. 

These features are based on a new architecture that includes a virtual input layer and on a new 
algorithmic idea. The algorithm calculates backward from the output layer, alternating between 
inverting nonlinear transfer functions within layers and using SVD to solve linear systems 
between layers, and then moving forward through the neural network, updating interconnection 
weights, to complete the training process in a single iteration. The use of a virtual input layer 
reduces a highly overdetermined linear system to a solvable one. We showed that in theory 
(with infinite-precision calculations), the method trains the neural network with error E = 0. 

The implementation showed that even with finite-precision calculations with large matrices, the 
observed training erroj is near zero. In addition, the examples demonstrated that the trained 
neural networks can generalize well for input vectors which are not in the training set. 
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