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A New Two-dimensional, Limited, Zone-centered Tensor Artificial Viscosity 

M. Clover and C. Cranfill, Los Alamos National Laboratory 

I. Introduction. 
It is the goal of this paper to describe a fully multidimensional, limited “discretization” viscosity. We prefer 
“discretization” to “artificial” because it arises naturally from discretizing the momentum equation of fluid 
dynamics. By this is meant that the velocity-dependent stress tensor is not arbitrary, as has been assumed 
since von Neumann’s paper of 1952, but unavoidable, if a method of ”weak solution” is used to solve the Euler 
equations. This ”weak solution” method - due to Harten, Lax and van Leer [ 19851 - shows that Q arises in order 
to numerically conserve momentum, when the equation is integrated over aflrzite space and time interval. 

Understanding the ramifications of this insight lead to the construction of a tensor Q that is the sum of a 
number of dyadic terms (one per dimension). Thus, the k- and 1- directed viscosities of k-1 mesh codes is to be 
understood as the two dyadic terms corresponding to the two eigenvalues of the strain-rate tensor in 2-d ( where 
the assumption had not been explicitly stated that the faces of the control volume - on which the stresses push 
- are orthogonal or parallel to the eigenvectors of the strain-rate). 

Calculating velocity jumps within zones to higher order and using limiters is done with the same degree of ad 
hoc rigor as in Godunov codes. 

The structure of this paper is to reprise certain results from 1-d analysis of a momentum equation, in order to 
highlight certain “lessons” that, when understood, enable one to easily generalize to higher dimension. We will 
also present some results on analytic test problems that this Q produces in a Free-Lagrange hydro code. 

II. A reprise of I -d  lessons. 

A. Weak versus Strong Solutions of the Equations. 
The reason that one puts a mesh on a problem is to make explicit the “regions” that one expects to have 

a constant value of various state properties like density and temperature. The implication of this, however, is 
that if density, for example, is constant over a finite region of space (a “zone”), then the velocity, according to the 
continuity equation, should be linear (or bilinear) over that same region of space. This follows from 

p = - p  v 4 ,  
since the divergence of u’ cannot be constant unless u’ itself is linear in spatial coordinates. Similarly, the 
momentum equation, 

.. 
p ii=-v-P, 

cannot have the acceleration be linear in space (as we have just shown it must be), unless the stress is 
quadratic in space, which for an ideal gas means that the temperature varies quadratically. Both of these 
variations contradict the initial assumption that everything was constant in space. Unless we are willing to 
develop a higher-order scheme, there is no hope of having a strong (pointwise) solution to the equations; we are 
going to have to settle for a “weak” solution - one that satisfies the equations in some mean or integral sense. 

The particular method of weak solution that we are going to focus on involves an integral of the 
equations over a space-time volume element. The advantage of such a method is that the temporal as well as 
the spatial differencing stencil appears automatically, as soon as a minimal amount of physics is introduced 
into the formulae. 



. 
‘ B. Harten, Lax and van Leer‘s Approximate Riemann Solver. 

Harten, Lax and van Leer [SIAM Review 25( 19833351 developed a number of methods of solving Riemann 
problems approximately and which Christensen [ 19901 was the fwst to apply to staggered mesh codes. We will 
only be interested in their first method, one that assumes a single intermediate state. Our first step is to 
simpllfjr the equation by redefinig the spatial coordinate to subsume the density : 

The following Feynman diagram shows what we mean by a single intermediate state: we do not have a shock, a 
contact, and a rarefaction fan, but only the single state “0”: 
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We assume, along with Harten et al, that the signals emanate from the origin with speeds 
hL and mR (along the dashed lines in the Feynman diagram). Our next step is to calculate the space-time 
integral of the momentum equation ( by doing the integral in two parts, we also generate an expression 
for the intermediate state’s pressure as well as velocity): 

0 (du -+-)=o= dp jdtjdrn\-.-> T m~(t)(du dp 
dt dm 0 f J t  -mr.(t) fdrn(dt dm 0 0  

We further assume that the signal speeds are constant during the time interval, so m,(T) = hXT. Given this, 
the integrals assume the form: 

By eliminating po from these equations, we can solve for uo : 
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It is this form of the relation that shows that the velocity dependent terms in the expression are needed to 
conserve the center-of-mass (CM) momentum. If numerator and denominator are both multiplied by T , then 
the parenthesized term is seen to be the impulse applied to the CM. 

The first lesson we have to lean, then, is that although naive differencing of the momentum equation 
would only give the impulse term, that naive method really applies only to an infintesimal volume element 
around the point of interest. When we have finite volume elements, proper conservation of momentum is going 
to require velocity dependent stresses. We can see the emergence of the velocity dependent stress by adding 
and subtracting an arbitrary quantity to the right hand side of the previous equation, which we can call, for 
obvious reasons, u t .  We also note that since uo is the interface velocity at the end of the timestep, we can call it 

ut+*, giving us: 

ut+l = ( P L  -PR)+ljlL(uL -ut)+lj2,(uR -ut)+(rit, + ~ ~ z L ) u ‘  

mL +m,  
This can obviously be rearranged, and by dividing by the timestep, A t ,  we have the penultimate form: 

U f + l  - U t  - - [PL - ~ L ( U *  - u L ) I - [ P R  - m R ( u R  - u t ) ]  
At (mL +m,)At  

With little loss of generality, we note that in a staggered-mesh code, ut is just the average of the two nodal 
velocities. Expanding m into its compenents of density and a signal velocity, we can write an expression for Q 
which takes the form: 

1 du 
Q=-ZP vs Ax - h’ 

which allows us to write our difference equation in a familiar (final) form: 

We stress once again that this “discretization” viscosity has nothing to do with shocks, per se, but rather 
exists only to conserve momentum on the finite mesh we are using. Further, as far as the numerical difference 
scheme knows, any density and velocity jump is a potential shock - convergence effects look just like a shock 
would (only by going to higher order in velocity gradients can we distinguish these two cases). This is our 
second lesson: this viscosity will show up in each spatial direction, since momentum will have to be conserved 
in each spatial direction. Unlike the single dyadic term proposed by Clover and Cranfill[ 19971, we now will 
propose a dyadic term for each spatial direction (actually for each eigenvector of the strain-rate tensor). 

The third lesson that we have to learn from this ”weak“ solution method is that the “discretization” 
viscosity acts on both compression (nominally shocks) and expansion (nominally rarefactions). Although the 
‘lore” has had it that “artificial viscosities” turn off on expansion, we see that in order to conserve momentum, 
the viscosity must be allowed to act on expansion. Since the “signal” in our expression for Q involves either a 
shock or a sound wave, we can require that v, reduce to c, on expansion 
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where Iu1< = (min(u,o)l, but this is the only part of Q that turns off on expansion. Dukowicz [ 19851 has shown 
that this expression is an acceptable approximation to the ideal gas form that W i M s  [ 19801 and others have 
proposed for a signal velocity, vs , corresponding to a shock (ignoring the factor involving y): 

The 1 to 2 percent differences are easily made-up in the multiple timesteps it takes for a shock to cross a zone 
(i.e. if the Q is too weak on one cycle, then Au will be bigger on the next cycle, causing Q to be bigger, until 
everything works out in the end). Further, for non-ideal gases, the linear plus quadratic form is exactly what is 
required by experiments. 

As an aside, I note in passing that while codes have always used pik in the denominator of the 
momentum equation, our derivation gives us h A t  , which is only the amount of mass in causal contact with the 
interface during that time step. Since ph 2 &At , use of the former can be regarded as a method of 
“relaxation” toward the correct acceleration, which is correct if that zone’s Courant time-step is the problem’s 
time-step. Codes that calculate a true or approximate Riemann solution at the interface (e.g. Eulerian codes) 
can more easily use mAt , but it may never be practical to use that for a Lagrangian (distorted mesh) code. 

C. Higher-order Estimates of Veiocify Jumps. 

Our investigations into the form of Q and its relation to a Riemann solution lead us to regard the 
expression for Au that appears in the formulae as the velocity jump across a shock, as opposed to the velocity 
jump across the zone. With this insight, coupled with the fact that our algorithm is only designed to “capture” 
shocks, not “tracK them, we are led to improving our estimate of that velocity jump by going to higher order. 
Because the shock can be anywhere in the zone, we assume it is always in the middle of the zone. We will use 
velocities and slopes at the nodes (assuming staggered grid) to extrapolate to a jump in the middle of the zone ( 
in what follows we will use upper case (“(2“) to refer to something zone-centered and lower case (“r“) to refer to 
something node-centered): 

We are now in a position to introduce the idea of monotonicity and limiters. Because the staggered grid 
algorithm assumes velocities piecewise constant over momentum control volumes, there is no velocity slope at 
the node; we must go to higher order to construct one. Because we will never locate the shock within a zone, we 
only need to go one order higher, to a linear, limited slope. Such a slope avoids creation of new extrema by 
setting the slope to be the smaller (in absolute magnitude) of the two zone-centered slopes on either side of the 
node, as long as both are of the same sign: 
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The only time one might be tempted to go to use a higher-order form of limiter (such as the Christiansen-Tipton 
second-order limiter] would be when there are no shocks in a problem. The one time this has occurred, to this 
author’s knowledge, was during modelling of Rayleigh-Taylor instability growth: the growth rates were less noisy 
with a second-order form, simply because they turned the whole Q off a little faster. In other cases, there have 
been shocks that had one “ring“ (one cycle of Gibb’s phenomenon) behind the shock, because the second order 
prescription turned the Q off too fast. It is our aesthetic principle that when algorithms cannot hope to be better 
than first order in time or space, subsidiary terms should not be of higher-order. 

D. Harten, Lax and van Leer‘s Approach Applied to the Energy Equation. 

The same analysis (”weak solution”) that was used for the momentum equation can be used for the total 
energy equation as well. This will lead to a term that looks like diffusion of total energy. We split that term into 
two components - kinetic and internal - and then subtract the kinetic energy equation from it. A term is left 
over that looks like a diffusion of internal energy. Noh [ 19871 referred to this as an artificial heat flux, and it’s 
introduction was completely arbitrary in his paper. Here, we see that the coefficient of “discretization” heat flux 
is identical to the coefficient of viscosity (if the kinetic terms are to cancel each other). Moreover, we see that the 
analysis suggests that internal energy diffuses, not temperature. For all analytic test problems that we have 
examined, this heat fluxing seems to help improve the quality of the numerical result. For a couple of real 
problems involving different degrees of ionization in different materials, the gradients of temperature and 
internal energy can have different signs, and reducing the coefficient of internal energy conduction by a factor of 
two seems to give much smoother results. Whether this is reasonable is yet to be understood. 

111. Generalizing to 2 4  and 3-d 

A. Generalizing the Hatten, Lax and van Leer method. 

Our first step of generalization is to take the Feynmann diagram used to construct our 1-d difference 
scheme, and imagine it in 2+1-d. Further, we assume temporarily that a shock is traveling along an axis of our 
coordinate system, say 2.  The amount of mass swept out by causality will be an ellipse with a shock velocity 
along the major axis, and a sound speed along the minor axis. In the system where the shock is along the axis, 
the equations look like: 

dv dp d ‘  du 
dt dy dY 

du A dii 
dt dt 

By judicious use of projection operators, we know that - in the above equation is actually s - - , the gradient 

of pressure is actually 2 V - 
the unit vector perpendicular to ŝ  , we can rewrite the above equations as: 

, etc, where 2 is the unit vector in the direction of the shock. By letting t^ denote 
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We have to make the assumption that we have specified our mesh to be fine enough that on the size of a zone, 
the shock directions do not change, and that &? commutes with V . Having made that assumption, we can then 
add these equations together ( $$ + t^t^ = I” ), giving us: 

If we denote the eigenvalues of the strain-rate tensor by &i , and some measure of the zone-size in the direction 
of the eigenvector j i  by Ai , then each dyadic component of the tensor Q will have the form: 

qi = P V i A i E i  , 
where 

vi = c, + - Y + l A i  l&J, 
2 

just as we had for our l-d problem. Burton (1982) and Benson (1991) had proposed such a tensor form for an 
artificial viscosity, and we (Clover and Cranfd 1997) had proposed a dyadic form for Q, albeit with only one 
such term. Burton’s proposal, however, did not make use of limiter logic; Benson did not have notion of limiters 
that worked with arbitrary connectivity, and we did not originally understand that our proposal of a single (2; ) 
dyad for each face of a zone was equivalent to a sum of dyads for a zone-centered viscosity. 

Having arrived at this form of a tensor Q, it is now easy to see a connection between this and the face- 
centered versions used in various ‘‘legacy“ codes. Those (2-d) codes calculated a tensor Q on each face of a zone, 
where the value of ‘‘du/W was just the “du/dP or ‘‘du/dk” part of the full zonal V - u’ (where the logical or 
Lagrangian coordinates are k and I. Now, on the assumption that users set up their problems so the mesh was 
aligned with the fluid flow (e.g circular zoning for imploding or exploding shocks), the choice of ‘‘du/dl” 
amounted to the eigenvalue of the strain-rate tensor in the direction 1 , and that direction coincided with the 
shock direction and eigenvector 2 . Thus, face-centered discretization viscosities amounted to a crude but 
reasonable diagonalization of the tensor Q that we are proposing. Furthermore, the fact that the users made 
their zoning orthogonal meant that for stresses on any one face of a momentum control volume, only one term 
of the full Q would contribute to the force. 

1 

B. Generalizing the min-mod limiter to 2-d and 3-d. 

For those face-centered 2-d Lagrangian codes, the limiter had been implemented as a l-d limiter in the 
and i directions. Given what we have said about the tensor nature of Q in the previous subsection, that 

method of limiting can be seen to amount to limiting each eigenvdue of the strain-rate tensor separately. Once 
this is realized, the generalization to multi dimensions is obvious: for each eigenvector, calculate the limited 
eigenvalue on the node by constructing the min-mod of that eigenvalue for all zones around the node. Then, the 
velocity jump in the zone in the direction of that eigenvector is given (by generalizing l-d and 2-d quadrilateral 
examples) as 

This is the fundamental new result of this paper. 
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Due to time constraints, our coding of this proposal is not as far along as we would have liked. Our sense of 
what needs to be done, though, is clear, and we will attempt to clearly lay out the steps of the algorithm in 
greater detail than in the previous paragraph, in as modular a manner as possible: 

1. Calculate the symmetric strain-rate tensor (this is just du/dx in 1-d). 
2. Diagonalize the strain-rate tensor (this is still just du/dx in 1-d). 
3. Order the eigenvalues, such that lsll 2 Iszl 2 Is31, on the presumption that the biggest eigenvalue will 

have the least numerical noise associated with it (relatively speaking) (there is only 
4. Find the (normalized) eigenvectors, ii , that satisfy (VG - siIPi = 0 . Benson (1991) gives explicit 

formulae for this in 2-d. One hopes that the biggest eigenvalue best determines the first eigenvector, 
since in 2-d, i2 = il x 6 .  (this too is trivial in 1-d). 

5 .  (At the cost of some memory overhead,) for each corner or vertex of a zone, we calculate the limited 
eigenvalue. This requires comparing eigenvectors in neighboring zones first, to ensure that the 
correct eigenvalues are limited. 
i. 

in Id). 

For each node n, of zonej, loop over the zonesj', adjacent to the node, consider eigenvalue 1 
and set &[ = 

Check if l&(j) - i, (j')I 2 1/ 

so, then update = minrnod(g:,&l(j')); if not, then consider i z ( j ' )  ... . 
A s  soon as any eigenvalue changes sign, one can jump out of the j' loop for eigenvalue 1 for 
that node, and go on to consider eigenvalues 2 and 3. 

ii. (this means, the eigenvectors are less than 45 degrees apart), if 

iii. 

6. We now calculate the higher-order estimate of the velocity jump in the zone (per length of the zone in 

7. The higher-order estimate of the jump is used in both places where shx appears: 
that direction) using the formula at the top of this algorithm. 

Y +1 i. vs,i = c, + ( - )Lkxil&y[, in the estimate of signal speed, and in 

3 
R o A  ,. ii. Q = pv&xiq sisi , in the expression for the tensor Q. 

i=l 

(Note that it is not necessary to actually construct an $ on the node; only the eigenvalue is averaged from the 
node back to the zone.) 

C. Generalizing to a point-centered system. 

The SPH code [Benz, 19891 currently uses an isotropic q-pressure between each pair of particles. 
Because two points' velocities and positions q e  not enough to construct a hll strain-rate tensor, all we really 
know is that AU' = (Vu'). A? . But we can imagine that this connection is like that of the k-I codes, that 
parallel to Au, and that along the "face" between particles we only have a single dyadic term dependent on 

x AGv . To get the limited "eigenvalue" at the ith particle position, one loops over the nearest neighbors, 

is 

checks to see if I AGij, - A;, 12 1 / &, and if so, calculates the minmod of Eii, and cg , where 
i 

Then, with the limited (minmod'd) qi, and E ~ ,  at the two particles' positions, one calculates the higher-order 
jump between the two particles as 
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, 
and uses this in the expressions for us and Q. 

IV. Conclusions. 

There are a number of conclusions (or caveats) that one should take away from this derivation. The first 
is that one should not rush to retrofit an 2-d Lagrangian k-2 codes without frst investigating roundoff issues. 
There is a lot of extra arithmetic involved in calculating eigenvalues and eigenvectors that isn’t present the way 
the k-1 codes do things. Eknson [ 19911 noted that the calculation of s^ from the diagonalization of the strah 
rate tensor was most stable, but that no estimate was perfect. By keeping all eigenvectors, and by using limited 
expressions for each eigenvalue-based 91, this instability might be reduced, but testing is still incomplete. 

One the other hand, roundoff may be reduced somewhat by moving from the median-mesh control 
volume to a zone-faced volume. This change is possible because Q is constant over the whole zone, so that an 
integral of Q.dS is identically zero. Then (in 2-d IT-z geometry) the 4 faces of the median mesh that Q pushes on 
can be replaced by the 2 faces of the zone mesh with -Q pushing: the forces on the node become proportional to 

Eking zone-centered, the Caramana-Whalen I????] method of handling unequal-angle zoning can be 
applied to this stress as well as to the bulk pressure, in order to result in a symmetric compression/exp&sion 
of the mesh. 
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