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TURBULENCE TRANSPORT WITH NONLOCAL INTERACTIONS

by
Rodman R. Linn, Timothy T. Clark, Francis H. Harlow, and Leaf Turner

ABSTRACT

This preliminary report describes a variety of issues in turbulence
transport analysis with particular emphasis on closure procedures
that are nonlocal in wave-number and/or physical space. Anomalous
behavior of the transport equations for large-scale parts of the
turbulence spectrum are resolved by including the physical-space
nonlocal interactions. Direct and reverse cascade processes in wave-
number space are given a much richer potential for realistic description
by the nonlocal formulations. The discussion also describes issues,
many still not resolved, regarding new classes of self-similar form
functions.

~ I. INTRODUCTION

A. Scope of the Study

Turbulence occurs in many circumstances of fluid flow, being driven or sustained by
the conversion of large-scale mean-flow energy to intermediate-scale fluctuational energy
and dissipated by the entropy-increasing process of cascade to small scales, ultimately to
the molecular level where it is manifested in the form of heat.

Our principal goal is to describe nonlocal contributions to closure modeling in both
physical and wave-number space and to show that nonlocality of processes lies at the heart
of large-structure behavior in nonhomogeneous circumstances.

A second goal is to record some preliminary ideas regarding the existence and
usefulness of generic form functions and in particular to show the richness of possibilities
for a wide variety of turbulent flows with nonhomogeneous, nonisotropic drive. These form
functions may be exact or approkimate, depending on circumstances to be described below.
They are usually revealed in greatest clarity under circumstances that are described by
self-similar combinations of the physical and spectral variables; but they may also occur to
a significant level of approximation in localized regions that are continually approaching
self-similarity despite the shifting nature of the mean-flow drive.

The current work is focused on far subsonic flows with constant fluid density; collateral
activities by our associates show that many of our results can be extended to flows with
large variations in material density (e.g., two-phase material interpenetrations) or with
lafge variations in stress-strain behavior. The starting point for analysis is the set of Navier-

Stokes equations, for which we postulate complete relevance in our investigations. With
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constant density, the dependent variables are pressure and velocity. These are assumed to
be separable into mean and fluctuating parts (the Reynolds decomposition), described in
this report by an overbar and a prime, respectively. Insertion of these symbols into the
Navier-Stokes equations and averaging over an appropriate ensemble of realizations lead
to the well-known infinite set of transport equations for correlations of all orders. In this
process we exploit the complete arbitrariness of choice as to which part of the dynamics
is mean flow and which part is turbulence; indeed, we derive much useful guidance for
closure modeling by shifting our viewpoint in this regard for several considerations to be
described below. |

For most of the developments described in this report, we focus on fluid flows that are
dominated by mean-flow shear, usually confined to a localized planar shear layer. Some
discussion will also be presented on flows in which the free shear is only locally planar.

With the establishment of global or local self-similar forms that reflect the nonisotropy
of drive, we then use these forms to take moments of the spectral equations. Besnard,
Harlow, Rauenzahn, and Zemach (1992, 1996) (the BHRZ approach) followed this
procedure using the spectral form for homogeneous, isotropic turbulent decay and were
thereby able to derive single-point turbulence transport equations for the Reynolds stress
tensor and for the flux of that tensor through the inertial range of the spectrum. It thus
became clear that the “dissipation” tensor in single-point turbulence transport theory
actually represents the loss rate of the significant parts of the Reynolds stress componerts
in spectral space, rather than the loss rate that results from molecular viscosity. (These

two loss rates become equal only in special circumstances of equilibrium.)

B. Closure Modeling

The unmodeled turbulence transport equations are exact consequences of the Navier-
Stokes equations. They form an infinite set that is intractable for problem solving; indeed,
there is an unresolved question as to whether the set is in principle convergent. On both
accounts, it is necessary to find ways to close the set, i.e., to express the N + 1%t-order
correlations in terms of those of order N and lower. For both single-point and two-
point (spectral) modeling, this challenge has been a central focus for numerous previous
investigations. The techniques we use to accomplish closure are constrained by numerous
requirements, for example,

e preservation of conservation (mass, momentum, and energy),

correct dimensionality,

Galilean invariance,

proper tensor form (tensor invariance),




correct behavior of contracted forms,

realizability,

simplicity (as defined below), and
e consistency of source with circumstances.

An example of this last requirement is the expression of closure in Reynolds stress
transport that ensures the creation of isotropy, only, when the circumstances are isotropic.

A somewhat more nebulous guide to closure modeling is furnished by the postulate
that we call separation of processes, which we describe by example. Consider the triple
correlation terms arising from the pressure-velocity correlation terms with Poisson-integral
substitution for pressure. At least three processes are believed to be described by these
terms:

— cascade in k space,

— diffusion in physical space, and

— return to isotropy.
The postulate means, in effect, that each physical process is described by a modeling
term that relates only to that process. The postulate is extremely powerful and useful in
enabling a systematic approach to modeling, and we invoke it on many occasions.

The constraint of “simplicity” means the elimination of various higher spatial
derivatives or products of lower derivatives from inclusion in a model that otherwise
satisfies the other constraints. Motivated by a desire for tractability in problem solving, we
usually can find no more justification for the constraint beyond the empirical observation
that surprisingly good results can often be obtained from relatively “simple” closure
formulations.

Several closure techniques are the following:

e Based on the assumption of a quasi-normal distribution of fluctuations, fourth-order
correlations are often expressed as products of second-order correlations.

e Closures for an N*'-order correlation are often accomplished through the derivation
of its transport equation, the appending of a dissipation term proportional to the
correlation, the neglect of both time variations and advection, and a very simple
treatment of the N + 1%*-order terms. In this way the N*"-order correlation emerges
as a purely algebraic expression of the lower-order quantities. The famous Boussinesq
approximation can be obtained in this fashion, and gradient-flux expressions for a
variety of closures have likewise been derived. ‘

e A useful closure guidance comes from the idea that the larger-scale part of the
turbulence spectrum can be temporarily viewed as mean flow. Source terms for the
small-scale part of the turbulence are then modeled from the “mean-flow” driving
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terms, and the loss from the large-scale parts is equated to the gain to the small-

scale part. The next step is to return to the viewpoint of considering the entire

structure of scales to be turbulence and thus to use the derived source-sink model as

a representation of cascade flux through wave-number space.

Other closure modeling techniques are discussed in this report as the need arises.
Some of them, especially those that describe nonlocal interactions in both spectral and

physical space, are new and serve as the starting point for many of our investigations.

C. Realizability

It is useful to summarize some properties of the spectrally integrated Reynolds stress
tensor, R;;, that are direct consequences of the structure of its definition. These properties
give constraints to modeling; closures that lead to violations of these properties are not
viable approximations to be used for realistic problem solving; these violations are called
unrealizable. The constraints, while necessary, are by no means sufficient, insofar as the
ensurance of precise representation is concerned. Much more powerful constraints will no
doubt be discovered, based on concepts of generalized information entropy; these ideas are
still under development. (Mathematical objectivity may also furnish useful constraints.)

The properties that we summarize here are derived from the tensor structure

R
sz—uiuj.

Let e; be an arbitrary unit vector. Then
eiejRij = (enug)z _>_ 0.
With numerous possible choices of e;, one can derive, for example,

2R12 > — (R11 + Ra2)
Ri1 20, Ry >0, R33>0
detRij >0,

and any subdeterminant is likewise positive or zero.

D. Nonlocality

Purely local interactions are often the basis for describing transport influences on the
evolution of Reynolds stress. In physical space these mean processes that affect Reynolds
stress development occur only at the position under consideration. For an incompressible
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fluid, however, pressure effects are communicated instantaneously from their source to
other points throughout the fluid. The formal representation of this process is ;chrough the
integral solution of a Poisson equation, by which the pressure is described by an integral
over all space of the product of two velocity gradients. For turbulent tranéport of Reynolds
stress, a key source comes from the ensemble average of correlations between fluctuations of
pressure and velocity. In the derivation, the pressure fluctuations can be precisely described
by the integral over all space of both the mean and fluctuating velocity components;
multiplication of this formal expression by velocity fluctuations and ensemble averaging
leads to terms that couple the Reynolds stress to mean-flow gradients to give a turbulence
source from all other parts of the flow at each instant in time. Following the derivation
of appropriate expressions for this physically nonlocal process, we shall demonstrate its
consequences for low-wave-number (large structure) turbulence in terms of its relation to
classic laminar instability problems, for which we resolve a seeming discrepancy between
turbulence transport theory and the direct solution of the Navier-Stokes equations.

In spectral space, local interactions refer to those in which activity associated with a
particular wave number affects the evolution of Reynolds stress only at that same wave
number. In colloquial terms, we often describe such processes by saying that a turbulent
“eddy” only affects others of its same size. Previous investigators have long recognized
the fallacy of this viewpoint. The Eddy-Damped, Quasi-Normal Markovian (EDQNM)
approach, for example, introduces triad interactions by which the turbulence at wave
number k is strongly influenced by the behavior at wave numbers p and q, constrained
only by the requirement that p+q-+k = 0, but otherwise summed over all other localities
in wave-number space. Again in colloquial terms, we heuristically visualize

e big eddies that spin up small ones or rotate them so as to alter their state of
nonisotropy,

e eddies of one size distorting eddies of another size so as to create those of a third size,

e small eddies sucking energy from large ones in the same way that turbulence sucks
energy from a mean-flow shear, and

e eddy instability in a mean-flow shear that results in eddy pairs coalescing to form a
distinctly larger eddy (the vortex pairing process).

The formal derivation of terms that represent these and other nonlocal processes can
only be given with partial rigor. Some key steps that we use in this report are roughly
described as follows:

e Two-point correlation functions like the generalized Reynolds stress R;;(x, r, t) are
often simplified by, in effect, retaining only the lowest terms in a Maclaurin expansion

of the separation distance about r = 0. Retention of higher order terms results in
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a variety of processes. Correlations arising out of the advective term, for example,
exhibit a mean-flow-induced cascade, i.e., the distortion of turbulent ‘structures that
alters their size and thus the nature of the two-point correlations as functions of

" r. The third-order correlation terms arising from advection represent, in analogous
fashion, the stretching effects of large-scale turbulent shear on the distortion of
smaller-scale structures, which likewise create a Reynolds stress flux (cascade) in
wave-number space. We refer to this process as second-point-induced cascade, for
which the resemblance to mean-flow-shear-induced cascade is exploited in deriving its
representation. These effects are clearly nonlocal in wave-number space. They also
have implications for self-diffusion of turbulence or diffusion of a passive scalar in
physical space.

e In a similar fashion we retain higher-order terms in the pressure-velocity correlations,
which, through the integral Poisson solution, contain both second- and third-order
correlation terms. The former couple to mean-flow gradients and, with retention of
higher-order terms in the Maclaurin expansion, lead directly to nonlocal turbulence
creation in physical space. The latter lead directly to a generalization of representation
for turbulent self-diffusion in physical space, in which the effective “eddy viscosity”
receives nonlocal contributions from all wave numbers. '

A significant issue not resolved in this report is that of higher-order nonlocal effects
that could come from the use of finite-domain Poisson-solver integrals for configurations
that are only locally homogeneous.

E. Molecular Viscosity

In most of this report we neglect the effects of molecular viscosity, whose presence
is assumed to be manifested only by the conversion to heat of the turbulent energy that
has cascaded to very high wave numbers. In single-point turbulence transport equations,
the effects of viscosity are awkward to include, whereas in the two-point and spectral
representations the effects can be included easily with no approximations. Thus, it
is intriguing to ask if turbulence transport theory can be used successfully for solving
interesting problems at low Reynolds numbers. In particular, can we investigate the
competing processes that convert mean-flow kinetic or potential energy either directly
to heat (molecular-scale fluctuations) or to the intermediate state of turbulence? The
existence of a critical Reynolds number for transition to turbulence and the dependence
of that critical Reynolds number on the level of perturbation are issues that turbulence
transport théory should, at least in principle, be capable of addressing. To realize this
capability, however, the equations require another feature that most formulations lack,
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namely the ability to describe so-called laminar instability processes. We show in this
report that this latter capability requires the inclusion of nonlocal processes in physical
space. Potential flow theories for Kelvin-Helmholtz or Rayleigh-Taylor instabilities make
crucial use of that nonlocality in the incorporation of inertial effects of fluid lying outside
the immediate vicinity of the unstable interface. Turbulence transport theories that lack
" this capability accordingly create too much turbulence near the interface and too little
away from the interface. For turbulence scales smaller than or comparable to the width
of the perturbed region, W, there is little significance that is lost from the formulations
as a result of this deficiency. For larger scales (|k|W small) the turbulence transport error
becomes very large, with significant consequences in regard to the small-wave-number
effects on such features as self-similarity of the entire spectral evolution.

With the inclusion of both the molecular viscosity and the nonlocality in physical
space, turbulence transport theory should be able to address the features of critical
Reynolds number and low-wave-number behavior, although much work remains to be done

in this regard.

F. Summary of Basic Equations

Derivations of various forms for the spectral equations have been given by numerous
authors. Our work is based especially on the forms presented by BHRZ, Clark (1992) and
Clark and Zemach (1995).

For a fluid with constant density, the starting point is the Navier-Stokes equations for

a fluid with constant kinematic viscosity,

Bui

Bz
Ou; o Ouju; B Op i Vazui
ot 8£L‘j N 8.’1)1 8117? )

With the standard Reynolds decomposition of flow variables into mean and fluctuating

parts,
u; = U; + uj
p=p+p,
it follows that ~ ,
0t =0; Qzﬁ =0
BCII'L‘ 6.’1:i

and
ou; (9’17.,"179‘ _ __(9_;_)‘_ azﬂi aRij

o " s, | 0z  "Ba? Bz




in which the Reynolds stress is

RZJ ——-U ]

In this single-point form for the Reynolds stress, u; and u; are both at the same point in
physical space (and also at the same time). From the Navier-Stokes equations it is possible

to derive a transport equation for this single-point Reynolds stress:

6Rij _ 3R,J 8ﬂj 6'17:12
ot + Uk Oz + Rk ozy, + Rjkaxk

0 (=) _ 1 (0dp  OT7
+611Jk (uuuk) p(ﬁxj + 6x1

I l , Bu P 3u
pp dx; Bxi
0? Rm 4D” ’
6mk
in which -
: Dy = 1 Oy, _C?_li .
2 9z Oz

In this form we can see various difficulties with single-point transport models. First is the
introduction of several second-order correlations, which typically have been represented
by various types of modeling approximations. Second is the appearance of a third-
order correlation, W, for which a transport equation could also be derived with
the introduction of yet more unknown correlations. Third is the introduction of D;;,
which has the dimensions of Reynolds stress divided by the square of distance. This
last quantity is at the heart of single-point Reynolds stress modeling difficulties. How
can we determine an appropriate measure of effective turbulence scale that can serve to
characterize the dimension of distance that is introduced by D;;? Many authors [e.g., Daly
and Harlow (1970)] identify the loss rate of R;; with viscous dissipation to heat, a fallacy
that compounds the difficulty in determining an appropriate length scale. More recently
it has been recognized that the loss rate of R;; is properly associated with a flux through
the inertial range of wave-number space that can equal the dissipation rate only in very
special circumstances.

For this and various other reasons it has become apparent that effective turbulence
transport modeling must come to grips with some measure of the size-scale structure of
the fluctuations. Although the single-point Reynolds stress is sufficient to describe the
effects of turbulence on the mean flow, the evolution of that Reynolds stress is much more

satisfactorily described in terms of its two-point generalization,

Rij (x1,%2) = uj(xs)uj(x2)




[ Y

for which a transport equation can be derived in the form given by BHRZ:

OR;;(x1,%2) _
ot

9 d o
Aij(x1,%2) — { Bij(x1,X2) + Cij(x1,%X2) + =— Pj(x1,%X2) + =—Tinj(x1,%2) ¢
0z O0z1p

where S means that the enclosed expression is to be symmetrized by adding terms with

i & j, X3 < X2. The quantities on the right are defined by

Aij(x1,%2) = v (Vf + V%) R;;(x1,x2) ,

0

Bij(x1,%2) = 5;%(3(1)313'(&,)(2) S
0

Cij(x1,X2) = e ui(X1)Rpj(x1,X2) ,

Pj(x1,%2) = (p'(x1)uj(x2))/p ,

Ting(x1,%2) = (uj(%1)uq (x1)uj(x2)) -

Using Green'’s theorem, we write, for an infinite domain,

dx’ o 0
By a1, a) = / 4r |x; — x'| Oz!, Ox! {2un (x") Ryn; (x', X2) + Trnnj (%, X2)} -
n m

For some purposes [Oberlack and Peters (1993)], it is convenient to introduce the variables
x=%(x1+xz) ;. r=X; — Xo

and carry through the “spectral” developments completely in terms of the separation
variable, r. For the analysis of nonlocal processes in physical space, this procedure is
especially convenient, as described in another part of this report. For a truly spectral

approach we introduce the Fourier transformation,
Rij(x, k) = /e_ik"Rij (x+r/2,x —r/2)dr .

We also define
k2 ko

Ei;(x, k /Ru(x k)—— 2m)?




so that [ Ege(x, k) dk is the turbulent kinetic energy per unit mass of the fluid. Note that

the single-point Reynolds stress tensor that appears in the mean-flow equation is given by
o0
Rij(%,%) = 2 / Ey(x, k) dk .
0

The two-point Reynolds stress transport equation can also be written in terms of x
and r and Fourier transformed relative to the latter variable. The result can be expressed

as

%Rij (x’ k) = Aij (x’ k) - {Bij (x’ k) + Cij (X, k) + 2Dij (x’ k) + Fij (xv k) + Gij (x’ k)}s )

where S now means the addition of like terms in which ¢ and j are interchanged and k is
replaced by —k. The expressions on the right are abbreviations for

1
Aij(xk) =V (—2k2 + §Vi> Rij (X, k) ,

1 0
Bij(x,k) = (5 3o+ ikn) Zun(x)Rij(x, k) ,
1 0 . _
Gl = (5 g + hn ) ZTGORns (1)
19 e~ (zy —
Dz](x,k) = (5 axl -|—’Lkz> / Wlx(i_ex/] Z) dx’
1 8 . 1 0 . o '
* (5 B_:II;; + ’l,kn) (5 ax;n + 'I,km> Zun(x )Rm,] (X 7k) y
1 0 .
Ej(x, k) = ‘2' a_xn + Zk'n, T:inj(x7k) y
10 . e ke (zy —
Gij(x, k) = (5 9z, +’0ki> / p |)§_€le 2 dx’

1 0 1 0
-4 -+ ik, ni(X,K)
* (2 Bar +zkn) (2 Bar +1 )Tm i(x', k)
in which the Z operator is

Z = exp [%v;’” . V;c] ,

with Vg,u)_operating on %;(x), and Vi operating on any function of k to its right.

Tinj(x,k) is the Fourier transform of T;; (x+ %r, X — %r) This equation is still an
exact development from the Navier-Stokes equations. It serves as the starting point for a
variety of approximate representations, including

e truncation of the series expansion for the Z operator after some number of terms,
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e use of local approximations for parts of the integrands in D;;(x, k) and G;;(x, k), and
e insertion of EDQNM approximations for Tjp;(x, k).
With the first two of these, BHRZ obtained a form that contains significant spectral

information. Using their numbering of terms for further reference we write

9 _ 2p 1 ven.. _ 9 p. Oun, 0 o
asz (x,k) = —2vk*R;;(x, k) + 21/'\7 R;j(x,k) — un(x) . Rij(x,k) + - kn P R;;(x,k)
(0) (1a) (1b) (2a) (2b)

Ou; Ou,; Oun kn
- B—HZRmJ (X, k) = ‘é?r'n'Rzm(X, k) + 2—61}_,"1.]{:_2 [k'LRm] (X, k) + kJRzm (X, k)]

3) (4a)

Kmkn o Lkkn [ 0 . o ..

+ 7/—k'2— [szmn] (X, k) - kJTmn'L (X, k)] + 2 kz 813, Tmn] (X,k) + c')wj Tmnz (X, _k)}
(4b)

ke [ O knke O

+ k—2 {axn [kz’Tmnj (x,k) + ijmnj (X, —k)] - —7{}_2_%; [kiTmnj (X, k) + ijmni(xy —k)]}

(4c)

: 1 0
— ik [Ting (6, ) = Tyni(36, 1) = 55— [T 36, ) + Tyna(36, k)]

n

(52) (5b)

Note that the overbars have been dropped at this stage from the mean-flow velocity.
From this equation, BHRZ derive a transport equation for E;;(x,k) by taking a
suitable integral over angles in k space. For our initial purposes of examination of nonlocal
closure models, an angularly averaged version of the equation has many advantages of
simplicity and tractability for numerical testing. There are some significant losses, however,
in working with the angularly integrated equation. In particular we lose the important
relationship between nonisotropy in k space and nonisotropy in physical space, which, in
some respects, makes the analysis conceptually simpler, although much more difficult in

the mechanics of accomplishment.
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It is not a straightforward process to perform the angular integrations in k space.
BHRZ note that quantities like —2vk?R;;(x,k) are trivially integrable over angles in k

knk; k2dS,
J i st 0 e

are not. They postulate a form for the integral based on the available tensors,

space, while others like

considerations of dimensionality, and requirements for various contractions. Alternatively,
we can look for self-similar forms that are functions of combinations of spectral and spatial
variables, parameterized by functions of x and ¢ only. BHRZ used this form-function
approach in taking moments of their E;;(x, k) equation to arrive at single-point equations,
but their form functions are those of purely isotropic homogeneous turbulence decay.
Nevertheless, they succeeded in obtaining R;; — €;; and k-e single-point models that show
more clearly than ever before the origin of loss rate for R;;. Our goal is to obtain much
more general form functions and to use them directly for moments in both the angular
and magnitude integrals within k space.
With operators

V=v (—2k2 + %\72> ,
and

T= iuT—a— - clﬁkZ\/kE s czﬂkg‘ kEﬁ-

0z, = Oz, ok ok ok’
the BHRZ transport equation for Eij(x,k) is
OE;; _ 8E,J Oi; o0,
———VEi' TEi‘ - —'En' _]’Ez'n
ot +un8xn [Bis] + TBy) Oz, ’+8xn
+ cpAij + cB1Bij + cp2Ci;
0 Ol
+ %k [CFAij + crBij + cp1Cij + cpabdij _a;;Enm]
+cmykVEkE (%E&U - EU) ’
in which 5 5 5
U u; u
zz”“_zEn _j’E'n'—_i'—n‘ nm
Ais = g, Bni ¥ g, Bim — 3z, B
Bun 6un 2 au'n
i = = E 4 By — =81 B
Bij = gg; Pni T 3y, Bin — 30 5 Enm
Ou;  Ouj
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are mean-flow coupling terms that all have vanishing contraction and accordingly give no
contribution to the creation of overall turbulence energy, E = Ey. Also

*  —dk
Vt:CD/ kEﬁ
0

is a model for the effective turbulence eddy viscosity. The examination of various

contraction constraints shows that

cp1 =8p—6, cp2=-3cg+11/5,

crp=-3cg/2+4+1, cp1=cp—T/10, cp2= 763/2—8/3 ,

while ¢g, cp, ¢1, ¢2, and ¢y, are five dimensionless constants yet to be specified. As
discussed by Clark (1992), there is reason to believe that the values of these constants
should be related to the Kolmogorov constant, ¢, by

—~3/2
Cl+°g"62=CK/ )

a=LC",
Cy = %C;{B/z y
Cm = g—gC,_{sﬁ
and that

cg =3/4.

It is believed that Ck is approximately 1.5. The value of cp is less well determined; we
resolve the matter somewhat by considering the important nonisotropic contributions that
can occur in the turbulence self-diffusion near a free shear layer.

The spatial diffusion T(E;;) contains a term

o (08,
oz, \ '8z, )

There are both conceptual and practical difficulties with this particular formulation.

Spatial diffusion approximates two very different processes. In the triple correlation term

arising from advection,

8
o, (W50
the flux should have complete symmetry among the indices 4, j, and n; in the T operator
this requirement is clearly violated. The pressure-velocity correlation term

Ooulp’ N ousp/
8mj &c,
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depends on spatial variations in the 7 and j directions; such forms are not present in
the expression for T. In addition to these conceptual difficulties, there is a practical one.
With the particular diffusion term in T, the calculation of turbulence evolution in a free
shear layer exhibits a striking sensitivity to the value of cp. For only one particular value
can self-similarity be sustained; for any other value the solution degenerates because the
turbulence diffuses either too slowly or too rapidly in comparison to the growth rate of the
shear-layer width. The matter is discussed further in Chapter V.

BHRZ discuss some motivations for splitting E;; into a diagonal part and a deviator
part,

E; = 3E6; + E;j ,

thereby obtaining the transport equations,

9L L w2 VB +TE] - 22 O (L N
o T Unag, = VIEI+TIE] =257 B + Sera g (’“ame >
. OE;; - . ~ -
agj;J + 'U'n?)';—]' = VIE’le + T|E”| + (CB - l)A»,;j + CBlBij = 20¢j/15
0 — - -
+ %—k [CFAij + CFBij - ij/30] —cpmkVEE Eij .

The motivation for this split lies in its ability to describe the very different high-wave-
number behaviors for F and Eij, which vary in the self-similar inertial range as k~5%/3 and
k=773,

The terms in the transport equation for F exhibit their physical interpretations quite
well. The left side of the equation describes changes of FE along the mean motion of the
fluid flow. V[E] denotes the effects of molecular viscosity, combining the dissipation to
heat (principally at high wave numbers, as indicated by the factor k2) and the diffusion
of the turbulent energy. T[E] describes the transport of turbulence in both physical
space (turbulence self-diffusion) and wave-number space (cascade, the true basis for loss
of turbulence energy from low wave numbers). T'[E] is presented in the form of models for
the triple correlation terms that occur in both the advection and in the integral solution of
the Poisson equation for pressure, which has been used in the pressure-velocity correlation
terms. (These models are considerably altered and extended in the investigations described
in this report.) The term —2F,,., 81y, /., represents the source to turbulence energy from
gradients in the mean-flow. Integration of this term over all values of k gives the total
source of turbulence energy, which is exactly conservative in consideration of the sink to
mean-flow energy as described by the evolution equation for @; converted to a transport

equation for %ﬁe'&,e. The cr term in the E equation describes a lowest-order approximation
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to the mean-flow-induced cascade of turbulence energy in k space. As written, this term
represents the effects of eddy distortion by the mean flow, or in colloquial terms, the
stretching of an eddy so as to thin it out to a smaller cross-section size. We describe a
significant generalization of this term to include the nonlocal effects of large-eddy shears
distorting the structure of small eddies and most particularly to the extreme limit of mean-
flow free shears inducing the coalescence of smaller eddies (the vortex-pairing process).
This last step of generalization requires the sorting out of a very specific process from the
enormous number of complex nonlocal interactions represented by both the second- and
third-order correlation functions. (It is worth noting that second-order correlations that
couple to mean flow give a special case of nonlocal coupling in & space that is accompanied
in both the advective and the pressure-velocity processes by third-order correlation terms
representing turbulence coupling to larger eddies. Again, this observation is closely related
to the concept that large structures can be characterized equally well as part of the
turbulence or part of the mean flow, which is a concept we believe can be exploited to
great advantage in the accomplishment of modeling.)

The transport equation for Eij, the deviatoric part, has a directly analogous
interpretation of terms. In addition that equation contains a ¢, term, which, in reference to
the E;; transport equation, describes the tendency for return to isotropy; for the deviatoric
part, this process is purely one of decay. As modeled here, the rate of return to isotropy
depends only on the strength of the turbulence at the wave number in question; we show
that this rate and others (e.g., of cascade) are much more appropriately determined as
the sum of effects from all parts of k space. Note that whereas E has only a cascade
decay (neglecting molecular viscosity), Eij has two decay processes, cascade and return to
isotropy.

This double decay has consequences for modeling the so-called dissipation tensor, €;;,
in single-point theories. Some authors [e.g., Daly and Harlow (1970) and Linn (1997))
have suggested that €;; be proportional to R;; while others claim that €;; should have only
diagonal components. Here we can see that the issue is related to the comparison between:
cascade flux rate (for the decay of E) and return-to-isotropy rate (for the decay of Eij).
As discussed in this report, both of these rates have nonlocal generalizations from which
we can draw conclusions related to the modeling of ¢;;.

The next step in the evolution of equations is the determination of self-similar form
functions to be used in performing moment integrals in &k space and thus arriving at single-
point models for practical calculations in science and engineering applications. BHRZ show
an excellent example of this procedure based on the self-similar forms for homogeneous,
isotropic turbulent decay. Their result is a particular form for the well-known heuristically
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derived equations generally known as R;; — €;; (and k-¢) models, which are not described
in this introductory summary. With more general self-similar form functions, we derive
moments that produce extensions to the R;;—e¢;; models for use with mean-flow drives that
are strongly nonhomogeneous and nonisotropic. Comparisons among models are presented
in another part of this report.

G. The Boussinesq Approximation

To estimate the tensor structure of the Reynolds stress, it is often convenient to
use an approximate representation that bears a close resemblance to the Stokes tensor
for molecular dynamics. In its simplest realization, this representation is constructed of
“available” tensors, constrained by dimensionality and correctness of contractions. For the

spectrally integrated Reynolds stress, R;;, the approximation is usually given in the form

. 1 ou; Oou;
R,;j (III,t) = annéu - (8:1) + 3(13]) .
g i

A heuristic derivation of this expression can be based on the full Reynolds stress transport
equation, closed by modeling and spectrally integrated. That equation describes the
various sources and sinks to time variations of R;;; during circumstances of rapid changes
in drive, the terms contribute in varying proportions to OR;;/0t. As the drive settles to
steady or self-similar form, the contributing terms tend more to balance each other than
to feed the Reynolds stress growth. It is this balance (principally among shear creation,
return to isotropy, and decay) that leads to the Boussinesq approximation.

Similar balances for variable-density turbulence lead to analogous approximations,
Steinkamp (1996) and Steinkamp, Clark, and Harlow (1995).

These approximations can be extended to include some of the effects of time variations.
The starting point is the R;; transport equation in the following form:

dRi' w\/R w\/f
—t = Rnnbij — ——Ry;

dt 35
6’dj ou;
= Rzk-a—;; - Rjka—xk' )

in which w is a constant, K = R,,/2, and d/dt is the time derivative along the mean flow.

Thus
_ 1 S dRi 5

5%; a;
w K (Rznga +R]ka_:l,‘k) .
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Substitute this equation into itself; the result is, to lowest order,

2 2s dK ou;
Rij = (gK 3(.._)\/— dt ) S\/—_<

Numerous previous studies have identified

23\/?('_

3w =V
with w determined by
2
— =~ 0.09
3w

+52)
(93:,

or, w =~ 7.4. Thus, the usual Boussinesq approximation is extended to approximate

transient effects through modification of the diagonal part of the Reynolds stress tensor.

Note that realizability is violated if the coefficient of ¢;; is negative. Indeed, this

approximation requires
dK _ T4K?3

dt< s

for validity.
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II. NONLOCAL PROCESSES IN WAVE-NUMBER SPACE

A. Introductory Description -

Turbulent structures at specific length scales do not have a one-to-one correspondence
with the structures at specific wave numbers. For heuristic conceptualization we
nevertheless associate with profit the large-scale processes with small wave numbers and
vice versa.

Mean-flow free shear is an interesting feature that combines both large and small wave
numbers, looking like a very large sharp-edged vortex, i.e., a transition from solid-body
rotational flow inside to a fluid at rest outside. The sharp-edged transition is rich in high
wave numbers; the large size gives some distinctive low wave number components. Thus
the classic mean-flow source terms in the turbulence transport equations represent a special
case of nonlocal interaction in k space, in which both very small (Jk| — 0) and very large
wave numbers interact with turbulence at a specific wave-number to enhance its energy.

The actual large structures of what we would ordinarily identify as turbulence do
not necessarily have the wave number properties of a free shear layer but, nevertheless,
can interact with the turbulence at any specific wave number to transfer Reynolds stress
strength to that wave-number, as described by triple-correlation terms from both the
advection and pressure-velocity parts of the transport equation. Indeed, for each of the
mean-flow coupling terms there is a corresponding triple-correlation term, which describes
more generally the coupling from all other scales. The part that behaves like a mean-flow
shear source to the turbulence can be modeled in a form that we call second-point direct
cascade. It is only one of the nonlocal processes that we have modeled and tested in our
investigations. Aitogether there are six types that we have considered.

1. Mean-flow-induced direct cascade, i.e., eddy distortion in mean-flow shear.

2. Second-point direct cascade (eddy distortion and feeding from large-scale structures
and depletion by feeding to small-scale structures).

3. Mean-flow-induced reverse cascade (vortex pairing).

4. Second-point-induced reverse cascade (vortex pairing in large-structure shear layers;

also the part of the vortex distortion leading to smaller k).

5. Spontaneous reverse cascade (attraction of vortex pairs during parallel alignment—
especially prominent in turbulence constrained to two dimensions).

6. Nonlocal rates for local cascade models, local return-to-isotropy descriptions, and
similar processes in which the rate contributions from all wave numbers determine the

evolution at any particular wave number.
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Note that a special case of number 2 is the cascade associated with the idealized
concept of the instability of momentarily aligned vortices even at the same scale, in which
one of the pair is captured somewhere along its line by the other and pulled around
in “hairpin” fashion. Note also that the mean-flow-induced reverse cascade is not a
conservative process in wave-number space.

The existence of a local (same-wave-number) contribution to each of these processes
does not, however, justify its local representation in turbulence spectral transport
equations. The success of local representations results from an entirely different concept,
namely the strong tendency for the structure of turbulence to continuously approach self-
similarity (“universality” of form), which enables the properties of the entire spectrum to
be determined with surprising accuracy from the purely local properties of the spectrum.
Chapter IV discusses these matters in more detail.

The formal source to each of these nonlocal processes lies in higher-order terms in
Maclaurin expansions about r = 0 and in the use of a completely nonlocal integrand in
the double- and triple-correlation parts of the Green’s function solution for the pressure-
velocity correlation terms. The EDQNM approach shows that triple-correlation terms
can be approximated by integrals of triad interactions over all of wave-number space:
structures at wave number p interact with those at wave number q to produce changes
at wave number k, with the constraint that p + q + k = 0. For circumstances with
significant nonhomogeneity and nonisotropy, however, the usual techniques of EDQNM
are of questionable validity, although they have had a strong influence in guiding many
parts of our investigations.

Thus our procedure has been to postulate the forms for nonlocal models with due
recognition of the numerous constraints that must be observed, as described in the
Introduction. As we shall show, there is remarkably little freedom in the choice of models.
Single-point k-e¢ and related models succeed as well as they do because of the stringent
nature of these constraints. At the single-point k-e¢ level of complexity, the dominant
constraints are those of dimensionality and Galilean invariance, together with the more
nebulous idea of involving only low-order derivatives and no products of derivatives. At the
single-point R;; — €;; level, the constraint of proper tensor forms is added, together with
the requirements of physical “cause and effect,” e.g., isotropic drive circumstances cannot
produce nonisotropic turbulence. (But note a discussion by Clark (1992) that seems to
contradict this constraint, in which “hidden” spectral components of nonisotropy can serve
as a source for overall integral nonisotropy.) Progressively greater complexity (i.e., spectral
models in k space or k space) would seem to increase the freedom of choice for the terms,
but at each stage there are additional constraints that severely curtail that freedom. Thus
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there is much optimism for the discovery of viable models through the route of constrained
postulates. Also there is much incentive, in that the achievement of rigorous derivations
is likely a long way off; and even the approximate derivations like those of EDQNM have
highly restricted applicability.

B. Mean-Flow-Induced Direct Cascade and Reverse Cascade (Items 1 and 3)

In the spectral derivation of a transport equation for R;;(x,k,t), we note in the list.
in Section II.A that the term (2b)—which is in the Reynolds stress transport equation in
Section I.F—describes a conservative flux in k space, driven by the mean flow gradient.
For purely homogeneous shear, this term is exact; for any inhomogeneity in the mean flow
shear, the term is only a lowest order approximation to the Maclaurin expansion in r. The
entire expansion is, of course, highly complicated.

Even though term (2b) is exact to that order in k space, the corresponding term
in k space, modeled by the cp family of terms, cannot be expressed exactly except in
circumstances of self-similarity of the spectral behavior. In the derivations of BHRZ the
terms were modeled in a manner that relates modeling coefficients to those for the pressure-
velocity coupling to mean flow. Heuristically we note that the overall structure for these
modeled terms contains a form like

¢ [Eij + uk

BE,'J'
ok |’

where p is a dimensionless constant and ¢ is a measure of the local mean flow strain rate.

Note that this expression contains the lowest order terms from the expansion of
CEu; [(1 + k]
as a power series in u. Thus, with no pretense at rigor, we are led to postulate a source

term to E;;(x, k) transport of the form

—(1+p) {Em [(1 + p)k] gz_i + Ejn [(1+ 1)k] g:::z}

and to explore the possibility that this term can describe the vortex pairi‘ng process in

mean-flow free shear. In effect, this term is meant to be a crude representation of a
triad interaction, in which “turbulence” with components that are important as k — 0
(the mean-flow free shear) couple with turbulence at wave number (1 + p)k to produce
turbulence at k.

This vortex-pairing process appears to be quite distinct from that described in item 5
(spontaneous reverse cascade). The relationship to Leith’s (1990) stochastic backscatter
has not yet been worked out.
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The coefficient, 1 + u, in this nonlocal version of mean-flow turbulence creation is
determined in such a way that the integral over all values of k gives the same result as the
creation rate with g = 0 (i.e., the local version, which is exactly conservative of energy in
exchange with the mean flow).

One can imagine generalizations of the terms

CBAij + CBlBij + CBQCij

in which the E;; values are all located also at (1 + u)k. The effective value of y may
vary from one type of term to another. For p > 0 we purport to describe mean-flow-shear
induced reverse cascade; for u < 0 the induced cascade is direct. The turbulence at a given
wave number may experience both. An eddy that is contracted in one direction may be
expanded in an orthogonal direction. The easiest way to extract relevant information in

this regard is to consider the mean-flow-induced cascade in the local formulation with the

cr terms.

C. Second-Point Cascade (Items 2 and 4)
Kraichnan and Spiegel (1962) have suggested an interesting approximation to the
transfer of energy in isotropic turbulence, which we refer to as second-point cascade. We

shall discuss here some consequences of this approach and its relationship to the localized

formulation.
The local cascade in &k space has been described by a combination of advective and

diffusive terms:

OBy k.t) _ 0 (—01 k*VEE E;; +czk3\/kEQ(§Ef) :

ot ~ Ok
We note that this form could be generalized to
OR;;(k,t) 0 OR;;(k)

Framl (kzg(k) R;;(k) + klknf(k)'a_kn'—)

- %% (k3g(k) Ry (k) + k f(k)aR—ng‘l) .

Integration of this latter form over all angles in k space gives the following result:

6Eij(ka t) . i 8Ez](k’ t) }

at ok {’“[g(’?) = 2f (k) Eij(k, t) + K f (k) —5

When g(k) = 0, we recover exactly our model form in & space, with ¢1/ca = 2, as mentioned
in the Introduction and required for equilibrium of the equipartition spectrum.
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The essence of second-point cascade is exemplified by its formulation for Eg,(k) or
simply E(k). Neglecting all the other contributions to the evolution of E(k), we write the

second-point terms as follows:

= [ Ewrend- [ B0k .

It follows that g [
a/0 E(k, t)dk = 0.

Dimensionality and equilibrium of the equipartition spectrum have been shown by
Kraichnan and Spiegel (1962) to be strong constraints on the structure of the I'(p,k)
function. If one writes the function as:

r ) = (1) (2)

and if n is chosen to be 11/4 and the weighting function, g(}), is chosen to equal g(1/))

as well as to satisfy

g(z) < O (x"%) ,

o° z
/ zig(z)dr =1;.
0

then the equipartition spectrum E(k) o« k? will be an equilibrium spectrum. One may
verify also that the inertial-range spectrum of Kolmogorov, E(k) k"g, will also be an
equilibrium spectrum under the action of only inertial forces.

If one now inserts ]
E\ 4
I(p,k) = Fo(-) VEE(p)g (g)
P k
into the equation for dE(k,t)/0t, one finds that it can be written as:

OE(k,t) =/ arg() [FEEERONE ~ kBT ()2 ¥]
o 0

where we have replaced the variable, p, by p = Ak and then replaced the new variable, ),
by 1/X in the second term. If one sets

D, k) = Lo 28Ky 2)

where

Flp,k) = (;’;)k FED)
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one finds the evolution equation of E(k,t) is given by

OE(k, t) =/0°°dA o0

— EOK)F(\k, k) —

When the width of g()\) < 1, one can perform a Taylor series of the integrand about A =1

and re-express the result in terms of the moments, M, of g:

M, =/0 dA(A=1)"g()) .

We thereby obtain the following result, retaining only the first two moments,

OE(k,t) _ 0 M, [3 (k )

OFE
~—5r — ok kIE? (k,t)——

{M KEER (K, 1) + 6k%E%(k,t)” :

which is conservative in k space and satisfies the requirement that the inertial range
spectrum (in the absence of inertial forces) is an equilibrium solution. For this local
approximation to be valid, the first two moments must satisfy M; = 3M; /2. To
demonstrate this result, we first note that we can replace the variable A by 1/X in the

expression of the moment, M,, and thereby obtain

My = (=)™ / )\";i) (A)dA .

However, 1/A™*2 can also be expressed as a Taylor series about A = 1:

}‘m+2 Z( (m+n+1)()\_1)n

where the binomial coefficient is defined by:

<m‘+n+1> _ (m+n+ 1)t
n T (m+Din!

One thus obtains the following relation that must be satisfied by the moments of g:

M= 3 (") O M

n
n=0
Keeping only the leading order moments appropriate in the limit of a narrow distribution,

g, we retain:

(m+ 3)(m + 2)
2

My, = (=)™ (Mm — (m+2)Mp1y + My —-- ) X
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This result pairs the moments in the following manner for a sufficiently narrow distribution,
g:

M, — (m;—2)

This also implies that an odd moment is always of the same order of magnitude as the

Mp+1, m = odd integer .

next higher even moment. We utilize this result to insert M; = 3M,/2 into our local

approximation:

OE(k,t) _3M> O _1_kgE%(k,t)a_E_(_’f’_Q_k%E%(k,t) .

ot 2 Ok |2 ok

This yields the local Leith (1967) model that has the property that the equipartition
spectrum is an equilibrium spectrum! We observe also that it has both wavelike and
diffusive contributions.

If solutions of these equations settle down into generic forms that can be parameterized
by, say, only two parameters, then, conceivably, in the presence of rapid transients the
spectra can be modeled by linearly superposing these generic forms. If such proves to be
the case, then only a finite number of parameters would be needed to model the evolution
of rapid transients. These parameters could be determined by an equal number of spectral
moments.

Returning to the integral form of the equation,

OE(k

‘5}“): /0 " E)T(pk)dp

- /O E(k)T'(k,p)dp ,

we can discuss its properties by an alternative reduction procedure based on a special form
for the coupling function,

F(p, k) = F(pa k)é(p - ’\k)
so that
I(k,p) = Flkn)30 (- 5 )

- After performing some algebraic reductions, we can return to a more general form of I'(p, k)
by introducing an appropriate weighting function, g(\) and integrating over all possible
~ values of X\ from 0 to oo; the necessary relation is

%g (%) F(p,k) =T(p,k) .
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Our second-point contribution to the evolution of E(k) becomes, for a single second

point at kA,
8Eaik) = E(Ak)F(Ak, k)
1 k
— E(k)XF (k, 5\-) 3
and it is easily shown that
o & A k\ dk
= E(k)dk = k)F — )=
5 [, B = [ By (x3)3

Our goal, now, is to demonstrate the relation between second-point cascade and the local
cascade (c; and c; terms) of the BHRZ model. To accomplish the reduction of one to the
other, we set A = 1+ ¢ and expand as a power series in €. After considerable manipulation

and replacing € by A — 1, we find

k
% [ By = %{(,\ — 1)ky E (k) F (ks y)
L@ ‘21)2k’;’ [F(kl, kl)aggjl) + B(ka) (Fi(ky, ba) — ol kl))] }
where [OF(E, k)
Fl(kl,kl) = [T] at € = kl
Fg(k],kl) = [—a—F—g%,—g—)} at f = kl 5
Thus 0B 0 (A1 A—1
6& ) _ %{—%—-k [F(k,k) + ——Z—k(Fl(k, k) + Fy(k, k))] E(k)
_1\2
+ (ié;—)kzp(k,k)ag—](f)}

plus terms proportional to (A—1)3. With proper choice to F(p, k) this expression becomes
the local cascade form with wave-like and diffusive contributions (the ¢; and c¢; terms in
the BHRZ model). The diffusive term has a positive definite coefficient if F'(k, k) > 0. The
wave-like part is negative for A < 1, describing (as expected) a rightward propagating wave
in k space; likewise for A > 1 the wave propagates to the left (i.e., lower wave numbers).
Note that the diffusive part propagates energy toward both lower and higher wave numbers,
whereas the basic second-point formulation is unidirectional for a given value of A. It is
tempting to give bidirectionality a physical interpretation, denoting the effects of both
direct and reverse cascade; but this addition of physics is more reasonably associated with
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a weighted sum of contributions from many A values, both greater or less than unity. The
contributions from A < 1 then represent the effects of large eddies “feeding” smaller ones
in analogy to the feeding process from mean-flow shear; the contributions from A > 1 may
then represent spontaneous eddy coalescence, especially when the turbulence is constrained
to two space dimensions. (For three-dimensional turbulence this reverse process may
violate some sort of generalized entropy constraint, but this speculation remains to be
explored.)

Multiplication of the expanded equation by a weighting function, g()), and integrating
results in the form

al_ggk) :k{ [N F(k, k) +N2k<F1(k k) — Fz(k,k))] kE(k)
OE(k)
N2 F (k) }
in which N
| N = o 25tg(N)dx
P TOVER
N, = d0° *—‘Lg(/\)dx |

Jo 9

A property of the BHRZ local-cascade model is that constancy of flux in both the ¢;
and ¢y terms results in the classic k~5/3 spectrum of the inertial regime. Does the second-
point formulation retain this property? To answer this question consider the dimensionally
proper expression

F(\k, k) = Fok/KE(\K)

o

Suppose that E(k) and E(Ak) both lie in a regime in which E(k) = Eok™. Then

so that

OE (k) 3/2 1 1.2 am
———6t— = EO/ Foklz(n+1) (A 2 — A 5/2) .
With n = —5/3 this expression vanishes, which thereby confirms that second-point cascade

can preserve the classic behavior of the inertialrregime.
We can see a constraint on g(\) when we return to the integral second-point form. If
g()\) = go, a constant, then with the above choice for F(p, k), we get

I'(p, k) = goFo/ kE(p)
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so that the integral second-point equation becomes

6%@ _ /0 ” o FoE(p)y/RE() dp
_/O' goFoE(k)\/PE(k) dp ,

which is nonconvergent. It follows that g(\) must be more locally compact around A = 1,
with specific constraints that depend on the choice of F(p, k).

Second-point cascade for E;;(k) is potentially somewhat richer in the choice of
couplings from Ak to k, with the coupling from k to k/\ following in conservative form.
Whereas E may have an inertial range with k~5/3 spectral form, the deviator part, Eij, is
likely to fall off more rapidly in the inertial range, perhaps as k~7/3 in many interesting
circumstances.

The direct generalization for E;;(k) of the above form for E(k) is

aEgt(k) = /Ooo Ei; (p)I'(p, k) dp — /Ooo E;; (k)T'(k,p) dp

with the same (or another) form for I'(p,k). This form has the intuitively plausible
justification that the transfer from p depends directly on the strength of E;; at that wave
number.

There is, however, a heuristic argument for another kind of second-point form. The
guiding idea is based on the analogy to coupling from mean-flow shear, which, without

modeling, can be written

OE;;(k)
ot

B:Ee

o1;
= —FE;(k —Epi(k)—.
14 ( ) ZJ( ) a Zo
Thus the source to E;;(k) is proportional to the various components of E;; at wave number
k, not at the wave number of the source (the mean-flow shear). The magnitudes of F;;

components associated with 0u;/0x; are proportional to %,,, so that we can estimate

~ k' /KE(K)

0u;
3:L‘e

where k' is the wave number associated with the mean-flow free-shear-layer thickness. This

line of reasoning then suggests second-point cascade coupling in the form

8E¢j
ot

= /oo E,;j (p)F1 (k,p) dp - /oo Eij (k)rl(pa k) dp ’
0 0
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with
Ti(p, k) = I‘o(k)p PE(p) ;

and I'y (%) is a function similar to g(\) in describing the likely p values that couple to k.
An even closer analogy can be made to the coupling to mean flow, in which we make

the correspondence,
0u;
0z

LA
E®)’

~ —'k'Eig (k/)

so that OF (k)
” / Eit(p)E¢;(k)T2(k, p) dp

_/0 Ei(k)E¢;j(p)T2(p, k) dp
+ (i e 3),

in which (¢ & j) means the same term with 4 and j interchanged, and

La2(p, k) =T (%) p -}% :

This ‘more general second-point cascade form violates our idea of the separation of
processes, in that it produces both a transfer in k space and a redistribution of the tensor
components. Its close analogy to mean-flow coupling, however, furnishes good incentive
for investigating the properties of this model. |

Each of these models can be reduced to a corresponding single-second-point form by

(D) =5 (2-)

and by expanding in a power series in (A — 1), we can obtain a local approximation for

setting

each of these forms.

D. Nonlocal Rates (Item 6)
Another class of nonlocality has local processes driven by nonlocal rates. Return to

isotropy, for example in the Rotta formulation, is written

aEg = cpk/EE(k) E(k)éu Ez’j(k)]-

To lowest order, the local return to isotropy is proportional to the local departure
therefrom, with a rate coefficient that depends only on the strength of turbulence at
that wave number. Many investigators have recognized, however, that actions disruptive
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to variations in strength among the turbulence components come from the randomizing
effects of the turbulence at all scales. Various alternative rate coeflicients have accordingly

been proposed, of which two types are

OE;(k) _ CM/ (k') VEE&) dk’ [ '—Eij(k)}

ot
o) _ \/ [ 1 (8) wrsoear [e09s, - Bs(h)]

in which k; = k or k; = o0, and f (%) is a dimensionless function of its argument.

Different forms emphasize the effects of different parts of the spectrum. Performing the
integral before taking the square root, for example, gives an enhanced effect from the
dominant parts of the E(k) spectrum; this form was suggested by Herring (1993), with
() =1

~ Another type of nonlocal rate occurs in the expressions for second-point cascade. In
exploiting the analogy to mean-flow shear coupling, we represented the nature of 9u;/0z,
in terms of E; at a single wave number. Actually, a more effective representation would
carry some measure of the full spectral richness of the large-eddy analogy to free shear, so
that a variety of integral representations for F(Ak, k) could be proposed, much like those
of the rate coefficient for return to isotropy. Even when the second-point formulation has
been expanded as a power series in (A — 1), the nonlocality can be conceived as persisting.

Thus, the simplest version of this representation,

28 _ 2 |- RE B () + exk* VB |

could be extended to

g k1
9E;(k) _ 0 l-cl / kKK E(K) dk' Eij (k) + ca / (k)2 R E(K) dk’aE” k)]
0 0

ot ok

and numerous variants, including the presence of f (’%) in the integrands and a version
with integration performed before taking the square root.

The effective eddy viscosity (turbulence diffusion coefficient) is also an excellent
candidate for nonlocal representation. The turbulence self-diffusion represents a very
complicated combination of random-walk processes, derived from the stochastic effects of
fluctuations from all scales. With the inclusion of passive or active materials in the fluid,
the stochastic advective transport may include an ordered (wave-like) interpenetration as
well as the disordered (diffusive) part [Steinkamp, Clark, and Harlow (1995)).
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The most effective part of the spectrum for the accomplishment of diffusion is
associated with the largest scales of fluctuating motion. Indeed it is on this basis that
the meaningful definition of single-point dissipation (associated with €;;, the dissipation
tensor) is related to the flux of spectral Reynolds stress components from the small-wave-
number (large-scale) part of the spectrum to the large-wave-number (small-scale) part of
the spectrum, rather than the viscous dissipation from small scales to heat.

Heuristic justification for the dominant importance of small-wave-number fluctuations
is based on the random-walk formula for the mean expected displacement, D, that results
from N steps of individual displacement with speed v acting over a time increment, 6t,

D = vétVN .

Over a total elapsed time, T', we note that 6t = T'/N, so that

oT
VN

For a fixed v and a given total elapsed time, the fewer the steps the greater the expected

D =

displacement. Because each step is of length vT/N, we conclude that the larger the
individual step the greater is D. For turbulence this means that the larger scales will give
much more displacement in a given period of time than will be produced by the small
scales.
The simplest local representation for the turbulence diffusion coefficient, v, is derived
purely on the basis of dimensionality,
E(k)

Vt =CpA\[/ —

k

although the relationship to the formula for D is clearly visible through the relation
D = /v;T. Rewriting the random-walk formula in the form D = vvTéz, with §z being
the displacement per step, we are led to associate

vy = vézx .

The correspondence with turbulence is v — vkE and 6z — 1/k, which leads to the
expression for v; as moderated by the dimensionless constant, cp.
In BHRZ a nonlocal extension for this coefficient is suggested in the form

 JRE(k)
T dk .

0

UVt =Cp
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Extending the integration to & = 0o sums contributions from wave numbers both smaller
and larger than the particular wave number of consideration. Can the contributions for
large wave numbers be considered in analogy to the Brownian diffusion of particles by
bombardment with molecules that are much smaller?

More general variants for v; include
Mok dk’
)= [ 1 () VIER)
0 k (k")
and the extended Herring version,

wr =/ [ 1 (£) pun e

There is another variant to turbulent diffusion that is also potentially quite significant,

namely the introduction of nonisotropic diffusion with a tensor diffusion coefficient, such

that ‘
0Ey; 0 O
= 5 Vtim 3

ot ~ Oz, OLm

In violation of our postulate of the separation of processes, we could imagine a variety of

versions in which the diffusive flux of E;; is driven by gradients of other components of
the tensor. There are numerous variants, for example, '
OF;; 0

_ OEey; . .
ot Oz g O =),

and even

OFE;; 0 OEy;

V,
ot oz, Y™z,

The proper choice among these possibilities is discussed in Chapter V.
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III. NONLOCAL PROCESSES IN PHYSICAL SPACE

Correlations between points that are separated in physical space enable the charac-
terization of two closely related nonlocal processes:

e The local (in physical space) interactions among structures at various scales (nonlocal
in wave-number space). '

e The instantaneous pressure-wave propagation of fluctuations from one point in
physical space to another (nonlocal in physical space).

The first of these is discussed in Chapter II. The second is discussed in this chapter.

For a fluid with constant density, the two processes that concern us in physical space
are wave-like propagation, especially related to the nonlocal coupling between turbulence
and mean flow, and the diffusion-like propagation arising from nonlocal coupling among
turbulence structures at different positions. Again, we exploit the close relatiohship
between two types of interactions, one of them with large structures that can be considered
mean flow and the other with large structures that are considered to be the low-wave-
number parts of the turbulence itself. The mean-flow-coupling part arises directly from
the derivations and is easily expressed in the transport equations; the large-scale coupling
emerges through the triple-correlation functions and is accordingly more obscure insofar
as effective modeling is concerned, but is amenable to modeling guidance by analogy to
the more transparent formulations for the mean-flow coupling.

Modeling these nonlocal processes also receives much valuable assistance by the use of
generic self-similar form functions, as discussed in Chapter IV. In essence, the concept of
these form functions takes its validity from the continuous tendency for turbulence to adapt
to its surroundings in ways that are highly constrained by the fundamental principles of
available tensor forms, dimensionality, Galilean invariance, and by the ideas of generalized
entropy (this last being described by realizability in its extremes of manifestation).

Universal self-similar forms are at best an approximation to the real structure, and
there are significant questions regarding their existence in rapidly changing external drive
circumstances. Even in seemingly ideal surroundings there are issues of nonuniqueness
that arise from the persistence of perturbations in the very-low-wave-number parts of the
spectrum. But a particularly useful aspect of these form functions is that they do not
require homogeneity for their existence; indeed the most significant and valuable form
functions are those that arise with strongly nonhomogeneous, nonisotropic drivers, for
example in free shear layers, strong mean-flow pressure gradients, the effects of nearby
rigid walls, and the existence of large gradients in density.
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The classic example of generic form occurs in the idealized circumstances of

homogeneous isotropic turbulence decay. The self-similar aspects are expréssed by
E(k,t) = K(t) L) FkL(t)] ,

in which F is suitably normalized so that K(t) is the total turbulence energy per unit
mass and L(t) is a length scale for the dominant parts of the turbulence spectrum. BHRZ
showed that F' is easily determined, has a k~%/2 inertial range as predicted by Kolmogorov,
and most especially is of great value for taking moments of the spectral transport equations
to derive single-point models in the R;; — €;; and k-¢ forms. |

It is the use of these forms for taking moments that makes them relevant to the
considerations of this chapter. Nonlocal processes in physical space arise most prominently
from the integral solution for pressure that appears in the pressure-velocity correlations.
The generic forms can help us to derive expressions for these integrals that are highly
tractable for modeling.

An especially important nonlocal interaction in physical space is the remote coupling
of turbulence creation to mean-flow gradients. We also discuss in this chapter the
remote coupling of small-scale structures to large-scale structures, manifested as a nonlocal
contribution to the turbulence self-diffusion.

The coupling of turbulence to mean flow is usually described by local terms that
conserve the overall transfer of energy from mean-flow shear to the fluctuations. In |k|
space, the nonconservative coupling part is

OF;; 0t r 01

iy g 2 _p O
" Oz, 10z,

ot

where the terms are all at position x and scalar wave number k. In addition there are
conservative coupling terms, the cg and cr terms, which can also be written in local
form (i.e., at position x). For homogeneous shears and for fine scale turbulence in a free
shear layer of width W (such that kW > 1), the local coupling expressions are good
approximations. For kW < 1, however, the approximations are poor.

Suppose, first that we consider only the nonconservative terms and are dealing with a
homoge;neous shear, say U = (Uy/W)x;. Then %, ; = 0u;/0x; = U/W§;16;5. Without the
conservative terms, the above equation cannot have a solution that is exponential in time,
say of the form E;; = E% exp(wt), which is expected from the classic Kelvin-Helmholtz
(KH) analysis for wave numbers small compared with W~. If it did, we would find that

U
—wE% = —W- (E?néjlénz + E?ljéﬂéng) .
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But this would imply that

—wEfl = —W-Elz 5

U
——wE?z = —WEzz )
"‘w.Egz = O .

Hence there is no nontrivial time-exponential solution. Indeed one can show that the
solution of this equation is given by

Ut Ut\?
E;;(t) = E?j — (B85 + Egj5i1)w + E2,6:1 651 (W) )

The production of an exponential instability must depend on other terms. If we restrict

ourselves to including solely the cg-terms, we obtain the following set of coupled equations:

oFE 4 2
Bfll = ('?;CB — 3B — 2) Ey;
OE;n (4 2
5 (3631 363) Ei.,
OF. 2
6;3 = —g(CB +¢B,)E13 ,
O0FE;
5 (cB —1+cB,)E22 + (cB, +¢B,)En +¢p, Ea3

where t = Ut/W. We use the values cg, = 8cpg — 6, cg, = —3cp +11/5, and ¢g = 16/21.
If one takes the second time derivative of the last equation and then utilizes the first three
equations, one finds the following results:

6;?212 =0.162 B3 ,

65’{11 = —1.048 1y,
61;7;2 = —0.381 B, ,
agga = —0.571 By, .

These equations have exponentially growing solutions, varying as exp(0.403 Ut/W). For
consistency, all that is required is (as is seen to be the case) that the signs of the right-hand
sides of the last three equations must all be the same. The crucial point, however, is that
the growth rate is independent of wave number, in contradiction to KH analysis.
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We can also include the effects of the ¢y terms in this analysis, although they represent
mode coupling, which is not present in the linearized Navier-Stokes equations. With the
spectral behavior varying at k™ for small wave numbers, the result for the square of the

exponential growth coefficient is

%{ (cB —1)[(27cg — 20) + (2 — 3cg) n] + (8cg — 6) (n +5) (2 — 3cp) —

é [(21cp — 20) + (21cp — 16) n] }

+ % (n+1) { [1 - -3—03] [(2n +5) (2— 3cB) + (27cp — 20)] —

2_10 [(21cp — 20) + (21cp — 16) 7] } :

For the specific case of cg = 16/21 and n = 2, the solution thus varies as exp(0.83 Ut/w).
In contrast to the KH solution of the linearized Navier-Stokes equations in which there
is no node coupling, the model equations with purely local coupling show sensitivity to
spectral form in a manner that is independent of wave number. '

In contrast, the KH solution for free-shear-layer instability growth of velocity

amplitude, A, is
1
A= Apexp (-z—kUt) ,

which is valid for as long as kW < 1, so that the fluctuational energy content per unit

mass in the shear layer is
E = E%exp (kUt) .

The basis for the error in turbulence transport analysis lies in the neglect of nonlocal
processes. As shown by the KH analysis, the velocity potential extends into the far lateral
regions beyond the shear itself, varying as e k¥l where y is the normal coordinate with
origin in the shear layer. Both analyses drive the fluctuations with the same force, but
the KH derivation contains the inertial resistance of adjacent mass well outside the shear
layer whereas the local turbulence transport derivation does not include this effect. The
total fluctuational energy is the same; the difference between the two within the shear
layer manifests two very different energy distributions, one of them nonlocal and the other
local.

The nonlocal coupling between turbulence and mean flow is even more visibly
manifested in the flow past an obstacle. At low Reynolds numbers (~ 100 to several
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thousands) the von Karman vortex street is a prominent feature for an obstacle that is of
infinite spanwise extent.

The fluctuations in flow velocity, which at all scales can be considered to represent
turbulence, extend far above and below the downstream shadow of the obstacle. They
occur in those lateral regions because of the instantaneous propagation of pressure waves
to distances from the mean-flow shear layers that are an appreciable fraction of the
dominant wave léngth. Inclusion of these effects in the analysis of turbulence means that
valid transport equations for their representation must describe this strongly nonisotropic
spectral structure at low magnitudes of wave number, again indicating the necessity for
nonlocal coupling between the turbulence and the mean flow.

Thus purely local modeling of mean-flow coupling in turbulence transport equations
can result in a completely fallacious treatment of the low-wave-number parts of the
spectrum, in regards to both Reynolds stress magnitude and lateral extent of propagation. -
Issues regarding form-function structure and uniqueness can be obscured by neglect of the
nonlocality, with significant consequences for validity of the single-point models that are a
major focus for this work.

Some of these issues of nonlocality have been discussed by Naot, Shavit, and Wolfshtein
(1973), Ohkitani and Kishiba (1995), and Demuren, Lele, and Durbin (1994). We follow
a somewhat different, more heuristic, approach. -

As useful guidance for development of the nonlocal coupling terms in turbulence
transport, we consider the full KH solution for the stability of incompressible flow with a
thin free shear layer (kW < 1). In particular we summarize results of a stability analysis
of a fluid of density p having an equilibrium velocity U(r) = % sign(y)Uo/2. Thus at the
plane y = 0, the flow velocity has an abrupt jump of Uj.

It follows from Kelvin’s circulation theorem that this perturbed flow must be a
potential flow. Because the geometry of the equilibrium is spatially homogeneous in z,
it suffices to analyze the linear stability of the flow in terms of infinitesimal perturbations
having the functional dependence, exp(ikx + t), where k and « are the wave number and
growth rate, respectively. We set u’ = —V¢’, where ¢’ = ¢(y) exp(ikz + ~t). Because our
flow is incompressible, V2¢' = 0. To satisfy the boundary conditions of the perturbation
velocities vanishing at y = +00, we find that

¢(y) = p+o0 exp(—ky) , y >0,
¢(y) = ¢ exp(+ky) , y<O0.
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To obtain the relations between ¢_¢ and ¢, we observe that the perturbed flow u’ must

satisfy 5 U -
u’ Yo u

-Vyp!
ot bz VP ,
in which p/, represents the perturbed pressure above and below the discontinuity. Inserting
the assumed time and space dependences for the perturbed quantities, we obtain:

U
(7 + ik-2—0) @10 = D40 »

where the perturbed potential and pressure amplitudes above and below the discontinuity
are given by pio and ¢, respectively. Pressure balance across the surface requires

continuity of the pressure perturbations, p;o+ = p—¢, so that

(v 82 ) gro= (=622 ) g0

Thus the potential amplitudes just above and below differ merely by a phase factor. We
shall denote their squared magnitude by |¢o|°.

Assuming the perturbed surface is described by ys(z,t) = nexp(ikz + ~t) and taking
the convective derivative of ys, we find that the vertical motion of the fluid is given by

A

(’Y+ kUO) =—a—¢t\ = koo,
y=0

Oy
Yo\, _ _0¢-) __
( th— 2 ) n= ay y=0 = k(ﬁ-o .

If one solves for ¢g in terms of 1 and inserts it into the pressure balance constraint, one

immediately obtains the dispersion relation:
kU
= ;t—2—-
To describe growing modes, we choose only the positive sign. For these modes, we note
that ¢10 = —1 d—o.
With these results, we can evaluate the averages of the second-order quantities,
ui(z,y, t)uj(z,y,t), by defining the average of any quantity, say Q(z,y,t), by

— k [F
Q(yat) = 57—{/0 dzx Q(:c,y, t) .

We thereby obtain:

0 0
1 0 pexp(—2k|y| +27t) .
0 0
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It is interesting to note that there is no net transport of tangential momentum normal
to the interface in this low-amplitude perturbation-analysis result.

To illustrate the formalism that supports nonlocal modeling as an important factor
for effective turbulence transport representations, we examine one isolated part of the
transport equation for single-point R;;, namely

aR@j 1 , 811.; 6’“;
= —p —_— 4 .
ot p ox 5 83:1

For pressure behavior, the Poisson equation

82]7 _ _3@&3' 8Uj
0z2 0Oz, Ox;

is useful to illustrate our point. This equation has the solution over an infinite domain

(3 22)

Tp O%n

LA A Ssieibs YRS
47 |X — X1|

so that

7
Oup _

p 333]' ‘—1; BIL']'

p ou;, (0u, Ou, Oul, Ou, dxq
Oxy Oz, Oxp Oxyp

x3 IX—X]_'

plus triple-correlation terms. With integration by parts and some rearrangement, this
result can be inserted into the R;; equation to give

ORy(x) 1 [ dum(x1) [BRm(X,XI) 4 ( ! )} B

T aa:j Bxlm lX - Xl‘

Gt 2w ox Im

plus a symmetrizing term and some triple-correlation terms.

Thus the nonlocal coupling of turbulence to mean-flow gradients is demonstrated to
occur through a weighted interaction of the two-point Reynolds stress with the mean-
flow shears at all points in physical space surrounding x. This nonlocal coupling, arising
from correlations of pressure fluctuations with those of the velocity gradients, describes
a completely energy-conserving redistribution of Reynolds stress components created by
interactions with the mean-flow shears. It is supplementary to the purely local coupling
terms that arise from momentum advection. The triple-correlation terms, omitted in
the above derivation, also contribute nonlocal effects, which can be interpreted in terms
of turbulence-induced propagation of turbulence, often represented as turbulence self-
diffusion, but also including the processes of return to isotropy and cascade in wave-number

space.
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Thus we see that the derivation of turbulence transport representations for nonlocal
source terms in physical space are most easily accomplished by means of the two-point
representation, without the Fourier transform to k space. [Oberlack and Peters (1993)
have noted a variety of advantages for working in x, x3 space or x, r space.| The direct
transformation to wave-number space does not result in forms that have proved intuitively
meaningful to us or convenient for implementation into fluid-dynamics computer codes.
We could remedy this difficulty by two methods. One is to postulate a conservative
redistribution of Reynolds stress components based on the results of the KH analysis
presented above. The second is to insert appropriate generic form functions into the
integral expression in order to reduce the expression to tractability. We follow the first
approach, with the second one being described qualitatively in Chapter IV.

We note that BHRZ derive the local coupling to mean-flow shear by setting part of
the Poisson-solution integrand at position x; to the value at position x. Higher—order
corrections might be imagined through an expansion of the integrand as a power series in
x; — X, but this may not be a convergent process.

Guided by the above derivation and by our postulate of separation of processes, we
formulate a description for spatial redistribution of Reynolds stress components in a way
that does not re-order their relative strengths or transport them in k space by this same
mechanism. In scalar wave-number space we consider expressions of the type

aE—ij(ait’_k,_t) N /Gij (x', k,1) Q (x', %) dx’,

in which G;;(x',k,t) is the purely local coupling source at x’, and Q(x',x), which also
depends on k, redistributes that source from x’ to x. Conservation requires

Jawxax=1.

With local coupling, Q(x’,x) = §(x’ — x). In the vicinity of a free shear layer, the KH
solution suggests Q(x’,x) decreases as exp(—2k|y|), where [y| is the distance from the
layer.

To examine the properties of such a formulation, we therefore postulate

QY ,y) = kexp -2k |y’ — o]

everywhere. For large wave numbers, i.e., kW > 1, this form gives essentially the local
behavior, as appropriate. It is thus effective in broadening the distribution only for small
wave numbers, i.e., for structures large compared to the shear-layer width. Does this
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broadening take place in a correct manner? A significant criterion lies in whether or not
its effect is to recapture the KH linear mode-growth behavior at small wave numbers. To
demonstrate that this is, indeed, the case, we return to the evolution equation for E;;. As

before, we set
Ey; = Ej(y)f(2)

and nondimensionalize the mean-flow velocity gradient with U/W, so that with nonlocal

creation

Py = k1O [ Su)e ™ vy,

in which S;;(y) is the entire nondimensionalized coupling source. We can accomplish our

demonstration by approximating the integral for y > W/2 as follows:

1 —2k(y— / 1 —_ k —
/—% 55.,(0)6 2k(y y)dy,='4'5ij(0)e 2ky (e W_, kW) '

w
2

Note that S;;(0) overestimates the integral while S;; (%) underestimates it. We use

$5:;(0) as a best guess so that

¢ _ 1,..U

Ej(y) o = —7f(1)

(OYe—2ky (KW _ kW
7 7 S;;(0)e (e e ") .

w"Y
Twice the integral from W/2 to oo thus gives the total amount of E;; created per unit
time outside of the shear layer, which accordingly is

0 d 1— -2kW
2 [, Bl gy = =1t S0 =

The total amount created per unit time everywhere is (because of the normalization of Q)

the same as the local-theory total amount, namely

(0S5O

Thus the nonlocal prediction for total E;; created inside the shear layer per unit time is

OE;;(inside) _ 1— e 2kW
o = U050 |1 -
or, continuing the approximation,
0 f - y _l-etW
WE; (O) = —Uf(t)S:;(0) [1 TR ,
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so that
i __iV__U_f 1__..__1_6_2kw
dt -~ W 2kW ’

in which N is a constant numerical factor. Thus

NUt 1— e 2kW

which shows the nonlocal modification to the exponential growth rate. For kW > 1 the

modification is small (and could be made even smaller with an appropriate change to the
form of Q). For kW <« 1 we note that

f = fO eXp(NU]Ct) 3

which, with N = 0.5, has the correct wave-number variations as in the linear Kelvin-
Helmholtz solution.

This procedure for capturing the low-wave-number effects of nonlocality in physical
space can also be applied to circumstances with large density variations. As shown
by Steinkamp, Clark, and Harlow (1995), the classic Rayleigh-Taylor instability can be
described by a turbulence transport model with a similar spatial redistribution of Reynolds

stress creation terms.
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IV. SELF-SIMILAR FORMS

A. Introductory Description

BHRZ showed that the concept of approximate self-similarity is a crucial element
for the validity of single-point turbulence transport models. In order to describe with a
small number of variables the collective effects of a virtually infinite number of degrees
of freedom, it is necessary that severe constraints exist to confine the dynamics of the
fluid to a very small set of all possibilities. Moreover, it is necessary that the approach
to approximate self-similarity occurs rapidly after a sudden change in the external drive
conditions. (There are direct analogies to these considerations in assessing the validity of
the Navier-Stokes equations for describing the collective dynamics of numerous molecules.)

In anticipation of ubiquitous occurrence of self-similar forms, we also refer to them
as generic forms. The simplest type of form occurs in the idealized circumstance of
homogeneous, isotropic turbulence decay. BHRZ discussed the form and its applications
to spectral moments, showing that even with this simple idealization the standard single-
point model could be derived. In their analysis, self-similarity means that the spectral form
depends upon k and ¢ through a function of a single combined variable kL(t), in which
L(t) is a function with the dimensions of length (proportional to k..!, where k,, is the wave
number at which Fy.(k) is a maximum). In general, self-similarity means reduction of the
number of independent variables by one, usually expressed by rescaling both spatial and
wave-number vector components with functions of time as described in more detail below.

As a more complicated example, consider the spectral behavior of Eg(y, k, t) for a free
shear layer. Note, first, that dimensional constraints for the overall (spectrally integrated)
structure of the shear layer can be derived under the assumption that all aspects of initial
conditions have been “forgotten.” In the absence of viscosity, the incompressible behavior
in a single fluid (Mach number — 0) is characterized by a single dimensional number, the
overall velocity difference across the layer, U. It then follows that the peak value of the
turbulence energy per unit mass, Ky, equals a constant times U?; also the width of the
turbulence layer, W, varies in time as Ut.

Again this description is an idealization. No free shear layer is absolutely flat across
all space. More subtle, however, is the nonidealization associated with initial conditions,
in particular with the structure of the spectrum as k£ — 0. The effects of low-wave-number
perturbations can persist forever and are therefore not “forgotten.” The consequences
are quite interesting and bear significantly on the issues of existence and uniqueness for
self-similar forms, as discussed below.
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Eqq

Fig. 1. Regions of spectral behavior in wave-number space.

For the example of a free shear layer, consider the behavior of Eg(o,k,t1) at the
midpoint of the layer at some particular time, ¢. Figure 1 shows the qualitative behavior
of this quantity.

Interval C contains the dominant levels of turbulence, the total of which is essentially
the same as the content of the entire spectrum. It is fed throughout region B by energy-
conserving coupling to the mean-flow gradient; i.e., the shear-stress component, Eyy, is
removing energy from the mean flow at the same rate that turbulence energy is beihg
created. This creation is of two fypes. One type is the thoroughly nonlinear coupling of
turbulence structures that are comparable in scale to the width of the layer. The other
type is the linear coupling (in the Kelvin-Helmholtz sense) to structures that are very large
compared to W, which occurs in the interval A.

A flux of turbulence energy from C to A also occurs as a result of inverse cascade,
for which a dominant component occurs as a result of instability of the largest (strongly
nonisotropic) “roll” structures. This instability takes energy from the mean-flow shear and
draws the rolls together in pairs (the “vortex-pairing” process). Leith’s (1990) stochastic
backscatter also contributes to this inverse cascade. As discussed in Chapter III, the
laminar-instability growth of turbulence in the interval A is also important but completely
misrepresented by purely local descriptions. With the inclusion of nonlocal inertial effects,
the KH source in A can be properly expressed.
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Thus the low-wave-number parts of the spectrum exhibit a very complicated set
of interactions and couplings, the full richness of which can only be appreciated in
consideration of the strong nonisotropy of the Reynolds stress components and of the
structure as a function of the vector wave number k. Questions of existence and uniqueness
for self-similar forms can be answered only in the context of this full richness of processes.
These questions are of three related types:

e What are the constraints on the low-wave-number parts of the spectrum that allow
self-similarity?

o What is the nature of that self-similarity?

o Is there a concept of approximate self-similarity that is useful for a broad set of
circumstances that do not admit exact self-similarity?

For higher wave numbers, the level of isotropy increases. The structural evolution is
still governed by a variety of complicated nonlocal processes, as described in Chapters II
and III. Interval C not only contains the dominant energy (and Reynolds stress
components) but also is a transition interval. In D, there is relatively little coupling
to the mean flow; the Reynolds stress components move through k space to higher wave
numbers in a manner that is neither creative nor destructive. This constant-flux inertial
range is characterized by k~%/3 behavior for Ey and by a somewhat more rapid decay of
the deviator components of E;;, which are destroyed both by cascade flux and the tendency
for return to isotropy.

Finally, in the interval E, the effects of molecular viscosity become significant, and
the Reynolds stress components decrease rapidly towards zero. In equilibrium the flux of
turbulence energy through D equals the conversion rate to heat in E.

True self-similarity means that at a later time the spectral variations of all the
Reynolds stress components can be suitably scaled in k and in magnitude so that the
plots would look exactly the same. We can also describe self-symmetry in physical space
by plotting Fy, as a function of y for a fixed value of k, or integrated over all values of k.

The central part, near y = 0, receives energy by the various mechanisms of mean-flow
coupling described above for low wave numbers. The lateral regions receive Reynolds
stress components by turbulence self-diffusion and by the nonhomogeneous (nonlocal)
contributions from the pressure-velocity correlations. The lateral regions sense the nonlocal
effects of linear mean-flow coupling at low wave numbers, which decrease as exp(—2k|y|).
Because, to lowest order, turbulent self-diffusion is a nonlinear process, we might expect
a rather sharp cut off at the edges of the shear layer, with relative low-amplitude wings
extending beyond.
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B. Self-Similar Time Extraction
The scaling of coordinates (x and k) and magnitudes that define self-similarity can
be expressed more precisely. Consider the behavior of E(y, k, t), which has the dimensions
of (distance)?/(time)?. Suppose that we simultaneously stretch the space and time
coordinates such that
y — W'y
k— w™"k

t— w™t,

where w is a dimensionless number that defines the degree of stretching, while m and
n are numbers to be determined. We also stretch the magnitude of E according to its
dimensionality,

E — w3n—-2mE .

Our constraint of self-similarity in this process results in the equation
WP E(y, k,t) = E (w"y, w "k, w™t) .

When we differentiate with respect to w and then set w = 1, the result is

OE OE OE
(3n - 2m)E = ny—a—g - nkﬁ + mtgt- -

which can be solved to give

3n—2m

By, k1) = "5 R [ 2, ki)

n/m’

in which Fj is an arbitrary function of its arguments. The origin of time is arbitrary, so
that we may choose the onset of self-similarity at some time, tg, and write

L(t) = Lo(t = to)n/m
3n—2n

K(t)L(t) = KgLo(t == to)T )

thus re-expressing the solution in the form

E(y, k,t) = K(t)L(t)F [731—(/5 kL(t)]

with F having absorbed some constants and likewise being an arbitrary function of its
arguments. This expression describes the constraint of linear-stretching self-similarity on
the form of E. It is derived without reference to the transport equation for F and serves
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to distinguish from all possible transport solutions a particular subset with the property
of self-similarity.

Applied to homogeneous, isotropic turbulence (independent of y), the result is
conversion of a partial differential equation for E(k, t) to an ordinary differential equation
for F[kL(t)]. BHRZ discuss the properties of F' and obtain an explicit solution.

For the free shear-layer analysis in k space the self-similarity constraint has likewise
reduced the number of independent variables, but insertion into the transport equation
nevertheless results in a partial differential equation for F(y/L, kL), which has a much
greater richness of possible solutions than the ordinary differential equation for homoge-
neous, isotropic circumstances. Already we see hints of the so-called “nonuniqueness of
self-similar free-shear-layer turbulence.”

The breadth of possibilities increases substantially when we examine the free
shear layer in full vector, k, space. Recognizing the dimensionality of R;;(x,k,t) as
(distance)®/(time)? we can derive the self-similar constraint in the form

Rij(x,k,t) = K(t)L3(t)Fy; [l%’ kL(t)} )

in which
L(t) = Lo(t — to)™™

Sn—2m

K(t)L3(t) = KoL3(t —to)™ » .
Insertion of this form into the full transport equation reduces the seven independent
variables in the partial differential equation to six independent variables. For the free shear
layer with physical-space dependence on y, only, the number of independent variables is
four. ' .

In this four-dimensional domain there are numerous possible dependencies of solutions
on conditions at the boundaries. In particular, we believe that the structure of the
turbulence near |[k| — 0 is felt throughout the domain. There are various significant
questions. How strongly is this influence propagated? Is it possible that most of the
solutions cluster around a dominant form that shows relatively little effect from the
conditions near |k| = 0? Certainly we can expect solutions to the full transport equation
that do manifest strong dependence on conditions near |k| = 0 (and more generally, on
initial conditions of various sorts), which are not included in the subset of self-similar
solutions.

In homogéneous circumstances that are isotropic in k space, self-similarity is described
by a single function of one independent variable, kL. The transport equations produce a
single ordinary differential equation for this function, which is thus uniquely determined
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except for constants. More generally the self-similarity constraint results in a set of partial
differential equations that describe nonunique families of form functions, which are capable
of retaining information from the initial and boundary conditions from which the self-
similarity evolved. Even in those circumstances that are not precisely self-similar, is it
possible that there exists a meaningful concept of “almost self-similarity,” in which we can
identify broad classes of solutions that behave very closely to the truly self-similar solutions
and exhibit relatively little influence on either the very large structures (of the mean flow)
or the initial conditions? We postulate that the answer is yes. Moreover, we believe that
the consequence is a meaningful validity to modeling with idealized self-similar solutions
in which K (t) and L(t) are replaced by K(x,t) and L(x,t) so that the self-similarity is
only local in both space and time. The implication is that meaningful modeling can be
based on idealized self-similar forms even when the mean-flow circumstances change with

position and time in ways that destroy precise self-similarity.

C. A Free-Shear Example

As a basis for exploring the implications of the above speculations, we examine in
more detail the structure of the strictly self-similar forms arising in the presence of a free
shear layer. One aspect of this structure seems especially remarkable. It is exhibited by the
turbulence in an inviscid free-shear layer, described by the following set of five equations.
We assume that the flow velocity satisfies u = u(y,t)X. In the absence of viscosity and

with purely local modeling, the equations describing the free-shear case can be written:

s ) 8 (kElg)
— —T(E) = —2uj2E2 + 301«3“127 ;

ot
3E+ 0 (kElz)

1 -
T(E+) —c+u12E12 + —Ccruj2 - CMICV kE E+ 2

ot 3 ok
oE_ i X
E— — T(E_) = —c_u12E12 - CMkV kEE_ s
oF R 2 i R
2 = T(Bra) = wizB +wig (—c_E_ + c+E+)
d\k(2epE, — LE :
E- [ ( - %0 )] — emkVEE By |
3“12(y’t

ot *2@/ Elz(%k t)dk ,

where ¢z = ¢ — 1 £ ¢p,, E(y,k,t) equals the trace of the energy spectral tensor,
Ei(yk,t) = (Egz(y,k,t) :tEn(y,k,t)) /2, u12(y,t) = Su(y,t)/dy, and where the tilde
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denotes the deviatoric, or anisotropic, part of the energy tensor. We have gleaned from
numerical solutions of these equations a remarkable property when T is taken to be the

sum of two terms satisfying

= (o) (o)

for an arbitrary function, f(r,k,t). Here vp(y,t) = f0°° 3@ dk. We have observed

that self-similar, separable solutions appear to exist which have the structure,

E(y,t) = KoL(t)F(n)G (wg(n)) ,
Eij(y,t) = c;; Ko L(t)F(n)Gij (wg(n)) ,

in which n = y/L(t), w = kL(t), Ko is a constant specifying the energy density at y = 0,
L(t) = Lo(1 + t/to), Where Lo, to, and the {¢;;} are all constants, F(0) = g(0) = 1, and
where, finally, [~ G(w)dw = 1.

Using this varlable-separated structure, one can verify that according to the final
equation of the BHRZ model, the n-dependence of the shear, uiz, is merely proportional
to 0(F/g)/n0n. When one writes out each of the first four equations in terms of the
variable-separated forms, one finds that each of them has terms involving w-derivatives of

the G functions multiplied by functions of 7. These functions come in the following five

1(F\* 1Fg F"
— p— + —_— — + —
2\ F 2 Fg F

varieties:

where there would be the possibility of some ambiguity if the last of the functions were
not negligible. The primes denote differentiation with respect to the argument, which
in this case is . The constant Np is given by cp fooo Gz (w) /w% dw, and the constant
a by Lo/ (tov/Ko). Since the last of the five functions has been shown by numerical
computations to be negligible, we thus can arrive at nonlinear differential equations in
the Gs alone if the remaining functions are proportional to each other (and so can be
divided out). We find numerically that this is indeed the case, despite the fact that the

proportionality requires three conditions to be placed upon only two functions, F' and g!
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To gain further insight into this separability of the energy and its deviatoric
components into “form functions,” F(7), g(n), and G;;(w), we have replaced the diffusion
term in 7', the term prefaced by the constant, cp, by a spatially conservative wavelike term

prefaced by the constant cy so that

0 (0 0 0
T(f) = Cwa—xn' (a—;:: > + ok [(Czk38—k —Clkz) fJ .

We were motivated to choose this model form for three reasons; namely (a) the numerical
appearance of separability was anomalously highly sensitive to the value of cp, (b) any
term introduced should conserve energy in physical space, and (c) the presence of any
term having the form, wz—a—?j—z, seemed to preclude the existence of exact separable solutions
because they would overdetermine the g and F' functions.

Without excluding the possibility that there may be other separable solutions in the
presence of this wavelike term, we have found one separable solution of this equation that
yields simple analytic forms for g and F; namely g(n) = /1 —7%/2 and F(n) = ¢3(n),
where Nyway = —1, and- Nw is defined analogously to Np, where ¢y replaces cp. In
order that F' be spatially bounded, v must be positive. This implies then that Ny, or
equivaléntly cw must be negative. One can verify then that the shear, ui2(= du/dy), is
proportional to -y and is thus spatially constant. (Of course, this solution does not satisfy
the boundary conditions of a bounded shear flow layer.) In this case, one finds that the
functions that multiply the w-derivatives of the G functions that arise, corresponding to
the functions listed above associated with the T operator containing the diffusion terms,

have the following values:

F' NWa
1—n— — A F

F'q' N\ 2
Fe | (9_)
Fg g

The fifth term in the earlier list is absent from this list because it resulted from a second

derivative in w arising from the diffusion term. There are no such second derivatives in
the new wavelike term currently at hand.
The following equations are thereby produced determining the spectral distribution

of the energy and its deviatoric components:

2G(w) + wG'(w) — acsH(w) + (3cr, — 2) Myc2,G1a(w) + 3crm Myc,wGhy(w) =0,

2G4 (w) + WG (w) — & [czH+ (w) — cMG%(w)G+ (w)] + % (¢t + 2) M~yc2,Gia(w)
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2
+ §CFM’YC%2‘UG’12(W) =0,
2G_ (W) + WG (W) — « [CQH_ (W) — carGH (w)G_(w)] — c_M~c2,Gra(w) =0,
1 2
2¢12G12(w) + 120G (W) — a [czle(w) - cMG; (w)Glz(w)] c12 — EMvclzG(w)

+ Mryciz [e- G- (w) + ¢ Gy (w)] + M’Yclz'é% {w [2CFG+(‘U) - %G(w)] } =0,

where we have employed the following definitions:
_ (c22Ga2 £ €11G11)
= 5 ,

M= / Cra(w)dw |
0

Gy

H(w) d 1 1ra d € Glled)
Hi(w) | = —{ G (w)w?te w2 | Gi(w)
How)) ® dw Crale)

These equations are merely a tensor generalization of BHRZ’s Eq. (3.11).

That such a set of coupled nonlinear differential equations can lead to separable
solutions is striking. However, the terms such as the diffusion term or the wavelike term are
heuristically motivated. Indeed one would expect from a deeper analysis that the original
forms of these terms require modifications, such as the following:

0 (,0E;\_ 9 (, 0By . 8Ew OB
oz, \ | oz, 8z, \ * Oz T Oz; T oz )

0 6VT s, al/T .6sz ] BI/T
T (’%7) bz (E Bz Mg, T 'éa:_) :

These 'modifications would be entered into the original BHRZ equations before the

evolution equation for the traceless spectral energy tensor is derived. It may be too much
to expect separable solutions for the traceless energy tensor to exist in the presence of these
modifications! Indeed these kinds of modifications also can couple other tensor components
of the spectral tensor into the equations that we have displayed above.

D. A Simplified Subset Example
To examine the nonuniqueness of self-similar solutions, consider a subset of the
transport equation in the form
OR;;
ot

= —Ridjs — Rjodie

—Cy ba?g (kke\/k_ERij)

\/_ 67T2
+cmkVEE "k_zAijEee"Rij 5
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in which S‘ij = Ju;/0z; and Ay = 6;; — %i, and E;; = %fRij%h. This form for the
return-to-isotropy term ensures that angular integration in k space reduces that term to
the simple form used by BHRZ. With a local rate in & space for that term, it should be
noted that integration over k does not result in the single-point form for return to isotropy
unless the variation of E;; follows a generic form as a function of k. The same observation
can be made for angular integration in the transformation from R;; in k space to E;; in k
space for the alternative expression
cmkVEE (%Ainee = Rij) )

which contracts to zero. Because Ry, is a function of k, the angular integration over k
space does not reduce to the BHRZ formulation unless R;; has an appropriate generic form
such that R, is a function of k, only.

We use this alternative expression for the return-to-isotropy term in the above
transport equation to illustrate our ideas. Omitting any spatial transport terms enables
us to concentrate on the behavior of the wave-number part of the self-similarity. \;; can
refer either to the constant rate of homogeneous free shear or the local rate at the center of
a free shear layer. Into this stripped-down transport equation we insert the self-similarity
constraints,

Ry = K(8)L3(t)Fy [kL(1)
E = K(t)LF[kL(t)] .
Let £ = kL(t), so that £ = kL(t). The result is
OF;;
Bn
=-KL? (Fie/_\jg + Fth;\ie)

Gl kYRS [g fﬁ(f)sm-j(s)]

KL3F;; + 3KL?LF;; + KL*L¢,

+ chL"/?ﬁ’%f\/E (%AijFEE - Fij) ,

in which A;;(k) = 6;; — k;c—’;’- In order that this equation contain only the variable &, it is
necessary that there be no explicit dependence on ¢.
There are two possibilities. For homogeneous shear, Lj is constant in time and we

require

= constant = «

= constant =

1 XX

and
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K L\/f = constant.

Then
K= Koeat
L = LyePt
and
3o
o5 +06=0.

Although these conditions remove time from the transport equation, which becomes an
equation only in &, there emerges a paradox. The exponential behavior of K(t) and L(t)
contradicts the power-law behavior derived as part of the self-similar constraint. Thus
it appears that a constant homogeneous shear is not amenable to self-similar description
by this type of analysis. (Indeed, we believe that the idealization of such a mean-flow
configuration is not attainable in nature.)

The second case, however, allows the extraction of consistent results. For the free

shear, the only dimensionally allowable behavior for j\ij is, as discussed above,

Aij = XijU/L(2) .

In this case the removal of explicit reference to time requires

—— = constant = «
K

L = constant = 3
K = constant .
Then self-similarity is described by
K = constant
L =p(t—t),

which is, indeed, the correct physical behavior for a self-similar free shear layer.

The resulting equation for F;; becomes

OF,;

(o + 36)Fiy + e

=-U (Fig)\jg at Fej)\iﬂ)

— 01\/E‘6% [E {F(&) leij]
ose

+emVKFE <%Aisze - Fij) :
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Written in this form without the c; part of the cascade, the equation is amenable
to characteristic analysis. With inclusion of the c; term, or more generally the nonlocal
representations, the simple characteristic analysis is no longer possible. Such models do not
preclude the self-similarity; they do, however, increase the analytical difficulty in extracting
tractable self-similar form functions.

Note that
1 £2d0

Fe)=» / Fu() Gy
so that characteristic analysis of even the “simple” equation, above, is challenging for the
extraction of a solution.
 To examine qualitatively the behavior, however, we consider the equation with F(g)
treated as constant. Let ¢} = 01\/-}_{_5 and ¢, = cm\/—ﬁ. Then the equation for Fj; can
be rewritten

OF;;

9,
(ﬂ + 0'153/2) &8_& = ~U (Fiehje + Fejhie) — (a + 36+ 50153/2> Fi;

1
+ C;ng (-Z-FegAij - F,,) c

Note that in this form of the transport equations, the directionality of characteristics

is determined by
46 _ d& _ dSs

& & &
so that £ = A& = B, with the geometry set by the constants, A and B. Because

€% = £2 + ¢2 = €2 along the characteristic, we note that

d _ d
&1 §
so that
dFy; —U (FigAje + Fojhig) — (a + 36+ 36’153/2) Fi; + .6 (%FgeAij = Fij)
3 € (B +c1€3/?) ’

with boundary conditions for F;;(0) that depend on A and B.
Thus we have for this model an ordinary differential equation for the behavior of
F;;(£), which we can examine for several interesting circumstances:
— the decay of homogeneous, nonisotropic turbulence, with A = 0, and
— the competition among shear, cascade, and the return to isotropy, with X\ # 0.
Even with £'(£) not constant, a similar analysis can be performed leading to a nonlinear

equation in which
1

F(e) = WFM(&) .
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If we include the c; term (diffusive in & space), other local terms that destroy the
characteristic behavior, and/or various nonlocal modeling terms, this analysis then is no
longer strictly valid; nevertheless many of the qualitative conclusions may still be relevant.

E. Tensor Forms

To carry through this type of analysis, it is reasonable to postulate that F;; can be
written as a sum of available tensor forms that can describe the structure of the solution.
Candidates for this purpose can be found among such forms as
§i&  &iedje
2’ &?

and similar dimensionless possibilities. The number of these tensor forms is fortunately

Aijy  AieAess

bounded. Another class of possible forms comes from the initial conditions of F;;. In the
approach to self-similarity, the persistence of initial conditions varies with wave number.
Qualitatively, we expect the memory to last for an “eddy turnover time,” which is estimated
for wave number k to be 1/(kVKE). If E(k) varies as k™ near k = 0, then the persistence
time varies as k_(%‘s) , Which is unbounded as k — 0 for any reasonable value of n. This
result suggests that F;;(0) is also a candidate for the construction of tensor forms and
serves as a basis for our expectation that numerous different self-similar solutions exist,
together with many others that are almost self-similar but not precisely so.

There are two types of time variations that are especially relevant to the consideration
. of self-similarity. One of them is concerned with the rate of approach to self-similarity
following a perturbation to the mean-flow drive. The second serves as a tool for the
identification of appropriate tensor forms.

Many authors have examined the tensor forms associated with specific mean-flow
configurations (rapid-distortion theory). For homogeneous circumstances, spatial Fourier
transformation is equivalent to spectral analysis in the two-point separation variable,
and many interesting solutions are easily derived [Reynolds (1987)]. For our purposes,
however, we proceed in a different manner, extracting the appropriate tensor forms through
successive substitution of 'early—time solutions into the full (non-self-similar) equations.

For example, suppose that initially homogeneous, isotropic turbulence is sliced by a

mean-flow shear. The lowest-order part of the non-self-similar solution is

Rij = Ro (&j - _kﬁl) .

With suitable normalization of A\;; we can assume that A;;A;; = 1. To first order in time,

the tensor forms arising from this initial state come from the mean-flow coupling terms,

kik kek;
(5ie - -;g—gﬁ) Aje + (5ej - —;;gl) Aig s
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from which we extract
(A + Aji)

and "
25 (Fidje + kjdar) -

To second order in time we find, additionally,

(Aie + Aea) Aje + (A5 + Aje) die

and k. b
k2 (k Aen i ke/\m) )‘JE = k2 (ki/\_]n +k; )\Zn) )‘
At this stage it is useful to recognize the relationships

)\igx\gj =0
AieAneAnj = Aj
AtidenAmnAmj = Aeidej
AitAneAnmAjm = AigAje -
‘Continuing the successive substitution and using the above relationships, we can
obtain a closed set of independent tensor forms.
Note that from the nonhomogeneous spa'qial terms (e.g., turbulence self-diffusion) no
additional tensor forms arise. For example,
OXi; _ OXi; 0N Ay OA
8z, O\ Oz, A Oz,
Odiedje  Niedje ON?
0z, A2 Oz,

Thus, we can write
F;(€) = Z A, [Tensor Form], ,
o

in which the A, functions are scalar functions of the available scalar variables, such as k
and keknAen-

Of greater interest, however, are various other initial conditions for R;;(t = 0) =
R;;(0), from which a greater richness of tensor forms can emerge. With the simple return-
to-isotropy model (the alternative form discussed above) in our equation for R;; we can

examine

BRij

5% —'Rz'e;\je — Ryjhie

ks (kk“ R”)
+Cuk\/kE( Ry — Rij) .
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The structure of R;;(0) potentially contains tensor forms having nothing to do with 5\”-;
they describe the effects of whatever stirring mechanism induced that initial state of
turbulence. They can arise from the overall configuration of the experimental apparatus,
for example the fan, screens, and walls of a wind tunnel. As a result of successive
substitution into the equation for R;;, we derive numerous hybrid tensor forms in addition

to those that arise from an isotropic initial state or from the return-to-isotropy model, like
kikgRje(O) 9 /\igRje(O) 5

As noted above, the disappearance of initial conditions (here as a result of the return-to-

isotropy process) takes place progressively more slowly as k — 0.

F. Comments on Self-Similar Forms

Although this type of successive substitution analysis enables the complete identifica-
tion of independent tensor forms, it may contribute little else of value to the self-similar
analysis. Intrbducing the tensor-form decomposition into the equation for F;; as a function
of £ and equating the coefficients of like tensors, we then obtain a set of coupled equations
for the scalar functions, A,. The value of this approach, however, is more to demonstrate
the existence of nonisotropic self-similar forms than to derive practical solutions like the
form obtained by BHRZ for homogeneous, isotropic turbulence decay. A principal diffi-
culty in working with the self-similar approach is that the equations for the A, functions
are eigenfunction equations. The solutions must be compatible with vanishing magnitudes
for each A, as kK — 0 and k — oo, with prescribed ratios among the functions in the first
of these two limits. How, then, can we obtain self-similar solutions that are useful for our
purposes (e.g., taking spectral moments for the derivation of single-point—nonspectral—
models)? Two techniques are much more tractable than brute-force attempts to extract
eigenfunctions. _

1. Numerical procedures for idealized circumstances, e.g., the idealization of an infinite
free shear layer; relaxation from initial conditions through time to a self-similar
state. (This technique can also be used for the self-similar eigenfunction equations
through the introduction of a pseudo-time variable, but there does not seem to be any
advantage to this approach.)

2. As an approximation, we can postulate the structure of the form functions and perform
spectral moment integrations to reduce the problem to variations in y and ¢ only. Even
further, the postulate of form functions in y reduces the analysis to variations in time
only. '

It should be noted that the close relationship between nonisotropy in physical space
and that of k space is well demonstrated by the decomposition into tensor forms. This
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association is of much value in deriving angular averages of transport terms for the
development of transport equations in k space from those in k space.

Ordered, coherent structures emerge directly from this analysis. They are character-
ized by the tensor forms that dominate at low wave numbers. Spanwise rolls in a free
shear layer furnish a prominent example. Closely related forms occur in variable-density
turbulence transport [Steinkamp, Clark, and Harlow (1995)] where they are prominently
manifested by large-scale fingers of interpenetration at the unstable interface between two
fluids subjected to a normal pressure gradient. In both cases there is an associated con-
tinuous doubling process, vortex pairing for the shear layer, and double-doubling for the
mixing layer.

In the variable-density mixing layer the coherent structures are strongly nonisotfopic
in both physical and k space. They may also be classified as representing an ordered (wave-
like) part of the turbulence, in contrast to the isotropic part, which is disordered (diffusive).
For constant-density turbulence there is a similar split into ordered and disordered parts.
In physical space the propagation of turbulence can take place in essentially diffusive
fashion; but as discussed in Chapter III, there can be an ordered (wave-like) component
carried by nonlocal pressure waves, prinéipally associated with coherent structures in
nonhomogeneous configurations. '

The most prominent external drivers for turbulence that are capable of imparting
nonisotropic structure are

— free shear,

— boundary layer shear,

— rigid boundaries (even in the idealization of free slip),

— pressure gradients,

— pre-existing flow structured at very small wave numbers, and

— density gradients, including those that occur with constant density for
each element of the fluid (material discontinuities, frozen-in entropy
gradients with no molecular diffusion).

Each of these may vary in space and time, and in a stochastically steady flow the
drive can vary along the mean-flow trajectories of fluid elements.

Competing effects occur in each facet of turbulence evolution. These are characterized
especially in terms of rates, such as

— direct and inverse cascade in wave-number space, both local and

nonlocal,
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— changes in drive in competition with the rate of approach to local self-
similarity; maintenance of approximate self-similarity and/or generic
form,

— equilibrium arising as a balance between nonisotropic drive and the
return-to-isotropy processes,

— critical Reynolds number for turbulence transition as a competition
between instability and viscous dissipation to heat, and

— uniqueness of self-similarity as a competition between long-wave-length
instability growth and inverse cascade driven by mean flow gradients or
second-point effects.




V. TURBULENCE SELF-DIFFUSION

A. Introduction

Two complementary roles for the actions of the triple correlations have been suggested.
First, the triple correlations lead to a transfer of turbulence energy from large scales to
small scales (the turbulence “cascade”) and second, in inhomogeneous flows, the triple
correlations contribute to the self-propagation of turbulence from regions of high intensity
to regions of low intensity (turbulence “self-diffusion”). In this section we will restrict our
attention to the physical-space effects of the triple-correlations and the pressure-velocity
correlations for inhomogeneous circumstances. In particular, we will examine the so-called
“turbulence self-diffusion” phenomenon using three tools:

(1) the moment equations,

(2) direct numerical simulations of the Navier-Stokes equations, and

(3) turbulence models.

We will use the moment equations as a guide in modeling the triple correlations and to
motivate the direct numerical simulations. The direct numerical simulations will be used
to determine the plausibility of various potential models, and the turbulence models will
be used to demonstrate the consequence of the modeling assumptions at high Reynolds

numbers.

B. The Navier-Stokes Moment Equations
We begin with the Navier-Stokes equations for an incompressible fluid of constant

density p,

Ou;  Ouwu,  10p . 0%u;
ot 0z,  p Oz 02,0z,

with the condition that the velocity field will be divergence free;

ou,
Bz, 0.

We next decompose the variables into mean and fluctuating parts (the Reynolds

decomposition), u; = U; + u} and p/p = P + p’ and average, yielding the mean flow

equation, .
DU; _BRin B oP ty 0%U;
Dt Oz, O 0z,0z,,
where the term on the left-hand side is a “average” material derivative, e.g.,
D¢  0¢ 0
Dt ot +U"a:cn '
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R;; is, of course, the Reynolds stress tensor, R;; = u;u; We derive the equation
for the fluctuation by subtracting the averaged equation from the instantaneous equation.

D!,

The instantaneous fluctuating velocity is
i op’ 0u;

Bu;Ui 6 1
Dt~ 0Oz, + Oz, (Fin — ;) = 0x; v 8wn5:1:n

Using this equation we can derive the Reynolds stress equation by constructing the equation

for uju,

Di + u,u

Duw; _ _ o L8 e Ui
na L

L9
0zn,

8u’~ 8u'.
- R e
(Rzn 0z, * R]n 6.’L'n)

0
D2n (p uzagn +P U, 6zn) +p a (u 6]n + u; ]n)

(Rint; + Rjnu; — uwjuluy,)

82 au' 5’u
8xn3xn Ga:n Ba:n
and averaging

DRy aU; aU;
Di (RJ”aa:nJ"RméE)

0 — _—
= (Risn + B85 + P 5in )

0
+p’$; (ui6jn + u;bjn)

0’R;;
+v 2 2¢€j
01,0, A
where ¢;; is the dissipation tensor,
oul, Ou;;
s =
E Oz, 0%y,

and R;ji is the third moment of the fluctuating velocities, R;jk = ujujuj. Note that this
tensor appears in the equation in a fully conservative fashion and is symmetric on all three
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and
Ll !
€ijk = Vauzuj Ouj
0z, Oz,

In addition to these equations, the divergence-free character of the velocity field can

be exploited to derive a Poisson equation for pressure divided by density, for the average

pressure/density,
3 o’p 2 (
02, 0%, 0z;01;

and for the fluctuating pressure/density,

U.U; + Ryj)

62 p/ 82
T 97,0z, 01,01,

(uiu; — Ryj + 2Usu}) .

C. The Pressure-Velocity Correlation

The pressure equations can be inverted (e.g., via a Green’s function approach) to
yield an integro-differential expression relating the pressure at a point in space to the
velocity field (mean and fluctuating) over the entire domain. This expression can then be
used to derive expressions for the pressure-velocity and pressure-strain correlations. These
relations are highly opaque, involving three-dimensional integrals of two-point correlations
over the given domain. If one restricts ones attention to homogeneous turbulence and
pursues a modeling in Fourier space, some simplifications arise. In physical space (as
opposed to Fourier space) the intrinsic three-dimensionality and integral nature remain
and can only be “eliminated” by making relatively bold assertions (either explicitly or
implicitly) regarding the nonlocal nature of these processes. For the present analysis, we
are concerned with features intrinsic to inhomogeneous turbulence, and very little rigorous
analysis can be performed to produce tractable differential closures for these pressure terms
in physical space.

We will presently argue that the conservative pressure-velocity correlations serve as
a minor inhibition to the process of turbulence self-propagation and discuss how such
an effect might be represented in a differential closure. However, we do not claim that
such a representation can possess adequate physical fidelity to warrant their inclusion in
a differential closure. It seems possible that under some circumstances, errors caused by
representing this “nonlocal” effect as a purely local effect are, in fact, greater than errors
caused by neglecting the effects of pressure-velocity correlations entirely. This shouldn’t
be considered as a condemnation of current engineering ¢josures. In fact, many of the
engineering closures that neglect these effects have been shown to yield good results

under a variety of circumstances, thus suggesting that neglecting the effects of p/u] is
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appropriate in many circumstances. Rather, we merely suggest that one might profitably
consider “nonlocal” or integral approaches to modeling the effects of m when attempting
to increase the regime of the validity of these closures.

We begin by examining the Poisson equation for the fluctuating pressure/density for
the case of an inhomogeneous, undriven turbulent field (this is also the circumstance we

will simulate). The equation is

82 pl 62

—6‘xn8xn - O0x;0z;

(uiw} — Rij) .

Now letting r;; = (uiv’ — R;;) and decomposing this tensor into its trace and deviator
g J [ ad] J

(denoted by the superscript “d”),
0%p’ 52 1 )
—axnaxn - 33}161;3 (géijrmm + Tij)
&y _1 Prmm Bzr%

T 92,0z, 3 0z,0%, Oz;0x;

These equations suggest that for weakly anisotropic turbulence in the absence of

or

mean-flow drive or wall effects,

1 1
"p/ = g"'mm = § (Umum - Rmm) .

A possible form for the pressure-velocity correlation in weakly anisotropic turbulence might

be

— 1 l— «
gl == _ I gl oyl _ 1y — Zay gyl g — P .
plu) = a,,3 (umumui Rmmui> = apgumumui =3 Rymi

where o, is a dimensionless coefficient. The direct numerical simulations appear to give
ap = 0.33. (The details of the simulations will be discussed later.) Thus a “complete”
differential closure for the conservative moments in physical space in the Reynolds stress

transport equation might be

—Dyjx = Rijr + p'ujjk + p'u;6ik

o
~ Rijx — —3£ (Rnnibjk + Rpnjbix) .

The pressure-velocity correlation appears to counteract the effects of the triple
correlation. Thus if the velocities “align” to produce something like a net flux of “R;;,”
the pressure-velocity correlations mitigate this effect in a manner perhaps analogous to a
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body drag. This mitigation is somewhat more apparent if we decompose the R;;x-tensor
into a traceless part (“deviator”) and its traces,

1

Ry = R;,'ijk o R (6iRnnk + 6ikRunj + 8k Runi) -
Substitution into D;;x gives
. 1 5
—Dijx = Rijk + 5 6ijRonk + [ 1 — gap (5ikRnnj + ik Runi)| -

Now recall that the Reynolds stress equation contains derivatives on the “k" index.

Consider elements of —Dggy, (with no summation on Greek indices),

1 5
—Dggr, = Rgﬂk + 5 [5ﬂﬁRnnk + (1 - -§ap> (6pkRnng + (5ﬁkRmnﬂ):l '

If B = k, then the velocities in the triple correlation are the same component (i.e., the
fluctuating velocities are aligned with the direction in which the derivative will be taken),
and the effects of the pressure-velocity correlations are felt via oy,

1 10
On the other hand, consider ¢ = j = v # (3, then the effects of the pressure-velocity
correlation are not felt,

1
~Doyp = R%ﬁ + 5 [0y Rnng] -

Thus the pressure-velocity correlations appear to produce a preferential inhibition to
turbulence self-diffusion. Note that if o, = 3/5 the effect of —D;j, would show up as an
essentially isotropic effect (except, of course, for possible contributions from the deviator
Rg’j k). As stated above, the direct numerical simulations suggest a value of a, ~ 0.33. This
produces a correction of approximately 33 percent (neglecting the deviator) in the diffusion
term —Dpggg. To complete this proposal for modeling of the conservative correlations, we
must produce an algebraic closure for the triple correlations.

D. The Triple Correlation Equation

Next, we will attempt to provide an algebraic closure for the third-order moment of
velocity, R;;x. Note that one could close the model at the fourth-order level and develop a
closed equation for the third-order moment—we have not yet pursued this option. Several

rationalizations can be constructed for closing the equations at the second-order:
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First, if the field is not “too far” from Gaussian (whatever “too far” means), then
a quasi-normal assumption might be invoked to close the equations at the third-order.
If the turbulence is not “too far” from equilibrium, then the triple correlations may be
represented algebraically as an “equilibrium solution” of some sort. These are essentially
the assumptions of the “EDQNM” model.

Second, if the moments converge in some sense, then we might hope that the bulk of
the physical effects can be expressed in the dynamics of the second-order correlation and
the third-order (and higher) correlations might be algebraic corrections to the second-order
correlations.

Third (a purely practical consideration), it is not clear that for many applications
the additional computational complexity of a higher-order closure are warranted. The
additional phenomenological assumptions required to close the higher order equations
may nullify any benefits accrued by maintaining higher order correlations. In addition,
many of the difficulties associated with turbulence modeling are not directly related to
the closure of the hierarchy of equations. Rather, they are due to difficulties in treating
the fully three-dimensional integro-differential terms arising from the pressure correlations,
and these difficulties are present at any given order of closure. Thus a higher-order closure
which invokes a local expression for pressure correlations is probably not an improvement
over a lower-order closure, since the damage to physical fidelity is probably made at the
level of the approximation for the pressure terms.

With these concerns in mind, we will invoke both an equilibrium assumption and
a quasi-normal assumption to examine the triple correlation. First, we will assume
that production approximately balances dissipation effects (i.e., we assume we are near
“equilibrium” ) and that the net effect of the terms analogous to pressure-strain correlations
are essentially production terms. Neglecting viscous diffusion we have

DR;; 0
—D—t]—k = a— (Ri'nRjk + Rj'nRik + RknRij - Rijkn)
aRjk aRzk aR
— R'Ln 8$n R]'n, 6£Cn Rk'n. &vn

0
~ 5o (p U ’U,k(Szn + Pujuibin + plusu '5kn) .

Next, substitute the previous approximation for the fluctuating pressure into the R;jx-

equation,

" DR;; 0
Bk 5o (RinBs + RinRik + RinRig = Rijin)
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OR;i, OR;;

OR;,
oz, ~ Ben g — Gscn

‘an‘éz

— Rj—2%
+ = (Rmmjk(sm + Rmmzkéyn + Rmmzy 6kn)

= Y (RmmRJk(Szn + RmmR kéjn + RmmRZJ(Skn) .
Next we invoke a “quasi-normal” approximation in physical space, i.e.,
Rijkn = RijRkn + Rk Rjn + RinRy;

and a Markovian-like assumption, i.e.,

DRiji  Rijk

Dt = 1
where 7 is a turbulent time scale, e.g.,
Rnn
=Cr— .
T 2¢

The following “algebraic” closure for the triple correlation might be suggested:

Rijlc -Rm aRJk 4 B, I OR;1 Rkn OR;;
T Oxy oz,

2 0
+apg 3 a (RJmRmkdm + Rszmk(S]n + R,mijékn)

This representation is fully symmetric on the indices ¢jk. Substituting this term into
the equation for the turbulence self-diffusion tensor D; i gives

Dijr OR;i ORk OR;;
T Rin oz, * RJn axn + Rin 50 a.’L‘n
2 0
ap3 9z, (RJmRmkém + Rim R b, + Rim RyyjOkn)
- —32 (6ujk + 618, [Rln axnm + 2R s 6::::]

+2 ( ) (6115Jk + 6_716119) (Rmempéln + 2le mn) )
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or, in a somewhat more verbose form,

aD”k 6 : aRjk aRzk 6R'LJ
550 Bxk{ (R | Rin gy T Rnge
2 0 [ ( ORum ,op ORim)
3 Oz; [ (Rm oz, 2R 0z, /|
_op 0 ~ ORmm ORjm \ |
3 Ox; [ (RJ" oz, + 2Rmn 0Ty, )|

g_’li P 8ijRmk +6RimRmk aRszmJ
3 axk 6557. Ba:j 8g;k

+2(3) 0z [T( Oz; +2 Oz,

0p\2 0 [ (0RpmRmy _0RimRmn
+2(3) oz; [T( oz; +2 Oz, '

Note that this model appears to be analogous to a nonlinear diffusion of Reynolds

stress. Because we have satisfied the symmetry condition for the triple-velocity correlation,
this model will reduce to the essentially isotropic form discussed above for the case of
ap = 3/5. Note also that the form proposed by Daly and Harlow (1970) corresponds, in
essence, to the last term in parenthesis in the first line. The fully symmetric form proposed
by Hanjali¢c and Launder (1972) [and also suggested by Besnard, Harlow, Rauenzahn and
Zemach (1992, 1996)] corresponds to the first line. Of course, the terms multiplied by a,
represent corrections to the correlation due to the presence of the conservative pressure-
velocity correlations. We expect that the order of importance of the various terms is
as indicated by their order in the equation. Clearly, for small a,, the terms that are
linear and quadratic in a, (the pressure-correction represented in the D;jx, acting on the
pressure-correction acting on R;j;;) are much smaller than the other terms and may be
negligible compared to the size of other errors in our approximation. Thus the most obvious
simplification would be to simply neglect the effects of the pressure (i.e., set a, = 0), thus
yielding the Hanjali¢ and Launder (1972) form;

8Dijk _ 0 3ng aRzk aRij
0z,  Ozk [T (Rm Oz, + Byn Oz, + Bin oz, '

Now consider an element Dggy (again, no summation on Greek indices):

6Dﬁ,3k . 0 6R,3k 3Rﬁg
dzx Ok { (2R"” oz g )|
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We will first consider the case wherein the gradients are in the k = 3 direction. We have

aDggg . 0 aRgg
axg h36x5 [T (Rﬂﬁ 31:3 '

Next, consider the case where ¢ = j = v # (3. This gives

0Dy _ B | ORp, ORyy
dzs  omp | \PTergg, R,

6 - BR%'Y 6R’Y'7
= 325 T( oz T, ||

As an aside, we note that the Cauchy-Schwarz inequality for Rg., gives

[Rﬂv}z < [R.@ﬁ] [R'rv] )

and, in fact for the direct numerical simulations (DNS), Rg, = 0 if 8 # + and

aDwﬂ _ 0 aRﬂﬁ
Oz  Ozg [T (Rﬂﬁ '

It is interesting to compare these forms to those arising from the model of Daly and Harlow

(1970):
ODige _ 8 [T (RknaRij)] |

ozy, Ozk oxy,
For the Dggg component we have

0Dppp s, ORgg
Oz CDax,; [T (Rﬂﬁ Ozg ’

which is precisely the same form as produced by the Hanjali¢ and Launder (1972) model
for this term. For the D5 component Daly and Harlow (1970) yields

Dyyp _ 9 3Rw)
Ozg Cp Ozp {T (R[m ’

which is again precisely the same form as produced by the symmetric Hanjali¢ and Launder
(1972) model for the particular case of our DNS, which represents a “planar” turbulent
diffusing layer of initial “quasi-isotropic” turbulence. The primary difference between the
two closure approximations is that the symmetric Hanjalic and Launder (1972) model
yields a different factor in front of the Dggg-term than for the D,,g-term; Daly and
Harlow (1970) does not. Hence the Hanjalic and Launder (1972) form predicts greater
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disparity of diffusion between Rggs and R,,g than does Daly and Harlow (1970). One
caveat must be noted: If pressure effects are accounted for, one might anticipate that the
degree of disparity of diffusion of these two components would probably lie somewhere
between that predicted by the Hanjalic and Launder (1972) model and that predicted by
Daly and Harlow (1970). 7
Finally, we present what is perhaps the simplest diffusional form [due to Mellor and
Herring (1973)]. Assume that Rpg = 6pkRmm/3 and insert this into the Daly and Harlow

(1970) model for the term inside the first derivative only to arrive at

Dis _ Cp 9 Oy,
ory 3 Oz, l:T (Rmm Oz, )} ’

Clearly, this form predicts exactly the same form of diffusion for both Dggg and D,g.
As we have just shown, the so-called gradient diffusion approximation can be thought
of as a severe truncation of an algebraic representation of the triple velocity correlations.
The initial assumptions leading to the more general algebraic form are similar to the
assumptions underlying the Eddy-Damped Quasi-Normal Markovian model of turbulence
for homogeneous unforced turbulence. At the severest level of truncation, the analogy to
a gradient diffusive process is evidenced by the leading terms in the representation.
Examination of the direct numerical simulation results indicates that the symmetric
form offered by Hanjalic and Launder (1972) satisfies the relationships of the tensor
components observed in the simulations. Neither the Daly and Harlow (1970) form or the
simple form maintain the correct disparity between the diffusion of the various components

of the Reynolds stress tensor observed in direct numerical simulations.

E. A Spectral Form for the Triple Correlations
Attempts to construct a spectral closure for the triple correlations are complicated by
(principally) two factors. First, the two-point triple velocity correlations do not satisfy the

same symmetry conditions as the single-point form, e.g.,

Rijk (x1,%2) = uf (X1) wj (x1) u (x2) # Rikj (X1,%2)

When transformed from (x3,X32) to (x,r) and Fourier transformed with respect to r,
the resulting triple correlation, T;;x(xk), exhibits an asymmetry with regard to its real and
imaginary parts. This asymmetry is manifested in the exact k-space spectral transport
equation for F;; (x,k) by the appearance of not only the triple correlations Tj;x (x, k) but
also Tjjk (x,—k). Thus the simple symmetry arguments used to justify the form of the
single-point R;jx does not follow directly in the Fourier space. Second, the relevant time
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scales in the Fourier space for this inhomogeneous process are not obvious. After averaging
the equations over angles in k-space, one can arbitrarily construct time scales that are either
~ “Jocal” in k-space or “nonlocal” (integrated over all wave numbers). BHRZ have offered
two models of the triple correlations. The first form, introduced for expedience, does not
preserve the tensor properties of either the triple correlations or the triple correlations
“augmented” by the pressure-velocity correlations. This first-cut model is simply

OE;;
axk

D;jx = Cpyy

)

where

[ VEEm

v = / 2 dk .
.0

This form was used for the shear-layer computations presented by BHRZ. These
computations displayed the emergence of self-similar spectra in which the appropriately
scaled spectral shapes for the spectral tensor component varied between components but
did not vary across the shear layer. A consequence is that the single-point anisotropy was
constant across the entire shear layer. Additionally, the emergence of this self-similarity
was highly dependent on the choice of the coefficient Cp. Turner (1996) has shown that
the self-similarity is the result of a delicate balance between the diffusional “velocity” of
the E;; given by the simple form (above) and the rate at which the production of E;;
moves away from the centerline of the shear layer as 9U;/0Y disperses. The sensitivity to
Cp, the constancy of the anisotropy across the shear layer, and the severe treatment of
known symmetries of the diffusion tensor suggest that this simplified model is inadequate.
A more general, fully symmetric form was also presented by BHRZ:

— 0 aEij 8Ekj BEM
Dz]k = CDaxk {nkma - + im g - +77]m31:m} )

where

This form alleviates several concerns expressed in regard to the simpler form. First, the
emergence of the self-similar form is somewhat less sensitive to the choice of Cp. Second,
the self-similar spectra are consistent with a varying spectral from across the shear layer,
and hence, an anisotropy that varies across the shear layer. The principal features of the
model predictions are shown in Figs. 2 through 10. Figure 2 shows the evolution of the
turbulent kinetic energy Kny (y,t), the turbulent length scale L (t) = 1/kmasz (0,t), and
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Fig. 2. Temporal evolution of the shear rate, length scale and turbulent kinetic energy

along the shear plane at y = 0.

the shear rate U 2 (y,t) = 0U; (y,t) /Oy at the the shear plane, y = 0. Note that the
turbulent length scale at any point in y,¢ is defined herein as the inverse of the point in
k-space where the energy spectrum is a maximum, i.e., kmqz (y,t). The particular choice
of the length scale to scale the data corresponds to the turbulent length scale at the shear
plane, y = 0. This figure show the trend towards the expected self-similar behavior, e.g.,
constancy of Kny (0,t), linear growth of L (t) = 1/kmaz (0,t), and decay of the shear rate
inversely proportional to time. ’

Figure 3 shows the behavior of the normalized turbulent kinetic energy and shear rate
as functions of y % kmax (0,t) = y/L (t), the normalized distance from the shear plane. This
figure shows a “reasonable” behavior for these quantities. Figure 4 shows the behavior
of the turbulent length scale across the shear layer. This figure also shows “reasonable”
behavior. It is interesting to note that the length scale of the turbulence does not vanish
at the outside edge of the layer. Figure 5 shows the ratio of the length scales of the
components of the deviatoric spectral tensor. We may define the deviatoric tensor as

Ei-(x,k,t) =Ei-(x,k,t)—~1—6,~Enn X,k,t 9
J J 3 J
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Fig. 3. Variations of turbulent kinetic energy and mean shear rate across the shear layer
at t = 1024.
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Fig. 4. Variations of turbulent length scale L (y,t) = 1/kpaz (3, t)bacross the shear layer
at t = 1024.
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Fig. 5. Variations of the turbulent length scale L (y,t) = 1/kmqz (y,t) across the shear
layer at ¢t = 1024.

and denote the wave number at which the ij** component reaches an extremum as
kijert (X,t). Then the length scale associated with this component is L;; (x, t) =
1/kij ezt (x,t). Note that the discontinuity in Lj2 is caused by the change in sign of
the E,, component. This component changes sign at the lower wave numbers first; when
the largest amplitude of the part which has changed sign first exceeds that of the part
that hasn’t yet changed sign, the corresponding point of the extreme value “jumps” to the
extremum associated with the part which has changed sign.

The change in sign of E,, is also manifested in the plot of the anisotropy tensor

components, shown in Fig. 6. The anisotropy tensor is defined as

R;; (x,t
bij (x’ t) = "R#((;:Z)j )
where the tilde again denotes the deviator. Note the change in sign of the component bs.
This figure clearly demonstrates the variation of the anisotropy of the turbulence across
the shear layer—a phenomenon missing from computations using the simplest gradient
diffusion closures. Note that the same data plotted for a time of ¢ = 512 produces a graph
which is virtually identical to the present graph because the turbulence is essentially self-

similar in the regime ¢ > 256. The present result appears to present a reasonable model for
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Fig. 6. Variations of components of the anisotropy tensor across the shear layer at
t =1024.

the variations of anisotropy across the shear layer. The change in sign of the by» component
is associated with the predominance of the anisotropic diffusion process (as identified in the
DNS) over the “shear production” of negative by, at the outside of the shear layer. Thus,
the change in sign of this component is a direct result of the use of the fully symmetric
form of the triple velocity correlation closure and gives a result that is consistent with our
intuition, which is based on the results of the direct numerical simulations.

The spectral features of the self-similar form are displayed in Figs. 7 through 10.
These figures are “shape plots” showing the normalized spectra as functions of the scaled
wave number at various values of y * k. (0,1) and at times of ¢ = 512 and t = 1024.
Because the turbulence is essentially in the self-similar regime at these times, the data at
t = 1024 overlies the data at t = 512, for each component at each value of y * kyaz (0, 2).
However, the spectra for a particular component at a specific value of y * kpqz (0,t) does
not necessarily overlie the values for that component at a different value of Y * kmaz (0,1).
This variation is the spectral manifestation, and indeed the source of the variation of the

anisotropy across the shear layer.
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This symmetric form of the diffusion tensor “mixes” the diffusion of trace and
deviatoric parts of the spectral tensor in such a way as to produce a fine-scale “local”
anisotropy in the edges of the diffusion layer. This fine-scale anisotropy is most obvious in,
say, the Eq5-spectra and might be viewed as a consequence of weak production of turbulence
in this vicinity. The production terms balanced against the tendency to return toward
isotropy typically produce a k~7/2 scaling in this model when applied to homogeneous
turbulence [Clark (1992)]. However, at the outside edge of this layer, the mixing of the
trace components of the spectral tensor with the deviatoric parts imposes a “diffusion” of
k~5/3 behavior onto the deviatoric spectra at the edge. This k£~5/3 behavior is consistent
with the idea that the turbulence at the outside of the shear layer is diffusion dominated.
It also indicates that the assumption of “local isotropy” may need to be modified for self-
diffusion dominated turbulence. This k~%/3 behavior may be an appropriate description
of the outside edge of the layer, where, in reality, the turbulence is far from Gaussian and
far from isotropic, as indicated by the direct numerical simulations. Further studies, both

numerical and experimental, would shed much light on this issue.

F. A Spectral Form Including the Pressure-Velocity Correlations

"As noted previously, the effects of the pressure-velocity correlations is to counteract
the “diffusive” effects of the triple correlations in a certain preferential fashion. Following
the analysis of the previous chapter, this effect can be accounted for in a tensorially correct

fashion by defining a new tensor, Dijk, such that

Dijk = Dijk — B(Dunibjk + Dpnjbis)
where the third-rank tensor, Djj, is fully symmetric on its indices and may be taken
as the same symmetric tensor defined above. Note that this “asymmetry” in the indices
implies that this tensor appears in the E;; evolution equation with the divergence taken
on the k-index only. Attempts to use such a closure with the spectral model applied to the
free shear layer produced apparently unphysical results. Preliminary examination of the
computed results indicate that the inclusion of the pressure effects as a diffusive correction
to a gradient diffusion approximation caused pathological behavior near the edge of the
layer. This behavior is apparently the result of the “anti-diffusive” effects of the fluctuating
pressure-velocity correlation acting in the direction normal to the shear plane. The physical
effect seems to be analogous to a “drag” on the component of the triple correlation that
is fully aligned in the direction of the inhomogeneity. (This effect corresponds to the
D335 component of the diffusion tensor in both the DNS and the model computation.)
However, this “drag” effect literally has been modeled as an anti-diffusional correction to
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the diffusive model of the triple correlations. While this form may be adequate for certain
components at certain scales, its inclusion in the spectral model applied to the free shear
layer apparently caused a spurious “anti-diffusion” for some components at some wave
numbers, resulting in the computational failures.

In conclusion, it appears likely that a simple diffusion-like model is inadequate to
capture the effects of the pressure-velocity correlations with any real physical fidelity. It
seems likely that the nonlocal effects (in physical space) of these correlations are essential
to represent the front growth with any real physical fidelity. Much work remains to be
done in formulating a physical motivated yet tractable integral (i.e., nonlocal) form for the

pressure-velocity correlations.
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