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ABSTRACT 
In large scale 3D EM inverse problems it may 

not be possible to directly invert a full least-squares 
system matrix involving model sensitivity elements. Thus 
iterative methods must be employed. For the inverse 
problem, we favor either a linear or non-linear (NL) CG 
scheme, depending on the application. In a NL CG 
scheme, the gradient of the objective hnction is required 
at each relaxation step along with a univariate line search 
needed to determine the optimum model update. Solution 
examples based on both approaches will be presented. 

INTRODUCTION 
Because of computational demands, inversion of 

frequencydomain electromagnetic data arising from 
complex geologic media has only been a dream. In fact it 
is only within the last few years that the ability to 
forward model complex 3D geology is now emerging. 
Since modeling complex geology is no longer a barrier, 
this has also opened up the ability to image it. Important 
applications of the new imaging technology are now 
arising in environmental waste characterization and 
resource exploration. 

Within the last two years, we have developed 
solutions to the 3D inverse problem for frequency- 
domain applications ([l], [2], [3] and [4]), where 2.5 and 
3D imaging codes have been used to reconstruct the 
conductivity within the subsurface. The inversion codes 
include an efficient finite-difference forward-modeling 
algorithm which is necessary to compute predicted data 
and model sensitivities at high discretization levels, and 
hence we are able to image complex geological media. In 
this talk, we will review our efforts in inversion 
employing iterative conjugate gradients methods. 

THE INVERSE PROBLEM 
Regularized Least Squares 

All least squares solutions begin by minimizing 
the difference between observed and predicted data, often 
subject to some sort of constraint needed to stabilize the 
inversion process. In underdetermined problems, which 
we plan to consider here, stability is provided with 

Tikhonov regularization, where only smoothly varying 
models are sought. Let’s divide the earth into M cells and 
assign to each cell an unknown conductivity value. 
Further let m be a vector that describes these values, 
which is of length M. We now form an objective 
functional, cp, which combines the data error and model 
smoothness in the following fashion: 

N 

j-1 
cp = C{ (dYb” - dj)/Ej }2 + h mT W TW m. (1) 

In equation (1) the terms that describe the observed and 
predicted are dYb” and dj, where the summation is over N 
data points. We also weight the data errors in equation 
(1) by the standard deviations of the observed data, E j. 
This gives noisy data smaller weight when forming cp. 

The parameters that dictate model smoothness 
are the regularization matrix W, which consists of a 
finite difference approximation to the Laplacian (V’) 
operator and the tradeoff parameter, h, which is used to 
control the amount of smoothness to be incorporated into 
the reconstruction. Different strategies for selecting h 
can be found in [l] and [5 ] .  

In small scale inverse problems it may be 
feasible to determine the minimum of equation (1) with a 
brute force search in parameter space. For large scale 
problems, such as ours, this is not an option. Instead, 
what is typically done is to set the gradient of the 
objective function, Vcp, with respect to the model 
parameters to zero, and find by some economical means 
those model parameters that satisfy Vcp =O. Because the 
predicted data depend on the model, m, in a non-linear 
fashion we are forced to solve Vq =O using an iterative 
method. 

Derivation of the Jacobian Matrix Elements 
Model sensitivity or Jacobian matrix elements 

play a critical role in the inverse solution and efficient 
manipulation of these elements is essential for a robust 
inverse solution. Following the derivation of [I], we 
derive the model sensitivity elements by first considering 
a single predicted data point, d,,. consisting of either the 
electric or magnetic fields. Consider, for example, the x- 
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component of the magnetic field at location j, which can 
be represented as 

In this expression E is an electric field vector arising from a 
3D earth model and has dimension of NTxl, where NT 
represents the number of electric field unknowns that are 
determined from the finite difference forward solution for a 
given some and discrete frequency [6]. The vector '&xX) is 
an interpolator vector for the xcomponent of the magnetic 
field at the jth measurement point and is of dimension lxNT 
(t here denotes the transpose operator). This vector will 
interpolate the sampled fields on the forward modeling grid 
to the measurement point and numerically includes a curl 
operator that is applied to the electric field. With this 
definition an element of the Jacobian matrix is written for 
the xcomponent of magnetic field as 

(3) 

From the forward problem, [6], the electric fields are 
determined from the linear system, 

KE=s, (4) 

where K is the sparse finitedifference stiffness matrix with 
13 non-zero entries per row and dcpends linearly on the 
electrical parameters we desire to estimate. Because the 
forward problem can spec@ boundary conditions and 
sources that depend on the model parameters, the source 
vector, S, can also depend on the model parameters. Thus 
differentiating equation (4) with respect to mk yields, 

aE/& = K"(aS/& - aK/&E). (5)  

The derivatives dS/& and a W h  in equation (5 )  are 
rapid to compute analytically; the interested mder  is 
r e f e d  to [l] for the specific details. Finally, an element of 
the Jacobian matrix for the xcomponent of magnetic field 
can be written as 

Similar expressions can be derived for the other electric 
and magnetic field components. 

Inverse Solution via Conjugate Gradients 
Because of the size of the 3D inverse problem, 

direct methods cannot be used to repeatedly invert a full 
least-squares system matrix involving model sensitivity 
elements. However, gradient methods are feasible. The 
steepestdescent method is the most widely known of the 

gradient methods. Unfortunately the method usually 
converges very slowly near the minimum of the objective 
functional. A better approach can be the conjugate- 
gradient (CG) method. Linear and non-linear CG 
schemes are known and we have investigated both types 
for the 3D EM inverse problem. 

Linear Conjugate Gradients 
Minimization of equation (1) with respect to m , 

given a background model mo needed to linearize the 
problem for iteration (i), yields the model update, 

with 

where the weighting matrix, D, is diagonal and consists of 
the reciprocal of the data standard deviations. The Jacobian 
matrix is denoted by Am in the above expressions and its 
individual elements are given from the derivation above. 
The fact that the Jacobian matrix and the predicted data, 
do, depend on the iteration count implies that they must 
be re-computed after each model step. 

Linear conjugate gradients can be applied 
directly to linear systems that are symmetric positive 
definite, including the least squares normal equations 
given by equation (7). In a linear conjugate gradient 
method, all one needs is one matrix-vector multiplication per 
relaxation step. However, because the matrix given by this 
operation is [(DAY @A@) + 1 O t O ] ,  there are several 
other matrix-vector multiplications to be considered. First, 
the matrix product of @ A T  with DAo requires two matrix- 
vector multiplications. In addition, the regularization-matrix 
product with its transpose requires two more matrix-vector 
multiplications. Since the latter matrix-vector multiplications 
are easy to implement and compute, no fiuther elaboration 
will be given to them here. 

For the Jacobian matrix-vector multiplications, 
DAo and @AT, we have 

y = DA@U (9) 

and 

where u is an arbitmy real vector, known as a CG search 
direction vector. Because the data weighting and Jacobian 
matrices are real (we treat real and imaginary components of 
the data separately), the vector y is real with dimension 2N, 
where N is the number of complex data points used in the 
inversion. The vector z is real since the model parameters 
are assumed to be real valued. [l] give compact and 



computationally efficient forms for the two matrix-vector 
multiplications for dipolar source fields, which are also used 
to treat the matrix-vector multiplications given in equations 
(7) and (S), i.e. Ammo and @A? @&I?, which are 
needed to initialize the CG solver at each iteration of the 
inversion. 

In addition to the forward solutions necessary to 
determine E for each source and frequency, the 
matrix-vector multiplications in equations (9) and (10) 
require solving a series of forward problems corresponding 
to the total number of unique data measurements locations, 
where 

(1 1) v;= $;IC, 1 

or since = K 111, 

Kvj=gj. 

A unique measurement location comprises the interpolator 
vector g, which is based on the measurement of a specific 
field component or data type made at the site, independent of 
the source. Thus the total number of fonvard solutions 
needed for each model update is given by ND, + N,, where 
Nk and N, are the total number of sources and unique 
receiver positions used in the inversion at a given frequency. 
Note that multiple frequency data will require additional 
forward solutions for both the source and unique receiver 
positions. 

To launch the inversion using the linear CG 
approach, we assume an initial background model and 
compute the predicted data for all the different sources. At 
the first iteration the matrix-vector multiplications needed to 
solve the linear least-squares system of equations are 
computed and equation (7) is solved using the linear CG 
method. We proceed to the next iteration if the data error 
(sum of squared errors) is above the estimated noise of the 
data set. Ifthis is true the model is linearized again about the 
new model m, new predicted data and electric fields are 
computed from the updated background model, and the new 
model update is determined once the tradeoff parameter is 
specified 

A 3D inversion scheme using linear conjugate 
gradients has been successfully applied to crosswell 20 
kHz electromagnetic data collected at the Richmond 
Field Station near Berkeley, California [2]. By comparing 
images of the data collected before injection of 50 000 
gallons of salt water, a 3D image of the plume has been 
developed, which shows the location of zones of 
maximum permeability surrounding the injection well 
through which the salt water has migrated (Figure 1). A 
resolution analysis has determined that the location of the 
plume is fairly accurate. As this example clearly 

demonstrates, diffusive EM fields posseses the ability to 
map permeability changes in the subsurface. 

Nonlinear Conjugate Gradients 
We have found that the linear CG scheme 

discussed above is optimal when many sources are 
employed as in a crosswell survey. For natural source 
fields (magnetotelluric applications) there is, however, a 
better approach based on non-linear conjugate gradients. 

To use non-linear conjugate gradients for 
solving Vcp =O demands that we make two subsidiary 
calculations at each iteration of the procedure. First we 
calculate the gradient of the objective functional in 
equation (1) 

where V d  and cpm are functionals that relate to the data 
misfit and the model constraint. Second we minimize cp 
along a specified ray, that is, find the value of a that 
minimizes the expressions cp(m + au) for specified model 
parameters m and conjugate search direction u. 

Consider first computing a specific element of 
vcpd and let us define the difference between observed 
and predicted data as 

Ad.= J ((dj”bs-dj)/&j), 

thus 

Therefore, in general, we can then write from equation 
(6) 

N 

& p d  = -2 CAd, gi . K-’(aSl/W - aK/hE)  (16) 
j=1 

where the interpolator vector gj’ is based on the data type. 
Evaluation of Vq, leads to 

It is now possible to show that the number of 
forward solves needed to evaluate the gradient in 
equation (16) is only two for each source and frequency. 
One solve is needed to obtain the electric fields E of a 
specified source and another solve is needed to compute 
the fields arising from the following source 

N 
g‘ =-2  CAdjgi.  

j=1 



Fields for this source distribution are obtained following 
equations (11) and (12). 

Extension of equation (16) to include multiple 
sources is easy, where the gradients for a full set of data are 
just the sum of gradients for each independent source 
position and frequency. Thus the total number of forward 
modeling applications necessary to evaluate (16) is twice the 
number of sources at each discrete frequency. 

Because a line seafch is needed to minimize cp(m + 
au), this will require additional forward solutions. [7] 
provides a number of strategies to carry out the line 
search, where the number of forward modeling 
applications varies. A reliable approach to conduct the 
line search is to use both functional and derivative 
information at two points, fit a cubic through these 
points and step immediately to the minimum. The 
number of forward modeling applications required for 
this type of line search is four per frequency. However, 
half of the required information is already known due to 
the previous model update. Thus only two additional 
applications of the forward modeling code at each source 
and frequency are required. 

Listed below is an outline of the nonlinear CG 
method based on the algorithm [8] that will be used in 
this analysis: 

The convergence of this scheme can also be accelerated 
by including preconditioning. The interested reader is 
referred to 191 for the details. 
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Figure 1. Difference image between pre- and post- 
injection of 50,000 gallons of 1 R.m saltwater near 30 m 
depth. Two views of the same reconstruction are included 
such that horizontal slices, showing how the conductivity 
has changed, can be shown at nine different depths, with 
the back and left-side panels showing how the change 
vanes continuously with depth. The four observation 
wells are shown surrounding the injector well shown at 
the center. Vertical magnetic field receivers were 
deployed in the observation well from the surface to 60 m 
depth at 5 m intervals. An 18.5 kHz vertical magnetic 
dipole was used as the transmitter and was placed in the 
injector well. The transmitter was moved in 2.5 m 
increments from 5 to 60 m depth in the crosswell 
experiment. Refer to [2] for additional details. Notice that 
the salt-water plume is clearly observed in the difference 
image near 30 m depth. 
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