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Abstract 

To reconstruct (approximate) an arbitrary surface using subsurfaces (patches) from a library 
of surfaces in an optimal way is an interesting algorithmic problem and has many applications 
in image processing. This paper presents an efficient algorithm for an optimal reconstruction 
of a query surface using patches from a reference library of surfaces, under the constraint that 
the smallest patch size is above some specified value. In this algorithm, a surface is given as 
an integer function f(z, y) over a finite 2-D grid. The algorithm partitions a query surface into 
patches in such a way that each patch is represented by a similar patch from a library surface, 
and the total difference between the query surface and the representing (composite) surface is 
minimized, where the boundary of a patch is not predetermined but solely determined by the 
optimization process. By using a minimum spanning tree-based data structure, this optimization 
problem can be solved efficiently. An application of this technique in computational forensics is 
outlined. 

1 Introduction 

To optimally reconstruct an arbitrary surface using patches from a library of surfaces is an in- 
teresting mathematical problem, and potentially has many applications in the domain of image 
processing, including image compression, object registration, recognition, and reconstruction, etc. 
We have recently developed an effective algorithm for an optimal reconstruction of a query surface 
using patches from a reference library of surfaces. Each surface is given as an integer function 
f (z ,  y )  defined over a finite two-dimensional grid, and all surfaces are defined on the same grid D. 
For a given query surface, the algorithm partitions 2) into (arbitrarily-shaped) connected regions 
271, ..., 2)k in such a way that the patch over each 2); is represented by a similar patch of a library 
surface, and the total difference of the representing (composite) surface and the query surface is 
minimized, under the constraint that the areas of all 2) j ’s  have t o  be larger than some specified 
value (a parameter). I 

To measure the similarity between two patches, the algorithm calculates an array of (real- 
valued) attributes at each point (z, y )  E 2, for each surface, which capture the surface’s geometric 
features around (5, y), e.g., the derivatives, the value of f(z, y ) ,  etc. The difference (on oppositely, 
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Figure 1: On the left is the query surface, and on the right is the reference library consisting of 
three surfaces. The image on the left shows schematically a partition of the surface into 3 patches, 
each of which has a similar patch from the library. 

the similarity) in geometry of two points in a surface is measured by the Euclidean distance between 
the attribute arrays of the two points. The algorithm measures the similarity between each point 
(z, y) of the query surface and the “corresponding” point of each library surface, and then partitions 
2, into (connected) regions so that each region is “consistently7’ (possibly with a few exceptions) 
more similar to one library surface than the others. As a result, the query surface is partitioned 
into patches with each one having one most similar patch in the reference library. These library 
subsurfaces form the representing (composite) surface of the quary. Figure 1 illustrates the basic 
idea of the algorithm. 

To implement this algorithm efficiently, we have formulated the two-dimensional grid partition- 
ing problem, as outlined above, as a tree partitioning problem through using a minimum spanning 
tree-based data structure. The basic idea of this implementation can be described as follows: (1) 
We first construct a weighted graph with each node representing a point (2, y) E 27 and each edge 
representing the adjacency relationship between two points of 27. The array of similarities of each 
point (it geometric attributes) of the query surface to its “corresponding” points in the library 
surfaces determines the characteristic of the point. The weight of an edge connecting two adjacent 
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points is determined proportionally to the difference of their characteristics. (2) Then we b d d  a 
minimum spanning tree of the graph. Intuitively, a minimum spanning tree is obtained from the 
graph by removing edges with large weights (edges connecting points with significantly Merent 
characteristics). Based on this observation, the goal of partitioning the 2-D grid into regions with 
points having similar characteristics can be essentially achieved through partitioning the minimum 
spanning tree. (3) A tree can be partitioned into subtrees with nodes having similar characteristics 
using a fast dynamic programming algorithm. 

We have applied this algorithm to a face reconstruction problem from Human skull data (3-D 
MRI images) as part of the computational forensic effort 111 at Oak Ridge National Laboratory. One 
goal of this project is to predict the facial structure of a given Human skull, based on a database 
of 3-D Human skull images and their corresponding face images. Preliminary application results 
are quite promising by using this algorithm. 

2 Reference-based Surface Reconstruction 

This section formally defines the reference-based surface reconstruction problem and presents a 
dynamic programming algorithm for solving the problem. In essence, this problem generalizes the 
image segmentation problem [2,3] since in an image segmentation problem, the goal is to partition 
an image into connected regions of similar textures or similar colors/gray-levels, while the goal here 
is to partition a surface into patches, each of which consists of points that are consistently similar 
(in geometry) to a patch of the same library surface. 

2.1 Problem formulation 

Let fo() be an integer function over D, representing the query surface; and {fl(), ...,fn()} be a set 
of integer functions also over D, representing the reference library of surfaces, where D = IN x IN 
with IN representing the first N natural numbers. Let A;(u) = {Af(u), ..., Af(u)} represent an 
array of p attributes' of f;() at point u = (2, y), for i E [O,.]. 

To directly solve the problem of partitioning the 2-D grid D into regions consisting of con- 
nected points having similar attributes is computationally intractable since the partitioning a 2-D 
object to optimize any non-trivial function is intrinsically difficult. To overcome this difficulty, we 
have formulated the reference-based surface reconstruction problem in terms of a tree partitioning 
problem, which we give now. 

We first define a weighted graph G = {V, E } ,  where the node set V = { all points of V} and the 
edge set E = { ( U , O ) ~ U , V  E V and distance(u,v) 5 2}, where distance() is the Euclidean distance 
between u and 21. We define the (dis)similarity of fo() and fj() at a point u = ( 2 ,  y) as 

'These attributes are intended to capture the geometric shape off*() around point (z,y), and it may include the 
value of fi(z, y), the first-order derivatives along the 2- and y- axis, etc. 
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where p ( X ,  Y )  is any function of “similarity” between vectors X and Y .  The function we have used 
in our application is p(Ao(u) ,Ai(u))  = &:=,(Ai(u) - Ai(u))2. We call C(u) = (CI(u), ..,Cn(u)) 
the chamcteristic of f~() at point u, which gives the spectrum of similarities of fo() to {f1(), ..., fn()) 
at point u E 2). 

Using the characteristic of each point, we can define the weight of each edge of G, connecting 
two adjacent nodes u and TI as follows: 

where o(X,Y)  can be any function that increases as the “difference” between X and Y increases. 
In our implementation, we have defined a() as follows. Let s(u, i) be the order position of Ci(u)  in 
the sorted list (in the non-decreasing order) of (Cl(u),  ..., Cn(u)), and t ( u )  be the index i such that 
C;(u) is the first in this sorted list. We define2 

Note that a large weight of an edge indicates that the two connected points have significantly 
different attribute values, i.e., they should probably belong to different partitioned regions. This 
suggests that if we remove some of the edges with large weights, and then partition the subgraph 
(with edges of large weights being removed) into connected subgraphs with similar attributes, the 
partitioning result should be quite similar to the partition results on graph G, which corresponds 
to the original 2-D grid partitioning problem. We have used the minimum spanning tree of graph G 
to implement this idea. A tree structure is simple enough to facilitate a fast partitioning algorithm, 
and also general enough to capture the necessary information for the purpose of region partitioning. 
A similar idea has been used in our previous work on gray-level image segmentation [4]. 

A minimum spanning tree of a weighted graph can be found using greedy methods [5], as 
illustrated by the following strategy: the initial solution is a singleton set containing an edge with 
the smallest weight, and then the current partial solution is repeatedly expanded by adding the 
next smallest weighted edge (fiom the unconsidered edges) under the constraint that no cycles are 
formed until no more edges can be added. For the above defined planar graph G, a minimum 
spanning tree can be constructed in O(JlVl1 log(J1VIJ)) time and in O(llV/l) space. 

We now define the reference-based surface reconstruction problem. Given is a tree T ,  representing 
the minimum spanning tree of graph G, as defined above. Each node u of the tree represents a 
point in 27, and has a list of p attributes C(u), as defined above. We want to find a partition 
{TI ,  ..., Tk} of T and a mapping M from {TI, ..., T k }  to (1, ..., n }  (representing the n functions fi()) 
such that each T; is a subtree of T and the following function is minimized: 

2Another possible way to define the weight of an edge (u,v) is to use the cosine value of the angle between the 
two vectors ( l /C~(u) ,  ..., l/Cn(u)) and (l/C~(w), ..., l/Cnfo)). The general idea is that in a smooth surface, adjacent 
points belonging to the same subsurface should have very similar characteristics, while points belonging to different 
subsurfaces (boundary points) may not. A ‘good” u() function should capture this intuition. 
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subject to: llT;li 2 S,i E [ l ,h] .  
where k is not pre-determined, 11 represents the cardinality of a set, and S is a parameter. 

In our application to the face reconstruction problem, we have solved a variation of this problem. 
There we want to minimize a slightly different objective function, given as follows. 

where N(u)  represents a specified neighborhood of a point u. 

2.2 A dynamic programming algorithm 

This subsection presents a dynamic programming algorithm for the minimization problem (4) 
defined in Section 2.1. The algorithm is general enough for any (dis)similarity function p ( ) ,  which 
is computable. The algorithm can also be easily extended to solve the more general minimization 
problem (5) of Section 2.1. 

The algorithm first converts the tree (minimum spanning tree) into a rooted tree by selecting 
an arbitrary node as the root. Hence the parent-child relation is defined. For each tree node, the 
algorithm constructs a minimum solution to (4) on the subtree rooted at the node, based on the 
minimum solutions on the subtrees rooted at its children. The algorithm repeatedly extends a 
partial solution in such a bottom-up fashion and stops when it reaches the root. 

We assume that the nodes of T are labeled consecutively from 1 to IlTll with the tree root 
labeled as 1. We use Ti to denote the subtree rooted at node i. Note the difference between Ti  and 
T,, the latter denoting one of the partitioned subtrees. Let score(i, k , p )  denote the minimum d u e  
of the objective function of (4) among all possible partitions and all possible mappings on subtree 
T i ,  which satisfy the required constraint except that the partitioned subtree containing i has at 
least IC nodes and is mapped to a fixed fp, where k E [0, SI and p E { 1, ..., n}. If we define scows()  
to be +CQ for all undefined triples (i, k , p )  (note scores() is not defined everywhere by the above 
definition) we have the following equations, which essentially describes how an optimum partition 
on a subtree rooted at a node is related to the optimum partitions on subtrees rooted at this node's 
children. If il, i ~ ,  ..., in are the children of node i, and 1 5 k 5 S, we have 
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where d ( i )  is the set of all i's descendants, and i is defined to be E d(i). Note that min, score( 1, S , p )  
is a minimum solution of (4), where 1 represents the tree root. 

Based on the recurrences of (6), we can solve the optimization problem (4) by calculating score() 
for each tree node in a bottom-up fashion using the recurrence, and stopping at the tree root. We 
omit further details. This algorithm can be implemented in O((llTII - S)S2n) time and O(IITIISn) 
space if p ( )  can be computed in 0(1)  time, where S is smallest allowed subtree size. 

3 Applications and Discussions 

We have applied the reference-based surface reconstruction algorithm in the face reconstruction 
project at Oak Ridge National Laboratory. The goal is to reconstruct faces from Human skull 
data, based on a database of 3-D skull and face images. As a preliminary test, we have applied the 
algorithm on both 2-D images and 3-D images to examine how well a query image is represented 
by a database of images. We now show two test examples. 

In the first test, we have used a set of eight Human face images from the US Army FERET 
Database [6] , after some pre-processing including some approximate alignment and normalization 
for lightings. In this test, we have used each of the eight images as a query image and the rest 
seven as the reference images to reconstruct the query image. With seven images (128 x 128) in 
the reference library, each reconstruction takes about 1 CPU minute on a SPARC 20 workstation. 
Figure 2 gives the test results. Note that the boundaries of patches can be easily seen in the 
reconstructed composite images in Figure 2 (b). 

In the second test, we have used seven 3-D face images (MRI images). We have arbitrarily 
picked one as the query image and rest six as the reference library. All the images are approximately 
aligned and scaled. Because of the generality of our algorithm, 3-D images are treated the same 
way as 2-D images except possibly using slightly different set of attributes. The reconstruction 
result is given in Figure 3. 

In conclusion, we have developed an effective algorithm to reconstruct a query surface using 
patches from a reference library of surfaces, and have applied the algorithm in a face reconstruction 
project, using a database of 3-D skull and face images. The preliminary results are very promising. 

Acknowledgements 

This research was supported by the United States Department of Energy, under contract DEACOS- 
840R21400 with Lockheed Martin Energy Systems, Inc. 

The authors want to thank Dr. Dan Tufano of Oak Ridge National Laboratory for many helpful 
discussions related to the work presented here. We also want to thank Mr. Manesh Shah of Oak 
Ridge National Laboratory for providing us the processed FERET face images. The MRI images 
used in Figure 3 are derived from anonymous digital data provided by the Radiology Department 
of the University of Tennessee, Knoxville. 

6 



References 
5 

[l] ORNL Computational Forensics Project, http://www.eprn.ornZ.gow/forensics, 1997. 

[2] R. M. Haralick and L. G. Shapiro, “Image Segmentation Techniques”, Computer Vision, 
Graphics, and Image Pmessing, Vol. 29, pp. 100 - 132, 1985. 

[3] N. Pal and S. Pal, “A Review on Image Segmentation Techniques”, Pattern Recognition, Vol. 
26, NO. 9, pp. 1277 - 1294,1993. 

[4] Y. Xu and E. C. Uberbacher, “2-D Image Segmentation Using Minimum Spanning Trees”, 
Journal of Image and Vision Computing, Vol. 15, pp. 47 - 57, 1997. 

[5] J.  B. Jr. Kruskal, “On the Shortest Spanning Subtree of a Graph and the Traveling Salesman 
Problem”, Proc. Amer. Math SOC, Vol. 7 ,  No. 1, pp. 48 - 50, 1956. 

[6] P. J.  Phillips, P. J. Rauss, and S. Z. Der, FERET (Face Recognition Technology) Recognition 
Algorithm Development and Test Results, Technical Report ARL- TR-995, Army Research 
laboratory, Adelphi, MD, Oct. 1996. 

7 

http://www.eprn.ornZ.gow/forensics




Figure 3: (a) is a library of six Human face images (MRI images). The image on the right in (b) is 
a side-view of a 3-D query image, and the image on the left is the reconstructed composite image 
(from the same view) using the library of six images. 
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