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Abstract 

We describe a variational approach for solving the Holstein polaron model 

with dynamicd quantum phonons on an  infinite lattice. The method is simple, 

fast, extremely accurate, and gives ground and excited state energies and 

wavefunctions at any momentum k. The method can also be used to calculate 

coherent quantum dynamics for inelastic tunneling and for strongly driven 

polarons far from equlibrium. 
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Electron-phonon coupling plays an important role in perovskites, including thcme showing 

colossal magnetoresistance (CMR), in conjugated polymers, and in many other materials. 

An electron coupled to phonons forms a polaron quasiparticle. When the dynamical, quan- 

tum nature of the phonons is retained, as it is in this work, the polaron is delocalized, with 

a good momentum quantum number g. Describing the cloud of phonons carried by the 

electron is a many-body problem that has never been solved exactly. We describe below 

a conceptual and numerical variational method to calculate the properties of a polaron on 

an infinite lattice. It is simple, fast, and is often far more accurate than other methods 

that have been used to solve this problem [l] . The method is also quite general, in that 

it can calculate both ground and excited state energies and wavefunctions at any specified 

momentum $. It is also capable of calculating fully quantum coherent dynamics of polaron 

formation and tunneling, and that of a polaron driven far from equilibrium by a strong elec- 

tric field. This is to be contrasted with previous treatments of dynamics using rate equations 

that neglect coherent quantum effects [2,3]. 

For concreteness, we consider the Holstein Hamiltonian for an electron coupled to optical 

phonons on a Id lattice. (Other types of couplings, dimensions, and bipolarons can be treated 

with similar methods.) The Holstein Hamiltonian is given by [4,5] 

j j 

where c: creates an electron and u; creates a phonon on site j. The electron-phonon coupling 

X is local in real space (Ic-independent). 

A variational space for this problem consists of the electron on any site j in an infinite 

system, and a number of phonon excitations in the vicinity of the electron. It is constructed 

by starting with an initial state, chosen to be the electron on site 0 with no phonon excita- 

tions, This state is represented by the dot labeled 1 in Fig. (1). Additional variational states 

are created by operating repeatedly with the off-diagonal terms X and t of the Hamiltonian 

Eq. (1). For example, state 2 is an electron and a phonon excitation both on site 0, and state 
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3 a phonon on site 0 and an electron on site 1. Horizontal and nearly horizontal bonds are 

hopping amplitudes --t, and vertical bonds are amplitudes of order A. Note that in addition 

to the baseline, there are non-trivial paths (loops) by which the electron can propagate. The 

variational space can be systematically expanded until convergence is achieved. 

For clarity, only a very small variational space is shown in Fig. (1). Each dot represents 

a distinct basis state in the many-body Hilbert space. The problem is formally equivalent 

to an infinite periodic tight-binding model for a single particle with a finite number M 

( M  = 7 in Fig. 1) of Wannier orbitals per unit cell and the hopping matrix elements shown. 

Using Bloch’s theorem, each eigenstate can be chosen to have a good crystal momentum 

IC. Even though the Hilbert space is infinite due to translations, for each k one needs 

to diagonalize only a finite sized M x M (sparse) hermitian matrix using the Lanczos or 

another method. The result resembles a band structure calculation, where, however, the 

bands encode many-body information (Fig. 2). The lowest band is E ( k )  for the polaron 

quasiparticle. Higher bands are bound and unbound states of the polaron plus phonon 

excitations. AC conductivity of the polaron arises from “interband” transitions. For the 

intermediate coupling parameters A = w = t = 1. the ( I C  = 0) polaron has an energy 

E(0)  = -2.469684723933, which we believe is accurate to the number of digits shown. We 

have also calculated the polaron effective mass and electron-phonon correlations [SI. 

It is known that there is no phase transition for the ground state as a function of the 

parameters in the Hamiltonian [7]. This is not, however, true of the excited states. We have 

found both numerically and in a strong-coupling expansion that there is a phase transition 

in the first excited state. whereby a polaron and an additional phonon form a bound state 

for sufficiently strong electron-phonon coupling A. 

One can use similar methods to calculate nonequilibrium quantum dynamics. Consider 

two ideal leads, possibly at different voltage, separated by a material with nonzero electron- 

phonon coupling. This model applies to resonant tunneling diodes, and to systems where 

an electron tunnels from a metal through a conjugated polymer. We have calculated the 

amplitude and phase for elastic and inelastic transmission and backscattering in various 
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channels [SI. Inelastic processes leave phonon excitations behind. One can also calculate the 

dynamics of polaron formation as the electron enters the region of phonon coupling. 

The final problem we consider is a polaron driven by a strong electric field. It is similar 

to the tunneling problem above, except that there is nonzero electron-phonon coupling 

everywhere in an infinite lattice. Since there is no linear response at zero temperature for 

the polaron, the DC electric field cannot be considered as a perturbation. It is instead added 

as a (not necessarily small) sitedependent energy to Eq. (l), 

HI = - a x  j cjc,, t 

j 

where Q is the strength of the electric field. If the electron-phonon coupling A were zero, 

the electron would occupy localized Wannier-Stark levels that carry no DC current [3]. For 

nonzero electron-phonon coupling, the Wannier-Stark levels decay and the electron continues 

to move to the right on average, leaving a trail of phonons behind it, like a particle emitting 

Cerenkov radiation. 

We seek to solve as completely as possible the Schrijdinger equation HI$) = El$).  W e  

construct a variational space of many-body (many phonon) states with diagonal energies 

not too far from the desired scattering eigenvalue E .  One restriction which is added for 

technical reasons is that phonon excitations may appear only on the same site or left (uphill) 

of the electron. This condition is motivated by the fact that for a strong electric field, by 

analogy with Cerenkov radiation, almost all of the phonons are left behind the electron. 

This condition can be relaxed, but with some effort. 

.4 small variational space for the case a = w is shown in Fig. (3). Cnlike the translation 

invariant space of Fig. (l), this space would appear to be much more difficult to handle, 

because it grows exponentially with the electron position. (This is because there are the order 

of e T N  ways to arrange N emitted phonons on various sites.) One can, nevertheless, obtain 

the scattering solution to the Schrijdinger equation on the lattice of Fig. (3). One reason 

that this is possible is that Fig. (3) is self-similar: the entire lattice connected downstream 

of any b bond is the same as that for any other b bond, and similarly for the other four types 
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of bonds. Details are given in Ref. 191. 

The solution obtained specifies a complex amplitude for every basis state in the varia- 

tional space. From the wavefunction, one can calculate the expectation of any observable. 

Figure (4) shows phonons ringing behind the electron. The variational Hilbert space used 

is larger than that shown in Fig. (3), with many more inequivalent bonds. The phonon 

displacements plotted as triangles cannot be obtained with rate equations that do not keep 

track of the quantum phases. 

Although Fig. (3) is a self-similar tree, it is not a standard Bethe lattice. The sites at 

a distance N from the origin are not equivalent. One can show that eigenfunctions with 

different eigenvalues E preferentially flow into different branches of the tree. This causes 

a wavepacket in this zero temperature problem with no disorder to spread like classical 

diffusion, in contrast to the usual quantum spreading of a wavepacket 191. 
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FIGURES 
FIG. 1. Part of a variational space is shown for a polaron on an infinite lattice. Each dot is a 

basis state in the many-body Hilbert space, and each line is a non-zero off-diagonal matrix element. 

The dots can alternatively be viewed as Wannier orbitals in a one-body periodic tight-binding 

model. 

FIG. 2. The low energy eigenstates Ej(k) for A = w = t = 1, for a larger variational space than 

shown in Fig. (l), M = 1185 basis states per unit cell, as a function of momentum k in units of T .  

The lowest line is the polaron band. 

FIG. 3. A variational many-body Hilbert space similar to Fig. (l), except that a finite electric 

field is included. 

FIG. 4. The oscillator coordinate Zj when the electron is on site m, {(ai + aj)ckc,), plotted 

as a function of j for rn = 8 (triangles). The oscillator energy ( a ~ a j c ~ c , )  as a function of j 

(squares). The electron is injected on site 0. Parameters are X = 0.5, cy = w = t = 1, energy range 

[Ai, A*] = [-3,3], E = 0.6. 
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