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Kataoka, Ishii and Serizawa (I986 [ 11) analyzed the measurements of the local time-averaged 

interfacial area concentration in two-phase flow with a two-point conductivity probe. They 

considered the influence of the bubble velocity fluctuation on the measurement and directly 

transferred the mathematics concept of the local time-averaged interfacial area concentration into 

the measurable parameters. In the end of the derivation, however, the expression of the interfacial 

area concentration was inappropriate due to the over-simplitication to the integration limits of the 

probability distributions. Consequently, the resultant interfacial area concentration may be 

signifkantly lower than the actual value. Since the formula is very important for the interpretation 

of experimental data, we feel it is necessary to provide a correction to the original work. 

According to Ishii 

concentration is given by 

where j denotes the j-th 

(1975 [2]), the definition of the time-averaged interfacial area 

(1) 

interface, Vi and n are the velocity and normal vector of the bubble 

interface as shown in Fig. 1, and At is the time interval for time averaging. If there is no 
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correlation between Vi and +, the angle between the velocity and the normal vector, Eq. ( I )  can 

be modified in the following form, 

1 1  ift = 2Nt  1 = 2 N t - . -  
cos$ y cos$’ 

where N, is the total number of bubbles passing txough the measuring point in a time interval of 

At. The factor 2 implies that a bubble has two interfaces (upper and lower) in the probe direction. 

With a two-point conductivity probe [ 1 J to measure the interface velocity in the z direction, the 

normal vector, n, and the interface velocity, Vi, at the point where the probe hits the bubble are 

defined as 

n=sinpsinv I+sinpcosv j+cosp  i ,  (3 1 

Vi  =K(sinasinB i^+sinarcosp ?+cosa k A) . (4) 

The angles in the above equations are defined in Fig. 2 (a) and (b). Thereby, the velocity 

measured with the two-point probe satisfies 

As cos@ -vj- vz =z- cosp ’ (5 )  

with AS as the distance between the two probe tips along the z direction. Since the amplitude of 

the bubble velocity is mainly determined by the local flow structure independent of + and p, the 

following average can be obtained. 
-- - 

1 cosp - 1 cosp 
v, ycos9  vi cos$ * 

- _-.- -- 

Consequently, the time-averag-l int rfaci 1 r a nc ntrati ‘n is given by 
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where cos$ needs to be replaced in the form of 

cos 4 = nv, + n = cos pcos a + sin p sin acos(v - p) . (8) 

If the sample size is sufficiently large within a reasonably long time interval, Eq. (7) can be 

presented in terms of the measured velocities of interfaces and the probability density functions, 

where, P(a, p, (v-p)) is the probability density function, and the summation only counts the front 

velocities of the bubbles. In the article of Kataoka et al., by assuming spherical interfaces and an 

equal probability for a probe to pass every part of the interface, the probability function was thus 

given by 

t 10) 

For the probability density function of the angle a, g(a), a simple linear distribution was proposed 

1 
f'ta,p,(v - P))da dp d(v - P )  = g(a)-cos p sin p dpd(v - m d a .  

R 

as g(a) = l/@. With the integration intervals of 0 5 a I ao, 0 I p I 7c / 2, and 0 I (v - p) S 2 x ,  

the integrations were carried out and Eq. (9) was simplified as 

I+ " 

sina, (lla,) 



4 

The rest of the integration in the above equation is difficult to be carried out analytically. A 

numerical approach seems necessary. In the original paper of Kataoka et al., an exponent 2 over 

sina was missed, and therefore an analytical solution for the integration was carried out. 

However, for a bubble with velocity in an arbitrary a direction, the probe tip can only hit the 

upper hemisphere divided by the shaded area as shown in Fig. 3. With a futed angle (v-p), the 

integration region of p should be 0 5 p I p, (a, (v - p)) rather than 0 I p I a / 2.  Here, pmaX is 

a function of a and (v-p), which is obtained by simple geometric analysis. 

7r pmx =-++arcsin 
2 

The corresponding probability density function should be 

1 P(a,p ,  ( v  - dp d(v - p) = g ( a ) .  -cos(p, - p)sin(p, - p )  dp d ( v  - P ) d a ,  (13) 

which assumes that the interfaces are composed of spherical bubbles and the probe passes every 

part of the shaded surface in Fig. 3 with equal probability. By substituting Eq. (13) into Eq. (9), 

the time-averaged interfacial area concentration is obtained as 

n 
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The analytical solution of the integration, I(&), is likely not possible. By proposing a simple flat 

distribution of g(a) = 1/06, the numerical solutions of I(or0) for different values of CGI are 

presented in Fig. 4. Compared with the original solutions (Eq. (11)) of Kataoka et al, large 

discrepancies are observed in Fig. 4. The important difference is that the present integrations 

yield a I(%) slightly larger than 2, whereas the original result was less than 2. Notice that I(% = 

0) is supposed to be 2 if the bubbles move vertically in the z direction without lateral velocity 

components. 

To avoid the complicated and inconvenient integrations, we introduce a new coordinate 

system as shown in Fig. 5, where the z direction is chosen in the velocity direction. The 

fluctuation of the angle between the probe direction and the bubble velocity is treated as if the 

probe randomly poked the bubbles with an angle a. In such a case, the probe direction vector is 

given by (Fig. 6(a)) 

np =sinasin@ P+sinacoso j + c o s a  i ,  

and the normal vector of the interface is defined as (Fig. 6(b)) 

n=sin+siny I+sin#cosy j+cos+ i .  

The angle between the surface normal and the probe direction is p, and 

cos p = np.  n = cosecosa+sin+sinacos(y -6). 

Consequently, according to Eq. (7), the time-averaged interfacial area concentration should be 
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The integration intervals are 0 5  a 5 a,, 0 I$ I z/2, and 0 5  (y -0) 5 2a. Again, by assuming 

that the interfaces are composed of spherical bubbles and the probe passes every part of the upper 

hemisphere divided by the shaded area in Fig. 6 with equal probability, the probability density 

function is obtained as 

1 P(a,#,(v -6))dad@d(v -6) = g(a)-cos#sin@ d#d(y  - 6)  da , 
7r 

Accordingly, the time-averaged interfacial concentration is given by 

If the probability density function g(a) is assumed to be l/oco, the integration, I(&), can be readily 

canied out as 

(23) I(ao) = 2-. a0 

sin a, 
The numerical comparison of Eq. (23) and (15) is shown in Fig. 7. Fairly good agreement is 

obtained. 

As a conclusion, the time-averaged interfacial area concentration measured by a two-point 

conductivity probe should be 



iif=4N,- a0 
sin a, 
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where the maximum angle between the bubble velocity and the probe direction is mainly 

determined by the turbulent fluctuation as pointed out in the original paper. Since is usually 

small, less than 0.39 rad according to the data of Serizawa et al. f3], the effects of the angle are 

negligibly small, which may add a maximum of 3% to the value obtained without considering the 

lateral velocity of the bubbles. This is quite different from Kataoka's conclusion, which yields a 

modification factor much less than one for the case without lateral velocity components. 
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Fig. 1 Surface normal vector and interface velocity vector 
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Fig. 2 Vectors Vi and n in the coordinates 
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Fig. 3 Illustration of probe-bubble interaction and the defitions of angles 
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Fig. 4 Numerical results of Kataoka et al. and present analysis 
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i?c probe 

Fig. 5 Orientation of the new coordinate system 
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X 

Fig. 6 Vector n and np in the new coordinates 
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Fig. 7 Comparison of the integrations from the two suggested methods 


