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Abstract 
Unlike many other experiments, in meteorology and seis- 
mology for instance, monitoring measurements on com- 
munication networks are cheap and fast. Even the sim- 
plest measurement tools, which are usually some inter- 
rogating programs, can provide a huge amount of data 
at almost no expense. The problem is not decreasing the 
cost of measurements, but rather reducing the amount 
of stored data and the measurement and analysis time. 
We address the aproach that is based on the covari- 
ances between the measurements for various sites. The 
corresponding covariance matrix can be constructed ei- 
ther theoretically under some assumptions about the ob- 
served random processes, or can be estimated from some 
preliminary experiments. We compare the proposed al- 
gorithm with heuristic procedures that are used in in 
other monitoring problems. 

1 Introduction 
It is a commonly accepted fact that better knowledge of 
an analyzed system allows better design of experiments 
to collect additional information. However, there exists 
a danger in which a practitioner may (involuntarily) re- 
place the lack of knowledge by seemingly reasonable as- 
sumptions that lead to a design that is mathematically 
optimal but practically useless if the guess is wrong. The 
target of this paper is to discuss methods that are based 
on a possibly minimal set of assumptions. We make a 
very modest assumption that the performance character- 
istics of different sites are correlated. However, one must 
remember that in those cases where the probability dis- 
tributions of observed characteristics are heavily tailed, 
the standard concept of “covariance” (or “correlation”) 
cannot be used because the corresponding expectations 
may not exist; see, for instance, Athreya, Lahiri and Wu 
(1998). Nevertheless, the existence of covariances is a 
much milder assumption than the assumption of a spe- 
cific functional relationship. 
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Let S computer network sites (nodes) X = 
(XI,. . . ,zs) be monitored by one host. To keep no- 
tations simple, we will analyze the case in which only 
one variable (characteristic, metric) is measured by a 
host at all S sites. In the examples we assume that all 
measurements are the results generated by the ping - 
Packet Internet Groper - software (cf. Stevens (1994), 
Chap.7), and only the round trip time of a ping is avail- 
able. In general, several variables can be measured, for 
instance, flow-rate delays of various types, queue lengths, 
etc. A few hosts may be involved in measurement and 
data collection. The ideas and techniques developed for 
univariate and single host case can be straightforwardly 
extended for multivariate and multi-host situations. 

In what follows, we use results by Fedorov and Flana- 
gan (1997) and by Batsell et al. (1998) together with 
some new findings and examples. The simpler versions of 
the considered statistical problem had attracted the at- 
tention of statisticians a long time ago in areas related to 
statistical communication theory (cf. Ermakov (1983), 
Chap. 9, interrogation of parallel communication chan- 
nels). In these earlier studies, the considered problems 
are close to what is considered here when the covari- 
ance matrix is diagonal and the criterion of optimality is 
equivalent to our D-optimality criterion. Probably, the 
closest formulations of the problem (in a different set- 
ting) may be found in Fedorov and Mueller (1989) and 
Sacks and Schiller (1988). However, in the latter two 
publications, neither necessary and sufficient conditions 
of optimality nor convergence of the proposed numerical 
procedures was discussed. 

2 Model 
Let the measurements be at a relatively short period, 
and time trends can be neglected. Then the following 
model may be applied 
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where uj(xi) describes the i-th node at the j-th ob- 
servation and ~j (xi) is the corresponding observational 
error, j = 1,. . . ,r i .  Note that xi is just a “label” of the 
i-th site. All terms in (1) are assumed to be random vari- 
ables. The first term, u ( x i ) ,  describes the random behav- 
ior of the monitored network, while the second term is re- 
lated to observational errors or short-time disturbances. 
The same characters are used both for random variables 
and their realizations. The latter are standardly marked 
by additional indices (i.e., .(xi) stands for the random 
variable, and uj(xi) is its realization). 

Let the vector U = ( u ( q ) , .  . . , u ( x ~ ) ) ~  describe 
the network performance consisting of S nodes (sites 
to monitor), and let &(U) = UO, Var,(U) = 
E, [(U - Uo)(U - = K , where the S x 1 vector 
UO and the S x S covariance matrix K are given. The 
subscript u (or E )  means that expectation or variance is 
taken with respect to u (or E ) ;  subscripts &/u (or U ~ E )  

are used for conditional expectations. The obvious trans- 
form U -+ U-UO zeroes the expectation of U .  Therefore, 
in what follows we assume that E,(U) = 0. The obser- 
vational errors & ( x i )  are assumed to have zero means and 
to be uncorrelated: 

Introduction of o2 depending on x does not lead to 
any significant changes and is not considered here. The 
“label” xi might be omitted (replaced by subscript “i”) 
to simplify notations. However, we will continue to use 
it to make it easier to bridge our results with convex 
design theory. 

Note that we do not use any properties of the set X. 
For instance, we do not introduce a distance between 
two points xi and zit (cf. Fedorov (1996) and Sacks and 
Schiller (1988)). The concept of a distance is much less 
natural in communication network measurements than 
in meteorology or seismology where the physical distance 
11 xi - xi’ 11 between observing stations may define the 
behavior of elements K(xi ,  xi)) of the matrix K as func- 
tions of 11 xi - zit  11. Introduction of concepts similar to 
“distance,” such as the number of switches or complexity 
of routes between xi and x i ) ,  may lead to more efficient 
and realistic modeling of communication networks. We 
very shortly discuss that modeling in the second exam- 
ple, but the serious consideration of the corresponding 
statistical problems is beyond the scope of this paper. 

We assume that designs are defined as: 

Frequently, pi is called the weight of the node xi. As 
before, nodes xi are called support nodes/points of the 
design tn. 

Let K(&) be a submatrix of K ,  which corre- 
sponds to the nodes x1, ..., xn, and let K ( x , & )  
be a column vector of covariances between u(x) 
and ~(zI), . . . , u(xn).  We also introduce the ma- 

X I , .  . . , xq E 2 c X ,  and K ( 2 )  is a submatrix of K 
corresponding to these nodes. The weight matrix W(&) 
will be diagonal with the elements Wii = N“-2Pi6ii. 

trices K(Z, In)  = (K(xl,Jn),...,K(zq,cSn)>, where 

3 Best Linear Predictor 
Let Y(&) be the vector of averaged observations made 
according to Q: 

One can verify by direct minimization that the predictor 

minimizes (in the sense of ordering of nonnegative defi- 
nite matrices) the matrix of expected squared residuals 

among all linear estimators o(Z )  = LY(&) such that 
[u(Z)] = 0, and it can be verified that 

D(5n) = K ( 2 )  

4 Designs 
Weights 

with Continuous 

In what follows, we consider the methods that allow 
the minimization of some given functions of the matrix 
D(Cn); for instance, trD(ln), In ID(&)l, maxi Dii(tn) 
(cf. Fedorov and Hackl(1997), Chap.2). In other words, 
we explore the following optimization problem: 

(4) 

where 9 is a selected criterion of optimality. In (4), the 
number of sites (design supporting points) n is fixed, and 
the total number of available observations N = pi 



is assumed to be given. In general, n may be optimized 
as well. 

Two features of the above optimization problem may 
cause serious computational hurdles. Weights pi are dis- 
crete, and the optimal number of supporting points must 
be found, in general. The problem is simplified both 
theoretically and numerically if we allow weights to be 
continuous so that 0 5 pi 5 1, C:=lpi = 1, and make 
n = S. If an optimal n is less than S ,  then some of 
the weights are zeroes. Thus, instead of <;, we are look- 
ing for approximate solutions that usually work well for 
larger N. 

For n = S and 2 coinciding with X ,  it follows from 
(4.5) (Harville (1997), Chap. 18): that for any design < 

(5) 

where the subscript n is skipped to simplify notations. 
The matrix K is assumed regular. If 2 is a subset of 
X, then the covariance matrix (3) is an obviously de- 
fined submatrix of (5). We may consider the covariance 
matrix K as a carrier of prior information about the 
monitored network and the matrix W(<) as a carrier of 
newly accrued information. The design problem can be 
formulated now as 

<* = argminq F [(K-' + IV(~))-'] , (6) 

where < can be any probability distribution with the sup- 
port X .  

In what follows only the D-criterion (i.e. q (D)  = 101) 
is considered. Other criteria are discussed in (Fedorov et 
al. (1994), Chap. 4). The optimization problem (6) is 
standard for convex design theory, and it may be derived 
that the following results hold (cf. Fedorov and Hack1 
(1997), Chap. 2): 

Theorem 1 1. A necessary and suficient condition f o r  
a design <* to  be D-optimal (i.e., minimizing lD(<)I) is 
that 

mpDi i ( t* )  5 <trw(e*)D([*) N (7) 

and equality holds at all points where pF > 0. 

variance of prediction: 
2. A D-optimal design also minimizes the maximal 

t* = arg min max Dii ( 5 ) .  
E *  

In this theorem and in what follows "maxi" means 
maximization over all points from X (i.e., 1 5 i 5 5'). 
Thus, observations in a D-optimal or minimax design 
must be placed at sites where prediction might be the 
worst. The properties and characteristics of optimal de- 
signs depend on the ratio g2/N. For instance, in the 

trivial case of the diagonal covariance matrix K and min- 
imax or D- criteria, we must allocate measurements in 
the following manner. For the smaller N ,  all measure- 
ments must be done at the node with the largest variance 
Kili,. As soon as 

N 1 1 ->---  
Kilil ' g2 - K .  . 

2222 

some part of measurements must be done at the node 
with the second largest variance Ki2i2. With further 
increase of the available number of measurements, our 
efforts should be extended to a larger number of nodes to 
keep inequality (7) fulfilled. We have to remember that 
the fraction of measurements piN at node i is treated in 
the above theorem as a continuous variable. 

5 First Order Algorithm 
Let the initial design 50 be such that all weights Poi = 
biao,  where bi is an integer and &'poi = 1. For in- 
stance, we may choose bi = 1 and a0 = 1/N. That choice 
of initial weights and step length keeps the total weight 
equal to 1, helping to keep the computation simple. 

S 

1. Given and D(&) find 

a = argmwDii(Q). 2 (8) 

Add at to the weight of point xa to construct the 
design 5,' and the matrix D(5,'). Note that the sum 
of the weights in the design 5,' is greater than 1. 

2. Find 
d = arg min Dii (<$) , (9) 

% € I t  

where It is the set of a11 supporting points of &, 
i.e., points with nonzero weights at step t. Delete 
at from the weight of point Xd to modify 5,' and to 
construct the design &+I in which the sum of the 
weights is restored to 1 as it was in &. 

3. If 
lD(5t+l)l/l~(St)I < 1 - Y ? (10) 

where y is a small positive number less than 1, then 
put at+l = at and go to (1). Otherwise make 
at+l = a t / 2  and then go to (1). 

Computations may be stopped when at is sufficiently 
small. Another simple stopping rule may be based on 
the inequality that for any design 5 



which is a direct corollary of the convexity of In ID(<)] as 
afunction of 5 (cf. Fedorov and Hack1 (1997), Chap. 3.1). 

The choice of poi and cro is a matter of convenience. 
For instance, the above choice guarantees that no more 
than a t1  observations are needed to avoid any “frac- 
tional” observation in design &, which is a frequent case 
in the continuous design theory setting. Actually, in the 
“classical” version of the exchange algorithm, a equals 
N-l where N is a preselected number of observations. 
The algorithm with at f N-l was applied to the con- 
struction of spatial designs by Sacks and Schiller (1988) 
in the setting in which repeated observations were not 
allowed. Unfortunately, in this case, the limit design (if 
it exists) is generally not an optimal one. That is why 
we introduced the possibility of infinitely reducing the 
step length a. The rule for adding and deleting weights 
becomes obvious if we note that 

and 

where C$(&) =\ Dai(Q)Daj(&) and ct = C T - ~ N ~ ~ .  
The above formulae may be derived using the 
fact that D(<:) = (K-1 +W(&) +&C,Cz)-’ = 
(IF1(&) + ctC,Cz)-’ ,  where (La}; = Si,. In the ver- 
sions of (12) and (13) for the deletion procedure et must 
be replaced by -& and [ t  by [ + t .  Similar to the classical 
results of experimental design theory, we established the 
following result. 

Theorem 2 The sequence {lD(&)l} converges and 

The proof is based on monotonicity of the iterative 
procedure and convexity of In lD(E)I as a function of E 
and Theorem 1. 

The iterative procedure 1-3 admits various improve- 
ments. For instance, the number of “forward” steps (i.e., 
the length of the forward excursion), may be selected by 
a user instead of being equal to 1 as in the original formu- 
lation. Consequently, the same number of “backward” 
steps must be done to keep the total weight of supporting 
points in < to be equal to 1. An alternative to the user 
defined length of the excursion can be the continuation 
of forward steps until the increase of the standardized 
determinant (1 + la)-slD(C$)l is decreasing. Here, C 
is the number of accomplished forward steps, and c: is 
an “extended” design with the total weight 1 + ea. Ob- 
viously, the backward excursion must return the total 

weight to 1. Note that formulae (12), (13), and their 
siblings for the deletion steps are convenient recursions 
for large-size problems. 

6 Example 
We have used the Department of Energy’s ESnet back- 
bone, a portion of the Internet, as a testbed for the 
proposed numerical procedure. Using a network host 
computer at ORNL, we interrogated 39 other sites (see 
details in Fedorov et a1.(1998), Chap. 4 )to construct 
a reasonable estimate K for the matrix K and to use 
K in the numerical procedure instead of K .  We have 
used the script written by T. Dunigan (Oak Ridge Na- 
tional Laboratory), which is based on the ping software 
(Stevens(l994), Chap. 7) to measure the response time 
for each interrogation. Because of the lower priority that 
network routers may give to ping requests, the minimum 
response time (among three ping requests per interroga- 
tion) is used as the response variable. This also reduces 
the probability of “missing” observations (i.e., there is 
more hope that at least one ping out of three will result 
in a response). All 39 sites were interrogated 50 times in 
random order during approximately 3 hours on a week- 
day in mid-March 1997. We estimated the elements of 
matrix K for each pair of sites separately without im- 
posing any conditions like positive-definiteness of K, for 
instance. 

The information on more sophisticated methods of es- 
timation of covariance matrices can be found in Dixon 
(1992), Vol. 2, Chap. 8D; Little and Rubin (1987), 
Chap. 1. The value of the standard error u was estimated 
by averaging differences between results of neighboring 
in time interrogations over the whole set of interroga- 
tions for all sites. We found that CT 21 8.0ms. This may 
not be the best estimator, especially if one takes into 
account heterogeneity of the ESnet. However, for our 
illustrative purposes, it is not important. For the real 
applications, the use of more sophisticated estimators is 
crucial because the form of an optimal design depends 
on both K and a 2 / N .  

As we have mentioned before, the structure of optimal 
designs depends on the ratio u 2 / N .  Table 1 contains the 
optimal designs for u2/N = 500, 10, 1, 0.1. The ten- 
dency is clear: for the larger measurement errors (or for 
the smaller number of available measurement), all ef- 
forts must be directed to measure at the sites having the 
largest variance (i.e., diagonal element of kii. Starting 
with 0 2 / N  = 1, however, some sites (see # 6 and # 36 
for the design with u 2 / N  = 1) have variances that are 
less than the variances at the sites not included in the 
optimal design (see # 38 for the design with a 2 / N  = 1). 



This means that designs with the small ratio a 2 / N  de- 
pend on the covariances between different sites. 

The following observation can be useful for a practi- 
tioner. All support points from the optimal designs with 
the larger ratio a 2 / N  have support sets that are the sub- 
sets of the optimal designs with the smaller ratio a 2 / N .  
Therefore, it is reasonable to start measurements at sites 
with large variances and to place the rest of the available 
measurements at other support points. 

Table 1: Dependence of the optimal design structure on 
a 2 / N .  

Site Site fJZ/N 
ID Site Var. 500 10 1 0.1 

1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 

JLAB 
ARM 
FNAL 
SNL 
KEK 
NYU 
MSRl 

AMES 
FSU 
CIT 
MIT 

GAT 
UTA 
SRS 
SLAC 
INEL 
LLNL 
AUCK 
DOE 
PPPL 
UTK 
LANL-MR1 
NASA 
BNL 
PPPL-local 
cu 
ANL 
Pro.PPPL 
PNL 
OSTI 
NEVIS 

ANL-MR1 

FNAL-MR1 

LBNL-MR1 
LLNL-MR2 
NERSC 
LBNL 
SNL/LLNL 
YALE 

96.8 
72.0 
90.7 
8.8 
56.2 

1042.7 
289.2 
100.9 
83.5 

1497.7 
19.3 

1002.6 
6.1 

60.5 
54.0 

978.5 
93.0 

1537.9 
57.8 

1967.8 
25.3 
41.9 
0.4 
51.7 

949.6 
183.8 
126.0 
75.3 
88.3 
35.3 

365.1 
0.4 

402.1 
62.4 
58.9 
121.2 
86.7 
131.8 
1137.1 

.024 .lo0 

.218 .lo6 

.052 .lo4 

.026 .lo2 

.220 .lo6 

.328 .110 

.loo 

.082 

.OS8 

.132 .lo2 

.028 
,080 
.038 

.os0 

.080 

.080 

.080 

.080 

,080 
.054 
.038 

.076 

.062 

.064 

.os0 

.046 

.046 

.062 

.052 

.064 

.064 

.008 

.042 

.064 

.064 

.006 
,064 

.064 

.056 

.030 

.062 

.060 

.058 

.026 

.062 

6.1 Modeling the Covariance Matrix 

Let us try to model the covariance matrix k. To do this 
we can, for instance, use the information reported by 
the “truceroute” software (see Stevens (1994), Chap. S), 
which reports all edges on the network graph traversed 
to reach a destination node. Delays for each edge also 
can be evaluated from the above mentioned information. 
We assume that during the interrogation process (based 
on “ping‘‘ software) the host and the destination node 
are connected by a single route, which coincides with 
the route most frequently reported by the “truceroute” 
software. This assumption essentially simplifies model- 
ing and is sufficiently accurate for our illustrative needs. 

Each route i may be described by the vector [i con- 
taining q components, where q is the number of different 
links among all routes connecting the host site (ORNL) 
and all destination nodes (39 in the considered case). 
We select cia = 1, if the a-th edge is included in the 
i-th route, and cia = 0 otherwise, a = 1, .  . . , q. Let the 
( q  x q )  matrix A describe our “theoretical” knowledge of 
characteristics of the q edges. In the simplest cases A 
may be diagonal and Affa = Ai, where A, may be, for 
instance, the delay time at the a-th edge. Assuming that 
the covariance between traveling times from the host site 
to nodes i and j is explained by the time intervals that 
interrogating “pings” spend on common edges, we may 
conclude that Kij = [TAcj . 

For our numerical example we use A,, 3 100 and 
we understand the triviality of this approximation. The 
particular value of A,, is selected to make comparable 
the scales from this section and from the previous one. 
The results of computations are described in Table 2, 
which is similar to Table 1. It is easy to notice that, as 
before, the support points of the optimal designs coin- 
cide with the nodes having the larger variances kii. The 
non-zero covariance influence is noticeable starting from 
a2/N 5 100. 



Table 2: Dependence of the optimal design structure on 
cr2/N, the matrix K is modeled. 

Site Site a2lN 
ID Site Var. 500 100 10 

1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 

JLAB 
ARM 
FNAL 
SNL 
KEK 
N W  
MSRl 
ANL-MR1 
AMES 
FSU 
CIT 
MIT 

GAT 
UTA 
SRS 
SLAC 
INEL 
LLNL 
AUCK 
DOE 
PPPL 
UTK 
LANL-MRl 
NASA 
BNL 
PPPL-local 
cu 
ANL 
Pro.PPPL 
PNL 
OSTI 
NEVIS 

FNAL-MR1 

LBNL-MR1 
LLNL-MR2 
NERSC 
LBNL 
SNL/LLNL 
YALE 

300 
400 
500 
400 
700 
300 
200 
200 
400 
500 
500 
500 
200 
300 
800 
200 
300 
1300 
400 
1400 
300 
300 
300 
200 
300 
400 
300 
400 
400 
300 
400 
200 
500 
200 
200 
300 
400 
400 
900 

0.03 
0.03 

0.06 0.04 
0.01 0.03 
0.10 0.04 

0.03 

0.01 0.03 
0.06 0.04 
0.06 0.04 
0.06 0.04 

0.01 
0.03 

0.11 0.13 0.05 
0.01 
0.03 

0.35 0.18 0.05 
0.01 0.03 

0.37 0.18 0.05 
0.02 
0.01 
0.03 

0.01 
0.03 
0.02 
0.03 
0.03 
0.02 
0.03 
0.01 
0.02 

0.02 
0.03 
0.03 

0.17 0.14 0.05 

7 Simple Heuristic Algorithm 
In the example, we use the ”plug in” idea, that is, all 
unknown elements in the design procedure (in our case 
the covariance matrix K and the variance of measure- 
ment error cr2)  must be estimated using preliminary mea- 
surements, and then the corresponding estimates are 
to replace unknown values. A rigorous mathematician 
may argue with the applicability of that idea in gen- 
eral, but intuitively, one expects to get designs that are 
close to optimal if the preliminary data set was infor- 
mative enough. In most cases the “plug in” approach is 
practical and effective. Interestingly enough, sometimes 
the two step design procedure (find estimates - compute 
design) can be replaced by a computationally more ef- 
fective one-step procedure. Moreover, that replacement 
helps to illuminate some basic facts about optimal de- 
signs. The procedure, which we intend to discuss was 
invented in studies related to meteorology (see Megred- 
itchan (1979, 1989)). It is very intuitive and amazingly 
simple. Let {ye(~;)}iy be a data set accumulated by 
n observing stations (compare with nodes/sites) during 
e = 1,. . . , T observing session. In meteorology they ob- 
serve precipitation, temperature, atmospheric pressure. 
In our case, there may be delays, packet loss, reachabil- 
ity, etc. Now we want to reduce the total number of sites 
(stations in meteorology, but from now on we shall use 
network terminology) in the belief that data collected on 
all of them are redundant. The redundancy means that 
the behavior of some sites can be explained by measure- 
ments that are made at other sites. One of the simplest 
“explanatory” models is the linear regression: 

W(W) = eiye(zi) + & e  , (14) 
i#i’ 

where EE comprises whatever is unexplained and uncer- 
tain. As soon as this model is selected, the sums of 
squared residuals 

must be computed for all i’ = 1 , .  . . ,n. The site i* with 
the least w ( w )  is considered “well explained” by other 
sites and is removed from the monitoring set and from 
the consequent computations. The procedure is repeated 
until either the number of sites is small enough to guar- 
antee the cost range of future measurements or until the 
values of u(xi,) increase dramatically compared to their 
initial values. 

In practice (at least in meteorology), the approach 
worked very well. Fedorov and Mueller (1989) have 



found that its efficiency can be theoretically explained 
for a rather broad class of practical problems. In partic- 
ular, the above procedure coincides with the backward 
excursion of the exchange type algorithm of optimal ex- 
perimental design for the regression model with random 
coefficients. This model can be used to approximate the 
covariance structure of the observed random fields in me- 
teorology. Here we show that the similar result is true 
for the problem of selection of an optimal monitoring 
network. 

Let us assume that the estimator K defined by (4.2) 
can be used, that is, we assume that in all measurements, 
all components of the vector Y are successfully mea- 
sured. Without loss of generality, we can select i’ = l 
and present K as 

(16) 
where 

If at every interrogation session k pings are sent, then 
yt(zi) is an average of k measured travel times. 

Let us assume that, suggested by (14), (15), we 
L‘regress” z1 on z2,. . . , zn. It is known that the sum 
of squared residuals reaches its minimum if 

and that the minimum equals 

To bridge the Megreditchan idea and the numerical 
method proposed in Section 5, let us note that 

1 
r -+1) = K1,l - ~ 1 , - 1 ~ - 1 , - 1 ~ - 1 , 1  

For the larger r due to the consistency of the estimator 
K, we can state that 

where, as before, a2 is the variance of the measurement 
error, k is a number of repeated measurements at every 
C-th session, and I is the identity matrix. Combining the 
two last expressions we come to the following approxi- 
mation 
1 
r 
-W(Z1) 2: KlJ + a2/k - Kl,l(K-l,-l + Ia2/k)-1Kl,l  

where tu is the design with uniformly distributed 
weight (Le., pi = l/n, N = nr). To derive (4.25) we 
applied the formula for the inversion of partitioned ma- 
trices (Harville (1997) Chap. 8.5). Using permutation 
we can easily verify the more general result: 

(20) 
1 
k -.(Xi) N a 2 / k  + D&) . 

From this approximation it follows that the minimiza- 
tion of ~ ( q )  has approximately the same solution as the 
minimization of Dii(Jzl), that is, we delete the site-i”, if 

i* = argminDii(&J . 
2 

Comparison of (20) and the deleting stage of the it- 
erative procedure from Section 5 shows that deleting re- 
dundant sites accordingly to the Megreditchan method is 
nothing but the backward excursion with a = f , A,. . . 
for minimax or D- criteria. That is probably why the 
Megreditchan method leads to very reasonable subsets. 
Thus, instead of computing K and consequent applica- 
tion of the “plug in” approach we may apply the least 
squares method (software is widely available) to run the 
backward excursions and delete redundant sites. 

Duality between these two approaches allows exten- 
sion of the Megreditchan idea and inclusion of the for- 
ward excursions. Indeed, after deleting 91 sites, we can 
think about adding 92 < q1 sites, then deleting 93,  then 
adding back 44 < 93 sites, etc. The site that must be 
added in each case is defined by finding 

i* = m F v ( s i )  , 
e 

where i belongs to set of the previously deleted sites. 
The original and generalized Megreditchan methods 

are computationally simple and intuitively attractive, 
and we recommend their use. However, the following 
facts must be remembered: 

1. 

2. 

3. 

The method cannot be used directly when measure- 
ments contain missing components. 

The step length a does not diminish. Therefore 
theoretically, we cannot guarantee convergence to 
an optimal design. 

The method improves the D- or minimax crite- 
rion. For other criteria, different deleting/adding 
rules would be necessary. To our knowledge they 
have not been proposed so far. 
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