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ABSTRACT

We investigate the non-equilibrium atomic kinetics using a
collisional-radiative (CR) model modified to include line
absorption. Steady-state emission is calculated for He-like
aluminum ions immersed in a specified radiation field having
fixed deviations from a Planck spectrum. The net emission is
interpreted in terms of NLTE population changes. The
calculation provides an NLTE response matrix, and i n

agreement with a general relation of non-equilibrium
thermodynamics, the response matrix is symmetric. We
compute the response matrix for 1% and 50?6 changes in the
photon temperature and find linear response over a
surprisingly large range.
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While the opacity of dense plasmas such as stellar interiors is
usually studied using LTE (local thermodynamic equilibrium)
methods, low-density plasmas such as solar corona or tokomak
plasmas require NLTE (non-equilibrium) kinetic models.
Intermediate plasmas including laser-produced plasmas, laser
hohlraums, Z-pinches and divertor plasmas combine aspects of high
density, non-LTE and a significant radiation environment.

This paper examines non-LTE atomic kinetics using methods of
nonequilibrium thermodynamics. [1,2,3] We adapt the existing
collisional-radiative (CR) model of Fujimoto and Kato[5] to near-LTE
conditions and verify the applicability of nonequilibrium
thermodynamics by finding a symmetric response matrix.

We consider an ion in the presence of radiation which is
a~w roximately a blackbody field at the temperature of the free
electrons. The difference between the actual radiation and the
black-body field causes nonequilibrium populations of excited states
and leads to a net difference of emission and absorption rates. The

difference of emission and absorption at frequency v is a function of

the deviation from the black-body spectrum at frequency v‘ and can
be described by a response matrix Rv,v> .

According to nonequilibrium thermodynamics,
steady-state is constrained by general requirements
conservation, by the principle of minimum entropy

the near-LTE
of energy

production, and
by symmetry relations (Onsager relations) which require that the
linear response function Rv ,V’ should be symmetric.

The relevance of thermodynamics to atomic kinetics can easily
be understood by examining a simple thought experiment, the “NLTE
reaction box”, (see Figure 1) defined in analogy to well-known
conceptual pictures of chemical reactions. [3] Thermodynamic
formulas for the reaction box are easily derived but here we simply
point out that the thought experiment invokes the usual NLTE
calculation performed by an atomic kinetics model with a specified
local radiation environment. The thermodynamic analysis gives an
equation for the entropy production in the nonequilibrium steady
state and helps identify the symmetric response function.



At densities high enough so that electron rates greatly exceed
radiative rates, the deviations from LTE should be small, as shown in
previous general studies of NLTE kinetics by Klapisch[5], Salzmann[6]
and Fujimoto[7]. In this work we study the effect of radiation,
which can force the ion to LTE or can induce various non-LTE
populations.

We consider helium-like aluminum ions at Ne = 1020 cm-3.

The free electrons have a fixed temperature Te = 150 eV and the

isotropic radiation field has a spectrum Iv characterized by the

number of photons per mode, nv. In complete equilibrium nv is the

Bose-Einstein function,

no v = [exp(hv/kTe) - 1]-1 (la)

We study deviations from LTE induced by the difference (nv - nov).

In order to generate the response matrix, a nonequilibrium radiation
spectrum is defined by altering nv for one line, using

nv = [exp(hv/k(Te+ 5TV) - 1]-1 (lb)

The CR model includes spontaneous emission, described by the
rate for radiative transitions i -> j, (i is the upper level, j is the lower
level), (dNi/dt)R. This is the rate for the transition i -> j, but of

course initial or final states may be connected to other states (k, 1,

‘3) of initial and final states. Theetc.). Nv, Nj are populations (cm

radiative rates are added to collisional rates. We extend the CR
model by adding stimulated emission and absorption for each
transition,

(dNi/dt)R = - Aij Ni (nv + 1) + Aji Nj nv (2)

The absorption is written using an absorption rate coefficient,

(3)Aji = (gi/gj ) Aij

Here gi, gJ are the degeneracies of upper and lower levels.

Electron-impact (collisional) rates for excitation and de-
excitation obey detailed balance and we do not change these



collisional rates. Electron-impact ionization to and 3-body
recombination to/from the hydrogen-like ion are included, but
recombination to the Li-like ion is omitted. The population density
of ground-state He-like ions is held fixed. Solution of the collisional-
radiative model determines steady-state populations of He-like
excited states. The original CR model also includes radiative and
dielectronic recombination but for simplicity these processes have
been suppressed.

To construct a 5x5 response matrix we perform 5 different
NLTE calculations. For each calculation we vary nv’ for one specific

line v‘ (Table I). The variation is induced by the photon temperature

change i5Tv’ . All other lines interact with the black-body spectrum

nov. For each line, in NLTE there is a net radiated power,

dEij/dt = hv [Aij Ni (nv + 1) - Aji Nj nv 1 (4)

This rate can be positive (emission) or negative (absorption). The

quantity in Eq. (4) is zero in LTE and should be proportional to 5TV’

for small perturbations. In NLTE there is emission or absorption for
every line, but we examine only the same 5 lines to make a 5x5
response matrix. The linear response matrix is defined by

Then Rv ,V’ is

Rv, v’= hv [Aij Ni (nv +1) - Aji Nj nv]/8Tv’ (5)

the net emission from line v (i -> j) induced by a

temperature change &Tv > applied to the line (i’

According to nonequilibrium thermodynamics

symmetric matrix.

-> j’) denoted v‘.

Rv,v’ should be a

An important question concerns the range of linear response.
For large perturbations dTv’, the photon population nv’ changes in a

nonlinear way, especially for lines with hv’ >> kTe. We find a larger

range of “linear response” for a modified matrix,



RLV,V’ = Rv,v’ ( [ilnov’/i3T] ‘ 5Tv’/[nv’ - nov’] ) (6)

In Eq. (6) the extra factor involves the perturbed frequency. The
extra factor is unity for small perturbations so the modified response
matrix is still symmetric in that case. However RLV,V’ remains

constant for larger perturbations.

Because hydrogenlike ions are coupled through collisional
ionization and recombination, it is necessary to use the appropriate
ratio of helium-like and hydrogen-like ions. (Coupling to lithium-
like ions is neglected.) This is done by finding the steady state
solution of the rate equations, i.e., by using excited-state populations
to determine effective ionization and recombination rate coefficients
which determine the ratio of He-like and H-like ions.

Table I defines the transitions studied here. These transitions
are in the singlet spectrum but the calculation includes couplings to
triplet states. Table H gives the matrix RLV ,V’ calculated as the

average of results for small temperature changes of +19i0 and -196.
Table III gives the response matrix RLV ,V’ for radiation temperature

perturbations of + 50%.

The linear-response matrix in Table 11 is accurately symmetric.
Table III shows the range of linear response. For the Hep transition

a 509i0 increase in photon temperature raises the photon flux by a

factor sixty, while a 50% decrease reduces nv by a factor 105. These

large changes only produce small changes in the response function
RLV,VY. The range of linear response is surprisingly large.

To interpret the response function, we consider the first row of
the matrix in Table II. For this row nv’ is increased relative to the

black-body function for the transition from the 1S2 groundstate to

the 1s2p 1P excited state. Absorption of the extra radiation produces
a negative diagonal matrix-element. This absorption decreases the

groundstate population and increases the (1 s2p 1P) excited-state
population.

Since the groundstate population is reduced with respect to

LTE, there is net emission for the line 1s3pl P -> 1S2. However the



population of 1s2p 1P is higher than LTE, and so there is net

absorption for transitions ls2p 1S -> 1s3s 1S and ls2p 1P -> ls3d lD.

Finally, there is evidently enough collisional transfer ls2p 1P -> 1s2s

1S to slightly overpopulate the 1s2s 1S state and for that reason

there is also weak absorption for the transition 1S2S 1s -> ls3pl P.
This simple reasoning explains the first row of the response matrix.

In the second row the signs are reversed. When the applied

radiation field is enhanced in the He~ (1S2 1S -> 1s3pl P) line, the

groundstate population is reduced and the ls3pl P population is
raised relative to LTE. There is weak emission on the 3->2
transitions, principally because of collisional transfer between the

n=3 levels, which distributes the enhanced population of the 1s3p 1P

state. The 1s2p 1P population increases by cascade and there is net

emission on the resonance transition (ls2pl P -> 1s2 1S). The rest
of the matrix is easily understood by similar reasoning.

One should not speak of emission or absorption lines because
Rv,v’ involves one-atom rates. It is a separate question of radiative

transfer to decide whether a line would appear light or dark against
its background as seen from outside the plasma.

We have performed calculations with a NLTE screened-
hydrogenic average-atom model[8] for the same density-

qualitatively similar results for the response

used here includes levels up to n=20 (with n,l,S-
4 and n, S-splitting up to n=8) but does not
doubly-excited levels. Li-like ions, and Li-like

temperature case. - The calculations will be reported in detail
elsewhere, but give
matrix. (Fig. 2a,b)

The CR model
splitting for n up to
include autoionizing
satellite levels are omitted, and dielectronic processes are omitted.
There is ionization from excited states. If the set of ion charge-
states and excited states is not complete the LTE solution of the
model cannot have the exact partition function. However we have

verified that when nv = nov for all transitions, the population ratios

are Boltzmann ratios, so the solution of the model differs from true
LTE only in the overall normalization of the populations.



Symmetry of the response matrix is a test of detailed balance.
The values of the response coefficients test the entire set of rates in
the calculation and give an excellent way to compare different atomic
models.

The linear-response method considered here is limited to a
special class of NLTE states. The system must be in a steady state
and must be “near” LTE, although in these calculations we have found
a remarkably large range of linear response. We believe this
response function can be used to simplify calculation of NLTE atomic
kinetics in plasma simulation calculations.
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Table L He-like aluminum transitions analyzed in Tables II, 111.

transition 1 : 1~2 1s . ls2p 1P 1.598 keV

transition 2 : 1s2 1s - ls3p 1P 1.869 keV

transition 3 : 1s2s 1s - ls3p 1P 0.289 keV

transition 4 : ls2p 1P - 1s3s 1s 0.268 keV

transition 5 : ls2p 1P - ls3d lD 0.273 keV

TABLE II

Linear-response coefficients RLV,V’ (Watts/atom-eV) for He-1ike

aluminum plasma at electron density ne = 1020 cm-3 and

temperature Te = 150 eV. The matrix is obtained by averaging

NLTE calculations with +1% and -1% perturbations in lines identified
in Table I. The matrix is accurately symmetric.

1 2 3 4 5

1 -5.23410-10 3.56410-10 -9.31710-12 -1.66210-12 -4.33310-11

2 3.56410-10 -6.22110-10 1.06810-11 1.59010-12 3.53810-11

3 -9.31710-12 1.06810-11 -2.34410-12 1.17810-14 2.44910-13

4 -1.662 10-lz 1.59010-12 1.17710-14 -3.601 10-13 4.50710-14

5 -4.333 10-11 3.53810-11 2.44910-13 4.50610-14 -8.82710-12



Table IIIa

Response coefficient RLV,V’ (Watts/atom-eV) for He-like aluminum

plasma at electron density ne = 1020 cm-q, temperature Te = 150

eV. The perturbations are 50% of Te. While the matrix is not much
different from Table II the symmetry is no longer perfect.

1 2 3 4 5

1 -5.23010-10 3.56110-10 -9.30910-12 -1.661 10-12 -4.32910-11

2 3.56310-10 -6.22010-10 1.06810-11 1.58910-12 3.53710-11

3 -7.335 10-12 8.40710-12 -1.84510-12 9.26910-15 1.92810-13

4 -1.651 10-12 1.57910-12 1.17010-14 -3.57710-13 4.47710-14

5 -3.99310-11 3.26010-11 2.25710-13 4.15310-14 -8.135 10-12

Table III

Response coefficient RLV,V’ (Watts/atom-eV) for He-like aluminum

plasma at electron density ne = 1020 cm-3 and temperature Te =

150 eV. The perturbation is -50% of Te. It is emphasized in the
text that this is a large perturbation. The matrix is not much
different from Table II.

1 2 3 4 5

1 -5.23410-10 3.56410-10 -9.31710-12 -1.66210-12 -4.333 10-11

2 3.56410-10 -6.22210-10 1.06810-11 1.59010-12 3.53810-11

3 -1.15610-11 1.32610-11 -2.90810-12 1.461 10-14 3.04010-13

4 -1.67010-12 1.59710-12 1.18310-14 -3.61810-13 4.52810-14

5 -4.61910-11 3.77210-11 2.611 10-13 4.80410-14 -9.41010-12



References

1.) More, R., p. 399 in Atomic and Molecular Physics of Controlled
Thermonuclear Fusion, Ed. by C. Joachain and D. Post, Plenum
Publishing Corp., New York, 1983.

2.) Libby, S., Graziani, F., More, R. and Kate, T., submitted for
publication in Proceedings of 13th Conference on Laser Interactions
and Related Plasma Phenomena, July, 1997.

3.) Prigogine, I., Thermodynamics of Irreversible Processes, Third
Edition, Interscience Publishers, New York, 1967; Glandsorff, P. and
Prigogine, I., Structure. Stabilitv and Fluctuations, Wiley -Interscience,
London, 197 1; Denbigh, K., Thermodynamics of the Steadv State,
Methuen and Co. Ltd., London 1965.

4.) Fujimoto, T., and Kate, T., unpublished report IPPJ-647, Nagoya
University Institute of Plasma Physics (1983); Fujimoto, T., and Kate,
T., Phys. Rev. A30, 379 (1984); Fujimoto, T., and Kate, T., Phys. Rev.
A32, 1663 (1985); Fujimoto, T., and Kate, T., Phys. Rev. A35, 3024
(1987).

5.) Klapisch, M., J. de Physique Colloq. Cl, Suppl au no 3, T. 49 (1988).

6.) Salzmann, D., Phys. Rev. A20, 1704 (1979); Phys. Rev. A20, 1713
(1979); Phys. Rev. A21, 1761 (1980).

7.) Fujimoto, T., J. Phys. Sot. Japan 47, 265 (1979); Fujimoto, T., J.
Phys. Sot. Japan 47, 273 (1979); Fujimoto, T., J. Phys. Sot. Japan 49,
1561 (1980); Fujimoto, T., J. Phys. Sot. Japan 49, 1569 (1980);
Fujimoto, T., J. Phys. Sot. Japan 54, 2905 (1985)

8.) Post, D. E., Jensen, R. V., Tarter, C. B., Grasberger, W. H. and Lokke,
W. A., Atomic Data and Nuclear Tables, 20, 397 (1977); Zimmerman,
G. B., and More, R. M., J. Q. S.R.T. 23, 517 (1980); More, R., J. Q. S.R.T. 27,
345 (1982).



Figure 1.) The connection of nonequilibrium thermodynamics to
atomic kinetics can be understood simply by considering an active
plasma medium immersed in a controlled radiation field coming from
an array of hohlraums, each coupled over one band of photon
frequencies. As is usual for such “thought experiments” the x-ray
mirrors and pipes are idealized and provide perfect reflection and
transmission respectively. Blackbody radiation (denoted Bv) comes

from each hohlraum and the sample returns a modified flux Iv.

Control of the hohlraum temperatures permits exploring LTE and
near-LTE plasmas in a systematic manner.

Figure 2.) Calculations from the NLTE screened-hydrogenic average-
atom model for aluminum plasma at the conditions described in
Table II. The response matrix shown here has units of

Watts/ [gram-keVs ] because it is normalized by frequency group-
widths for emitted and perturbed portions of the radiation spectrum.
The signs for response to perturbations

2b) lines are equivalent to results from
II.

of Heu (Fig 2a) and He~ (Fig

the CR model given in Table
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