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Research Progress 

The following is a summary of work in progress and completed: 

Effective Numerical Methodr for Interfacial Flows 

MAR 1 2  1999 

Many physically interesting problems involve propagation of fiee surfaces. Water waves, 
boundaries between immiscible fluids, vortex sheets, Hele-Shaw cells, thin-film growth, crystal 
growth and solidification are some of the better known examples. Numerical simulations for 
interfacial flows play an increasingly important role in understanding the complex interfacial 
dynamics, pattern formations, and interfacial instabilities. Typically, these interfacial flows 
experience fluid dynamical instabilities, such as the Kelvin-Helmholtz and Rayleigh-Taylor 
instabilities. Small perturbations could lead to rapid growth. This makes it very challenging to 
design effective numerical methods to simulate these problems. 

A common difficulty in numerical solutions of interfacial problem is sensitivity to numerical 
instability. In collaboration with Beale and Lowengrub, we have analyzed the stability of 
boundary integral methods for 2-D water waves. We found there is a compatibility condition 
between the choice of quadrature rule for the singular velocity integral and the choice of spatial 
derivative. Recently, we have been able to prove stability of a boundary integral method for 3-D 
water waves. The stability analysis of the boundary integral method is considerably more 
difficult in 3-D. There are two new difficulties in obtaining stability of boundary integral methods 
for 3-D water waves. One is the lack of a spectrally accurate discretization for the singular 
velocity integral due to the branch point singularity in the kernel. The second is that three 
dimensionality introduces a number of new compatibility conditions between different singular 
integral operators and the Lagrangian derivative operator. This makes it almost impossible to 
enforce the corresponding discrete compatibility conditions by using Fourier filtering alone. We 
overcome this difficulty by introducing a near field correction to the singular integral operator to 
compensate the high frequency error introduced in the far field discretization. With the near field 
correction, our numerical method preserves the spectral properties of the singular operators at 
the continuous level to the leading order. This gives rise to a consistent and stable discretization 
for both two and three dimensional interface problems. 

Another essential difficulty in simulating interfacial flows with surface tension is the severe time- 
step stability constraint. For example, the time-step stability constraint for the Hele-Shaw flows 
is At5Ch3 where At is the time-step, h is the minimum particle spacing. This stability 
constraint is time dependent, and becomes more severe by the differential clustering of points 
along the interface. In collaboration with Lowengrub and Shelley, we have successfully removed 
this stiffness constraint by using an efficient implicit scheme based on a new reformulation of the 
problem. This reformulation uses the arc length metric and tangent angle as new dynamical 
variables. When combining this reformulation with the Small Scale Decomposition technique, we 
can effectively factor out the leading order contribution of the stiff terms, which appear linearly. 
This leads to an efficient implicit discretization. Recently, we have been able to generalize this 
idea to 3-D curves and 3-D surfaces by using curvature as a new.dynamical variable (with 
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Klapper and Si). Our new implicit scheme greatly improves the stability constraint. Many 
interfacial problems that were previously unamenable are now solvable using our method, and 
new phenomena were discovered. Vortex sheets (also for two-fluid interfaces) with surface 
tension were found to form a new topological singularity and a trapped bubble, which is different 
fiom the curvature singularity due to the Kelvin-Helmholtz or the Rayleigh-Taylor instability. 
Using this method, we have also investigated the dynamic generation of capillary waves in, the 
two-phase Hele-Shaw flow with suction. Due to the improved resolution we can now afford, we 
have found a number of interesting physical phenomena which have not been revealed before in 
the limit of small surface tension. 

The question of how to compute the fiee interface beyond singularity time is most interesting. 
Along this line, we have introduced the level set method for incompressible fluid interfaces with 
viscosity and surface tension (with Chang, Merriman and Osher). To further improve the 
accuracy of the level set method, we have recently proposed to combine the immersed interface 
method with the level set method to obtain an overall second order discretization for the Hele- 
Shaw flows (with Li, Osher and Zhao) . In another application, we (with P. Rosakis and P. 
LeFlech) derive a level-set method for solid phase transformation dynamics. The kinetic 
condition and the jump condition across the phase boundary are properly incorporated in the 
formulation. Our numerical experiments demonstrate that our level set approach for the antiplane 
shear model can produce "splitting" of phase boundaries as the phase boundary approaches the 
solid wall. This splitting is preferred because it tends to reduce the total energy. As the time 
increases, we observe that more fine scale structures are produced, and change of topology takes 
place naturally. 

Multiscab finite elernent methods: Aizalysis and Applications 

There are many practical computational problems with highly oscillatory solutions, e.g. 
computation of high frequency acoustic and electro-magnetic fields, properties of composite 
materials, wave propagation in random media, and turbulent flow. The major difficulty of direct 
numerical simulations for these problems is the scale of computation. It can easily exceed the 
limit of today's computing resources. Effective equations are useful for computational purpose 
when available. But they are usually difficult to obtain due to the closure problem. Thus it is 
desirable to develop a method that can capture the correct macroscopic properties of the 
multiscale systems, such as the effective conductivity, elastic moduli, and eddy difisivity, but 
does not require resolving all the small scale features. 

Recently we have introduced a multiscale finite element method for solving partial differential 
equations with multiscale solutions on a coarse grid (*th Wu and Cai). The main idea is to 
construct finite element base functions which capture the small scale information within each 
element. The small scale information is then brought to the large scales through the coupling of 
the global stiffness matrix. Thus the effect of small scales on the large scales is correctly captured. 
In the case of two-scale periodic structures, we have proved that the multiscale method converges 
to the correct effective solution independent of the small scale for a class of elliptic problems. 
Generalizations to porous media flows, turbulent transport, and computations of high frequency 
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acoustic and electro-magnetic fields have also been obtained. Our extensive numerical experiments 
for porous media flows, transport equations, and wave propagation in strongly heterogeneous 
media have demonstrated convincingly that our method can capture accurately the large scale 
solution on a coarse grid, even for problems with continuous scales. One advantage of this 
method is that it considerably scales down the size of a large scale computation. The small scale 
information is sampled only locally. This offers a big saving in computer memory. It also gives 
rise to a perfect parallel implementation, since each finite element base function is constructed 
independently. These advantages allow us to attack a much larger scale computation that would 
not have been amenable to a conventional method. 

A common difficulty in numerical upscaling methods is that large errors result fiom the 
"resonance" between the grid scale and the small scales of the continuous problems. This has 
been revealed by our convergence analysis. For two-scale problems, the error due to the 
resonance manifests as a ratio between the wavelength of the small scale oscillation and the grid 
size. Our careful error analysis has indicated that the boundary layer in the first order corrector 
seems to be the main source of the resonance effect. Motivated by our analysis, we have recently 
proposed an over-sampling technique to alleviate this difficulty. The over-sampling technique 
effectively eliminates the effect of numerical boundary layers. This gives rise to a nice 
conservative difference structure in the discretization, which in turn leads to cancellation of 
resonance errors and gives an improved rate of convergence. Such improvement is crucial for 
problems with many scales or continuous scales. This technique also has application in the 
upscaling of absolute permeability. 

An eflcient boundary integral method for the Mullins-Sekerka problem 

In collaboration with J. Zhu and X. Chen we use a boundary integral technique to study the two 
space dimensional Mullins-Sekerka free boundary problem which originates fiom a study of 
solidification and liquidation of materials of negligible specific heat. This is an area preserving and 
curve shortening motion. Evolution equations for the free boundaries are derived in terms of the 
tangent angle and total arc length, which makes a small scale decomposition possible and the 
Fourier transform a powerful tool in numerical calculations. With this formulation, implicit 
schemes can be implemented to avoid the difficult numerical stiffness associated with explicit 
schemes. We can compute solutions up to the time when there is a topological change, Le., when 
particles touch or break up. Our numerical results for systems of a single particle or multi-particles 
provide valuable information on particle dynamics, such as the circularization of each individual 
particle, and the mass transfer between different particles during particle interactions. 

% 

Numerical simulation of three-dimensional water waves using a fast summation method 

Our work on simulation of three dimensional water waves has now been completed. We have 
chosen to apply a boundary integral formulation in three dimensions. An analysis of the error of 
this technique has now been accepted for publication. We have also implemented a fast multipole 
method specially modified for the periodic geometry. Results so far are encouraging although 
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more work needs to be done to make the method efficient. One difficulty is the presence of 
instability which we believe is related to a failure to satisfy a special compatibility condition on 
the free surface (see above). Work in now in progress to implement the approach of Hou and 
Zhang which uses a special filtering technique to eliminate the instabilities. The instability 
problem does not seem to be completely cured at this stage. However the method has 
successfully simulated steady three dimensional water waves as derived by S a f b a n  and Meiron. 

Numerical solutions of steady state rising bubbles 

In collaboration with graduate student Sung Phil Kang we have computed steady solutions of the 
Navier-Stokes equations representing the steady rise of gas bubbles in pure liquids. We have 
verified the calculations of Ryskin and Leal for these solutions. In addition we have examined the 
stability of ellipsoidal free slip flows to three dimensional disturbances. We have exploited a 
method which allows us to compute the leading eigenvectors and eigenvalues by integrating the 
time dependent dynamics of the linearized stability problem. In doing this we have validated the 
stability calculations of Acrivos and cast some doubt on the stability calculations of Pearlstein and 
Kim. Our results are in good agreement with those of Karniadakis. An interesting aspect of this 
calculation is that for flows over ellipsoids various quantities such as the wake length and the 
attachment angle for the wake are not in agreement with previous calculations for these flows yet 
our calculations seem to indicate that the detailed vorticity budget is being respected. A possible 
explanation for this is poor resolution of previous calculations or perhaps the existence of multiple 
flows. Further calculations will allow us to resolve these discrepancies. 

Solidification coupled to fluid convection 

In collaboration with graduate student Pat Lahey we have constructed using an immersed boundary 
method technique a coupled simulation of two dimensional solidification in the presence of fluid 
convection. This application is crucial to the study of several micro-gravity flows where it is 
known that variations in local gravity can affect the solidification rate. Our approach has been 
demonstrated for so-called symmetric materials where the diffusivities are equal in both phases. A 
generalization to non-symmetric models is under investigation. The immersed ,boundary method 
differs from previous approaches (such as level set methods) which smooth the solid-liquid 
interface in that it can be shown that high order accuracy can be obtained with results that are in 
excellent agreement with known exact solutions. The method uses a static finite difference grid but 
makes use of special stencils that have been tailored for sharp interface problems. This represents 
the first time that such a method has been used to do both the dynamics of heat diffusion along 
with the full Navier-Stokes dynamics for the fluid. Future applications of this method will be to 
examine the dendritic growth in an undercooled liquid with convection and to assess the 
importance of convection for the growth and stability of the dendrite tip. 
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Turbulence models 

Present research is based on an inviscid, rotational solution to Euler's Equation as a statistical 
theory for homogeneous, isotropic turbulence. We are using Hill's Spherical Vortex as a model of 
an eddy, and are assuming turbulent fluctuations can be modeled by a distribution of such 
vortices of varying sizes. In an attempt to evaluate such a model, we have computed statistical 
properties of the field which are relevant to experimentalists. In particular, we have computed the 
structure function of order n = 2.4 and 6 ,  which is defined as the average of the incremental 
velocity difference at two points in space raised to the power n. The analysis of this particular 
model is near completion and we are presently writing up the results. 

Exact solutions of very viscous and Hele-ShawJlow 

Crowdy studied two-dimensional slow viscous flows with surface tension on free boundaries. He 
constructed a new theory of exact solutions, using a novel conservation equation approach. An 
important consequence of the approach is that it can be extended non-trivially to the case of doubly- 
connected regions. Research is in progress on the development of a new mathematical 
formulation for the problem of slow, viscous (Stokes) flow in 2D fluid regions of connectivities 1 
and 2. A new integral formulation has recently been constructed for flow in a simply-connected 
fluid region which can be used both to identify, and prove the existence of, exact solutions for the 
flow. The same mathematical method can be extended, when combined with the appropriate 
elements of elliptic function theory, to identify the first known exact solutions for the evolution 
of a doubly-connected two-dimensional region of very viscous fluid. Work on papers dealing 
with exact solutions for the evolution of annular blobs of fluid, and two bubbles in an infinite 
Stokes flow region, is also in progress. Some of this work was done in collaboration with 
Professor Saleh Tanveer of O.S.U. Gallagher's work considers the effect of medium 
inhomogeneity on the behavior of fingers in porous media or Hele-Shaw cells. This has an 
important bearing on the extraction of oil from underground reservoirs by water injection. It is 
found that finger widths less than one-half the width of the channel may be obtained. This implies 
that inhomogeneity may have a bad effect on the efficiency of the process. 

Fundamental vortex dynamics 

Lough concentrated on thin cored vortex filaments and showed that "new'' equations proposed by 
Klein and Majda are in fact merely a reformulation of the "cut-off equation" expansion. He also 
studied the stability of vortex rings in pipes and f o p d  a new instability induced by an interaction 
between the ring and the walls, which tilts the vortex ring out of its original plane perpendicular to 
the wall. We have modeled a cross section of aircraft trailing vortices in a shear as a pair of 
counter-rotating vortex patches embedded in linear shear. Fixing the separation between vortices 
and the strength of the background shear, the relevant parameters are the area and strength of the 
vortices. The problem of finding the steady shape of the patches is numerically solved using a 
generalized Schwartz function approach. Linear stability analysis shows that for given 
parameters, there are two solutions for the vortex patch shape which are elliptical in nature, one 
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stable and one unstable. An analytic elliptical patch approximation has been constructed, both by 
simple asymptotics and use of a truncated Hamiltonian; which is in good agreement with the 
numerics. Also to better understand the motion of trailing vortices in flow, we have solved 
analytically for the motion of a pair of counter-rotating point vortices embedded in an arbitrary 
combination of linear shear and strain. Hill studied the application of vortex dynamics to the 
structure of steady wakes in inviscid, incompressible fluids, for both two-dimensional and three- 
dimensional cases. This is an interesting generalization of the well known Foppl flow past a 
circular cylinder. Instability is investigated. Further, the behavior of a trailing vortex pair immersed 
in a cross stream shear is examined by means of a model comprising two counter-rotating vortex 
patches. It is found that patches rotating against the shear are likely to be destroyed. This may 
explain a puzzling observation of asymmetry in the evolution of trailing vortices. 

Functional methods for turbulence 

The applications of functional methods to turbulence problems are being studied. Currently, 
investigations on how these methods may be used to derive spectrum functions for passive 
scalars in turbulent flows are in progress. These spectrum functions give information on how 
quantities like temperature or dye concentration are distributed in turbulent flows like those 
which occur in a high pressure jet fiom a nozzle. Functional methods allow the prediction of 
these spectra in a new way, and help determine changes due to different experimental conditions, 
such as the occurrence of anisotropic spectra caused by a mean external gradient of the scalar. 
Finally, Gleeson is using a new closure approximation to determine the spectra and correlation 
functions for a passive scalar convected by a Gaussian turbulent velocity field. 

' 

Structure finctions for isotropic turbulence 

Velocity structure functions have been calculated for vortex models of isotropic turbulence. 
Results are given for the Townsend-Burgers and Lundgren strained vortex models. Comparison is 
made with experimental measurements. This work was done in collaboration with Prof. D. I. 
Pullin. 

Water waves 

Baumstein studied the interaction of long and short gravity waves in the presence of shear. A 
number of interesting results have been found. In particular, it was shown that weak shear first 
enhances an instability and then suppresses it. Another investigation studied the effect of shear on 
symmetry breaking of waves. 
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