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Shell Model Monte Carlo Methods 
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Abstract. We review quantum Monte Carlo methods for dealing with large shell 
model problems. These methods reduce the imaginary-time many-body evolution OD- 

erator to a coherent superposition of one-body evolutions in fluctuating one-body fields; 
the resultant path integral is evaluated stochastically. We first discuss the motivation, 
formalism, and implementation of such Shell Model Monte Carlo (SMMC) methods. 
There then follows a sampler of results and insights obtained from a number of ap- 
plications. These include the ground state and thermal properties of p{shell nuclei, 
the thermal behavior of y-soft nuclei, and the calculation of double beta-decay matrix 
elements. Finally, prospects for further progress in such calculations are discussed. 

1 Introduction 

The description of nuclear structure began more than GO years ago with the 
discovery of the neutron. Major milestones were the discovery of single-particle 
sheIls (l), collective motion (a), and their reconciliation (3). However, a number 
of recent developments impose new and more stringent tests of our a.bilit,y t,o 
describe nuclear structure. Heavy-ion induced rea.ctions allow the study of nu- 
clear behavior at extremes of temperature, angular momentum, or isospin (4). 
Increasingly precise experiments with electron (5), pion (G),  kaon (7, 8), and 
nucleon (9, 10) beams probe new modes of excitation. As our understanding 
of supernovae (11) and nucleosynthesis (12) is refined there is a corresponding 
need to know more precisely the relevant nuclear properties, Furthermore, new 
pictures of nuclear structure such as the Interacting Boson Model (13) make 
implicit or explicit assumptions about the solutions of the underlying fermion 
problem that demand verification. 

The  range and diversity of nuclear behavior (perhaps the grea.test of any quan- 
tal many-body system) have naturally engendered a host, of models. Short, of a. 
complete solution to  the many-nucleon problem (14), the interacting shell model 
is widely regarded as the most broadly capable description of lowenergy nuclear 
structure, and the one most directly traceable to  the fundamental many-body 
problem. Many studies have demonstrated that exact diagonalizations of shell- 
model Hamiltonians can accurately and consistently describe a wide range of 
nuclear properties, zf the many-body basis is sufficiently large. Pioneering pa- 
pers include work in the Op (15), Os-ld (16) and 0 f7/2 (17) shells; more recent 
examples are given in Refs. (18, 19,20). Unfortunately, the combinatorial scaling 
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of the many-body space with the size of the single particle Insis or the number 
of valence nucleons restricts such exact diagonaliza.tions t,o either light iiuclei or 
to  heavier nuclei with only a few valence particles (21). 

The Shell Model Monte Carlo (SMMC) methods have been developed in the 
past few years (22, 23, 24, 25,  26) to circumvent some of these difficulties while 
retaining the rigor, flexibility, and predictive power of t,ra.ditional shell model 
calculations. These methods are based on a Monte Carlo evalua.tion of the pa.t.11 
integral obtained by a Hubbard-Stratonovich (HS) tra.nsformation (27) of t,he 
imaginary-time evolution operator. The many-body problem is thus reduced 
to  a set of one-body problems in fluctuating auxiliary fields (28). The method 
enforces the Pauli principle exactly, and the storage and computation time scale 
gently with the single-particle basis or the number of prticles.  Ausi1ia.r.y field 
methods have been applied to condensed matter systems such a.s the Hubbard 
Model (29, 30), yielding important information about electron correla.tions and  
magnetic properties. 

Our presentation is organized as follows. In section 2 we review the mtionale 
and definition of the interacting shell model and some of the important c1ia.ra.c- 
teristics of the two-body interaction. In section 3, we give an overview of SRIMC: 
methods, showing how the HS transformation can be used to  express physically 
interesting observables as ratios of high-dimensional integrals. In section 4, we 
discuss the various ways in which a realistic shell model Ha.miltoniaii can be cast 
in a form suitable for the HS transform. In section 5 we discuss the notorious 
sign problems and a practical method for their solution as well a.s t8he validatmion 
of the overall method. section 6 is a sampler of various types of SRIRIC calcu- 
lations (virtually all intractable by other methods), and in section 7 we offer a. 
perspective on future work. 

2 Review of the shell model 

In this section, we present a brief definition and overview of the nuclear shell 
model. Our goals are to  establish conventions and notation and to give the non- 
expert some appreciation for the special features of the nuclear problem r e h i v e  
to other quantal many-body systems. More detailed discussions can be found in 
several texts (3, 31, 32, 33, 34). 

The notion of independent particles moving in a common one-body potential 
is central to  our description of atoms, metals, and hadrons. It is also realized in 
nuclei, and the shell structure associated with the magic numbers was first put 
on a firm basis in 1949, when the magic numbers were explained by an hariiionic 
oscillator spectrum with a strong, inverted (with respect to the atomic case) 
spin-orbit potential (1). 

But nuclei differ from the other quantal systems cited above in that the resid- 
ual interaction between the valence fermions is strong and so severely perturbs 
the naive single-particle picture. This interaction mixes together inany differ- 
ent configurations to  produce the true eigenstates and. because of its coherence, 
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there emerge phenomena such as pairing, modification of sum rules. deforma.t.ion, 
and collective rotations and vibrations. An accurate trea.tment of t,he residual 
interaction is therefore essential to properly describe nuclei. 

The nuclear shell model is defined by a set of spin-orbit coupled single-pa.rticle 
states with quantum numbers ljm denoting the orbital angu1a.r moment,um (I) 
and the total angular momenta (j) and its z-component, m. Although noii- 
spherical onebody potentials are a common efficiency used in describing de- 
formed nuclei, for the rotationally invariant Hamiltonians used in SnlRiIC so far, 
these states have energies E i j  that are independent of m. The single-pa.rticle 
states and energies may be different for neutrons and protons, in which ca.se it 
is convenient to include also the isospin component t 3  = f 1 / 2  in t,he sta.te de- 
scription. We will use the label a for the set of quantum numbers l j m  or Ijnats! 
as appropriate. 

The particular single-particle states included in a given calcula,tion depend 
upon the physics being addressed, but at  least one major shell is believed to be 
necessary to adequately describe low-lying states of a given nucleus. We will use 
Ns to denote the number of such states. Thus, for example, N ,  is (12, 20, 32, 44) 
for either neutrons or protons in the (IsOd, lpOf, 2sldg?/2h11/2, 2plfh9/2i13/2) 
shells. 

The totality of Pauli-allowed configurations of the valence nucleons in the sin- 
gIe particle states defines the model space in which the many-body Ha,niiltoniaii 
acts. Computing the dimension of this space (number of such many-body states) 
is a straightforward combinatorial exercise. As noted in the Introduction, the di- 
mension increases strongly with either N ,  or the number of valence nucleons, 
and can vastly exceed 10’ for realistic applications of current interest. The size 
of the Hamiltonian matrix to be considered can be reduced somewhat, h>- ex- 
ploiting rotational and isospin invariance properties. Even so, constructing such 
a matrix and finding its lowest eigenvalues and eigenstates is difficult in some 
cases of interest and impossible in most, and thermal properties are coiiiplet,ely 
inaccessible without ad hoc assumptions. 

The shell model Hamiltonian can be written in the form fi = 8 1  + H 2  where 

(2. la  ) 
ff 

Here, ut and a are fermion creation and annihilation operators, and the I’ are 
the uncoupled matrix elements of the two-body interaction. These latter inust, 
respect rotational and time-reversa1 invariance, parity conservation, and in many 
cases isospin invariance. To make explicit the rotational and isospin invariance, 
and shell structure, we can rewrite the two-body Hamiltonian as 

abcd J T  M T t  
(2.2) 
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where the pair operator is 

Here ( $ , t u ) ,  etc. are the isospin indices with t ,  = -: for proton stat>es a i d  
tu = 4 for neutron states, and (TT,) are the coupled isospin quantum numbers, 
and the sum is taken over all proton and neutron single-particle orbits (denoted 

The V J T ( U ~ ,  cd) are the angular-momentum and isospin coupled two-body 
by a, b, e, 4. 
matrix elements (TBME) of a scalar potential V(r1, r2) defined as 

IV(r1,n)I[4jc(n) x + j d ( ~ 3 ) I J M T T 2 )  , 
(2.4) 

J M T T ,  VJT(& 4 = ([4.iabl) x 4jb(r2)1 

(independent of M and T,). In this isospin formalism, since J 4 ~ ~ ; f i ~ ~ i ( ~ b )  = 
( - l ) j a + j b - J + T A ~ ~ ; ~ ~ z  ( b a ) ,  the definitions of the symmetric and antisyinnietric 
parts of V,”,(ub, cd), V,”,(U~, cd),  and V,A,(ab, cd) become 

1 
2 

V:p(ab, cd) [V,”,(ab,cd) rt (-l)Jfja+j,+T-lV,”,(bu, c d ) ]  . (2.5) 

There are a number of methods for deriving the residual interaction T,’ (which 
acts in the model space) from the underlying “bare” internucleon interaction 
(35, 36, 37). Although a complete specification of V requires inany two-body 
matrixelements (38,39) (e.g., 63 in the complete sd-shell and 195 in the coiiiplet,e 
pf-shell), successful interactions that reproduce a large body of experimental 
data show a few simple features (e.g., isoscalar pairing, attractive qmdrupole, 
repulsive dipole, . . .), with the rest of the TBMEs being small a.nd random 
(39, 40). A venerable approximation is to truncate the interaction to just, the 
isoscalar pairing and the quadrupole interaction (41). 

In conventional shell model applications the dimension of the model space 
makes a complete diagonalization of the Hamiltonian impractical. As one is usu- 
ally interested only in the nuclear spectrum at low energies, the diagonalization 
is often performed using the Lanczos algorithm, which is an efficient way t.o 
find the few lowest (or highest) eigenvalues and eigenvectors of a. large ma.trix 

Beyond the sd-shell, applications of the conventional shell model become more 
problematic as the large dimensions of the model space make diagonalization 
impossible. To date, systematic studies of the A = 48 isobars, involving model 
spaces with about lo6  Slater determinants, have been the limit for the conven- 
tional shell model approaches (45). Nevertheless the successful description of 
these nuclei underlines again that  the shell model concept, is also the method of 
choice in heavier nuclei - if such applications ~7ere only possible. As noted by 
Caurier et d. (45), it took two generations of hardware and software development. 
to  extend shell model calculations from A = 44 to A = 48. Thus, coiiventional 
shell model calculations for nuclei heavier than A = 50 appear out of reach in 
the near future, even assuming an optimistic increase of computer ca.pabilit,ies. 

(43, 44). 
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3 Overview of Monte Carlo methods 

In this section, we give an overview of SMMC methods. In particular, we describe 
what the methods are (and are not) capable of calculating. We then discuss the 
essence of the HS transformation, which is at the heart of the calculations. 

The SMMC methods rely on an ability to  deal with the imaginary-time i i ian j -  
body evolution operator, exp(-@@, where @ is a real e-nuniber. M’hile this cloes 
not result in a complete solution to  the many-body problem in the sense of giving 
all eigenvalues and eigenstates of I?, it can result in much useful information. 
For example, the expectation value of some observable h in the grand canonical 
ensemble can be obtained by adding to I? a term --p,?8 - ,up.Z. (,u7? and p j ,  are 
the neutron and proton chemical potentials) and then calculating 

(3.1) 

Here, @ E T-’ is interpreted as the inverse of t.he temperature T ,  and t>he 
many-body trace is defined as 

T r x  E C(ilXli) , 
a 

( 3 . 2 )  

where the sum is over d l  many-body states of the system. Similarly, if PA = 
6(A - a) is the projector onto states with A nucleons (actually the product of 
separate neutron and proton projectors), the caiioiiical ensemble is defined 13y 

( 3 . 3 )  
i 

and the associated expectmation value is 

(3.4) 

In the limit of low temperature (T - 0 or ,B - a), botLA t,he grand-canonical 
and canonical traces reduce to  ground state expectation values. Alt~erna.tivel\i. 
if I@) is a many-body trial state not orthogonal to the exact. ground sta.te, IS). 
then e-@? can be used as a filter to  refine I@) t.0 IS) as @ becomes 1a.rge. An 
observable can be calculated in this “zero tempera,ture” method a.s 

I@) 8 3  (SlQS) (X.5) 
( @ l e - $ H f i e - 4 H  

( @ l e - L q P )  (SI@) . 

If fi is the Hamiltonian, then (3.5) at @ = 0 is the varia,t,ioiial estimate of t,he 
energy, and improves as /3 increases. Of course, the efficiency of the refiiieiiieiit 
for any observable depends upon the degree to which I@) approximates I@). 
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Beyond such static properties, e-pH allows us to obt,ain some information 
about the dynamical response of the system. For operat,ors Qt and R. the re- 
sponse function Rn(r)  in the canonical ensemble is defined as 

(:3.6) 

where fit(.) eTHf i t e - -TH is the imaginary-time Heisenberg operator. As we 
shall see in section 8 below, interesting choices for R are the u.j for part,icular 
orbitals, the Gamow-Teller, M1, or quadrupole moment, etc. Inserting complete 
sets of A-body eigenstates of k ({ li), I f ) }  with energies E ~ J )  shows that, 

( 3 . 7 )  

where 2 = xi e-@Et is the partition function. Thus, &(r)  is t,he Laplace 
transform of the strength function So@): 

( 3 . 8 ~ 1  ) 

(3.8b ) 

Hence, if we can calculate Rn(r), S,(E) can be determined by a full inversion 
of the Laplace transform using Maximum Entropy techniques (22). Short of t,liis 
inversion (which is often numerically difficult), the behavior of Rn( T )  for sinall 
T gives information about the energy-weighted moments of Sa. In particular, 

is the total strength, 

(3 .9)  

is the first moment, and so on. (In these expressions, the prime denotes differ- 
entiation with respect to 7.) 

It is important to  note that we cannot usually obtain detailed spectxoscopic in- 
formation from SMMC calculations. Rather, we can calculate expectation \dues 
of operators in the thermodynamic ensembles or the ground state. Occasionally. 
these can indirectly furnish properties of excited states. For example, if t,here 
is a collective 2+ state absorbing most of the E2 strength, then the centroid of 
the quadrupole response function will be a good estimate of its energy. But. in 
general, we are without the numerous specific excitation energies and wavefunc- 
tions that characterize a direct diagonalization. This is both a blessing and a 
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curse. The former is that for the very large model spaces of interest, there is no 
way in which we can deal explicitly with all of the wavefunctions and excitation 
energies. Indeed, we often don’t need to, as experiments only ineasure average 
nuclear properties a t  a given excitation energy. The curse is that comparison 
with detailed properties of specific levels is difficult. In this sense. the ShfhIC‘ 
method is complementary to direct diagonalization for modest model spaces, hut 
is the only method for treating very large problems. 

It remains, of course, to describe the Hubbard-Stratanovich “trick” by which 
e-OH is managed. In broad terms, the difficult many-body evolution is replaced 
by a superposition of an infinity of tractable one-body evolutions, each in a 
different external field, 6. Integration over the external fields thus reduces the 
many-body problem to quadrature. 

For a realistic Hamiltonian, there will be many non-commuting density oper- 
ators 6, present, but we will always be able to  reduce the two-body term to 
diagonal form, as discussed in section 4. Thus for a general two-hodv interaction 
in a general time-reversal invariant form, we write 

(3.11) 

where U,  is the time reverse of d,. Since, in general [6,, U p ]  # 0,  we must 
split the interval ,i3 into Nt “time slices” of length 4/3 G p / N t ,  

(3.12) 

and for each time slice n = 1, . . . , Nt perform a linearization similar to (3.16) 
using auxiliary fields uOn: 

(3.13) 

Note that because the various 6, need not commute, (3.13) is accurate 0111~- 
through order AB and that the representation of e-4Pi must be accurate through 
order AB2 to achieve that accuracy. 

Upon composing (3.13) many times according to  (3.12), we can write ex- 
pressions for observables as the ratio of two field integrals. For example, (3.4) 
becomes 

where 

and 

(3.14a ) 
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U* = ,-ash,, 

This is, of course, a discrete version of a path integral over r .  Because there iz a 
field variable for each operator at each time slice, the dimension of the int,egrals 
Da can be very large, often exceeding lo5. Note that because of the errors in 
(3.13), the errors in Eqs. (3.14) are of order AB, so that high accuracy requires 
large Nt and perhaps extrapolation to Nt = oc) (AB = 0). 

An expression of the form (3.14) has a number of attractive feat,ures First, 
the problem has been reduced to quadrature-we need only calculate the ratio 
of two integrals. Second, all of the quantum mechanics (which appears in Q,) 
is of the one-body variety, which is simply handled by the algebra of Ars x N ,  
matrices. The price t o  pay is that we must treat the one-body problem for all 
possible u fields. 

In the following two sections we discuss the appropriate form for the Hamil- 
tonian, and formulate the MC quadrature, respectively. 

4 Decomposition of the Hamiltonian 

We note that the two-body Hamiltonian for fermion systems is completely speci- 
fied by the set of anti-symmetrized two-body matrix elements I?$(ab, cd )  of Eq. 
(2.5) that  are the input to many standard shell model codes such as OXBASH 
(42). The two-body Hamiltonian can now be written solely in t,eriiis of density 
operators that conserve the proton and neutron numbers. Namely, 

H ,  = H ;  + H i ,  

where 

G = &Poot(a,  d )  , 
ad t = p , n  

(4.2) 

with 

and 

Here, we define ~ K M T  as 

(1.3) 

(4.4) 

(4.5) 
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and the EKT are given by 

X 

E K T Z l ( a c , b d )  = - ( - l ) j b + j c  cJ( -1 )J (2J  + 1 )  { !’ i7} J( 1 + 1 + bed) 
I d  3c 

X 4 1 (V,A,,,(ab, c d )  - V&L1(ab, c d ) )  . (4.7) 

Note that EKT=o(ac,  bd )  - E K T = l ( a c ,  bd )  is an invariant related onlj to the 
physical part of the interactions, (V;”,=, + V,”,=,). We can choose all E~,-T=~ 
to  be zero in the above (by setting V:TT=l = If,”,=,) leaving EIi-T=o completely 
determined by the physical matrix elements. In that case, we can halve the 
number of fields to be integrated. 

If we now diagonalize the E K T ( ~ , ~ )  as before and form the operators 

Q K M T ( a )  &(@KMT(a)  + ( - l ) n f b K - M T ( @ ) )  % (4.8a 

the two-body part of the Hamiltonian can finally be writt,en as 

(4.9) 

In this decomposition, the one-body Hamiltonian k of the HS transformation 
does not mix protons and neutrons. We can then represent the proton and neu- 
tron wavefunctions by separate determinants, and the number of neutrons and 
protons will be conserved rigorously during each Monte Carlo sample. For general 
interactions, even if we choose nonzero E K T = ~  matrix elements, t,he number of 
fields involved is half that for a decomposition that mixes neutrons and prot,oiis, 
and the matrix dimension is also halved. These two factors combine to speed up 
the computation significantly. In this sense, an isospin formalism is more favor- 
able, although at  the cost of limiting the degrees of freedom embodied in the 
symmetric matrix eIements I,$’. 

5 Monte Carlo quadrature and sign problenis 

The manipulations of the previous sections have reduced the shell iiiodel to 
quadrature. That is, thermodynamic expectation values are given as  t,he ratio 
of two multidimensional integrals over the auxiliary fields. The dimension D 
of these integrals is of order N;Ni ,  which can exceed lo5  for t,lie prol>lenis of 
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interest. Monte Carlo methods are the only practical iiieaiis of ei.-alua.tiiig sucli 
integrals. A more general discussion may be found in Ref. (44). 

Monte Carlo quadrature can be a very efficient m y  of evaluating integrals of 
high dimension. The name “Monte Carlo” arises from the random or “cha.nce” 
character of the method and the famous casino in Monaco. The essent,ia.l idea. 
is not to evaluate the integrand at every one of a large iiuiiiber of qua,dra.ture 
points, but rather at  only a representative random sampling of fields. This is 
analogous to  predicting the results of an election on the basis of a. poll of a. small 
number of voters. 

To apply Monte Carlo quadrature to the shell model (i.e.. expressions such 
as (3.14)), the weight function W, must be real and non-nega.tive. While the 
properties of 14’ clearly depend upon the interaction and deconipositsion used, 
these conditions are not satisfied for the natural decompositions of most. realistic 
Hamiltonians. However, a broad class of schematic intera.ctions and a,ll rea.listic 
interactions satisfy these conditions closely enough (or, occasion all^:, esa.ct.ly) so 
that Monte Carlo quadrature can be used. 

Although we have briefly alluded to  “sign problems” in soiiie of the previous 
chapters] virtually all of our discussion has been based on the premise t,liat. the 
weight function Wg of Eq. (3.14) is non-negative for all field coiifigura.tsions c. 

Unfortunately, many of the Hamiltonians of physical interest suffer from a 
sign problem, in that W, is negative over significant fractions of t,he int,egra.tion 
volume. To understand the implications of this, let us rewrite Eq. (3.14) a.s 

where 

and Qj, = W,/ I W, I is the sign of the real part of W>. (Note t,liat since the 
partition function is real, we can neglect the imaginary part.) Since I PI’, 1 is noii- 
negative by definition, we can interpret it, suitably normalized, as a. proliahility 
density, so that upon rewriting (5.1) as 

(5.2) 

we can think of the observable a3 a ratio in which the numerator and denoiiiinator 
can be separately evaluated by Monte Carlo quadrature (49). Leaving aside the 
issue of correlations between estimates of these two quantities (they can always 
be evaluated using separate Metropolis walks), the fractional I ariance of (Q} 
will be 

(5.3) 
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which becomes unacceptably large as the average sign {@) approachrs zero. The 
average sign of the weight thus determines the feasibility of naixe &IC cluadra- 
ture. Only a handful of interacting electron systems are known to give rise to 
a positive-definite path integral (29): the one-dimensional Hubbard model. the 
half-filled Hubbard model, and the attractive Hubbard model at any diiiiension 
and filling. 

For the most general case, we must have a deeper understanding of the sign 
problem. We rewrite the canonical expectation value of an observable f? as 

(5.4) 

where in the spirit of Eq. (5.1,5.2) we have introduced a positive-definite weight 

W, = G o  I ~ A U O  1 , (5.5) 

and the Monte Carlo sign 

(5.6) 

The sign problem arises because the one-body partition function T r A  (I,, is not 
necessarily positive, so that the Monte Carlo uncertainty in the denoiiiinator 
of Eq. (5.2) (the W-weighted average sign, (@)) can become comparable to or 
larger than (@) itself. In most cases {@) decreases exponentially with d or with 
the number of time slices (47). 

An important class of interactions (pairing+quadrupole) free from the sign 
problem (Le., @, E 1) was found in Ref. (24). These are realized when Vo 5 0 for 
all CY in Eq. (3.11). For an arbitrary Hamiltonian, we are not guaranteed that  all 
Va 5 0. However, we may expect that a readsstac Hamiltonian will be doiiiinated 
by terms like those of the schematic force (this is, after all, why the schematic 
forces were developed) so that it is, in some sense close to a Hamiltonianfor which 
the MC is directly applicable. Thus, the “practical solution” to the sign problem 
presented in Ref. (26) is based on an extrapolation of observables calculat.ed for a 
“nearby” family of Hamiltonians whose integrands have a positive sign. Success 
depends crucially upon the degree of extrapolation required. Empirically, one 
finds that, for all of the many realistic interactions tested in the sd- and pf-shells, 
the extrapolation required is modest, amounting to a factor-of-two variation in 
the isovector monopole pairing strength. 

Based on the above observation, it is possible to decoiiipose H in (3.11) into 
its “good” and ( ( b a d  parts, I? = HG + H B ,  with 

(5.7) 
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The “good Hamiltonian f i ~  includes, in addition to the one-body t,eriiis, all the 
two-body interactions with V ,  5 0, while the “bad” Hamiltoiiia.ii Hg coiihiiis 
all interactions with V, > 0. By construction, calculations with f i ~  alone have 
@,, E 1 and are thus free of the sign problem. 

We define a family of Hamiltonians H ,  that depend on a. continuous rea.1 pa.- 
rameter g as l?g = f(g)Hc+gl?B, so that k,=1 = k, and f(g) is a,fuiictioii with 
f (1)  = 1 and f(g < 0) > 0 that can be chosen to make the estra.pola.t,ions less 
severe. (In practical applications f(g) = 1 - (1  - g)/x with M 4 has been found 
to be a good choice.) If the V, that are large in magnitude are “good,“ we expect, 
that H,,o = HG is a reasonable starting point for the calculation of an observ- 
able (d). One might then hope to  calculate (fi)g = Tr (he-@’g)/Tr (e-O’q) 
for small g > 0 and then to extrapolate to g = 1, but typically (@) colhpses 
even for small positive 9. However, it is evident from our construction t1ia.t fig is 
characterized by @,, E 1 for any g 5 0, since all the “bad” V,(> 0) a,re rephced 
by “good” gV, < 0. We can therefore calculate (b), for any g 5 0 by a. Monte 
Carlo sampling that is free of the sign problem. If (d) ,  is a. smooth function of 
9, it should then be possible to extrapolate to g = 1 (i.e., to the original Hamil- 
tonian) from g 5 0. We emphasize that g = 0 is not expected t,o be a. singu1a.r 
point of (&’)s; it is special only in the Monte Carlo evaluation. 

As described in section 4, the matrices EgT a.re constructed from the t,wo- 
body matrix elements VfT(ab, cd) of good angular momentum J ,  isospin T ,  and 
parity ?r = (-l)’a*fb through a Pandya transformation. For intera.ct,ions t1ia.t. a,re 
timereversal invariant and conserve parity, the EgT(i ,  j )  (here x = (-l)’a+’c) 
are real symmetric matrices that  can be diagonalized by a- real ortJiogona1 
transformation. The eigenvectors ~ K M ( Q )  play the role of 0, in Eq. (3.11): 
and the eigenvalues XK*(Q) are proportional to  V,. In the Condon-Shortley 
(51) convention FKM = T ( - ) ~ + ” ” ~ ; K - M  so that the “good eigenvalues satisfy 
sign [ X K ~ Q ) ]  = ?r(-)”+l (52). 

Confidence in SMMC results requires numerical validation of the methods 
used. Separate issues are the validation of the SMMC formalism and algorit,hms, 
as developed in sections 3-6, and of the g-extrapolation required in calculations 
with realistic residual interactions. These validations have been demonstra.ted in 
detail elsewhere (25, 22). 

6 Selected results 

The previous sections have outlined the motivation, formalism, and iniplenien- 
tation of Monte Carlo methods for treating the nuclear shell model. Of course. 
the ultimate goal of this work is to gain insight into the properties of real nuclei 
under a variety of conditions. In this section, we present a sampling of such re- 
sults and their interpretation. The calculations presented should be viewed only 
as an indication of the power and potential of the method; undoubtedly, iiiore 
work of this sort, abetted by ever-increasing computer power, will follow in the 
future. 
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6.1 

While coinplete Ofiw calculations can be carried out by direct. tliagonalizat~iol~ 
in the p and scl-shells, the exponentially increasing number of configura.t.ioas 
limits such studies in the next (pf) shell to  only the very lightest. nuclei (39.45). 
SMMC techniques allow calculation of ground state observables in  t,he full Oh; 
model space for nuclei throughout the pf-shell. Here, we discuss a set, of such 
calculations that use the modified K B 3  interaction (19); the single-pa.rt,icle basis 
is such that N, = 20 for both protons and neutrons. A more detailed description 
of the calculations and their results are found in Ref. (48). 

These studies were performed for 28 even-even Ti, Cr, Fe, Ni, and Zn isot.opes; 
extension to heavier nuclei is dubious because of the neglect, of the g9/2 orbit,al. 
We have used /3 = 2 MeV-l with fixed A@ = 1/32 MeV-l; test calcula.tions a.t 
varying /3 show that the results accurately reflect the ground sta.te propert,ies. 
Some 4000-5000 independent Monte Carlo samples were taken for six equa.ll,-- 
spaced values of g between -1 and 0, and observa.bles were extrapola.ted to  .(I = 1 
using linear or quadratic functions, as required. We chose t,he parameter = 4, 
as described in section 5. 

Figure 6.1 shows systematic results for the mass-defects, obt.ained direct,ly 
from (a). The SMMC results have been corrected for the Coulomb energy, 
which is not included in the K B 3  interaction, using (45) 

Ground state properties of pf-shell nuclei 

7r(n - .0.35 - nu0.05 + x . ‘7.289 , 2 HCoul = (6 .1)  

where n and u are the numbers of valence protons and neutrons, respectively. and 
the energy is in MeV. As in Ref. (45), we have increased the calculated energy 
expectation values by 0.014. n(n - 1) MeV (where 12 = + M is the number of 
valence nucleons) t o  correct for a “tiny” residual monopole defect. in the KB3 
interaction. In general, there is excellent agreement; the average error for the 
nuclei shown is +0.45 MeV, which agrees roughly with the internal excitation 
energy of a few hundred keV expected in our finite-temperature calculation. 

The Gamow-Teller (GT) properties of nuclei in this region of the periodic 
table are crucial for supernova physics (11). These strengths are defined as 

B(GT+) = ((UT*)’). (G.2) 

Note that the Ikeda sum rule, B(GT-)-B(GT+) = 3 ( N - Z )  is satisfied exactly 
by our calculations. In Figure 6.2, we show the calculated B(GT+) for all pf-shell 
nuclei for which this quantity has been measured by ( n , p )  reactions (For the 
odd nuclei 51V, 55Mn and 59C0 the SMMC calculations have been performed 
at p = 1 MeV-l to avoid the odd-A sign problem. For even-even nuclei the 
G T  strength calculated at this temperature is still a good approximation for 
the ground state value, as is shown below). Since the experimental values are 
normalized to  measured @-decay ft values, and it is believed that the axial 
coupling constant is renormalized from its free value (gA = 1.26) to  9-4 = 1 
in nuclei (21, 45), we have multiplied all calculated results by (1,/1.26)’ Note 
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that  this results in generally excellent agreement between the calculations and 
the data. Thus, we support both the statement that QA is quenched to  1 in 
nuclei and the statement that complete shell-model calculations can account for 
the GT strength observed experimentally. Note that the quenching of : /A in the 
nuclear medium is not quite understood yet. It is believed to be related either 
t o  a second-order core polarization caused by the tensor force (58) or t o  the 
screening of the Gamow-Teller operator by A-hole pairs (59). 
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FIG 6.2. Comparison of the renormalized total Gamow-Teller strength, as calculated 
within the present SMMC approach, and the experimental B(GT+) values deduced 
from (n,p) data (53-57). 

6.2 Pair structure of the nuclear ground state 

Numerous phenomenological descriptions of nuclear collective motion describe 
the nuclear ground state and its low-lying excitations in terms of bosons. In 
one such model, the Interacting Boson Model (IBM), L = 0 (S) and L = 2 
(D) bosons are identified with nucleon pairs having the same quantum numbers 
(13), and the ground state can be viewed as a condensate of such pairs. Shell 
model studies of the pair structure of the ground state and its variation with 
the number of valence nucleons can therefore shed light on the validitp and 
microscopic foundations of these boson approaches. 

To explore the pair content of the ground state in a general way, we define 
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proton pair creation operators 

These operators are boson-like in the sense that 

[ 6.3) 

(6.4) 
Le., they satisfy the expected commutation relations in the limit, of a.n empty 
shell. 

We construct bosons BL J F  as 

(6.5) 

where (Y = 1 , 2 ,  . . . labels the particular boson and the “wave function” satisfies 

(6.6) 

(Note that ?I, is independent of p by rotational invariance.) 
To find + and ncrj G ~ p ( k ? ~ J p & ~ p ) ,  the number of bosons of type a and 

multipolarity J ,  we compute the quantity ~ ~ ( ~ ~ F ( j u J . h ) A ~ ~ ( j ~ j ~ ~ ) .  which can 
be thought of as an hermitian matrix M i a ,  in the space of orbital pairs ( j a j b } :  its 
non-negative eigenvalues define the n , ~  (we order them so that > n? J > . . .), 
while the normalized eigenvectors are the ?I ,a~( ju ja ) .  The index a distinguishes 
the various possible bosons. For example, in the complete pf-shell the square 
matrix M has dimension NJ = 4 for J = 0 ,  NJ = 10 for J = 1, NJ = 13 for 
J = 2,3. 

I t  has long been anticipated that J = O+ proton-neutron correla.tions p1a.y 
an important role in the ground states of N = 2 nuclei. To explore these cor- 
relations, we have performed SMMC calculations of the N = 2 nuc.lei in t,he 
mass region A = 48 - 56. Note that for these nuclei the pair matrix in a.11 three 
isovector O+ channels essentially exhibits only one large eigenvalue related to the 
f7I2 orbital. We will use this eigenvalue as a convenient measure of t,lie pa.iring 
strength. As>he even-even N = 2 nuclei have isospin T = 0, the espect,ation 
values of AtA are identical in all three isovector O+ pairing channels. This syin- 
rnetry does not hold for the odd-odd N = Z nuclei in this mass raaige, which have 
T = 1 ground states, and (AtA) can be different for proton-neutron pairs than 
for like-nucleon pairs. (The expectation values for proton pairs and iieutxoii pa.irs 
are identical.) We find the proton-neutron pairing strength significantly lager  
for odd-odd N = 2 nuclei than in even-even nuclei, while the O+ prot,oii and neu- 
tron pairing shows the opposite behavior, in both cases leading to an odd-even 
staggering, as displayed in Fig. 6.3. This staggering is caused by a constxuctive 
interference of the isotensor and isoscalar parts of AtA in the odd-odd X = Z 
nuclei, while they interfere destructively in the even-even nuclei. The isoscahr 
part is related to the pairing energy, and is found to he about, const.ant, for t,he 
nuclei studied here. 
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FIG 6.3.  Largest eigenvalue for the various isovector O+ pairs in the A' = Z nuclei in 
the mass region A = 48 - 56. 

6.3 Thermal properties of pf-shell nuclei 

The properties of nuclei at finite temperatures are of considerable experimental 
(60, 61) and theoretical interest (62, 63). They are clearly quite importmalit, in 
various astrophysical scenarios. For example, electron capture on nuclei pla.ys 
an essential role in the early presupernova collapse (11). In t1ia.t cont,ext, it. is 
important t o  know the temperature dependence of the Gamow-Teller strengt(1i. 

Theoretical studies of nuclei at finite tempemture have been ba.sed mainly on 
mean-field approaches, and thus only consider the t,eniperat,ure dependence of 
the most probabIe configuration in a given system. These approaches have been 
criticized due to  their neglect of quantum and statist,ical fluct,ua.t.ioiis (64). The 
SMMC method does not suffer this defect and allows the consideration of model 
spaces large enough to account for the relevant nucleon-nucleon correlations a t  
low and moderate temperatures. 

We have performed SMMC calculations of the thermal properties of several 
even-even nuclei in the mass region A = 50 - 60 (65, 66). As a. tsypical example, 
we discuss in the following our SMMC results for the nucleus 54Fe, which is very 
abundant in the presupernova core of a massive star. 

Our calculations include the complete set of lp3/2,1/?0 f7/2,5/2 sta.tes inter- 
acting through the realistic Brown-Richter Hamiltonian (39). (SMMC ca.lcula.- 
tions using the modified KB3 interaction give essentially the sa.nie result,s.) Some 
5 x lo9 configurations of the 8 valence neutrons and G valence protons moving in 
these 20 orbitals are involved in the canonical ensemble. The results presented 
below have been obtained with a time step of 49 = 1/32 MeV-' using 5000- 
9000 independent Monte Carlo samples at seven values of the coupling constant 
g spaced between -1 and 0 and the value x = 4. 

The calculated temperature dependence of various observd~les is showii in 
Fig. 6.4. In accord with general thermodynamic principles, t8he int,ernal energy 
U steadily increases with increasing temperature (65). It shows a n  inflect,ioii 
point around T G 1.1 MeV, leading to  a peak in the heat ca.pa.city, G E d[, ' /dT. 
whose physical origin we will discuss below. The decrease in C for T 2 1.4 MeV 
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is due to our finite model space (the Schott,ky effect (67')): we est-iiiia,t'e t.1ia.t 
limitation of the model space to  only the pf-shell renders our calculations of' ""Fe 
quantitatively unrelia.ble for temperatures above this value (internal energies 
U 2 15 MeV). The same behavior is apparent in the level density pa.raniet,er, 
a E 12/27'. The empirical value for u is A/8 MeV = 6.8 Me\'-' which is in good 
agreement with our results for T M 1.1-1.5 MeV. 

We also show in Fig. 6.4 the expectation values of the BCS-like prot,oii-proton 
and neutron-neutron pairing fields, (dts). At low temperatures. the pairing 
fields are significantly larger than those calculated for a. lion-interacting Fermi 
gas, indicating a strong coherence in the ground statme. With increa.sing t,eiii- 
perature, the pairing fields decrease, and both approa.ch the Fermi gas va.lues 
for T M 1.5 MeV and follow it closely for even higher tempera.tures. Associ- 
ated with the breaking of pairs is a dramatic increa.se in the moment. of inertia, 
I E (J2)/3T, for T = 1.0-1.5 MeV; this is analogous to  the ra.pid increa.se in 
magnetic susceptibility in a superconductor. At temperatures above 1.5 MeV, I 
is in agreement with the rigid rotor value, 10.7h.2/Me1T; at  even higher t,emper- 
atures i t  decreases linearly due to  our finite model spa.ce. We note also t,ha.t. t,he 
Gamow-Teller total st,rengtli is relatively constant up to 2.0 MeV (not, shoivn). 
We note that it is often assumed in astrophysical calculations t,liat, the GT 
strength is independent of temperature (68); our calculations demonst,ra.te t,lia.t. 
this is true for the relevant temperature regime (T < 2 MeV). 

Although the results discussed above are typical for even-even nuclei in this 
mass region (including the N = 2 nucleus 52Fe), they are not, for odd-odd 
N = 2 nuclei. This is illustrated in Fig. 6.5 which shows the thermal beha.vior 
of several observables for 50Mn (N = 2 = 25), calculated in a SMMC, study 
within the complete pf-shell using the KB3 interaction. In contrast, to even-even 
nuclei, the total Gamow-Teller strength is not constant at low teiiipera.t,ures, 
but increases by about 50% between T = 0.4 MeV and 1 MeV. The B(iV1) 
strength decreases significantly in the same temperature interval, while for even- 
even nuclei, i t  increases steadily. A closer inspection of the isovector J = 0 
and isoscalar J = 1 pairing correlations holds the key to the underst,a.nding of 
these differences. The J = 0 isovector correlations are studied using the BCS 
pair operators (8.6), with a similar definition for proton-neutron p i r ing .  For 
the isoscalar J = 1 correlations, we have interpreted the trace of the pair iiia.t,rix 
M J = ~  as an overall measure for the pairing strength, 

( 6 . i )  P,", = EA; = E M & .  
P ff 

Note that at the level of the non-interacting Fermi gas, proton-prot,on, neutron- 
neutron, and proton-neutron J = 0 correlations are identical for N = Z nuclei. 
However, the residual interaction breaks the symmetry between like-pair corre- 
lations and proton-neutron correlations in odd-odd N = 2 nuclei. As is obvious 
from Fig. 6.5, at low temperatures proton-neutron pairing doniinat,es in " ' h h ,  
while pairing among like-nucleons shows only a small excess over t,he Feriiii gas 
values, in strong contrast to even-even nuclei. 
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A striking feature of Fig. 6.5 is that the isovector proton-neutron correlat,ioiis 
decrease strongly with temperature and have essentially vanished a.t. T = 1 MeIT7 
while the isoscalar pairing strength remains about consta.nt in this teiiipera.ture 
region (as it does in even-even nuclei) and greatly exceeds the Fermi ga.s values. 
We also note that the pairing between like-nucleons is roughly consta.iit a.t. T < 1 
MeV. The change of importance between isovect.or and isoscalar prot,oii-neut,roii 
correlations with temperature is nicely reflected in the isospin expectsation value, 
which decreases from < T2 >= 2 at temperatures around 0.5 MeV, correspond- 
ing to the dominance of isovector correlations, to < T2 >= 0 a.t t>empera.ture 
T = 1 MeV, when isoscalar proton-neutron correlations are most, iinportant. 
The low-temperature behavior of the Gamow-Teller and B ( M 1 )  strength is re- 
lated to  the fading of the isoscalar proton-neutron correlations. For esaanple, the 
Gamow-Teller strength increases as transitions between the same orbit<al (ma.inly 
f7/2) are less quenched by weaker isovector proton-neutron correla.tions. 

6.4 

The core of a massive star at the end of hydrostatic burning is stmabilked by 
electron degeneracy pressure as long as its mass does not exceed the appropriate 
Chandrasekhar mass M C H .  If the core mass exceeds M C H ,  electrons are ca.ptured 
by nuclei (11) t o  avoid a violation of the Pauli principle: 

Electron capture and presupernova collapse 

e- + (2 ,A)  -, (2 - l , A )  + v, . (6.8) 

The neutrinos can still escape from the core, carrying awa.y energy. This is ac- 
companied by a loss of pressure and the collapse is accelerated. 

For many of the nuclei that determine the electron capture ratme in the early 
stage of the presupernova (68), Gamow-Teller (GT) transitions contribute sig- 
nificantly to  the electron capture rate. Due to  insufficient, experimental infor- 
mation, the GT+ transition rates have so far been treated only qualitatively in 
presupernova collapse simulations, assuming the GT+ strength to  reside in a 
single resonance, whose energy relative to  the daughter ground s h t e  has been 
parametrized phenomenologically (69); the total GT+ strength has been taken 
from the single particle model. Recent (n ,  p )  experiments (53-57), however, show 
that  the GT+ strength is fragmented over many states, while the total strength 
is significantly quenched compared to  the single particle model (see section 8.1). 
(A recent update of the GT+ rates for use in supernova simulations assumed a. 
constant quenching factor of 2 (68).) 

In a series of truncated shell model calculations, Aufderheide aad  colla.bora.t.ors 
have demonstrated that a strong phase space dependence makes the Gamow- 
Teller contributions to  the presupernova electron capture rates more seiisit,ive 
to  the strength distribution in the daughter nucleus than to t,he tota.1 strength 
(70). In this work it also became apparent that complete Ohw studies of the 
GT+ strength distribution are desirable. Such studies are now possible using the 
SMMC approach. 
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FIG 6.4. Temperature dependence of various observables in 5*Fe. Monte Carlo points 
with statistical errors are shown at eFch temperature T.  In the left-hand column. the 
internal energy, U ,  is calculated as ( H )  - EO, where H is the many-body Hamiltonian 
and Eo the ground state energy. The heat capacity C is calculated by a finite-difference 
approximation to dU/dT, after U ( T )  has been subjected to a three-point smoothing. 
and the level density parameter is a E C/2T. In the right-hand column. we show the 
expectation values of the squares of the proton and neutron BCS pairing fields. For 
comparison, the pairing fields calculated in an uncorrelated Fermi gas are shown by 
the solid curve. The moment of inertia is obtained from the expectation d u e s  of the 
square of the total angular momentum by I = P(.f2)/3 (from 6 5 ) .  
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FIG 6.5 Temperature dependence of various observables in 50Mn. The left. panels show 
(from top to bottom) the total energy, the moment of inertia, the B(M1)  strength, 
and the Gamow-Teller strength, while the right panels exhibit. the expectation values 
of the isospin operator @*), the isovector J = 0 proton-proton and proton-neutron 
BCS pairing fields, and the isoscalar J = 1 pairing strength, as defined in the text. For 
comparison, the solid lines indicate the Fermi gas values of the BCS pairing fields and 
J = 1 pairing strength. 

To determine the GT+ strength distribution, we have calculated the response 
function of the UT+ operator, RGT(T), as defined in Eq. ( 3 . G ) .  As the strength 
function SGT(E) is the inverse Laplace transform of RGT(T), we have used t,he 
Maximum Entropy technique, described in section 6.4, to  extract. ,SGT( E ) .  For 
the default model m(E)  in (6.21) we adopted a Gaussian whose centroid is given 
by the slope of lnRGT(7) at small 7 and whose width is 2 MeV. 

As first examples we have studied several nuclei (51V, s4,5cFe, ss~G".'''Ni. and 
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5 9 c ~ ) ,  for which the Gamow-Teller strength distribution in the daughter nucleus 
is known from (n ,p)  experiments (53-57). Note tha,t the elect,roii capt.urci 11y 
these nuclei, however, plays only a minor role in the presupernova c,ollapse. As 
SMMC calculates the strength function within the parent, nucleus, t,he results 
have been shifted using the experimental Q-va,lue. The Coulomb correction 1ia.s 
been performed using Eq. (8.1). For all nuclei, the SMMC a.pproa.ch ca1cula.tes 
the centroid and width of the strength distribution in good a.greement, wit,li 
data. (Following Ref. (46) the calculated strength distributions ha.ve been folded 
with Gaussians of width 1.77 MeV to account for the experimental resolution.) 
Fig. 6.6 shows the response function RGT(T) for 54Fe and ’’CO and compares 
the extracted GT+ strength distribution with data. (As discussed in sectmioils 
8.1 and 8.5, the Ganiow-Teller operator has been renormalized by the fa.ct,or 
0.71). The centroid of the GT+ strength distributions is found to be nea.rly 
independent of temperature (calculations for odd nuclei could be performed only 
in the temperature range T = 0.8 - 1.2 MeV), while its width increases with 
temperature. Calculations of the Gamow-Teller contribution to  elect.ron capture 
rates in presupernova conditions are under way. 
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strength distribution as extracted from (n,p) data (54). 
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6.5 7-soft nuclei 

Nuclei with m a s  number 100 5 A 5 140 are believed to have large shape fluc- 
tuations in their ground states. Associated with this softness are spectra with 
an approximate O(5) symmetry and bands with energy spacings int,ermediate 
between rotational and vibrational. In the geometrical model these nuclei are 
described by potential energy surfaces with a minimum at p # 0 but indepen- 
dent of y (72). Some of these nuclei have been described in terms of a quartic 
fivedimensional oscillator (73). In the Interacting Boson Model (IBM) they are 
described by an U(6)  dynamical symmetry (13, 74, 75). In the following we re- 
view the first fully microscopic calculations for soft nuclei with 100 < il i 140 

For the two-body interaction we used a monopole ( J  = 0) plus quadrupole 
(76). 

( J  = 2) force (77), supplemented by a collective quadrupole interaction: 

(6.9) 

where :: denotes normal ordering. The single particle energies and the other 
parameters were determined as described in Ref. (76). 

In order to  obtain a more detailed picture of the deformation, we examine the 
components of the quadrupole operator 6, = r2Y&. Note, however, that  due 
to  rotational invariance of the uncranked Hamiltonian, the expecta.tion value of 
any component Q, is expected to  vanish. On the other hand, there is an intrinsic 
frame for each Monte Carlo sample, in which it is possible to  compute the three 
non-zero components Qb , Q', , and QLz (the prime is used to  denote the intrinsic 
frame). The intrinsic quadrupole moments can then be related to  the standa.rd 
deformation coordinates p and y (2, 25). The task remains to  compute the 
quadrupole moments in the intrinsic frame for each Monte Ca.rlo sample. This 
is accomplished by computing and diagonalizing the expecta.tion value of the 
Cartesian quadrupole tensor Qdj = 3xixj - 6ijr2 for each Monte Carlo sample. 
From the three eigenvalues, i t  is straightforward to  determine t,he deforma.tion 
parameters as in Ref. (71). 

We begin discussion of our results with the probability dist,ributioii of the 
quadrupole moment. These contour plots show the free energy F(i3, y) ,  obtained 
from the shape probability distribution, P(p ,  y), by 

P(P, 7 )  F ( P ,  y) = -T In 
,133 sin 37 

(6.10) 

where the P3sin3y is the metric in the usual deformation coordinates; P was 
obtained simply by binning the Monte Carlo samples in the 3-7 plane. The cal- 
culation of the shape distributions included the quantum-mechanical~fluctuat~ons 
through the variance of the Q operator for each sample, A; = Tr( Q'&)/Tr( [yo}- 

(6):. The shape distribution P(P, y) can be converted to a free energy surface 
as described by Eq. (8.19). 
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The shape distributions of lzSTe and ‘“Xe are shown in Fig. 6.7 a.t different, 
temperatures. These nuclei are clearly y-soft, with energy miniiiia a.t, 8 - 0.06 
and p - 0.15, respectively. Energy surfaces calculated with Strutinsky-BCS us- 
ing a deformed Woods-Saxon potential (78) also indicate 7-softness with values 
of p comparable to the SMMC values. These calculations predict, for lZ4Xe a 
prolate minimum with p M 0.20 which is lower than the spherica,l configura.t,ion 
by 1.7 MeV but is only 0.3 MeV below the oblate saddle point, and for ‘”Te 
a shallow oblate minimum with ,!? M 0.03. These y-soft surfaces are simi1a.r to 
those obtained in the 0(6)  symmetry of the IBM, or more generally when t,he 
Hamiltonian has mixed U(5) and O(6) symmetries but a common O(5) sym- 
metry. In the Bohr Hamiltonian, an O(5) symmetry occurs when the collective 
potential energy depends only on /? (72). The same results are consistent. with a. 
potential energy V ( p )  that has a quartic anharmonicity (73), but with a. nega.tive 
quadratic term that leads to  a minimum at finite p. 

The total E2 strengths were estimated from (Q2) where Q = e p Q p  + e,,Q,, is 
the electric quadrupole operator with effective charges of ep = 1.5e and e, = 
0.5e, and B(E2; 0: - 2 ; )  determined by assuming that most of the strength is 
in the 2: state. Values for B(E2; 0: + 2:) of 663 f 10,2106 z t  15, and 5491 & 36 
e2fm4 were found, to be compared with the experimental values (79) of 1164, 
3910, and 9103 e2fm4 for 124Sn, 12*Te and 124Xe, respectively. Thus, the SMMC 
calculations reproduce the correct qualitative trend. The 2; excitation energies 
were also calculated from the E2 response function. The values of 1.12 f 0.02, 
0.96 f 0.02 and 0.52 f 0.01 MeV are in close agreement with the experimeiita,l 
values of 1.2, 0.8 and 0.6 MeV for lZ4Sn, I2*Te and 124Xe, respectively. 

The total number of J-pairs ( n ~  = E, n,j) in the various pairing channels 
was also calculated. Since the number of neutrons in 12*Xe is larger than the 
mid-shell value, they are treated as holes. For J = 0 and J = 2 one can compare 
the largest n , ~  with the number of s and d bosons obtained from the O(6) limit 
of the IBM. For 124Xe the SMMC (IBM) results in the proton-proton pairing 
channel are 0.85 (1.22) s (J = 0) pairs, and 0.76 (0.78) d ( J  = 2) pairs, while in 
the neutron-neutron channel we find 1.76 (3.67) s pairs and 2.14 (2.33) d pairs. 
For the protons the SMMC d to s pair ratio 0.89 is close to its O(6) value of 0.64. 
However, the same ratio for the neutrons, 1.21, is intermediate between O(6) a.nd 
S U ( 3 )  (where its value is 1.64) and is consistent with the neutrons filling the 
middle of the shell. The total numbers of s and d pairs - 1.61 proton pairs a.nd 
3.8 neutron (hole) pairs - are below the IBM values of 2 and 6, respectively. 

6.6 Double-beta decay 

The second-order weak process (2, A) * (2 + 2 ,  A)  + 2e- + 2V, is an iniport,aiit 
“background” to searches for the lepton number-violating neutrinoless mode, 
(Z, A)  -+ (Z + 2, A). The calculation of the nuclear matrix element for t,hese 
two processes is a challenging problem in nuclear structure, and has been done 
in a full pf model space for only the lightest of several candidates, “ea .  P.B. 
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FIG 6.7. Contours of the free energy (as described in the text) in the polar-coordinate 
/3 - y plane for 128Te and lZ4Xe. Contours are shown at 0.3 MeV intervals, with lighter 
shades indicating the more probable nuclear shapes (from (76)).  

Radha et al. have performed first Monte Carlo calculations of the 2v ,fib matrix 
elements in very large model spaces (80). 

In two-neutrino double &decay, the nuclear matrix element of int,erest, is 

(6.11) 
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where ]io) and I f o )  are the O+ ground states of the initial and final even-even 
nuclei, and Im) is a If state of the intermediate odd-odd nucleus; the siiiii is over 
all such states. In this expression, G = 67- is the Gamow-Teller operator for 3-- 
decay (Le., that which changes a neutron into a proton) and 52 = (E7o  + E,f , ) /2 .  
A common approximation to M2” is the closure value, 

where E is an average energy dominator and 

(6.12) 

(6.13) 

SMMC methods can be used to calculate both Me and Ad2”. To do so, consider 
the function 

(6.14) 

where Z = l ’ r ~  e-@H is the partition function for the initial nucleus, H is the 
many-body Hamiltonian, and the trace is over all states of the initial nucleus. 
The quantities (,f? - T - T’) and T play the role of the inverse temperature in the 
parent and daughter nucleus respectively. A spectral expansion of d shows that 
large values of these parameters guarantee cooling to the parent and daughter 
ground states. In these limits, we note that 4 ( ~ ,  T’ = 0) approaches e-r* lAIcl’. 
where Q = E: - E: is the energy release, so that a calculation of $ ( T ,  0 )  leads 
directly to  the closure matrix element. If we then define 

and 

(6.15) 

(6.16) 

it is easy to see that in the limit of large T ,  ( p  - T - T’), and T, M’”(T, T) 
becomes independent of these parameters and is equal to the matrix eleiiient in 
Eq. (8.23). 

In the first applications, Radha et al. calculated the 2v matrix elements for 
*‘Ca and 76Ge (80). The first nucleus allowed a benchmarking of the SMMC 
method against direct, diagonalization. A large-basis shell model calculation for 
76Ge has long been waited for, as 76Ge is one of the few nuclei where the 2vp,O 
decay has been precisely measured and the best limits on the Ov decaj- mode 
have been established (81, 82, 83). 
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The SMMC calculation for 48Ca was performed for the complete pf shell using 
the KB3 interaction and compared to a direct diagonalization using an imple- 
mentation of the Lanczos algorithm (80). We found good agreement bet,ween the 
two methods. 

To monitor the possible uncertainty related to the g-extra.polation in the 
calculation of the 2v matrix element for 76Ge, SMMC studies have been per- 
formed for two quite different families of sign-problem-free Hamiltonians (x = m 
and x = 4). The calculation comprises the complete (Of512, lp, 0 ~ 9 1 2 )  model 
space, which is significantly larger than in previous shell model studies (84). 
The adopted effective interaction is based on the Paris potential and has been 
constructed for this model space using the Q-box method developed by Kuo 

As is shown in Fig. 6.8, upon linear extrapoIation both famiIies of Hamilto- 
nians predict a consistent value for the 2v matrix element of 7GGe. The results 
M2” = 0.12 f 0.07 and M2” = 0.12 f 0.06 are only slightly lower thaii the ex- 
perimental values (MZV = 0.22 f 0.01, (83)). This comparison, however, should 
not be overinterpreted yet, as the detailed reliability of the effective interaction 
is still to be checked. 

It is interesting that the closure matrix element found in the SMMC calcula- 
tion and the average energy denominator ( M ,  = -0.36 f 0.37, E = -3.0 f 3.3 
MeV and M, = 0.08f  0.17, E = 0.57f 1.26 MeV for the two families of Ha.mi1- 
tonians with x = co and x = 4, respecitvely) are both significantly smaller than 
had been assumed previously. This is confirmed by a recent trunca.ted diagonal- 
ization study (86). 

(85) .  

7 Prospects 

We have presented in section 8 a sampling of results from SMMC calculations. 
These demonstrate both the power and limitations of the methods and the pliys- 
ical insights they offer. SMMC calculations, while not a panacea, clearly have 
certain advantages over conventional shell model approaches, particularly for 
properties of ground states or thermal ensembles. Of the results discussed in 
this review, the most significant bear on the quenching of GT strength, the pair- 
ing structure, and nuclear shapes. Many of the first applications of the SMMC 
approach have significant bearing on astrophysical questions. 

With respect to the technical aspects of these calculations, we note the fol- 
lowing. 

- SMMC methods are computationally intensive. However, computing power 
is becoming both less expensive and more widely available at  an astonishing 
rate. It is a great advantage that these calculations can efficiently exploit 
loosely connected “farms” of workstation-class machines. 

- A number of interesting physics questions require multi-shell model spaces. 
Among these are the origin of the apparent renormalization of gA = 1 in 
Gamow-Teller transitions, strengths of first-forbidden weak operators, the 
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FIG 6.8. The 2v matrix element for 76Ge calculated within SMMC studies based on 
two families of Hamiltonians which are free of sign problems. The physical values are 
obtained by linear extrapolation to g = 1. The experimental value for this matrix 
element (83) is indicated by the diamond (from 80). 

properties of the giant dipole resonance, and nuclear behavior at tenipera- 
tures above 1.5 MeV. Preliminary SMMC studies offer circumstantial evi- 
dence that center-of-mass (CM) motion is not a significant concern for some 
of the operators of interest. This is not too surprising at finite temperature, 
since the CM is only three degrees of freedom (far fewer than the internal 
dynamics). 

- We lack the capability to treat odd-A or odd-odd N # Z systems at  tein- 
peratures below -800 keV, because of “sign” problems in the Monte Carlo 
sampling. However, meaningful results are possible at  modest temperatures 
for such nuclei, as exemplified by the 51V, 55Mn, and 59C0 calculatioiis in 
section 8.1. Similar problems prevent spin projection, which would enable 
yrast spectroscopy. 

Otsuka and collaborators (87) have recently proposed a hybrid scheme whereby 
SMMC methods are used to select a many-body basis, which is then employed in 
a conventional diagonalization. The sign problems alluded to above are absent, 
and detailed spectroscopy is possible. Test applications to boson problems have 
shown some promise, although the utility for realistic fermion systems remains to 
be demonstrated. It is unfortunate that explicit angular momentum projection 
apparently plays an important role in these methods, as the numerical effort of 
that procedure increases strongly with the size of the model space. 

Additional physics results in finite nuclei that should emerge in the future 
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include: more realistic electron capture rates in presupernova coiiditioiis, t.he 
double-beta decay matrix elements for candidates other than “Ge, systematic 
studies of rare earth nuclei at finite temperature and spin, stmudies t>o improve 
the effective interactions used, tests of such models as the IBM and RPA, and 
predictions of nuclear properties far from /3-stability. 

The ground state and thermal properties of nuclear iiia.tter a.re another in- 
triguing application of SMMC methods. One approach is to  use single pa.rticle 
states that are plane waves with periodic boundary conditions and a. G-mat,rix 
derived from a realistic inter-nucleon interaction; the forma.lism and a.lgorithms 
we have presented here are then directly applicable. An altermtive a.pproa.ch is 
to  work on a regular lattice of sites in coordinate space and employ Skyrme-like 
effective interactions that couple neighboring sites; the calculation is then simi- 
lar to  that for the Hubbard model for which special techniques must be used to 
handle the large, sparse matrices involved (29). Both approaches are currently 
being pursued. 
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