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Abstract- It is widely accepted that dead reckoning 
based on the rolling with no slip condition on wheels is 
not a reliable method to ascertain the position and orien- 
tation of a mobile robot for any reasonable distance. We 
establish that wheel slip is inevitable under the dynamic 
model of motion using classical results on the accessibil- 
ity and controllability in nonlinear control theory and an 
analytical model of rolling of two linearly elastic bodies. 

I. Introduction 
The mobility literature of wheeled mobile robots 
with fixed, centered, off-centered, and omnidirectional 
wheels is traditionally founded on the equations of mo- 
tion derived from the rolling with no slip constraint on 
the wheels. Together with the wheel orientation en- 
coders that are used to infer the configuration (end- 
point) of the mobile robot, these constraints are conve- 
nient in reducing the order of the state-space descrip 
tion of the mobile robot. However, dead-reckoning er- 
ror is substantial for large distances. It renders the 
reduced state-space model and the corresponding dead- 
reckoning method of inferring the configuration of the 
mobile robot, at best, questionable. 

Our objective in this paper is to explore the implica- 
tions of imposing the rolling with no slip condition using 
classical results on the accessibility and controllability 
in nonlinear control theory [NV 901. When the rolling 
constraints are imposed, they allow forces at the wheel- 
ground interface to be transmitted up to the frictional 
bound with perfect rolling contact. The analytical the- 
ory of two bodies in rolling contact, however, establishes 
a definite slip associated with the traction forces at the 
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wheel-ground interface. We consider that the traction 
forces at the wheel-ground interface are determined un- 
der the following conditions: 

Hypothesis 1: 
a. The rolling bodies are linearly elastic, 
b. Quasi-identity relation on the elastic properties of 

the two bodies in contact holds. (This includes 
the case when the two bodies are elastically similar 
and approximates the situation when one body, say 
a rubber wheel, is incompressible, and the other 
body, say the concrete ground, is relatively rigid.) 

c. The area of contact between the two bodies is 
symmetric about the direction of the rolling of the 
wheels. 

The conditions we identify are roughly the following: 
1. If the constraints in the lateral (sideways) and lon- 

gitudinal (rolling) directions of a wheel transmit 
traction forces determined under the conditions of 
Hypothesis 1, then only mobile robots with off- 
centered wheels can, in general, preserve the kine- 
matic constraints imposed by the wheels. The state 
of rest is, however, an equilibrium point of the dy- 
namic system. 

2. If the constraints in the lateral (sideways) direc- 
tion of the wheels are satisfied, then preserving 
the longitudinal direction constraint of rolling with 
no slip with wheel-ground traction determined un- 
der the conditions of Hypothesis 1 implies that the 
base of those mobile robots with fixed, centered, 
and omnidirectional wheels cannot change its state 
from tlie state of rest - a case of zero accessibil- 
ity (and controllability) for. the base of the mobile 
robot. 

In effect, we identify conditions for which wheel s!ip is 
inevitable. A key aspect of our study is the analytical 
formulatioi; of the theory of rolling of two linearly elastic 
bodies in contact. The origin of such studies is founded 
in the law of friction of CoulomS-Amontons, the ana- 
lytic models of deformation cf a three-dimensional half- 
space elastic body due to a concentrated load of Boussi- 
ilesq (1885) and Cerruti (1883), and Hertz’s theory 
(1882) of two elastic surfaces with curvature in contact. 
Application of these theories t.0 the stud? of rolling con- 



tact between two bodies was initiated by Carter (1926), 
who gave solutions of a two-dimensional problem, ;.e., 
when the extents of the rolling objects lie in a plane. 
Subsequently, Fromm (192'7), Johnson (1958), de Pa- 
ter (1956), Kalker (195$), Haines and Ollerton (1964), 
and Heinrich and Desoyer (1967) have extended the so- 
lutions under various other assumptions; see a review 
article by Kalker [Kalker '791. 
Previously, Alexander and Maddocks [AM 891 consid- 

ered wheel scrubbing. It arises from inconsistent posi- 
tioning and orientation of the wheels with respect to 
the kinematic mobility of the base of the mobile robot. 
They also offer an analytical justification of the phe- 
nomena of sideways lurching with uneven rolling fric- 
tion conditions on the wheels using a minimum work 
principle on their quasi-static model of motion. The 
wheel slip we consider here and the implication on its 
existence subsumes kinematic consistency. It is, there- 
fore, different from their wheel scrubbing phenomena. 
A recent paper of Balakrishna and Ghosal [BG 951 con- 
sidered a model of the traction forces arising from a 
rolling tire, Their model of traction force and wheel slip 
arises from an empirical model of tire mechanics anal- 
ysis, An analytical model of a rolling tire, in the sense 
we present here for two linearly elastic rolling bodies, is 
a difficult problem [Kalker 901. Their empirical model, 
however, incorporates essential aspects of the analytical 
theory of rolling under Hypothesis 1 that we consider. 
The numerical simulation results, therefore, exhibit the 
presence of wheel slip, a conclusion we prove based en- 
tirely on an analytical theory. Our primary results are 
theorems 6 and 8. 

11. Kinematics 
This section introduces the kinematic constraints im- 
posed by the nature and configuration of various types 
of wheels of the mobile robot. The following sub- 
sections consider the form of the specific instances of the 
kinematic constraints of a wheel type of a mobile robot. 
The kinematic model we derive is based on a model of 
a zero width non-deformable planar circle rolling with 
no slip on the ground. The subsequent analysis and re- 
sults of khe paper, however, are not restricted by this 
intermediate step in deriving the model. 

A .  Iiinemotic Model of hlotion of the Base of Wheeled 
Mobile Robot 

First consider S, the plane of motion of the base of 
the wheeled mobile robot. Let 3 be a choice of a co- 
ordinate system in the plane so that F : S  -+ R2:p 4 
(F1(p)lF:(p)), Let the configuration of the base of 
&he mobile robot; ail element of SE(2), be denoted 

XI = (+,y,B)' in the choice of coordinate system F. 
Let the velocity of the base of the mobile robot in the 
plane of nio.tion at the configuration XI be denoted 
XI = (k,ylO). It is easy to verify that the velocity 
of the base of the mobile robot i$' in the moving ref- 
erence frame M is related to X I  by i$' = %Il where 
R = R(xl) is a homogenized orthogonal tranformation 
matrix of three-by-three of the form 

B. Kinematic Constmints Imposed by Wheels 
Our model of a wheeled mobile robot is a general- 

ized model of such robots considered by Campion et. 
al. [CBD 931. A wheeled mobile robot has either con- 
ventional type wheel or an omnidirectional type wheel. 
A conventional type wheel has a given axis about which 
the wheel can rotate and is driven. It is of the follow- 
ing three categories: (i) fixed, (ii) centered orientable, 
and (iii) off-centered orientable. An omnidirectional 
wheel can rotate about an arbitrary axis of rotation 
in the plane of motion of the base of the mobile robot 
and is (usually) driven about one given axis in that 
plane. The configuration of a mobile robot with an 
arbitrary combination of wheels is described by the fol- 
lowing: XI, the three coordinates of the base, xg, the 
vector of angular orientations of the plane containing 
the off-centered wheel, x3 = ( d j ,  dCl doc, & d ) ,  the angu- 
lar orientations of the fixed, centered, off-centered, and 
omnidirectional' wheels, respectively, about their driven 
directions, x4 = ( G o d ) ,  an appropriate choice of angular 
velocities of the omnidirectional wheels about directions 
complementary to the directions of their drive, and x5, 
the orientations of the plane containing centered wheel. 
If the number of fixed, centered, off-centered, and om- 

nidirectional wheels are N f ,  Ne, No,, and Nod, re- 
spectively, then the dimension of an element xc = 
(XI , xg, x3, xq, xg) describing the configuration of the 
mobile robot is 3 + iVoc + ( N j  + Ne + No, + N o d )  + 
Nod + Nc = 3 + N j  + 2(iVc + No, + N o d ) .  Consider 
that the origin of the choice of coordinate system Oejl 
e E { f , c 1 o c , o d } , j  E {1, . . . ,Ne},  thechoiceofcoordi- 
nate frame of the j t h  wheel of type e with the origin on 
Lhe wheel axle above the center point of wheel-ground 
contact for fiscd, centered. and omnidirectional wheels 
and at the pivot of tile arm of off-centered wheels is 
given by (1, Q) in polar coordinates in the choice of co- 
ordinate system M ar?d the radial line Q is the x-axis 
of Oej(see Fig. 1).  Similarly, the origin of the choice 

'Items in () denote, depending on the contest, elements of 
n rector or functionnl depsr~dericy of a map on variables. If 
f:X" + R"? is srnooth man such that f = ( / I ,  f' ....,/"), 

is the af'(r l  .rr......x,I - - D,fa E Df[ i]b i ,  and Df z "1: 

:acobian 0; the function /. 



Fig. 1. Choice coordinate systems for kinematic constraints. 

of slip coordinate frames Mej (or the origin of M e j )  is 
(d ,P - 4) in the choice of coordinate system Oej and 
the radial line p - $ is the x-axis of the frame M e j .  
Let y be the angle that the direction of complementary 
rolling 4 of an omnidirectional wheel makes with the 
direction of q5 the axis about whlch the wheel is driven. 
The three scalar components of the constraints imposed 
by the wheels are as follo~vs: 

  cos(^) sin(6) Isin(& - a) + dcos(a + P + 7 - 6) 1 Rk1 
-r sin(a + P - 618 + djcos(a + P - 6) 

--PI sin(a + P + 7 - a)$, 
I C O S ( ~  - a) + dsin(a + P + 7 - 6) 1 Rxl 
+dj sin(a + P - 6) + r cos(a + P - 618 

+r/$ cos(a + P + 7 - 61, 
[ O  0 1 1 ~ 1 + 8 ,  

- sin(6) cos(&) (1) 

where r is the radius of the wheel about .the driven 
direction 4, and r’ is the radius of the omn_idirectional 
wheel about the com lenlentary direction 4 and 6 is a 
quantity determined !y equating 

[ - sin(6) cos(6) I cos(& - a) + dsin(a + P + 7 - 6) ] Rki 
+& sin(a + p - 6) 

to zero in this instantiation so that the y-velocity in 
the slip co-ordinate frame Mej is zero. For fixed wheels 
d = 0 and P is a constant, for centered wheels d = 0. 
For centered and off-centered wheels p is a state vari- 
able, a component of x5 and xa, respectively. For fixed, 
centered, and off-centered wheels, the component con- 
taining 4 does not appear and -/ = 0. For omnidirec- 
tional wheels /3 is a constant. 
The three scalar constraints in Eq. (1) for each wheel 

restrict the motion of the base of the mobile robot at the 
center point of wheel-ground contact in the 2, y, and 0 
directions of the slip coordinate system M,j. For conve- 
nience, the slip coordinate frame x-direction will also be 
called the longitudinal direct.ion, the y-direction as the 
lateral direction, and the 0-direction as the rotational 
direction. In this terminology, the scalar kinematic con- 
straints for each wheel are also called longitudinal, lat- 
eral and rotational constraints due to the ejth-whee:. 
Let the longitudinal, lateral, and rotationol const.raints 

for all the wheels be collected in the form JzXc, JyXc, 
and JeXc,  respectively, where 

for p E {z,y} and constraints in the fourth column 
due to the angular velocity of the wheels are further 
expanded into four subcomponents corresponding to 
the fixed, centered, off-centered, and omnidirectional 
wheels. The functional dependency of the terms in the 
jacobian are: Jzlj(X1,X1), J + 3 f ( X l ~ X l ) ~  JZ&lr XI), 
J~3c(x1  I x5, Xl) ,  Joloc(X{ 1 ,?} , X{ 1 ,?} 1 , 
JtZoc(X{ 1.2, I x{ I.,?}) I J t lod(X1,  XI) I 

Jt3od(XltXl)r Jz40d(Xltxl), Jylf(xlixl)i Jy3f(x11 XI), 
Jylc(Xlr xl), Jy3c(x1i X S i x l ) ,  Jyloc(~{l,?)r~{l,?}), 
Jyaoc(X{l,?}lXl), Jy3oc(x{1,3},x{l,~}), Jylod(XlrXl), 
Jy30d(X1, Jy40d(X17 XI). 

Jz30c(X{ 1,2} I XI), 

The constraints in the longitudinal direction impose 
rolling with no slip condition on the wheels of the mo- 
bile robot. The constraints in the lateml and rotational 
directions impose no-lateral and no-rotational slips, re- 
spectively. There are (Nj + Ne + No, + Nod) constraints 
of the longitudinal, lateml, and rotational type. The 
functional dependency of each of the terms in the Ja- 
cobians J,, Jy, and JS as indicated above are based on 
a model of the wheels such that they are valid about 
a small neighborhood of any state. Although, the ja- 
cobians are written in a form that is linear in the ve- 
locity xc, they include velocity dependent terms arising 
from the choice of slip coordinate frames Mej with zero 
y-direction velocity to facilitate traction force transfor- 
mation in Eq. (10). 

111. Rolling contact of two 
elastic bodies 

The theory of frictional rciling of two bodies addresses 
the problem of determining S!ie traction force at the 
wheel-ground contact. A large fraction of this litera- 
ture is dedicated to the rol!i::g of tires founded in the 
empirical models of tire mechanics. We, however, limit 
our study to linearly elastic wheels. In particular, the 
two bodies in rolling contact are assumed to follow our 
Hypothesis 1. 
The analytical theory of frictional rolling of two lin- 

early elas8ic bodies assocktw a definite slip called creep 



Fig. 2. Wheel-ground contact and slip directions. 

associated with the traction forces in the area of con- 
tact, We show a certain new symmetry in the creep- 
force relation. The remainder of this section reviews 
other symmetries with the elastic quasi-identity as- 
sumption of Hypothesis 1 given by Kalker [Kalker 671. 
These relations, in effect, allow us to infer the traction 
forces at zero slip velocity. Though the new symmetry 
we show does not require the quasi-identity assump- 
tions, we also need another symmetry that is valid only 
with the quasi-identity assumption. Therefore, in gen- 
eral, our conclusions on wheel slip remain valid only 
with the quasi-identity assumption. 

A .  Creep-Force Relation Problem Definition 
Consider a linearly elastic circular body, denoted e j ,  

rolling on a planar linearly elastic material. Let the 
velocity of the center of the wheel axle, XY'j, be in the 
x-direction of the slip coordinate frame, M e j ,  defined in 
Sect. 11-B. Let J{,,y,qej refer to the j t h  row in the eth 
type row block of the Jacobians J,, Jy, or JS defined in 
Eqs. (2) and (3), respectively. The terms J{z,y,o}ejXc 
represent the rigid slip of the wheel at the wheel ground 
interface in the x, y, and 0 directions, respectively, of 
the slip coordinate frames. Define vZejl the longitudinal 
creepage, vyej,  the lateral creepage, and veej,  the spin 
for the wheels as 

where V,. = 1 X ~ ' j l  is the magnitude of the x-direction 
velocity of the point on the axle of the wheel (recall 
that by the choice of the frame M e j ,  the y-direction 
velocity is zero). The creepage and spin are ratios of 
the rigid wheel slip to the aiagnitnde of the transla- 
tional velocity of the axle of E. wheel. Let the area of 
contact of the wheel with the ground be denoted Cej 
described in the respective slip coordinate frames. The 
material in the two bodies in  the area of contact de- 
form elastically due to the friction-induced tangential 
f,raction and the vertical load-induced compression. Let 
the slip coordinate frames be the choice of the coordi- 
nate system to describe Lhe coctact area C e j .  Let us  
idd z-axis to the slip frames so that tvhe :-positive di- 

(4) 

rection points into the material of the wheel. In this 
description, the two bodies are approximated as half- 
spaces with the material on : 2 0 and : _< 0 of the slip 
coordinate frames. The elastic deformation on these 
half-spaces due to concentrated normal load in the :- 
direction and tangential load along the x-axis and the 
y-axis have been given by Boussinesq (1885) and Cer- 
ruti (1882) [Love 441. Let the elastic strain denoted 
Uej(X1 Y, vzej,  vyej,  v6ej) = (Utej ,  Uyejl urej )  be the dif- 
ference in the elastic strains of the rolling wheel and 
the ground expressed in the slip coordinate frame. Let 

components of the traction and the vertical load at a 
point (x,y) E Cej. The relation between the material 
strain function u and the traction (X, Y, 2) is 

( X e j l  Yejl z e j ) ( x I  ~1 vzej ,  vyej,  veej) be the 2, Y and 2 

where 

R = &Aq+Ag), A, = x-x*, Ay = y -  y*, the 

modulus of rigidity G{w*g} = 2(1+0tw,gi), = 4(& + 
2 Q - - 1  c7w 

with E as the Young's Modulus of Elasticity, (r as the 
Poisson's ratio and superscript w and g standing for the 
properties of the wheel and the ground, respectively. 
Due to the elastic material flow with respect to a ref- 

erence frame moving with the wheel, the net relative 
displacement of one body with respect to the other 
at a point in the area of contact is the sum of the 
gross rigid motion component and the relative elastic 
motion. The net relative velocity of one body with 
respect to the other at a point (xly) E Cej denoted 

ECW.9) 1 

G 11-20') ( 1 - 2 ~ 7 ~ )  
G g ) l  G - F ( F  + $)l  and ti = T (  G g  G w  1 1  

W(xly1 vxej,  vyej, veej) = (wxej ,  &yej) is 

w t e j  

wyej  

where steady-state assumption on the flow of material 
is assumed, ie. ,  % = 0. Then, according to the law 
cf Coulomb-Amontons, 

where pej is the coc5cient. of Kction at  the wheei- 
ground i:?tecface of z j th  whet:!. 



The creep-force law problem is defined as follows: De- 
termine ( A Z e j ,  Ayej .  Aeej),  the traction forces at the 
wheel-ground interface defined as 

(Azej, Ayej ,  h e j )  = J le> (-xej t y e j  1 xyej - yxej  )d+dy, 

(9) 
so that Eqs. (5), (7), and (8) are satisfied when 
the creepages (vzej,Vyej,Veej), the net load Nej = 
J Jcej Zej(x, y)dx dy, and the translational velocity V, 
are known. 

B. Symmetry in Creep-Force Relation 
The problem of creep-force law as posed in Eq. (9) 

admits a symmetry relation that enables us to infer the 
traction forces on a special subset defined by no-lateral 
and no-angular slip. 
Proposition 2: The traction symmetry re- 

lations A,ej(vzej, vyej, veej) = Azej(vzeji -vyej, -veej), 
Ayej(vzej, vyej, veej) = -Ayej(vzeji -vyejr-veej)i 
Aeej(vzej1 vyejt veej) = -hej(vzejt -vyeji -veej), verify 
the creep-force law when the contact area Cej(x,y) = 
Ce j (x 1 -Y) * 

Proof.[Sh 961. 
Corollary 3: With no lateral and angular slip, the lat- 

eral and angular traction disappear when the contact 
area Cej(2, y) = Cej(2, -Y), i.e., Ayej(vzeji O,O) = 
hej(vzej, 080) = 0. 
Unfortunately, the creep-force problem as posed obeys 
no other symmetry to exhibit any similar conclusion for 
the longitudinal traction A,. Kalker [Kalker 791, how- 
ever, considered the following cases of quasi-identity: 
either the two elastic bodies are elastically similar, i.e., 
Eg = EW, and ug = uwr or both are incompressible, 
i,e., 69 = u" = 0.5, then M in Eq. (5) is zero. Also, 
when one body, say a rubber wheel, is incompressible, 
and the other body is relatively rigid, ;.e., uw = 0.5, 
and EW << Eg, K is close to zero. When R is zero, the 
elastic strain and traction relations of Eq. (5) simplify 
in such a way that the problem of determining the ver- 
tical strain uz,  and therefore the vertical pressure dis- 
tribution Z(z, y), separates from that of the tangential 
problem of determining u, I uy and the corresponding 
X(x, y) and Y(x, y). Let us call the elastic-tractior? re- 
lation derived from those of Eqs. (5) with R = 0 the 
quasi-identical elastic-traction law and the correspond- 
ing creep-force law problem posed in Eq. (9) as the 
qtiust-identical creep-force law. This separation of verti- 
cal and the tangential problem in quasi-identity allows 
several other symmetries in the creepforce law [Kalker 
671 including a specialization of the Proposition 2 we 
proved earlier. We mention one other: 

Proposition 4 (Kalker, 1967) The traction symmetry 
:e- 
lations A.cej(vzeji vyej, veej) = -Azej(-vzeji vyejr veej), 

Ayej(vzej9 vyej, veej) = Ayej(-vzej. vyej. veej). 
hej(vzej, vyej, veej) = hej(-vzej> vyejl veej). verify the 

Cej(+, Y) = Cej(z:, -P)- 
quasi-identity creep-force law when the contact area 

Corolla y 5 (Kalker, 19G7) With no longitudinal slip, 
the longitudinal traction in quasi-identical problem dis- 
appears when the contact area Cej(X,  y) = Cej(x, -y), 
;.e., Azej(0, vyej,  veej) = 0. 

IV. Equation of motion without 
and with constraints 

The dynamic model of mobile robot is obtained by 
Euler-Lagrange formulation subject to the esternal 
forces applied at the actuated joints, and the forces at 
the wheel-ground interface. Let the vector of ester- 
nal (generalized) forces be T = (0, r,,, r6, 0, T,), where 
the three degrees of freedom of the base of the mobile 
robot XI = (x, y, e) and the undriven direction of the 
omni-wheels are not directly actuated. The forces at 
the wheel-ground interface are denoted A,, A,, and Ae, 
in the directions x, y, and 0 of the slip coordinate frame 
respectively, of each of the wheels.The A's are vectors 
with (Nf + N, + No, + N o d )  components. 

= 
r+ JZA, + JTAy + JTAe, where T is the total energy of 
the system. Expanded into components, the equations 
of motion look like the following: 

d BT The generalized equations of motion is Sifax, - 

IX, = T + JZA, + JZAy + J;fAe, (10) 
where I = diugonu~(~b, I,,, I+,Iq, IC), is the diagonal 
inertia matrices composed of elements corresponding to 
the states XI, xg, xg, q, and XS, respectively. In this 
simplified form we have assumed, among other things, 
that the inertia of the base of the mobile robot I b  is 
independent of the configuration of the plane containing 
centered and off-centered wheels. 

A.  Lateral Constraints Only 
When lateral constraints are preserved, the kinematic 

constraints J,X, = 0 is imposed and the wheel-ground 
coiltact allows forces up to the frictional bound to be 
transmitted along these constraints. The kinemctic 
constraints are reduced to the following form: 

J ~ I ( X S ) ~ & ~  = 0, (11) 
(i2) 
(13) 

J ~ ~ ( X Z ) & I  + 3,,()Xg = 0, 
J33(Xllk1)x3 + J34(::1,k1)k4 = 0. 

The firsn type of constraint arises fiom the fixed ar.d 
centered wheels. The se:oni type arises from those of 
the &centered wheels, and the third type from the om- 
nicihcct.iomi :vheels. If Si: is of rank three, then acy 



motion in the plane is impossible. The degree of mo- 
bility defined as the rank of the null space of the linear 
map 3 1 1  is the number of degrees of freedom the mo- 
bile robot has in the plane of motion. If this degree of 
mobility is three, then the mobile robot is called om- 
nidirectional since it has full mobility in the plane of 
motion. See Campion et. al. [CBD 931 for a classifi- 
cation based on the degree of mobility of the wheeled 
mobile robots. Consider a linear map C = C(x5) whose 
columns span the null space of the mobility matrix Jl l ,  
Le., J l lC = 0. The velocity vector x 1  of the base 
of the mobile robot is restricted to lie in the follow- 
ing distribution: x1 E span{col(RTC)}. If the dimen- 
sion of the null space of J l l  is m, then consider an 
element Xg in Rm that parameterizes the mobility of 
the robot. In addition, assume that elements (Xi1X8) 
in 7 Z ( N f + N c + N o c + N o d )  x RNc parameterize the velocities 
x s  and x 5 ,  respectively. The complete kinematic model 
of the wheeled-mobile robot with no slip in the lateral 
directions as in Eqs. (ll), (12), and (13) is parameter- 
ized by the vector xu = (Xg, x7, x8) given by the model 

x, = Pxv, (14) 

where 

RTC 0 0 
- J;. J~~ c 0 0 

* ' = [  - J i J 3 3  81. 
The configuration parameters xc = (XI, x2, x31 xl, x5) 
together with xu = (X6,x7,X8),  the independent pa- 
rameterization of the velocities in Eq. (14), form the 
state space of the wheeled mobile robot. Let an ele- 
ment of this state space be denoted x = (xclxu). 
With a nonsingular kinematic parameterization in 

Eq. (14), the equations of motion in Eq. (10) reduce 
to a set of first-order differential equations on the state 
space of the form 

x = f(x) +gl(x)roc +g2(x)rg .973(x)rc.  (15) 

I I1 components f (4 - 

(o,o, o,o, 0, -T;~c*J:~J;?', - - I ;~I~~I;~C~J:~J, - ,T,  o), 
!7? (4 - - (O,O, 0, 0, 070, IT1, 011 

- 
(kT%61 - J y i J ? l C ~ ~ t ~ i r  -JT;J33xiix81 -I;'Ax6, 
12 -1 ( 1, "1 X"A+B)xs,O)+Ir.PT(J~X,+J;f~e), 1 g i b )  = 

g3(x) = (0,0,0,0,0,O,O,'~~'), and IL 'is a 8 x 3 ma- 
trix with r~~~ = I;', 1 . ~ 7 ~  = I;112.il~11 I L i 2  = 
I;1, IL83 = diag(x7) is a diagona! matrix with 
tlie scalar elements of the state x7 on the diagonal, 
Q .= $(RTC) = Q(Xi,Xg,Xtj,X8), QIx=o = 0, T = 
$(-J;iJ1~niC) = T ( X q , X ~ , X g , ) i i ) ,  Tlx-o = 0, K Z= 

L(JF;J33) = K(Xl,Xs,xs), L = &7(JY4lJ3~) = axl 

L(x11x5,x~) l  A = ( F R I b Q  - STJ:lJyiII,,T) = 
A(x1, x g ,  a, ~ 5 ,  xi) , B = JT3 Jg.Iddiag( xi) (KQ + 
CT(RIbRT + J ~ l J ~ ~ I o c J ~ ~  J21)C = I1 ( X I ,  x?, XS), 

- LRC) - - B ( X l i X 4 i X 5 ~ X ? ) ~  11 - 

121 = J $ ~ J ~ ; T I ~ ~ ~ ~ ~ ( x ~ ) K R ~ E  = Ial(x1, X5,XGr X i ) ,  

12 = Id + J $ 3 J ~ ~ I q J ~ ~ J 3 3  = I z ( x ~ , x ~ , x ~ ) .  and 13 = 
I, = 13(). In this form, we have assumed that A, 
and Xe, the components of the traction forces at the 
wheel-ground interface, are functions of the state. i. e., 
A, = X,(x), and X g  = Xe(x) (see Sect. 111). 

B. Lateral and Longitudinal Constmints 

The set of longitudinal constraints impose rolling with 
no slip condition on the wheels of the mobile robot. 
We derive the conditions on the equations of motion if 
the longitudinal constraints, aside from the lateral ones, 
are also preserved. Recall that when longitudinal con- 
straints are imposed in this manner, the equations of 
motion so obtained allow wheel torque up to the fric- 
tional bound to be transmitted at the wheel-ground in- 
terface along the direction of their rolling. 
The set of longitudinal constraints J,X, = 0 is re- 

duced to J,Px, = 0 on the space of motion of the 
mobile robot with the lateral constraints given by the 
map in Eq. (14). Consider the time-derivative of this 
constraint, i.e., &(J,Px,)x = 0. To preserve this 
constraint on the state space, the set of first-order differ- 
ential equations x = f(x) +g1 (x)ro, +ga(x)rg +g3(x)rc 
must satisfy them. With nonsingular model, it can 
be shown that ~g = -(Cg2)-'C(f(x) +g1(x)rOc + 
g;(x)r,), where the Jacobian of the constraints C(x) = 
m(J,Px,) = C(x1,x~ ,x5 ,x6 ,x i ) .  The first-order dif- 
ferential equations governing the motion of the mobile 
robot reduces to the form 

-17. Can fateral and longitudinal 
constraints 5e preserved '? 

Consider the situation when neither latera! (sideways) 
imr the longitudinal (roliiiigj direction constraints are 
imposed on the equations of motion of a mobile robot 
with fixed, ceiitered, o!Fcen+ered, and omnidirectional 
wh~e!e; ;.e., ?he iractiori f m - e  in eit-her of these direc- 
tions are ck-terwined by :he cmpfcrce !aw cjf Sect. 111. 



Theorem 6: In general. only mobile robots with off- 
centered wheels can preserve lateral and longitudinal 
constraints. 
Proof. The 
state-space is defined by the set of independent coor- 
dinates (xc ,  xc) = ( X I ,  x?,  x31 x41 x5, x i  1 x 2  , X3,  k, x5) - 
The dynamic model of the mobile robot without lateral 
and longitudinal constraints imposed by the wheels is 
given by equation (10). When the lateral and longi- 
tudinal constraints are preserved, it follows from the 
Corollaries 3 and 5 that wheel-ground traction forces 
A, and A, are zero. 
Consider the off-centered wheels. If the lateral con- 

straints are preserved, the longitudinal constraints in 
equation Eq. (2) for the off-centered wheels reduce to 
the form j r loc(x l  , x2)x:l +jz30c()x3 = 0. The Jacobian 
of the lateral and longitudinal constraints are 

D X ~  (jrlocX1)Xl+ ~x~ (jr1ocXl)X2 + jrlocxl+ jr30cx3, 
DxI(J21&l)Xl + Dx~(Jz~~I)XZ + J Z I ~ I  +j22%. (17) 

The equations of motion in Eq. (10) must preserve these 
constraints. It follows that the roc and r40c are deter- 
mined uniquely as a function of the state. A similar 
construction for the fixed and centered wheels results 
in state-dependent contraints that are not satisfied in 
general. For instance, only when ( X 1 ) 3 ,  the angular 
velocity of the base of the mobile robot, is zero, can 
the fixed and centered wheels preserve the lateral con- 
straints. Another construction for the omnidirectional 
wheels results in disparate rb0d arising from the lateral 

I 
Corollary 7: If a mobile robot with off-centered wheels 

preserves the lateral and the longitudinal constraints, 
then the state of rest is an equilibrium point. 
Proof. At the state of rest, the spin is zero. Hence, by 
Corollary 3, the angular traction vanishes. It is easy to 
verify that the drift term and the state-dependent in- 
puts roc and r40c determined in the proof of Theorem 6 
all vanish at  the state of rest. I 

and the longitudinal constraints, respectively. 

VI. EocaI controllability with 
lateral constraints 

Consider a control system1 of the form X = f ( x )  + 
Sigi(x)ui defined on ii:i oper; subset V c S of the 
state space where f , g i :  rr 3 TI/ are smooth sections 
of the tangent bundle Z'V with the control inputs 
( ~ 1 , .  . ., up)  E U C 'E'. Let P ( V , T V )  be the space of 
smooth vector fields on I' with the Lie algebra defined 
by the standard Lie bracltet [ ,  ] of two vector fields. Let 
the accessibility algebra denoted C be tlie smal!est sub- 
algebra of the Lie algebra on C" (V, TI') containing the 
vector fields f and the gi's. If the dirnjC(x)) at a point 

x is equal to the dimension of the state space F', then 
the forward projection contains an open neighborhood 
of x .  If the drift vector field f of the control system 
vanishes, then this local accessibility result also implies 
local controllability [NV 901. 

Theorem 8: Consider a mobile robot without off- 
centered wheels and preserving the rolling with no slip 
condition restricted to the subset where the angular ve- 
locity of the plane of the centered wheels, if any, is zero. 
The dimension of the accessibility algebra C of the con- 
trol system is zero at the state of rest in the subspace 
parameterizing the configuration and the velocity of the 
base of the mobile robot. 
Proof. The accessibility algebra C is defined by brackets 
of the form [Xk, [Xk-l, [. . . [ X l , X o ] .  . .]]], where Xi E 
( f , g l , g Z ,  ...}, for i E {0,1,2, . . . } .  Our proof is by 
induction on the Lie brackets of increasing length of 
the aforementioned kind. 
First, consider the equations of motion with lateral 

constraints in Eq. (15). The lagrangian forces due to the 
lateral constraints have been eliminated and therefore 
forces up to the frictional bound can be transmitted. In 
addition, if we assume that the longitudinal constraints 
of rolling with no slip conditions are preserved, then 
Vzej = 0 and we obtain a set of equations resulting 
from those in Eq. (16) by substituting XZej = 0 implied 
by the Corollary 5. 
There are no off-centered wheels. The state xq, the 

free-wheeling direction of the omnidirectional wheels, 
is decoupled from the rest of the equations of mo- 
tion. Hence, we drop the states x2 and xq,  the con- 
trol input T~~ and by renumbering obtain the control 
equations whose functional dependenrzy is as follows: 
f ' ' (x)  = f ' ' ( X l r X 3 i X 4 ) i  f ' 2 ( X )  = f ' - ( X 5 ) i  f' ( x )  = 
f" (x6) 1 f" ( x )  = f " ( X I  i x3i i 1 x6) 1 f" ( x )  = 
f': I x31 x49 x 5 ,  X 6 )  1 1 x3, X4r x51 x6) I f I6  ( x )  = f I 6  

gg(x )  = 0 , j  = 1 , 2 , 3 , 4 , 5 ,  a n d g f ( x )  = g { ( ) .  Con- 
sider the following assumption of the induction: 

1. Every bracket's first and fourth elements at the 

Let [f', si'] be a bracket of length one. The vector fields 
f' and g& are the zero level lxackets of the accessibility 
algebra. The base level of induction is satisfied triv- 
ially. The induction proof on thc brackets of length k is 
divided into two parts: brackets with f as the leading 
element znd brackets witil 5; as the leading elements. 
Consider an arbitrary bracket Rrp(k)  of length I: with 

the leading term f' expressed ia terms of Br(k - 1) as 
B r j t ( k )  = DBr(k - 1)f' - DrBr (k  - 1). The drift 
f:!x=o = 0, Djf"Ix=o = 3 , j  # 4 and on the subset 
x6 = 0 corresponding to the zero angular velocity of the 
plane of the centered w!:ed Djfr4Ix=o = 0 , j  jL 4. By 
the zssumptions ofthc indnct.ion Br'(k-l)lx=o = 0 and 
R:-'(fk -- l ) l ~ = o  =: 2, i t  fo!!ows that Br'(k)lx=o I= 0 sri4 

state of rest are zero. 



Br4(k)lx=0 = 0. Hence, the accessibility algebra does 
not contribute any element to the XI- and x4-subspace. 
Consider the case when the leading term of a bracket of 

length k is gi .  An arbitrary bracket Br,; (k) of length k 
with the leading term g;  espressed in terms of Br(k- 1) 
is Br,;(k) = DBr(k-l)gi-DghBr(b-l). Since Dgh E 
0, and the sixth term of g i  is the only non-zero term, 
it follows that for Brg, (k ) ’ s  first and fourth term to be 
zero at  the state of rest, the elements DBr(k - 1)[1][6] 
and DBr(b - 1)[4][6] must vanish at x = 0. 
Lets consider the derivative Djl, ...j lBrx(k), i, E 

{ 1 , .  . ., 6). 

Dil, ..., iiBrx(b)[illil 
= Epc2(i1 ,..., 1,) (DpjDB&*(k - 1 ) D ~ x  
+ DpDBrk(b - 1)DpjX (18) - DpjDXiD,-Br(k - 1) - DpDX’DFjBr(k - l)), 

where 2A is a set of subsets of the set A and for p E 2 A ,  
jj is the complement of p in A. The structure of X, 
D p X ,  DpDX1,  and DpDX4 at x = 0 for X E { f ‘ , g $ }  
determine those elements of the DBr(b - 1) that are 
required to vanish for DBrx(k)[i]b] to vanish. It can 
be verified that ~ I X = O  = 0, D3 ...it] x=o = 0, DspIx=o 
has a non-zero element in the third row and is otherwise 
zero, &&..f’Ix=o = 0 with at  least two derivatives with 
respect to X6, D3 ... 6...f‘IX=o = 0, D p D f ” I x = o  for j E 
{1,4}, p E 2{31***16*-} is zero if there is at least- one 
derivative with respect to x(j and otherwise has a non- 
zero element in the fourth column and all derivatives of 
g; are zero. 
For instance, for DBrjt(k)[l][6] to vanish, DBr(k - 

1)[1][3] and DBr(k - 1)[4][6] must vanish. In general, 
our claim is that if the terms [1][3], [1][6], [4][3], and 
[4][6] of DpX, Dp DX, for X E { f ’ , g i }  at x = 0 and 
p E 2{3~.-1~1.**} of length depending on b, all vanish then 
the inductive assumptions are true. When this chain of 
dependency is followed until k = 0, the brackets Br(0) 
must get instantiated to either the vector field f’ or g i  
and we have already shown that such terms for f ‘  or g i  
do indeed vanish at the state of rest. I 

IVe have considered the dyfian?ic model of motion of 
a mobile robot with 2n arbitrary Combination of con- 
ventional fised wheels, czntered wheels, off-centered 
wheels, and omnidirectionai wheels. It is a standard 
practice in mechanics to reduce the number of inde- 
pendent variables describing the state of the mobile 
robot by considering that t.he wheels undergo rolling 
with no slip motion. We, Iio;vewr, developed the dy- 
,iaiiiic model without incorporatlng the rolling with no 

slip condition. Our model, therefore, included an an- 
alytical model of the traction forces generated by the 
rolling of wheels under a set of assumptions given in 
Hypothesis 1 for the linearly elastic wheels. 
We established that the lateral (sideways) constraints 

and the longitudinal (rolling direction) constraints im- 
posed by the wheels cannot, in general, be preserved by 
mobile robots with fixed, centered, off-centered and/or 
omnidirectional wheels. 
Assuming that the lateral (sideways) slip of wheels for 

a straight line (large curvature) trajectory of the base 
of the mobile robot is likely to be small, we imposed the 
lateral constraints. We considered mobile robots with 
a combination of wheels of the conventional fised, cen- 
tered, or omnidirectional type. We showed that the base 
of the mobile robot has zero accessibility and controlla- 
bility as long as the angular orientation of the plane 
of the centered wheels has zero velocity. Therefore, 
the fixed, centered, and omnidirectional wheels cannot 
preserve the longitudinal (rolling direction) constraints. 
An example in [Sh 961 shows the necessity of the mi- 
nor condition of zero velocity of the plane of centered 
wheels on the zero controllability result. The base of a 
mobile robot with off-centered wheels can also change 
its configuration by a crab-like motion when the lateral 
constraints are imposed. 
In summary, wheel slip is inevitable according to the 

proposed model. The wheel slip we establish in the pa- 
per may account for parts of the error in dead reckoning. 
Our ongoing work will address this issue. 
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