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September 3, 1998 

Here I will first sketch the calculation of the pressure of a neutral, ion- 
electron gas as an expansion in powers of the electron charge e, by means of 
the Matsubara, finite-temperature. many-body, perturbation theory. For a full 
report see[l]. The starting Hamiltonian is 

The key thermodynamic forniulz are 

where 8 is the grand partition function. 
Thus our basic formula is 

e? 

P-o- = 1 e-’(V> de2 +pof i ,  

For the Coulomb potential the wave number representation is G(f) = 47re2/q2. 

each Fermion h e  has a wave number q, a frequency w,  and a factor of 
The various series terms are represented by diagrams. In these diagrams 

e i w k r  

iw:, - E ( @ ’ )  + p ’  

associated with it. Momentum and frequency are conserved at  every vertex. 
The frequencies associated with the Fermions is odd (wn = (212 t l)n), and that 
with the momentum transfers is even. 

The direct order e2 vanishes by electrical neutrality. In the exchange term, 
summing over the frequencies, we get 
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In the second order in e2 there are a number of cases to consider. The first 
is the direct term 

Suiiiming over w l ,  w2 we get 

where, 

The Gell-Mann Brueckner trick is to sum over the ring diagrams before doing 
the integral over g. The third order ring diagram gives 

The series is just a geometric one, and so the contribution to (V)  sums to  

[87re22($ w ~ ) ]  
- k c / d g {  2 ( 2 4 3  w3 q2 - 87re28(q', w3) 

in which the integration over dq is no longer singular, however as we will see 
below, this term is now proportional to e3 instead of e4 its nominal order. When 
integrated with respect to de2 this term for pR beconies 

This is the famous Debye-Hiickel term. The sum of the ring diagrams in leading 
order in e and including the ion-ion. electron-electron, and ion-electron effects 
is 

3 / 2  

+ e2 J d6sech2 (-)I 43 - P  , kTQ ( 2 ~ ) ~ k - T  

The next order correction are e4 and not just e5. 
The remaining, necessary second order diagrams in e2 are the second order 

exchange and the "forbidden" diagrams. All but two of them vanish by electrical 
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neutrality. The work in producing forniula for these terms is siniilar to that 
given above, but more lengthy and a great deal more tedions. 

The next step is to expand everything in sight in terms of the electron 
and ion fugacities, .z = exp(p/LT), qon = exp(fio,/kT). Then we solve the 
thermodynamic equations, 

@ = log Q(C2, T, Z, ziOu), LT 
R I 

and re-express the coefficients in terms of the dimensionless de Broglie density 
C, which is independent of the electron charge. The expansion is in terms of the 
dimensionless electron charge y. 

C_ZN(  h2 ) $  2 - -  e2 l ' b =  [&I' 
This work is straightforward, but again lengthy and tedious. Finally it remains 
to provide convenient computational expressions for the various infinite series 
we have obtained in C. This step has been accomplished by the method of Pad6 
approxiniants which works quite well in this case. 

2S-l 21rmkT ' - rbkT' 

Fig. 1 Contours of G3/Go. The dashed line is is the 0.1% contour. the short-dashed l i e  is for 
1% and the dotted line is for 10%. The large dots are estimates of the critical point. 

The spherical cellular model of hydrogen consists of putting a proton in 
the middle of a sphere (of radiiis such that it occupies the average volume per 
proton) and also putting in a electron. The boundary conditions differ from the 
confined atom model in that $' = 0 for states of even parity and $ = 0 for odd 
states. In addition in this model the potential is modified to take account of 
many-body effects and there is an effective mass to take account of exchange. 
It gives a standard liquid-gas type phase diagrani, and has a critical point for 
T, x 1.83eV, pc x O.llgm/cc, Pc x. 0.084MB 
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The pertitrbation expansion is denoted by 
Pi2 

NkT 
-- - Go(<) + G2(<)y2 + G3(<)y3 + G4(C)g4 + ~ ( e ~ ) -  

As the correction G3 is by far. the largest, one can plot the data as in Fig. 
1. These results show that the wrinkles in the ciirves interpolated from the 
series line up nicely with the critical point estimates. It supports, but of course 
does not prove, the existence of such a phase transition. The misalignment of 
the value of C for which the ideal Fermi gas function, (Pauli principle) and the 
Debye-Huckel function (Fig. 2)make their big changes in behavior is what causes 
the wrinkle in the contours previous shown, and presumably is what drives the 
phase transition (if it exists). This effect is too small to cause a similar effect 
in Lithium or any 2 2 3. and is dubious for Helium. For completeness we also 
show the results for G4/Go (Fig. 3). 

Fig. 2 The ratio of the Debye-Hiickel term to the ideal Fermi gas term. Gs/Go. 
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Fig. 3 The ratio of Gr/Go. The large dot,marks the projected critical value of C. 
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