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RAPID MAPPING OF VOLUMETRIC MACHINE ERROR!3 USING DISTANCE 
MEASUREMENTS 

Debra A. Krulewich, Lawrence Livermore National Laboratory 

This paper describes a relatively inexpensive. fnt, and easy to execute approach to mapping the volumetric errors ofa 
machine tool, coordinate measuring machine, or robot. An error map is used to characterize a machine or to impravt its 
accuracy by compensating for the systematti errors. The method consists of three steps: (1) mode&g the relation&@ between the 
volumetric error and the current state of the machine; (2) acquiring error dota based on distance measurements throughtit the 
work volume; and (3)fitting the error model using the non-linear equation for the drjtoncc. 

The error model is formulatedfrom the kinematic relationship among the six degrees offieedom of error on each 
moving axis. Expressing each parametric error as a finction o/position. each is combined to predict the error between the 
fknctionalpoint and worbiece, also as a function ofposition 

A series of distances between several f?ed base locations and various finctionalpoints in the work volume it measured 
using a Laser Ball Bar (LBB) Each measured distance L a non-linearjimction dependent on the commanded location of the 
machine, the machine error, and the location of the base locations. Using the error model, the non-linear equation is solves 
producing a/it for the error model Also note that, given approximate distances between each pair of base locations, the exact 
base locations in the machine coordinate system determined during the non-linearfitting procedure. Furthermore, with the use of 
more than three base locations, bias error in the measuring instrument can be removed 

The volumetric errors of a three-axis commercial machining center hove been mapped using this procedwr In this 
study, only errors associated with the nominal position of the machine were considered Other errors such as thermal& indwd 
and load induced errors were not considered. although the mathematical model has the abiliry to account for these err~s. Due to 
the proprietary nature of the project, we are not able to report actual error measurements. Insteaa! we have scaled the work 
volume to 500 x 500 x 500 mm3 and proportionally scaled the errors. The firred m&l was able to predict independent& 
measured laser body diagonals to within 3 pm peak-to-valley throughout the scaled 500 x 500 x 500 mm’ volume, or 
approximately 88% of the total error. Furthermore, this 4pprwch perfumed as well as, vnoi bet&t than, the parametric 
metho&, but required only four hours to collect data for calibration 

INTRODUCTION 
Accurate manufacturing is important to the advancement of science, technology and industrial 

competitiveness. Commercial industry is widely shifting toward cost-effective, high-accuracy manufacturing, 
especially in electronics, transportation, optics and other consumer products. Benefits of accuracy include lower 
operating cost, better product performance due to longer lifetime, greater reliability ad lower maintenance cost. 
Furthermore, better interchangeability of parts allows for easier repair, lower assembly cost, and the ease of high- 
volume production. However, increasing the accuracy requirements of a part typicalIy raises the cost of the part. 
Existing accurate manufacturing techniques often require more accurate machine tools and complex processes to 
produce and inspect the part, resulting in a steep trade off between cost and accuracy. 

The traditional method of producing accurate machines is to increase mechanical accuracy, for example 
hand scraping and lapping guide ways. This requires substantial cost and effort in the mauufacturing and 
maintenance of the machine. To overcome these difficulties, corrective software can be used to compensate for the 
hardware imperfections. Before the computer revolution, this was done with corrective cams or compensating curves. 
Currently, computer software error correction is used to correct for systematic and predictable errors by 
characterizing the errors and then storing the corrections in memory. Then, in real time, these values are read from 
memory and used to adjust the machine path. Compensating for systematic errors in so&are has the additional 
advantage that it may be applied to existing machines, not requiring mechanical design changes. 

Parametric methods, or direct methods of geometric error measurement as defkd by [6], are the most 
commonly used procedures lo model the volumetric errors. The six parametric errors of each moving axis (three 

This \rork 1ta.s performed under the auspices of tie U S Department of Energ, by Laurence Lihermore Yational Laboratory under conwad No 
14 -iJOS-Eng-48 



angular errors, three translational errors) and orthogonality between the axes are measured. Then, assuming rigid 
body motion, the errors are combined based on the kinematic relationship of the moving axes to form an error 
prediction between the functiona! point and the workpiece [ 1,2,3,5,8, and 111. Parametric error measurements 
require highly skilled technicians, and the measurement equipment is expensive. Because different devices and 
procedures are required for each measurement, the mapping is time intensive, requiring approximately one week for 
a 3-axis machine. 

It is also possible to map the machine errors by measuring the spatial coordinates of a known artifact, 
defined as self-calibration methods in [6]. This method relies on the fact that the distances between certain features 
on the known artifact are fixed. These artifact points can be located in the machine coordinate system as the artifact 
is placed in different locations and orientations in the machine work volume [7]. While this method requires 
significantly less time than direct methods, it is difftcult to acquire an adequate density of measurements. 
Furthermore, knowledge of the artifact dimensions is required, and the artifact is not readily portable. 

The simplest level of error correction compensates for positioning errors of the machine axes, and the next 
level includes compensating also for straightness errors. In genera!, full compensation including the angular errors is 
not commonly implemented. Since machines require periodic mapping to maintain the integrity of the error 
compensation, many commercial machine tool users are not willing to invest in error compensation as a means to 
improve accuracy. The method proposed in this paper is targeted at reducing the time and expense associated with 
determining the error map so that software error correction becomes a widespread approach to accuracy 
improvement. 

METHODOL,OGY 
The procedure consists of measuring distances between base locations on the part mounting surface and the 

functional point, or location of the too! for a given commanded location. If we were to measure the distance between 
a single functional point from three base locations, using trilateration we can determine the location of the point 
relative to a reference coordinate system. In this system, there are twelve un!arowns (the x, y, and z coordinates for 
the three base locations and the functional point). The three distances between the base locations and the three 
distances from each base location to the functional point provide six knowns. The remaining six knowns are then set 
by defming the reference coordinate system. For example, we could defme one base location to be the center of the 
coordinate system, thus setting three !cnowns. Then we could set two coordinates of the second base location and one 
coordinate of the third !NW location. Solving the Pythagorean theorem, we can then solve for the unJcnown functional 
point coordinates in the defined reference coordinate system. 

Extending this method to map the errors throughout the entire working volume of a machine, we must 
measure distances From (at least) three base locations to functional points throughout the work volume. Furthermore, 
if we require the error map to accommodate different too! lengths, we must also measure the distances from the base 
locations to the tunctiona! point using (at least) two otEet,s from the machine to the functional point. 

The proposed method uses a mode! for the machine errors along with the distance measurem eats. This 
conventional mode! is determined from the kinematic relationship between the moving axes of the machine and the 
six degrees of freedom of errors for each moving axis. For example, a three-axis machine with the part sitting on the 
z-axis and the too! fixed to the y-axis stacked atop the x-axis, as shown in Fig. 1, has volumetric error model 
described by 

fly =s,(X)+s,CY)+SyCY)+EI(z)*X+(Sry +&,(X)+G,CY)+&,(z))‘ri (2) 
Az=6~(.~)+&~)+&J+Ey(Z)*X+(&~(X)+Ex(z))*y (3) 

using the notation shotvn in Table I. Each error is pictorially shown in Fig. 2. 



Using parametric methods, the six errors of each moving axis and orthogonality between each axis are 
individually measured and then combined using Eq. (!>!?q. (3) to predict the error map throughout the entire 
working volume. While this method has been proven successful [ 1,2,3, 5,8, and lo], the measurement procedure is 
time intensive, requiring highly skilled labor and expensive equipment. The proposed method requires only a single 
distance measurement device, and shifts the complexity of the procedure from the measurement task to data analysis. 

Figure 1: 3-Axis Milling Machine 
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Figure 2: Parametric Errors for a 3-Axis Machine 
Similar methods have been proposed using 

distances and the parametric error mode! using a 
Telescoping Magnetic Ba!! Bar (TMBB) [43, 
magnetic ball bar with an interferometer [9], and 

4 too! offset in 2 direction 

t 
error in x direction 
error in y direction 

AZ error in 2 dire&on 

Easer Ball Bar (EBB) [I 11. In [4], the TMBB measures the relative displacement between two balls using a scale. 
One ball is held on the part mounting table and the other bat! is held at the functional point using magnetic sockets. 
This device has a small measurement range and is constrained to measure circular traces about the magnetic sockets. 
Using this device, it is difftcult to cover the entire working volume, so fIrI1 identification of the volumetric errors is 
not possible. This work emphasizes determining characteristic circular traces for each type of machine error for 
machine diagnostics rather than mapping the entire volume for error compensation. 

Table I : Parametric Error Notation 
X Axis Errors 
t;(x) x axis roll eiror 
t;(x) x axis yaw error 
G-9 x axis pitch error 
d;(x) x axis position error 
WJ x axis straightness error in the y direction 
40 x axis straightness error in the z direction 
Y Axis Errors 
GM y axis pitch error 
qj$ y axis roll error 
(s;cv) y axis yaw error 
$cy) y axis straightness error in the x direction 
csdv) y axis position error 
d;&) y axis straightness error in the z direction 
ZAxisErrors 
t;(z) z axis pitch error 

2; 
2 axis yaw error 

4.; 
2 axis roll error 
z axis straig!rtness error in the x direction 

4 
z axis straightness error in the y direction 
2 axis position error 

Spindle Errors (C Axis) 
Jar spindle axis squareness to the x axis 
57 spindle axis squareness to the y axis 

Zhang [9] and Ziegert [ 1 I] use magnetic ball bars with fir11 range of motion and laser interferometers to 
measure the distance between the balls. Using distance measurements, the parametric errors as described in Eq. (1) - 
Eq (3) are identified. In [I I ], only two base locations are used, so the full error map cannot be determined. Also, this 



procedure relies on accurately knowing the distance between these two base locations. In [ 111, three base locations 
are used so the full error map can be identified. Furthermore, it is not necessary to know the distance between the 
three base locations. However, both methods fall short in that the errors in the length measurements and non- 
repatability of the machine during measurements directly map to errors in the coordinates of the functional point. 
Also, the measurement devices further suffer from the fact that the minimum and maximum lengths do not easily 
allow for measurements throughout the entire volume without crushing or overextending the ball bar. In other words, 
the space of reachable points is determined by the intersection of the reachable spheres about each base location 
since every point must be measured from all base locations. 

In the proposed approach, we use the LBB. To avoid the problems mentioned in the previous paragraph, we 
have assumed a functional representation for each parametric error. For example, we assume that the pitch error of 
the x-axis can be described by a fourth order polynomial with un!cnown coefftcients. Similar functional relationships 
have been used in [l] and [7]. By substituting each parametric error with an assumed functional representation into 
Eq (1) - Eq (3), we are able to express the errors as a function of commanded machine position and too! length. The 
volumetric errors can now be represented by linear models 

Ax=M,b (4) 
Ay = M,b (5) 
&=M,b (6) 

where 
6, 4, Mz = design matrices, which are functions of the commanded positions and too! length, and 
b = un!cnown coefficients of the polynomials representing the parametric errors. 

The nonlinear equation for the length between the functional point and the base location is 

L=J, Q 
here 

L = distance from the base location to the functional point, 
X = distance in the x direction Corn the base location to the functional point, 
Y = distance in the y direction fkom the base location to the functional point, and 
z = distance in the z direction from the base location to the fimctiona! point, and 

x=x, +&+R,cos(e)-x~, (8) 
Y = yc +Ay+Risin(6)-ybJ, 

Z=Z,+AZ-Ti-Zbj, 
(9) 

w-0 
where 

(x0 Yn 4 = commanded machine coordinates (known), 
e = spindle rotational angle (kuown), 
& = radial offset perpendicular to the tool from the spindle axis average line to the fUnctiona! 

point for the i* tool (unkuown) (see Fig. 3), 
r, = tool length (unknown), 

(xbj, Ybj, zbj) = coordinates of the jth base location (unknown), 
The distance equations for each measurement location throughout the volume of the machine produce a 

non-linear set of equations. The only knowns in this set of equations are the commanded machine coordinates and 
spindle rotational angle. Unknowns include the radial offsets (R,), tool lengths (T,), base locations (xbj, ybj, zb,) and 
polynomial coefficients (b). 



Measuring the distances between the base sockets provides more non-linear equations of the form shown in 
Eq. 7, but this time 

X=Xb, -xb/ > (11) 
y =Ybr -Yb,, (12) 

z =Zb, -zb,, (13) 
where 

i=lton,j=lton,i#j,and 
n = number of base !ocat!ons. 

As in [ 111, in order for the system to be 
identifiable, we must measure lengths Corn at least, 
but not limited to, three base locations. However, 
unlike [9] and [ 111, this procedure does not require 
distances from all base locations to each fUnctiona 
point. In this way, a different set of commanded 
machine locations could be used for each base 
location. This allows us to measure the full vo!ume 
with a device such as the LBB that has a limited 
range of measurement. In other words, the union of 
the reachable spheres about each base location rather 
than the intersection of these spheres determine the 
space of reachable points. Furthermore, by cascading 
many base locations, the errors throughout the 
volume of a large machine can be mapped. 

We must also define the reference 
Figure 3: Spindle Errors 

coordinate system. Defining the reference coordinate system consists of constraining six degrees of freedom. There 
are a variety of ways to define these constraints, and in a sense this coordinate system is arbitrary. However, fkom a 
practical standpoint, we prefer this reference coordinate system to be close to a ‘best fit’ machine coordii system. 
For example, one definition for the reference coordinate system sets the machine errors in the center of the volume to 
zero, thus constraining three degrees of fkeedom. Then the three axes can be oriented such that the errors bchveen 
commanded position and actual position in this coordinate system are minimized, constraining the remaining three 
degrees of freedom. 

The unknowns can then be determined by solving the complete set of non-linear equations defined by Eq. 
(7). Using the non-linear least squares solution, we first calculate the search direction by 

Q=VL, 

a,d.$ (14) 
I 

4 = (QTQ )-‘Q~L, (15) 
where 

L = vector of length measurements, 

: 
= vector of unknowns, 
= gradient of lengths as defined by Eq. (7) with respect to the unknown vector a, and 

4 = search direction. 



The cost, or measurement of the lack of fit, is defined to be 

J=e’e 
e = L(a)- L, 

(16) 
(17) 

= difference vector between the calculated distances at cf, and the measured distances, 
= cost, or residual sum squared error, and 
= calculated distance vector using Eq. (7) evaluated at @. 

For each iteration, a new @ is calculated using the search direction, 

@tWlV =@oM -flk (18) 
where the optimum weighting factor yfor the search direction is found by a line search such that the cost is 
minimized in that direction. The iteration continues until the cost converges. 

RESULTS 

We have applied this methodology to mapping the 
repeatable volumetric errors of a conventional three-axis 
numerically controlled (NC) milling machine as shown in Fig. 
1. The part sits atop the z-axis. The horizontal spindle is 
attached to a vertical y-axis stacked atop the x. Three base 
locations and two tool lengths were used, as shown in Fig. 4. 
Distances between the base locations to the functional points 
were measured using a LBB manufactured by Tetra Precision. 
The LBB was also used to measure the distance between the 
base locations. The LBB range of motion is 350 to 724 mm. 
Due to the proprietary nature of the project, we are not able to 
report actual error measurements. Instead, we have scaled the 
work volume to 500 x 500 x 500 mm3 and proportionally 
scaled the errors. We measured distances to approximately 
500 commanded machine locations from each base location 
for each tool length, totaling approximately 3000 measured 
distances. The measurement procedure took approximately 
four hours. 

We defined the reference coordinate system by first 
setting the errors at the center of the volume for the first tool Figure 4: Setup 
to zero. Next, the stmightnesses of the x-axis in the y and z 
directions through the center of the volume for the frrS tool were set to zero. Last, the straightness of the y-axis in the 
x direction through the center of the volume for the first tool was set to zero, thus constraining six degrees of 
freedom. 

The conventional parametric error equations are defined by Eq. (I) - (3). Based on previous measurements 
of the parametric errors, we assumed that the roll errors are well represented by cubic polynomials, and all other 
parametric errors are well represented by fourth order polynomials. The unknown vector b as described in Eq. (4)-(6) 
contained sixty-four unknowns. Thirteen more unknowns include the nine base iocation coordinates, the second tool 
length, radial offsets of the two tools from the spindle axis average line, and the spindle non-squareness about the x 
and y axes. To determine the spindle non-squareness, we must rotate the spindle. We measured the distance between 
each of the three base locations and the functional point as the spindle rotated through 360’ in IO” increments while 
the machine commanded position was in the center of the work volume for both tool lengths. 



To assess the performance of the procedure, we compared the model predictions to independently acquired 
error measurements. A rigorous comparison is made when we command all three axes to move through the face and 
body diagonals of the working volume. We measured the distance errors across diagonal commanded motions using 
a laser interferometer. Results are shown in Fig. 5 - Fig. 9. Fig. 5 shows the diagonal motion of the machine as the x 
and z ases are commanded from one comer to the opposite comer in the positive direction while the z axis is held 
fixed. The plot shows a solid line representing the model prediction, points for three individual runs for the diagonal 
measurement using the laser interferometer, and a dashed line for the residual error difference kween the model 
prediction and the mean of the three runs. Fig. 6 - Fig. 9 follow the same convention. 

Before we began the measurement procedure, we exercised the machine tool axes to achieve thermal 
equilibrium. Furthermore, the machine was in a thermally controlled environment so the machine errors did not vary 
significantly during the testing procedure. To further prevent correlation between error measurements and time 
dependent errors, we commanded the machine to move in a random order. In this way, the f3ted error map represents 
the average state of the machine. We measured the distance to a single point in the center of the work volume 22 
times from each base location and tool offset for a total of I32 times throughout the measurement procedure to 
observe the repeatability of the process. The repeatability of this length measurement is shown in Fig. 10. The peak- 
to-valley difference in length measurement was 3.2 urn and the standard error was 0.61 pm. Note that this non- 
repeatability is attrrbuted to thermal errors of the machine and the LBB. 

For comparison, we also measured the 21 parametric errors of this same machine and used these 
measurements to predict the same diagonals shown in Fig. 5 - Fig. 9. Table 2 reports a comparison between the 
performance of the two methods. Both the peak-to-valley and standard error of the residual error are reported, where 
the residual error is the difference between the measured diagonal and the length predicted by the error model. The 
square of the standard error is an unbiased estimate of the variance of the residual errors. 

(Please note that all results have been proportionally scaled since the proprietary nature of the project does 
not allow us to report true errora.) 
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CONCLUSION 

Using this measurement  procedure, we were able to map  the errors throughout a  work volume. Due to the 
proprietary nature of the project, we are not able to report actual error measurements.  Instead, we scaled the work 
volume to 500 x 500 x 500 mm3 and proportionally scaled the errors. Please keep in m ind that this machine is a  
conventional NC m illing machine. W e  were able to predict the errors throughout the scaled 500 x 500 x 500 mm3 
volume to within 4  pm (scaled) peak-to-valley at the far comers of the work volume and to within 2  pm (scaled) 
peak-to-valley in the center region of the work volume. Errors are due to (1) non-repeatabil i ty of the machine during 
the measurement  process, (2) bias error in the measurement  device, (3) variance error of the measurement  device, 
and  (4) errors in the form of the chosen functional relationship of the parametric errors. 



The errors in the non-repeatability of the machine are due primarily to thermal growth of the machine 
during the measurement process. (Note that these errors are not random in nature but deterministic. Non-repeatability 
is used to refer to those errors that are not described by the model.) By randomizing the order of the measurement 
points, we have not correlated any time dependent errors with our results. Instead, the fitted error map is 
representative of the average state of the machine during the measurement process. In order to improve this error, the 
machine can be designed such that it is less sensitive to thermal errors. Furthermore, a better environmental control 
can be used. It is worth noting here that error compensation, or removal of these errors by the machine controller, 
cannot be expected to achieve performances greater than the repeatability of the machine. Therefore, error 
compensation does not fully replace the need for well-designed precision machines nor temperature. control 

Adding a fourth base location can reduce bias error. This adds three more unknowns (the coordinates of the 
base location), but adds four extra measurements (distances from the three original base locations to the new base 
location and one distance from this base location to each functional point). With this extra degree of freedom, bias 
error, or error common to all distance measurements, can be determined during the non-linear fitting procedure. 
Using a fourth base location, an absolute measurement device is not required; a relative measurement device will 
suffice. 

To improve the repeatability, or variance, of the distance measurement device, we have evaluated the 
current LBB design and have determined that the two significant errors are due to the environmental dependency of 
the laser and thermal growth of the LBB outside the laser path. We are looking at alternative designs and 
improvements to reduce these errors. 

To improve errors in the assumed form for the error model, we have considered using sphnes rather than 
polynomials to represent the individual parametric errors. In the future, we plan to consider splines with variable 
numbers and locations for the knots. We believe that this addition to the current methodology will significantly 
increase the accuracy of this error mapping method. 
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