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ANALYTICAL TECHNIQUES FOR INSTRUMENT DESIGN - MATRIX METHODS 

R. A. Robinson 
Los Alamos National Laboratory, Los Alamos, NM 87545, USA 

We take the traditional Cooper-Nathans approach, as has been applied for many years for steady- 
state triple-axis spectrometers, and consider its generalisation to other inelastic scattering 
spectrometers. This involves a number of simple manipulations of exponentials of quadratic 
forms. In particular, we discuss a toolbox of matrix manipulations that can be performed on the 6- 
dimensional Cooper-Nathans matrix: diagonalisation (Mdler-Nielsen method), coordinate changes 
(e.g. from {AkI,AkF} to {AE, AQ & 2 dummy variables}, integration of one or more variables 
(e.g. over such dummy variables), integration subject to linear constraints (e.g. Bragg's Law for 
analysers), inversion to give the variance-covariance matrix, and so on. We show how these tools 
can be combined to solve a number of import& problems, within the narrow-band limit and the 
gaussian approximation. We will argue that a generalised program that can handle multiple 
different spectrometers could (and should) be written in parallel to the Monte-Carlo packages that 
are becoming available. We will also discuss the complementarity between detailed Monte-Carlo 
calculations and the approach presented here. In particular, Monte-Carlo methods traditionally 
simulate the real experiment as perfomed in practice, given a model scattering law, while the 
Cooper-Nathans method asks the inverse question: given that a neutron turns up in a particular 
spectrometer configuration (e.g. angle and time of flight), what is the probability distribution of 
possible scattering events at the sample? The Monte-Carlo approach could be applied in the same 
spirit to this question. 

1. INTRODUCTION 

In any measurement of inelastic neutron scattering from dispersive collective excitations (sound or 
spin waves, for instance), it is essential to know both the energy and Q resolution of the 
experiment. It may also be useful to know the correlations between them, as these correlations 
may be exploited to "focus" the scattering and improve the resolution of the experiment at no cost 
in intensity. While well-established methods[ 1-31 exist for the triple-axis spectrometer, the same 
treatment is not usually applied to time-of-flight spectrometers, even though they have been used to 
measure dispersive excitations in the past[4]. However, with the recent advent of high-intensity 
spallation sources, there is more interest in studying dispersive excitations on time-of-flight 
spectrometers. To date, there have been successful studies of high-energy spin waves in itinerant 
ferromagnets [5,6] and low-dimensional magnetic systems[7-91. Serious consideration is being 
given to neutron Brillouin scattering [ 10-141, where relatively high energies and good resolution 
are required. Furthermore, a number of different time-of-flight crystal-analyser spectrometer 
concepts have been proposed and tested [15-221, with the specific intention of measuring collective 
excitations. Although there are resolution calculations for pulsed-souce crystal analyser 
spectrometers [15,17], they are somewhat cumbersome. There is clearly a need for an approach 
which is less dependent on the specifics of the spectrometer configuration. In this article, we 
present such an approach, which exploits well known matrix algebra and properties of 
exponentials of quadratic forms. In practice, rather than ploughing through the whole problem 
algebraically, one can then use standard numerical matrix subroutines [23] to do the arithmetic. 

It is not our intention here to model every minute detail of the spectrometer resolution function as 
one can in a Monte-Carlo simulation, or as has been done analytically for chopper spectrometers 
[24]. Rather, we present an approach which is easily applied to any inelastic scattering 
spectrometer, which is computationally fast and which readily gives the essential features of the 
resolution function in (Q,E) space. This is achieved by working in the gaussian approximation, 
whch will be reasonable if the individual components of the resolution are symmetric and lacking 
in long tails. For the case of time distributions from pulsed moderators, this is not the case [25-271 



t 
and the detailed lineshape will be incorrect. However, even in this case, the means and standard 
deviations will be reliablee and the essential features of focussing will be readily apparent. 

The approach presented here is a generalisation of the methods [ 1’21 widely used for triple-axis 
spectrometers, on which phonon and magnon dispersion curves have been measured routinely for 
at least 30 years. For this type of spectrometer, the primary and secondary spectrometer 
resolutions are uncoupled, a fact that greatly simplifies the description of the spectrometer 
resolution. In both the Cooper-Nathans El] and Nielsen-Moiler [2] methods one starts out with a 
gaussian description of the resolution function in a 6-dimensional space, 3 components for errors 
in the incident wave-vector k1 and 3 for the final wave-vector kF Thus, the probability of a 
neutron making it through the spectrometer is 

P = P, exp -[ 1 zT. M . xj 
2 

where & is a 6-dimensional vector representing errors in kI and kF and M is a 6x6 symmetric 
matrix containing all of the resolution information: 

- X -  - [ &I 11’ AkI I’ &I 2’ &F II’ AkF I’ AkF 2 1 
In the Nielsen-Moller method, one diagonalises this matrix and then convolves the 6 resultant 
independent distributions with the sample scattering law to obtain the observed resolution. In the 
Cooper-Nathans method, one performs a change of coordinate system, in order to describe the 
resolution in terms of errors in the energy transfer E and 3 components of wave-vector transfer Q. 
For instance, one may want to work in terms of (AE,AQII,AQI,AQ,) where AQII and AQl are 
components of the error in Q within the scattering plane and parallel and perpendicular to Q and 
AQZ is the error in Q perpendicular to the scattering plane, or one may want to work in terms of 
(AE,AQ,,AQ,,AQ,) where AQx and AQy are components of the error in Q within the scattering 
plane and parallel and perpendicular to some other axis (like a reciprocal lattice vector of the 
sample). So if 

where xi and xz are dummy variables (for instance, one might choose X I =  A k ~ l  and x 2  = A ~ F ~ ) .  

2. CHANGING COORDINATES 

The new coordinates are related to the old ones by a matrix 9: 

- x‘=A.;rr  ; & = A-1 . &‘ (4). 

Within a linear approximation, the elements of A, aij, are the partial derivatives for the 
transformation: 

axti axi 
IJ axj IJ axtj a.. = - ; a:!=-- 

(5)’ 



and therefore the determinants of A and 
inverse transformation respectively: 

are the Jacobians for the transformation and the 

Then 

We have couched the above in the elegant language of matrix algebra, following G r i m  [3]. This 
allows us to use many standard mathematical identities and to deal with cases where algebraic 
diagonalisation is difficult. 

3. INTEGRATION OVER EXPONENTIALS OF QUADRATIC FORMS 

where x is a vector in n dimensions, then 

The most obvious application of this formula is to give the resolution volume of the spectrometer 
directly. 

4. INTEGRATION OVER ONE DIMENSION OF A QUADRATIC FORM 

If 

then the integral over the kth component of x, xk, is 

where x" is the same as x but with the kth component removed 

and 



fori # k ,  j # k aik ajk A" = allij = a. - - - 
'j <k 

An alternative method is to work with the inverse matrices as follows: 

(a) 
(b) 
(c) 

Invert the matrix A to give A-1 
Cross out the row and column corresponding to the integrable variable. 
Invert this reduced matrix back into the original space to give A'. The 
corresponding prefactor P' is then given by: 

Either of these methods can be used to integrate either over a dummy variable or a physically 
uninteresting variable. 

5. INTEGRATION OVER ONE DIMENSION SUBJECT TO A CONSTRAINT 

If 

and we want to integrate over the kth dimension subject to the constraint that xk is equal to a linear 
combination of the other components of x: 

xk = bi xi = h . z'' 
i # k  

where x" is the same as x but with the kth component removed, as in Eq. (12), then 

p 6( % - b . z") dxk = Po exp - '[ .&I'  . & } 2 

where 

A l(I = a"' = a.. + bi%. + bjaik + b.b.a 
1j  1J J 1 J kk - 

There are two obvious applications for this tool: either to reduce the number of variables, or to 
integrate over a plane (for instance a dispersion surface). 

6. INTEGRAL OVER A PLANAR DISPERSION SURFACE 

If one is in a coordinate system x = (AE,Ql,Q2,Q3), and the dispersion surface of an excitation 
branch can be defined in those coordinates such that the unit vector normal to the plane is h, then 
we simply need to rotate coordinates such that h is along one of the new coordinate axes (say the 



ith axis), using Eq. (7) in which A is now a unitary matrix. The new matrix will be &1T.M.&1. 
Its inverse 4 . N l . A T  will contain as its ith diagonal element the variance of the distribution along 
A: 02. Now, experiment scans are not normally made along normals to dispersion surfaces. In the 
case of time-of-flight spectrometers, they are made along the time-of-flight locus for that particular 
detector, and for triple-axis spectrometers, constant-Q scans or constant-E scans along symmetry 
direction are common practice. Whatever, the scan direction can also be defined by a unit vector e 
along the scan direction. The width along the scan direction is then simply 

0, = 0, / I A. I 

where I f) . e I is simply the cosine of the angle between h and \e. This argument follows that given 
by Nielsen and M@ller[2]. We discuss what their method amounts to in Section 9 below. Note 
however that we do not have to diagonalise M to obtain this result. 

7. DEFINING THE AXES OF AN ELLIPSE IN 2 DIMENSIONS 

If 

where x is a 2-dimensional vector, the lines of equal probability are ellipses, which can be 
described by an angle of inclination 8, semi-major and semi-minor axes a and b. For the one 
standard deviation contour, 8, a and b are given by: 

2 2 a2 = all  cos e + a22 sin e + sine case 2 

and 

a12 b2 = al sin 26 + a22 cos 28 - - sin6 cos6 2 

Note, however, that these values are dependent on the units used for xi and x2. If one uses these 
values to plot out ellipses, the values of a, b and 8 are dependent on the scales used for xi and x2. 
This is very useful if one wants to plot out the projected resolution function on top of a two- 
dimensional map of intensity, or on top of a calculated dispersion curve (see Fig. 4 of Ref. 9). 

8. QUADRATIC FORMS AND THE VARIANCE-COVARIANCE MATRIX 

If 



* 

then inverse matrix 9-1 is simply the variance-covariance or error matrix in which 

2 a:! = <xi> ; a:! = cx.x.> 
11 *J 1 J  

where the "-1" refers to the inverse of A. Note that this relation can be used both ways: (a) it can 
be used to set a problem up in terms of the parent distributions, where the matrices are diagonal 
and one only needs to know the standard deviations of those distributions, and (b) at any time in 
the analysis, the matrix A can be inverted to provide the variances in each of the coordinates, 
without performing any explicit integrals. By comparison with Eq. (7), then 

and the prefactor is simply defined as before. 

9. THE NIELSEN-M0LLER METHOD[2] IN THE MATRIX APPROACH 

Once one has the 6-dimensional matrix M, one need not immediately project on to the 4 
dimensions (AE,Ql,Q2,Q3), but one can always diagonalise it straight away in six dimensions. 
This has been done algebraically for the triple-axis spectrometer by Nielsen and Mprller [2], and we 
could clearly do this step numerically for any spectrometer: one merely needs to rotate by a matrix 
made up of the eigenvectors of M to end with a diagonal matrix, whose diagonal elements are the 
eigenvalues of u. The eigenvalues correspond to inverse widths of independent distributions and 
the eigenvectors are the axes defining those distributions. In the triple-axis case the eigenvectors 
have some physical significance, because the primary and secondary spectrometers are uncoupled. 
But in general this is not the case. The particular merit of the Nielsen-Mdler method is that one 
can calculate separately the incident- and final-resolution contributions to the scan width of Eq. 
(19) including the effects of the dispersion surface, and then try to optimise the instrumental 
parameters by matching them. In the general case, diagonalisation does not yield such a separation 
and the method does not have the same utility. Indeed the dispersion surface (or its normal to be 
more precise) must be transformed into the independent coordinates. This is actually fairly 
straightforward: one simply projects the independent axes onto the 4 dimensions (AE,Q1 ,Q2,Q3) 
and adds the contributions to the total width in quadrature there. 

10. WAYS TO PREPARE THE COOPER NATHANS MATRIX 

There are three different ways to prepare M (and thereby its inverse ml= <xixj>): 

(a) 

(b) 

Do an analytic calculation of the traditional type[1,21,22] and calculate all the terms 
algebraically. 
Use the matrix method right from the beginning: 
(i) Start out with the variances of all the parent distributions (for instance, angles to 

define particle trajectories, coordinates to describe point and time of origin in source 
and likewise to describe scattering point in sample and, orientation of mosaic block in 
a crystal analyser, angle of particle relative to a slot in a chopper, and so on). This 
will give a diagonal matrix in those coordinates, as many as are necessary. In a full 
3-dimensional calculation, there must be at least six such coordinates. 
If there are more than six coordinates, they will be related by constraints, which must 
be written down in the form given in 5.  One can then integrate over the extra 
variables using Eqs. (17) and (18) sequentially, if necessary, to get down to six 
dimensions. 

(ii) 



(ig) Transform from these coordinates to the errors in kl and kF given in Eq. (2). Use Eq. 
(7) to do this. 

Via the Monte-Carlo method: 
(i) Do a Monte-Carlo calculation, in which the scattering process at the sample is 

unconstrained but that the neutron arrives in the nominal detector element at the 
nominal time. Within the calculation, calculate the error matrix for the 3 components 
of kI and the 3 components of kF, to get <XiXj>. 
Invert <Xixj> to get M. (ii) 

11. COMPARISON WITH MONTE-CARLO SIMULATION 

Because it is so easy to make algebraic or programming errors in calculations of this nature, it is 
this author's belief that it should be checked against a Monte-Carlo simulation. There are two 
types of calculation that are useful. The first mimics the prsent analytic calculation in that it 
explores all possible neutron trajectories through the spectrometer which end up in the correct 
detector element at the correct time. For each history, we can determine any of the variables 
described above and calculate their variances and covariances. Thus, any of the matrices can be 
calculated, including M in six dimensions. By this means, the analytic calculation can be checked 
at every stage. This is not the way Monte-Carlo simulations of spectrometers are normally done, 
however. 

The alternative approach, which is independent of any matrix manipulation is to mimic an 
experiment with a delta-function scatterer (like Bragg scattering, though in this case we can also 
calculate for non-zero energy transfers). So for each neutron trajectory arriving at the sample, we 
we assume that 

d2ddndE = S(Q - Qo,E-Eo) 

Then the neutrons are spread out in both time and angle from the nominal values and one 
determines Q and E, in exactly the same ways as in an experiment. Then the distribution of 
neutrons I(Q,E) is actually the inverse of the resolution function described above[2], in the sense 
that: 

But one cannot determine the distributions of kI and kF independently, for exactly the same reason 
that one cannot in a real experiment. So, while one can map out the resolution matrix in terms of 
(hEIQ1,Q2,Q3), one cannot obtain it in the full six dimensions. This can be a handicap in 
diagnosing errors, by comparison with the analytic calculation. 

Of course Monte-Carlo calculation has far greater potential when it comes to modelling real 
spectrometers. One need not assume gaussian distributions: realistic moderator pulse shapes [25- 
271 can be included, as can realistic crystal reflectivity profiles[28,29] or the real geometries of 
moderators, samples and detectors. On the other hand the analytic approach given here is much 
much faster and readily lends itself to studies of spectrometer optimisation in which many different 
configurations are explored and evaluated. 

12, DISCUSSION 

In Sections 2 - 8 we have simply provided a toolkit for manipulating the resolution matrix and its 
inverse, the error matrix. The tools can be used in a many different ways to get different results 
from the matrix M. For instance, we have described how to get resolution volumes (Section 3), 



widths of observed scans (Section 6) ,  elliptical projections that represent the resolution function in 
useful coordinates (Section 7) and the projected energy- and Q-resolutions (section 8). In the last 
case, it is trivial to calculate the Q-resolution, something which is rarely done for chopper 
spectrometers. But much more is possible. 

Suppose we wish to know the incident-energy and final-energy resolution: then we take M and 
transform it into coordinates including E1 and EF, along with 4 dummy variables. Then invert the 
transformed matrix and two of the diagonal elements will contain the variances for E1 and EF. 
Indeed, the corresponding off-diagonal term will be their covariance. 

On crystal-monochromator instruments (like the triple-axis spectrometer), it is normal to think of 
resolution in terms of angular distributions defined by Soller collimators, whereas on time-of-flight 
machines, the divergences are defined by apertures. If small samples are used on triple-axis 
spectrometers, one should also include the effect of sample size on the allowed neutron trajectories. 
And, likewise, when Soller collimators are installed on time-of-flight instruments, one should 
consider the effect of limiting the allowed divergence as well as limiting translational coordinates 
by means of apertures. In the latter case, this effect has been considered by Carpenter and 
Mildner[3 11, but it is easy to do this in the present formalism. All one needs to do is prepare a new 
Cooper-Nathans matrix M, using the method of Section lO(b), but adding the distribution of 
angles allowed by the Soller collimator and using the constraint that the difference in positional 
deviations on source and sample define the angular deviation. 

Or suppose we wish to compare the resolution characteristics of two different types of 
spectrometer (e.g. the triple-axis and chopper spectrometer) for the same measurement. All one 
needs to do is calculate M for each spectrometer and then perform the same manipulations from 
there on, at least if the scattering triangles are the same. If they are not, one needs to account for 
different sample orientations and the fact that the dispersion surface may be oriented differently. 
Or if we think of a new type of spectrometer, the same program can be used to analyse its 
resolution characteristics - one just has to calculate M for it, using one or more of the methods in 
Section 3. For instance it would be easy to apply these ideas to a time-of-flight crystal- 
monochromator spectrometer like IN4 in Grenoble [32] or as has been proposed for the pulsed 
spallation sources. 

Another area of application would be that of spectrometer optimisation. We give here a fast general 
method of calculating the full resolution function for any spectrometer, and if the prefactors are 
included the intensity too. Clearly, one can try to optimise the spectrometer within this framework. 
This is already done routinely, within certain limits, for triple-axis spectrometers. But one can go 
further: the idea of "total performance"[33] has been gaining ground. By this, one means 
considering the whole spectrometer from source to detector, including optical components, 
monochromators and choppers, as a complete system to be optimised. While there are good 
descriptions[29,30] of mosaic crystals and their reflectivity profiles as a function of angle and 
neutron energy, these are not usually included in an integral way in the optimisation of reactor 
instruments. Likewise, for pulsed sources, it is only recently that a parametric description[28] of 
the moderator flux and time distributions has been given. If such descriptions are included in the 
method given in this article, then one can really try to optimise "total performance." Indeed, the 
final component of such an optimisation should perhaps be one of the new figures of merit 
proposed, on the basis of information theory, by Silver et al.[34]. 
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