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Abstract- Acoustic sources found in the ocean en- 
vironment are spatially complex and broadband, 
complicating the analysis of received acoustic 
data considerably. A model-based approach is 
developed for a broadband source in a shallow 
ocean environment characterized by a normal- 
mode propagation model. Here we develop the 
“optimal” Bayesian solution to the broadband 
pressure-field enhancement and modal function 
extraction problem. 

I. INTRODUCTION 

Acoustic sources found in the hostile ocean environ- 
ment are complex both spatially and temporally be- 
ing broadband rather than narrowband. When prop 
agating in the shallow ocean these source characteris- 
tics complicate the analysis of received acoustic data 
considerably-especially in littoral regions providing an 
important challenge for signal processing. It is this 
broadband or transient source problem that leads us to 
a model-based signal enhancement solution. 

The localization of transient sources has long been a 
problem with keen interest in the ocean acoustic com- 
munity primarily because most targets are broadband. 
Initial efforts began with a temporal matched-filter a p  
proach [I-41. Here the assumed source location was used 
to provide a replica employed to match to the measured 
data. An alternative to the temporal matched-filter 
evolved as a natural extension to matched-field/matched 
mode processing which entails the “matching” of a pre- 
dicted to a measured pressure-field under the assumed 
source location. After an exhaustive search, the location 
selected was that which provided a maximum value in 
the so-called ambiguity surface [!%lo]. The uncertainty 
of the ocean medium motivates the use of stochastic 
models to capture the random nature of the phenom- 
ena ranging from ambient noise and scattering to dis- 
tant shipping [ll-121. Therefore, processors that do not 
take these effects into account are doomed to large es- 
timation errors. When contemplating the broadband 
problem, it is quite natural to develop temporal tech- 
niques especially if the underlying model is the full wave 
equation; however, if we assume a normal-mode prop 
agation model then it seems more natural to: (1) fil- 
ter the broadband receiver outputs into narrow bands; 
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(2) process each band with a devoted processor; and 
then (3) combine the narrowband results [5,7,13] to cre- 
ate a broadband solution. One apparent advantage to 
this approach is to utilize narrowband signal process- 
ing techniques thereby providing some noise rejection 
and intermediate enhancement for the next stage. This 
is the approach we take in this paper to construct our 
broadband model-based processor (MBP). 

Employing a vertical array of hydrophone sensors, 
the enhancement of noisy broadband acoustic pressure- 
field measurements using a multichannel model-based 
technique is discussed. Here a model-based approach 
is developed for the broadband source using a normal- 
mode propagation modeI. Propagation theory predicts 
that a different modal structure evolves for each spectral 
line; therefore, it is not surprising that the multichannel 
model-based solution to this problem results in a scheme 
that requires a “bank” of processoreeach employing 
its own underlying modal structure for the narrow fre- 
quency band that it operates over. The model-based 
solution using statespace forward propagators was de- 
veloped using first principles where it was shown that 
each processor is decoupled in modal space and recom- 
bined in the measurement space to provide enhanced 
estimates [13). 

We provide a brief discussion of the broadband prob- 
lem in Sec. I1 and state the underlying statespace 
model structures discussed previously in [13]. Next in 
Sec. I11 we develop the broadband model-based pro- 
cessor showing that it is in fact the “optimal” Bayesian 
solution to the signal enhancement problem. We sum- 
marize our results in the final section and discuss future 
work. 

11. BROADBAND STATE PROPAGATORS 

In this section we briefly review the structure of 
the broadband propagator employed in a model-based 
scheme [13]. It is well-known in ocean acoustics that the 
pressurefield solution to the Helmholtz equation under 
the appropriate assumptions can be expressed as the 
sum of normal modes [14]. This modal representation 
has been extended to include a broadband source, s( t ) ,  
with corresponding spectrum, Ss(w) [7-lo]. In this case, 
the ocean medium is specified by its Green’s function 
(impulse response) which can be expressed in terms of 



the inherent normal modes spanning the water column 
and therefore the resulting pressure-field in the temporal 
frequency domain is given by 

which corresponds to a convolution of G(T, z, t )  and s( t )  
in the time domain. 

Suppose we decompose the continuous source spec- 
trum into a discrete spectnun using a discrete Fourier se- 
ries representation, then it follows that at the qth source 
frequency, we have 

Ar, 2, wq) = S(T, ~ , ~ ) S s ( w q ) ,  (2) 

where S(w,) can be interpreted as a single narrowband 
impulse at w, with amplitude or Fourier coefficient, 
ap = AwlS(w,)l. Suppose that the broadband source 
is assumed to be bandlimited ( w ~  5 u 5 US), then the 
normal-mode solution to the Helmholtz equation for the 
brodband source problem can be decomposed into a se- 
ries of narrowband solutions, that is, 

Ms 
Pk, 1, wl?) = % N o  (4% dr) (Pm(t.,  W q ) # m ( ~ , W q ) ,  

(3) 

q), rn = 1,. . . , Mq; q = 1,. . . , Q. 
(4) 

m=l 

with corresponding dispersion relation satisfying 

s:(m,q) = - -K~(wz,  4 3 (2) 

where p is the acoustic pressure-field; aq is the source 
amplitude; Ho is the zeroth order Hankel function; q5m 
is the mth modal function evaluated at 2: and source 
depth ts; I G ~ ( ~ ,  q) is the horizontal wave number asse 
dated with the W L * ~  mode; )E, is the vertical wave num- 
ber; c is the depth-dependent sound speed profile; w, is 
the narrowband temporal source frequency, and r is the 
horizontal range. 

We further assume an Gelement vertical sensor array, 
then z 4 ze, l = 1, - - - , L and therefore, the pressure- 
field at the array for the qth temporal frequency becomes 

M.l 
P ( ~ * ~ e P q )  = &(r,ze,w9)4m(ze,wq) (5)  

m=l 

where Pm(r, zt, U p )  5 a ( (m) Q)T) 4m(zs, Wq)  the 
mth-modal coefficient at the “ ? h  q temporal frequency. 

The next question of the broadband problem is, “how 
can this approach be used in a MBP solution?” It is 
well-known that the state-space propagators for the nar- 
rowband pressurefield can easily be obtained fiom a 
“depth only” model [15]. This model is valid for a sin- 
gle temporal frequency, and we would like to extend it 
to the broadband problem considering a set of tempo- 
ral frequencies and associated amplitudes. We see from 
Ref. 13 that not only do the temporal frequencies (wq)  
change, but so do the number of modes (M,) spanning 

the water column at each frequency as well as the cor- 
responding wave numbers (tcT (m, .)). Therefore, these 
variations imply that the state-space processor for the 
broadband case must also reflect these changes. 

Including all of the temporal frequencies, {wq},  q = 
1, . Q, the overall broadband state-space propagator 
evolves as 

where @(z,w)  E R2Mx1, A(z,w) E C2Mx2M Y P E  eX1, CT E RQx2M with M E E:==,Mq. Note we 
use the parameter “w” to signify the entire set of dis- 
crete temporal frequencies, {wq}, q = 1, - - , Q. 

The internal structure of this overall processor admits 
the following decomposition: 

0 

with the pressure-field Sensor measurement model given 
bY 

0 

As before in previous work I151 this deterministic 
model can be extended to a stochastic Gauss-Markov 
representation given by 

where w, v are additive, zero-mean gaussian noise 
sources with respective spectral covariance matrices 
Rww(z, w), and RVv(z, w ) .  Next we develop the broad- 
band model-based processor. 

111. BROADBAND PROCESSING 

The broadband pressurefield can be characterized by 
the function, p(e ,  w ) .  If we assume that the field is mea- 
sured by a vertical array, then at each sensor the ac- 
quired time series is given by p(z t ,  t ) .  Clearly, this sen- 
sor measurement contains all of the information about 



the source, both temporally and spatially, but due to the 
complexity of this received data coupled with the noise, 
the required signal processing is quite a challenging 
problem. If we take the Fourier transform in the tempo- 
ral domain, then the broadband source can be thought 
of as being viewed through a bank of narrowband tem- 
poral filters, that is, the broadband pressure-field sur- 
face or image is then given by: p ( z ,  w )  --+ p(z1, wq); for 
L = 1, - - - , L, and q = 1, . - a ,  Q. Once this surface is con- 
structed, it is possible to infer other useful information 
about the dynamics of the ocean as well as the source. 
If we assume further that we have a shallow water en- 
vironment characterized by trapped wave propagation, 
then we may represent the Underlying Green's function 
or channel impulse response in terms of a normal-mode 
model. In this case it may also be of interest to observe 
the surface created by the various broadband modal 
functions, that is, as a function of temporal frequency, 
&,(z~,wq); for m = 1, - . - , Mq. It  is clear that as we de- 
compose this complex temporal pressure-field measure- 
ment into these narrow frequency bands, each band will 
contain oceanographical and source information. Thus, 
the problem that we address first here, is that of re- 
ceiving a set of temporal noisy broadband pressure-field 
measurements and developing the enhancement neces- 
sary to construct the surfaces created by both the broad- 
band pressure-field and modal functions. 

In order to obtain the optimal (minimum error vari- 
ance) estimator, we cast our problem into a proba- 
bilistic framework under these Gauss-Markov assump- 
tions; therefore, our sequence of presure-field measure- 
ments at each sensor are Fourier transformed to yield 
a discrete set of fiequencies {wq}, q = 1, - - , Q and the 
set of broadband sensor measurements, (p(ze,w)},l= 
1, - - - , L; p E CQxl. Note that the window length of the 
Fourier transform is determined by the temporal corre- 
lation time of the measurement (source) to assure the in- 
dependence of the frequency samples. For our pressure- 
fieId/modal function estimation problem, we define the 
underlying broadband pressure-field/modal fitnction en- 
hancement problem as: 

GIVEN a set of noisy broadband pressure-field mea- 
surements, {p(ze, w)} ,  t = l, - - -, L and the underlying 
Gauss-Markov model (previous section), FIND the best 
(minimum error variance) estimate of the broadband 
modal functions, &(.e, w), and pressure-field, p ( ~ ,  w). 

The minimum variance solution to this problem can 
be obtained by the maximizing the a posteriori density 
as follows. Define the set of broadband pressure-field 
measurements as: Pr, E (p(z1, w),  - *, ~ ( z L ,  w ) ] ;  p E 
CQxl, then the maximum a-posteriori (MAP) estima- 
tor of the modal functions must maximize the posterior 
density given by 

but from Bayes' rule we have that 

(12) pr(*(zt,uj,Pt- 1 ) 
Pr(Pc-,)  . 

Now expanding the second term in the numerator again 
using Bayes' rule, we have 

Pr (O(Z1, w), Pe-1) = (*(a-1 > w>lPe-r) (Pt-I).  
(13) 

Substituting this relation in the previous equation and 
cancelling like terms we obtain the required expression 
for the posteriori density 

xpr (@(.e, w>lPe-r). (14) 

Under the Gauss-Markov assumptions of the previous 
section, we have that 

+ L ( z e - - 1  , w )  . (18) 

Here the notation &(qe - l ,  w )  E E{Q(ze, w)l&-1} is 
the conditional mean, that is, the '%est" (minimum vari- 
ance) estimate at depth z .  based on the previous sen- 
sor measurement up to the depth ze-1. The symbol - 
means "distributed asn and Af(rn, v )  is a gaussian dis- 
tribution of mean m and variance v. 

Now substituting these distributions into the a- 
posteriori density and performing the necessary manip- 
ulations (see Ref. 16 for details), we obtain 

Pr(*(ze, w ) I f i - ~ )  = ce exp (-4 (v(a, W)%:(Q, w )  



where the broadband modal estimation en-or is defined 
bY 

+ep-1, U) = Wze, w )  - Q ( Z t , & I ,  w ) ,  

4% 4 3 Pbtl W f  - X ~ e I e - l 1  w),  

(20) 

(21 ) 

and the broadband innovation is 

with the enhanced (MAP estimated) broadband mea- 
surement defined by 

and the constant - Ct with respective spectral covariance 
matrices, P ( ~ l - ~ p l , w )  and &c(ztlw). By maximiz- 
ing the a-posteriori density or equivalently its logarithm 
[16], we have the MAP equation, 

= 0. (23) 

Differentiating the posterior density and noting that 
&(ztt,,,,w) and e(zt,,w) are both functions of the data 
set, b t -1 ,  we obtain 

where K(Y, up) E C2Mx11 and E ( Q ,  wq) E GIx1. Now 
let us rewrite this equation in a slightly different manner 
by expanding over the set of discrete frequencies and 
expressing the gain in terms of 2Mq x Q block rows 

6 ( Z t ) t , W )  = &( ( . t l t -1 ,4  + 

If we further decompose each block row KT(zt,w) into 
its individual column vectors defined by K,(zt, wn) E 

where we have used the fact that 

from the matrix inversion lemma. Using the expression 
for the Kalman gain, the optimal broadband MAP pro- 
cessor & ~ ~ p ( z e ,  w )  = &(zele, w) evolves as (see Ref. 16, 
pp. 80-81 for details) 

~ , ( z t ( c y  w) = 6bele-1,  w )  + Kbtl 4+t ,  w) ,  (27) 

where &(z,wq) E R2Mx1, K ( z t , w )  E C2MxQ, and 
~ ( r e , w )  E CQxl. The overall structure of the estima- 
tor can be seen by expanding the gain matrix over the 
set of discrete fkequencies for w +. wq, one for each of 
the Q-columns to give 

%1,, w )  = Q ( q t - 1 ,  w )  

then we can obtain the narrowband recursion for the 
corrected estimate as 

Q 
$(zt l~i  wn) '= & ( ~ ( t - l i  wq) + Kqn(zt, Wn)E(Zt ,  wn), 

(32) 
n=l 

with &(ztp,w,) E C2Mqx1 the gain K,(y,w,)  E 
C2Mqx1, and e(zt,,w,) E Ctxl showing how each nar- 
rowband hquency line wq can be combined to form the 
optimal MAP estimate. Note that the entire broadband 
pressure-field measurement is required at each sensor, 
since 

However, this relation suggests an efficient parallel, but 
mdoptimal approach to implementing this broadband es- 
timator might be achieved by constructing a "local" nar- 
rowband processor for each wq and then combining their 
outputs to obtain the final broadband estimate, that is, 

where we have discarded the other 2Mq x 1 submatrices, 
K,,(ze,w,) = 0 n # q. To see this recall that the 
broadband Kalman gain is calculated from 



and if we now assume the parallel (suboptimal) form, 
then the covariance is assumed block diagonal 

@(zelt-l,w> = diag ~ ( z ~ l e - l i w t ) . . . p ( z e ( e - l  ,wQ)] 

(36) 
and thus performing the implied partitions and multi- 
plying gives 

0 1  

It is interesting to return to the optimal solution and 
note some of its features. First from the physics of the 
normal-mode model (narrowband temporal frequency), 
it is necessary to develop a bank of optimal narrow- 
band estimators at each bin, wq so that the broadband 
estimate can be reconstructed from the optimal set, 
{p(wq)) ,q  = l , - . - , Q  over the array. Note also that 
the broadband modal _estimates are also constructed in 
a similar manner as (*(zt, wq)),  q = 1,. - - , &. 

Thus, our implementation of the optimal algorithm 
can be processed as a bank of narrowband model-based 
predictors combined during the correction phase of the 
algorithm to create the optimal broadband MAP esti- 
mator. The estimation algorithm then proceeds for each 
{wq},q= I,-.--,Qs: 
Prediction: 

Innovation: 

correction: 

K(ze, w )  = P(zele-i,w)CT(rs, zs, wp)RZ’(ze,w) (41) 

This completes the description of the basic broad- 
band MBP. To implement this processor we must first 
narrowband filter the sensor temporal signals using the 
the DFT approach, that is, if we expand this equa- 
tion over all frequencies, then using the DFT each of 
the narrowband frequency samples can be separated 
and used as input to the appropriate MBP. The over- 
all broadban9 pressurefield can be reconstructed by re- 
placing the noisy measurement p(ze,w) with the esti- 
mated or enhanced pressure-field, e(zq-1 , w )  predicted 
by the MBP. If we employ the processor to “enhance” 

the noisy pressurefield measurements, then the corre- 
sponding output of the MBP is simply 

with the extracted/enhanced modal function estimates 
given by &(zejze-1,w) and of course, the correspond- 
ing innovations used to monitor the performance of the 
processor (see Ref. 13 for details). This completes the 
theoretical discussion of the development of the broad- 
band model-based processor. 

IV. DISCUSSION 

In this paper we have developed the optimal Bayesian 
solution to the broadband pressurefield enhancement 
and modal function extraction (enhancement) problem. 
Modeling a shallow ocean environment by a normal- 
mode propagator, we developed the broadband model- 
based solution. We showed how each of the correspond- 
ing temporal frequency bands Iead to an underlying 
state-space structure which is eventually used in the de- 
velopment of a forward propagator for simulation and 
the optimal processor for enhancement, when the un- 
derlying processes are modeled as Gauss-Markov. It was 
also shown how a suboptimal MBP could be constructed 
by ignoring matrix terms in the corresponding optimal 
error covariance matrix leading to a block diagonal gain 
matrix and an inherent parallel processor. 

It is also interesting to note that fiom this particular 
approach, an optimal broadband “localizer” should fol- 
low immediately. Recall from Ref. 17 that an adaptive 
form of the MBP, the model-based identifier (MBID) 
could be designed to extract the ecalled range-depth 
functions (modal coefficients) defined by 

%> = [ e l ( 4  I - - -  I b4(ze)lT 1 (43) 

along with the modal function estimates, {6ml(zelwq)) 
leading to a nonlinear least-squares localizer. It seems 
clear, using this same framework, that the broadband 
model-based localizer (MBL) 1181 would use an adaptive 
form of the processor developed in this paper to estimate 
broadband range-depth functions defined by 

%e, w )  = [61(Ze, wq) I * - * I &L(zt, Y 

(44) 

where the position estimates, (rs,zs), are the solution 
to minimizing a nonlinear least-squares cost, but this is 
the subject of future work. 
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