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Fully nonlinear internal waves in a system of two fluids. 
I. Shallow water configuration 

Wooyoung Choi & Roberto Camassa 

Abstract 
We derive model equations that govern the evolution of internal gravity waves 

at the interface of two immiscible fluids. These models follow from the original 
Euler equations under the sole assumption that the waves are long compared to 
the undisturbed thickness of one of the fluid layers. No smallness assumption 
on the wave amplitude is made. Here the shallow water configuration is first 
considered, whereby the waves are taken to be long with respect to the total 
undisturbed thickness of the fluids. In part 11, we derive models for the con- 
figuration in which one of the two fluids has a thickness much larger than the 
wavelength. The fully nonlinear models contain the Korteweg-de Vries (KdV) 
equation and the intermediate-long-wave (ILW) equation, for shallow and deep 
water configurations respectively, as special cases in the limit of weak nonlinearity 
and unidirectional wave propagation. In particular, for a solitary wave of given 
amplitude, the characteristic wavelength is larger and the wave speed smaller than 
their counterparts for solitary wave solutions of the weakly nonlinear equations. 
These features are compared and found in overall good agreement with available 
experimental data for solitary waves of large amplitude in two-fluid systems. 

Introduction 
Nonlinearity and dispersion are two fundament a1 mechanisms of gravity wave 

propagation. For the case of a homogeneous fluid layer, it is well known that the 
balance between these two effects makes it possible for a single wave of elevation, 
a solitary wave, at the free surface to form and propagate without any change 
in shape. For a system of two fluids of different densities, the two effects are 
characterized by two independent nondimensional parameters: the nonlinearity 
ratio Q = a/hl of wave amplitude a and upper fluid layer thickness hl and the 
aspect ratio E = hl/L between hl and a typical wavelength L. Even within the 
weakly nonlinear long wave limit of Q! << 1 and 6 << 1, the relative magnitude 
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of a and E for the perfect balance between nonlinearity and dispersion may vary 
according to another independent parameter, the depth ratio y = hz/hl where h2 
is the thickness of the lower fluid layer. Different regimes are possible depending 
on the depth ratio, ranging between the two extremes of lower fluid layer thickness 
that is also small compared to the typical wavelength to the case of a lower fluid 
layer that can be considered effectively infinite. 

Shallow water is characterized by y = O(1). The scaling a! = O(c2) with 
e << 1 then leads to the Korteweg-de Vries (KdV) equation as the leading order 
evolution equation governing the unidirectional propagation of weakly nonlinear 
long waves (Benjamin 1966). More general weakly nonlinear models, capable of 
describing the evolution of two-dimensional interfacial waves, are also available 
(see Matsuno 1993 and Choi and Camassa 1996). While for the mathematical 
derivation the small parameters must be allowed to assume values as close to 
zero as one pleases, for physical applications one hopes that the final models are 
valid for a relatively broad range of parameters values. Unfortunately, there is 
no a priori guarantee that this is the case for an asymptotic model. For exam- 
ple, the experimental study by Koop & Butler (1981) shows that the domain of 
applicability of some of the weakly nonlinear models can be rather narrow. In 
particular, the weak nonlinearity (small amplitude) assumption seems inappro- 
priate for a large set of their experimental data. Numerical experiments on Euler 
equations also exist. By using a spectral scheme, F'unakoshi & Oikawa (1986) 
obtained steady solitary wave solutions of finite amplitude in a two-fluid system 
of finite depth as well as smooth internal bore (or front) solutions. In general, 
their numerical results show that for y = O(1) the KdV theory is valid for moder- 
ate amplitude waves. As the wave amplitude increases, the KdV equation ceases 
to be valid and highly nonlinear waves are shown to be wider and slower than 
weakly nonlinear waves of the same wave amplitude. By using a different tech- 
nique for two fluid Euler equations, Evans and Ford (1996) confirmed Funakoshi 
& Oikawa's results and improved the computational accuracy for even the highest 
waves. 

The above numerical studies of the Euler equations are concerned with steady 
waves, i.e., no time-dependent wave evolution is addressed besides that of uniform 
translation. It is therefore desirable to derive a simple nonlinear model, capable of 
dealing with unsteady waves, whose steady solutions possess all essential features 
of finite amplitude internal waves found earlier. The purpose of this note is to 
sketch the derivation of such a model and report on some of its properties. 

The fully nonlinear model 
Throughout our study, we concentrate on the case of fluids contained between 

two rigid walls at the top and bottom. This assumption is not necessary for 
our technique to work, however the resulting equations are simpler in this case 
because only one (interfacial) free surface exists. We assume that the internal 
waves are long compared with the total thickness of the fluid layers. We let the 
wave amplitude be finite. In terms of the parameters Q and e introduced above, 
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Figure 1: (a) Solitary wave effective wavelength (XI) versus wave amplitude (u) curves 
compared with experimental data (symbols, reproduced with permission from Cam- 
bridge University Press) by Koop & Butler (1981) for p1/pz = 0.63 and h1/h2 = 5.09 : 

, fully nonlinear (GN) theory; - - -, weakly nonlinear (KdV) theory. (b) Compar- 
ison of solitary wave solutions (-) of the fully nonlinear model for p1Ip-2 = 0.997, 
h2/hl = 3'and u/hl = -0.8 compared with KdV solitary waves (- - -) of the same 
amplitude and the exact solution of the Euler equations (- - -) computed by Evans 
& Ford (1996). 

our regimes will satisfy E << 1 and Q = O(1). 
We use layer-mean quantities, (see, e.g., Wu 1981) in the horizontal compo- 

nents of the incompressible Euler momentum equations for the upper and lower 
fluid, and take into account the kinematic and dynamic boundary conditions at 
the interface. The quadratic nonlinearity for the velocity leads to the layer-mean 
of a product of horizontal velocities, which the long wave assumption allows to 
approximate as a product of horizontal velocity layer-means. In this fashion one 
can derive the system for four unknowns (C, ?i1, Z2, P) ,  written in dimensional 
form, as 

rlit + ( 1 1 1 3 ,  = 0, (1) 

where i = 1 , 2  for the upper an lower fluid respectively, and = hl-C, 7 2  = ha+<. 
Here the function C(z, t )  of horizontal coordinate z and time t is the graph of the 
interface displaced from the equilibrium at z = 0, ;iz1 and are the layer-mean 
horizontal velocities for the upper and lower fluid, respectively, and the nonlinear 
dispersive terms Gi are given by 

In all these equations, partial differentiation with respect to x and t is denoted 
by subscripts. The two kinematic equations, (I), are exact while the dynamic 
equations, (2), have an error of O(e4). The interface pressure P and one of 
the velocities can be eliminated and the system reduces to just two evolution 
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equations. System (1)-(2) can be regarded as the generalization of the Green- 
Naghdi (GN) equations (Green & Naghdi, 1976) for one-dimensional internal 
waves in a two-fluid system. The system contains the weakly nonlinear models, 
in particular KdV, as special cases for small amplitude regimes. 

Some results 
Among the many interesting results that can be obtained from system (1)- 

(2), we choose here to report two. More information can be obtained from a 
forthcoming paper by the authors. The first result concerns a comparison be- 
tween the shallow water experiment by Koop and Butler and the solutions of 
our model (Figure l(a)). The experiment shows that large amplitude waves have 
longer wavelengths than the ones predicted by the weakly nonlinear models, and 
this trend is correctly captured by our model. The second result consists of a 
comparison between the numerically computed travelling wave solution of Euler 
equations by Evans and Ford and its counterpart for model (1)-(2), which can be 
found in closed form in terms of elliptic functions (and coincides with a solution 
found by Miyata (1985) for his stationary model). The agreement of the model’s 
solution with the wave form from the full Euler model is remarkable (Figure l(b)). 
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Fully nonlinear internal waves in a system of two fluids. 
11. Deep water configuration 

Wooyoung Choi & Roberto Camassa ’ 

Abstract 
In this Part I1 of our investigation of finite amplitude internal waves for 

two-fluid systems, we focus on the case of waves that are long with respect to 
the undisturbed thickness of one of the fluids, which for definiteness we take to 
be the upper one. As in the first part, we derive our models from the original 
Euler equations under the sole assumption that the waves are long compared to 
the undisturbed thickness of one of the fluid layers. No smallness assumption on 
the wave amplitude is made. The removal of the traditional weak nonlinearity 
assumption is aimed at improving the agreement with the dynamics of Euler 
equations for large amplitude waves. This is obtained without compromising 
much of the simplicity of the weakly nonlinear models. Comparing the scaling of 
solitary wave solutions from the filly nonlinear model with existing experimental 
data, we find that the agreement seems to be enhanced in the case of deep water 
configuration. 

I 

Introduction 
For a system of two fluids of different densities, the nonlinearity and d i s  

persion effects are characterized by two independent nondimensional parameters: 
the nonlinearity ratio a = a/hl of wave amplitude a and upper fluid layer thick- 
ness hl and the aspect ratio E = hl/L between hl and a typical wavelength L. 
The depth ratio y = h2/hl,  where h2 is the thickness of the lower fluid layer, 
affects the balance between nonlinearity and dispersion which makes a solitary 
wave possible. Within the weakly nonlinear long wave limit of a << 1 and E << 1, 
when the depth of the lower layer is much larger than that of the upper layer 
(y >> l), the scaling a = O(E)  leads to the Intermediate Long Wave (ILW) equa- 
tion (Joseph 1977; Kubota, KO & Dobbs 1978). It reduces to the Benjamin-Ono 
(BO) equation in the limit of y --+ 00 (Benjamin 1967; Davis & Acrivos 1967; Ono 
1975). More general forms of equations valid for arbitrary y have been recently 
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derived by Matsuno (1993) and Choi & Camassa (1996~) under the assumption 
of weak nonlinearity. 

As in the case of shallow water, fully nonlinear effects have received much 
less attention than the predominantly dispersive phenomena exhibited by the 
weakly nonlinear models. Unlike the case of shallow water, where numerical 
computations for steady state solutions of the fundamental Euler equations have 
been reported in the literature, deep water configuration seems to have been 
largely ignored from the numerical point of view. Experimental investigations 
are also scarce. The main reference in this respect is still the work by Koop & 
Butler (1981), who show that the domain of applicability of the weakly nonlinear 
models can be rather narrow in the case of one deep fluid layer (y >> 1). In this 
note, we sketch the derivation of a model equation that can apply to a broad 
range of deep water regimes. The model we present is an extension of the infinite 
depth model introduced in Choi & Camassa (1996b) 

The fully nonlinear model 
As in the shallow water case, throughout our study we concentrate on the 

case of fluids between two rigid walls at the top and bottom, with the bottom 
wall possibly removed to infinity. The resulting equations assume a simpler form 
because only one (interfacial) free surface needs to be tracked. We assume that 
upper layer is thin compared to the typical wavelength of waves at the interface 
between the two fluids. The opposite situation (thin lower layer), more pertinent 
to atmospheric flows, can be accounted for by a simple variable transformation. 
We let the wave amplitude be finite, i.e., comparable to the undisturbed thickness 
of the thin fluid. In terms of the parameters a and E introduced above, our regimes 
will satisfy E << 1 and a = 0(1), similarly to the case of shallow water. We now 
also have y >> 1 

The upper fluid is studied in the same way as for the shallow water con- 
figuration, by using layer-mean quantities (see, e.g., Wu 1981) in the horizontal 
components of the incompressible Euler momentum equation. By rescaling the 
wave amplitude with the undisturbed lower fluid depth h2 instead of hl, it be- 
comes manifest that the lower fluid Euler equations can be linearized, at leading 
order, due to the large depth assumption y >> 1. By imposing the kinematic 
and dynamic boundary conditions at the interface between the fluids, and as- 
suming that the lower fluid is irrotational, one arrives at the following equations 
for interface displacement c(z, t )  and the upper fluid layer mean velocity B1(x,t), 

- 
U l t  + 'EEl'EElX + g (f - 1) rh3: = - (E) , 

where subscripts x and t denote differentiation with respect to the horizontal 
coordinate and time, respectively. The kinematic equation (1) is exact while the 
dynamic equation (2) has.an error of 0 ( c 2 ) .  The nonlocal operator I, in (2) is 
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Figure 1: Effective wavelength (XI )  versus wave amplitude (a)  curves compared 
with experimental data (symbols, reproduced with permission from Cambridge 
University Press) by Koop & Butler (1981) for p1/p2 = 0.63 and hl/h2 = 35.05 : 

, fully nonlinear theory; - - - -, ILW model; - - -, KdV model; - - -, 
BO model. 

defined as 

(3) 

and f stands for the integration in a principal value sense. The right-hand-side 
of (2) is a shorthand notation, by use of (l), for 

(4) 

so that only the first time derivative of 
the limit of infinitely deep lower fluid (hz + oo), the operator 
Hilbert transform 'FI defined by 

enters the right hand side of (2). In 
becomes the 

(5) 

and (1)-(2) reduce to the set of equations derived by Choi & Camassa (19968). 
By making the assumption of weak nonlinearity and further simplifying to 

unidirectional wave propagation, all previously known weakly nonlinear models, 
like the ILW equation, can be obtained from system (1)-(2). 

3 Choi & Camassa 



c 

Some results 
We report here results from the analysis and numerical computations of so- 

lutions of system (1)-(2). More information can be obtained from a forthcoming 
paper by the authors. In Figure 1 we compare the deep water experimental data 
by Koop and Butler with corresponding curve from the travelling wave solution of 
our model. Also reported in this figure are the curves from the weakly nonlinear 
models. The agreement between the present theory and experiment in figure 1 is 
remarkably good for 0.2 < a < 0.65, thereby showing that the weak nonlinearity 
assumption a = O ( E )  is the principal cause of discrepancy between ILW or BO 
and experimental data in these regimes. For lower amplitudes 0.02 < a < 0.1 
none of the models can be considered satisfactory. Because the Euler equations 
share the asymptotic limit for small amplitude waves with KdV, ILW and our 
model, the discrepancy should not be due to a limitation of the models but rather 
to the possibility of viscous effects becoming important at lower amplitudes. This 
phenomenon is currently under investigation. 
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