
SUMMARY TECHNICAL PROGRESS REPORT 

This report constitutes a technical summary of progress on the "Mathematical 
and Geological Approaches to Minimizing the Data Requirements for statistical 
Analysis of Hydraulic Conductivity Distributions" project for the 12-month period 
extending from June 1, 1990 to June 1, 1991. 

Research conducted on the aquifer characterization project during the 12-month 
period includes items (1), (2),and (3) of Phase I and item (1) of Phase 11, as described 
in the original proposal of July 1988. Since both Phase I and Phase I1 extend beyond 
the initial 18-month period, these items are considered to be ongoing research activities. 
The following research was completed during the previous year: 

Calibration of the Air Permeameter. 

2) Completion of mapping of "architectural elements" at the field site located west 
of Bosque, New Mexico (the Bosque Site) 

7) 

Ongoing mapping of lithofacies at selected locations at the Bosque Site 

Ongoing collection of air permeability measurements at the "architectural 
element" scale at the Bosque Site 

Characterization of the depositional environment of the Bosque Site 

Ongoing quantification of "architectural element'' geometries at Bosque Site via 
geostatistical methods 

Development of Markovian Simulation Techniques as tools to simulate alluvial 
aquifer deposits 

Air Permeameter Calibration 

The air-minipermeamter developed for this project is currently being calibrated 
to one-dimensional laboratory fabricated standards. Preliminary results indicate that the 
air-minipermeameter underestimates the true permeability by a factor of approximately 
two. While this error is significant for determining the actual permeability, it does not 
appear to be significant for studying the spatial variability of permeability. 

The error is most likely attributed to high velocity flow effects during sampling 
with the air-minipermeameter. Currently, efforts for accounting for the high velocity 
flow effects are being pursued via numerically solving the non-linear Forcheimer 
equation. Since, for a given permeability, the response of the air-minipermeameter is a 
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unique set of pressure and flow-rate, it will be possible to generate type curves for rapid 
reduction of field data. 

"Architectural Element" Mapping 

During the previous report period (June 1989 to June 1990), the emphasis of 
geologic mapping was on describing the two-dimensional distribution of lithofacies on a 
60m wide by 25 m high face of the Bosque Site. This face is actually part of a larger 
peninsula-like feature which extends eastward from the north-south trending escarpment 
of deposits of Pliocene-Pleistocene Sierra Ladrones Formation. The peninsular outcrop 
is 10,000 m2 in areal extent, 40 m in vertical extent, and is joined to the main 
escarpment by a narrow neck. 

1991) has been on mapping the three-dimensional geometries of the deposits within a 
25m vertical section around the circumference of the entire outcrop. The geologic units 
chosen for mapping at this scale are termed "architectural elements", and are here 
defined as genetically related packages of sediment. This definition is looser than that 
of Miall (1985) who defines the term "architectural element" in the stricter context of 
hierarchical bounding surfaces. 

As discussed in the first progress report, four architectural elements have been 
identified at the field site: two river channel elements (CH-I and CH-11), differentiated 
primarily on the basis of the Occurance and abundance of silt and clay, a paleosol 
element (P) of varying parent material (sand, clay or mixed components), and an 
overbank fine element (OF) of interbedded clays, silts and thin paleosols. 

The emphasis of geologic mapping during this report period (June 1990 to June 

Lithofacies Maming _ -  

In order to characterize the internal character of the mapped architectural 
elements at different points in space, the facies within architectural elements are being 
mapped. Facies mapping is performed on essentially two-dimensional prepared 
outcrops (3-5 meters wide and 1-2 meters high) at various locations thoughout the 
Bosque site. One to two facies maps are being prepared per mapped architectural 
element type. 

Air Permeability Measurements at the Architectural Element Scale 

Over 550 air permeability measurements have been collected at the Bosque Site 
at the architectural element scale. Data collection at the element scale involves 
clustered sampling along vertical transects up the outcrop. "Hard" air permeability data 
is recorded at sampling points located in elements which can be sampled with the air 
permeameter. These elements include the finer grained Ch-I1 elements and the sandy 
paleosols. When the sampling point falls within a clay-rich or gravel-rich element, %oft'' 
geologic information is recorded. Approximately 1500 additional samples will be 
collected this fall. 

Depositional Environment of the Bosclue Site 



Inference of the depositional environment of the sediments observed at the 
Bosque site is based on the following three techniques: 1) comparison of the mapped 
distribution of architectural elements with various alluviaUfluvia1 models; 2) comparison 
of the sedimentary structures and facies associations observed in the facies studies with 
sedimentological type models; and 3) ongoing source terrain analysis. 

Results to date of this analysis suggest three possible depositional origins of the 
sediments at the Bosque Site. The first hypothesis is that the Bosque site sediments are 
the product of essentially overbank processes related to one or more rivers. In this 
case, both the channel elements and the overbank elements are simply the result of 
deposition on the floodplain following major and minor flood events, respectively. The 
paleosols represent periods of non-deposition. 

The second hypothesis is that the depositional environment in the vicinity of the 
outcrop was characterized by perennial and ephemeral streams (possibly the confluence 
of the two rivers) which combed across the alluvial plain in a series of small and large 
avulsive steps. In this case, the channel elements represent axial or near-axial channel 
deposits, and the clay and silt-rich elements represent the overbank deposits. 

axial- tributary deposition and overbank perennial deposition. Ongoing source terrain 
analysis of the channel elements at the site will help narrow down which of these 
options is most likely. 

The third of the current hypotheses is that the Bosque Site sediments record 

Quantification of "Architectural Element" Scale Geometries 

Geostatistical techniques are being used to convert the qualitative geological 
information of the architectural element maps into quantitative information which can 
be used to help simulate alluvial aquifer characteristics. To do this, 75 vertical transects 
were drawn on the two architectural element maps. The (x,y) location of the center of 
each element along the transects was then recorded. The elevation (z), element type, 
and thickness of the element at each point were also recored. Standard three- 
dimensional variogram and indicator variogram analysis is currently being performed on 
the element-thickness data set. The results of these analyses should yield information 
regarding the horizontal and vertical correlation lengths of the difEerent architectural 
elements at the Bosque Site. 

Markovian Simulation Techniques 

Both continuous and discrete models of random fields have been considered as a 
means of synthesizing the type of geologic structure that we have encountered in the 
Sierra Ladrones Formation (SLF) deposits. While continuous models can be quite 
useful in describing the structure of geologic phenomena at certain scales, discrete 
models are uniquely suited to the problem of describing aquifer characteristics in 
geologic materials that have been deposited, eroded, or altered under abruptly changing 
geologic conditions. Such abrupt changes in geologic environment are particularly 
evident in the Sierra Ladrones alluvial/fluvial sediments, which appear to have been 
subjected to a variety of depositional processes. Discrete stochastic models are uniquely 
suited for reproducing the sharp lithologic interfaces that have been observed at the 



field site. Discrete Markov random field models, in which the geologic properties of the 
depositional unit are correlated over a distinct neighborhood of that unit, appear to 
offer the most promising methodology for describing variations in geologic structure in 
the SLF deposits. 

A Markov random field (MRF) is essentially an extension of a Markov chain to 
two or more dimensions. Markov chains have historically been used to generate 
one-dimensional vertical sequences of geologic facies. For the case of a Markov chain, 
the probability of a certain state depends only on the state ‘preceding’ it in time or 
space. The chain has no long-term memory because its present state is conditioned only 
on the immediately preceding state, independent of states in the distant past. When 
this Markov property is extended to the two- or three-dimensional situation, the inferred 
causality that naturally applies to a Markov chain is no longer meaningful. One must 
introduce the concept of a neighborhood to invoke the Markov property when 
investigating two- or three-dimensional random spatial fields. The probability that a 
point in the field assumes a certain permeability or other aquifer property then becomes 
dependent only on properties at points contained in some specified neighborhood. 

A. Relationship of MRF Properties to Statistical Mechanics 

The points in a discrete MRF can be likened to molecules of a 
homogeneous gas that behave identically in response to a given amount of imposed 
energy. In fact, the tools of equilibrium statistical mechanics can be readily transferred 
to the study of MRFs. It can be proven mathematically that a field locally described by 
a Gibb’s energy distribution is equivalent to an MRF (Spitzer, 1971). Thus, the Gibb’s 
distribution offers a simple means of generating realizations of MRFs. 

B. Generation of a Discrete MRF 

Due to the combinatorial nature of discrete MRFs, analytical methods can not be 
used to derive realizations of an MRF. Instead, 
a base process, usually one constructed of pure white noise, is reordered according to a 
homogeneous set of rules such that it converges asymptotically to an MRF. The 
primary rule of reordering is that the Gibb’s energy function be used to define the local 
conditional probability. Our base process can be chosen arbitrarily because, like the 
analogous Markov chain, the final state of the field will be independent of its initial 
state. The method used to generate an MRF from an arbitrary base process was 
originated by Metropolis et al. (1953) for application to the study of statistical 
mechanics. The configuration of neighbors for each point can be chosen arbitrarily as 
long as it is done so consistently over the field. 

Figure 1 illustrates an example of a realization of a discrete, stationary, binary 
MRF simulated using a third-order model. Figure 2 shows an example of how an 
embedded binary MRF generated using two second-order fields constructed at different 
scales. Currently, these field are not based on site-specific observations. These types of 
hierarchical structures may be used to account for different scales of geologic processes 
and for the nonstationary influences that they could evoke. By superposing MRFs 
generated at different scales, one should be able to introduce a wide spectrum of scales 



to an MRF without resorting to such artifices as embedded variograms. Small-scale 
continuous MRFs might also be superposed on large-scale discrete MRFs to reproduce 
the effects of continuous variations in depositional processes that typically occur 
between episodes of abrupt changes in depositional environment. For example, a 
large-scale discrete MRF could be used to describe such events as changes in climatic 
regime or tectonic activity, while small-scale continuous MRFs within each feature of 
the large-scale field could characterize deposits produced by changes in stream 
discharge. Examination of Figures 1 and 2 suggest that MRFs offer a promising 
method of synthesizing realistic geologic structures. 

C. Comparison of MRF Models to Other Stochastic Models 

There are a number of advantages of MRF models over other stochastic models. 
Unlike traditional stochastic models, which rely on subjective variogram analysis to 
estimate correlation scale, Markov parameters can be determined objectively on the 
basis of hypothesis testing using independent samples extracted from the observed field. 
In addition, the pattern-generating process, although specified locally, gives rise to a 
global pattern that can be easily controlled. Disadvantages of MRFs include the 
intrinsic difficulty of using analytical methods to determine model characteristics 
because of the combinatorial nature of the fields and the large fields typically required 
to produce reliable estimates of the Markov parameters (Cross and Jain, 1983). Despite 
these disadvantages, it is anticipated that MRFs will more realistically capture the 
geologic characteristics of a field than would be possible using continuous random field 
simulation architectural element analysis. 

Cross, G.R. and A.K. Jain, 1983, ‘Markov Random Field Texture Models’, IEEE Trans. 
Pattern Analysis and Machine Intelligence, v. PAMI-5, p. 25-39. 

Metropolis, N., A.W. Rosenbluth, M.N. Rosenbluth, A.H. Teller, and 
E. Teller, 1953, ‘Equations of State Calculations by Fast Computing Machines’, J. 
Chem. Phys.,v. 21, p. 1087-1091. 

Spitzer, F., 1971, ‘Markov Random Fields and Gibb’s Ensembles’, h e r .  Math. Mon., 
V. 78, p. 142-154. 
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SUMMARY TECHNICAL PROGRESS REPORT 

This report constitutes a technical summary of progress on the "Mathematical 
and Geological Approaches to Minimizing the Data Requirements for statistical 
Analysis of Hydraulic Conductivity Distributions" project for the 12-month period 
extending from June 1, 1990 to June 1, 1991. 

Research conducted on the aquifer characterization project during the 12-month 
period includes items (l), (2),and (3) of Phase I and item (1) of Phase 11, as described 
in the original proposal of July 1988. Since both Phase I and Phase I1 extend beyond 
the initial 18-month period, these items are considered to be ongoing research activities. 
The following research was completed during the previous year: 

Calibration of the Air Permeameter. 

2) Completion of mapping of "architectural elements" at the field site located west 
of Bosque, New Mexico (the Bosque Site) 

3) Ongoing mapping of lithofacies at selected locations at the Bosque Site 

4) 

7)  

Ongoing collection of air permeability measurements at the "architectural 
element'' scale at the Bosque Site 

Characterization of the depositional environment of the Bosque Site 

Ongoing quantification of "architectural element" geometries at Bosque Site via 
geostatistical methods 

Development of Markovian Simulation Techniques as tools to simulate alluvial 
aquifer deposits 

Air Permeameter Calibration 

The air-minipermeamter developed for this project is currently being calibrated 
to one-dimensional laboratory fabricated standards. Preliminary results indicate that the 
air-minipermemeter underestimates the true permeability by a factor of approximately 
two. While this error is significant for determining the actual permeability, it does not 
appear to be significant for studying the spatial variability of permeability. 

The error is most likely attributed to high velocity flow effects during sampling 
with the air-minipermeameter. Currently, efforts for accounting for the high velocity 
flow effects are being pursued via numerically solving the non-linear Forcheimer 
equation. Since, for a given permeability, the response of the air-minipermemeter is a 



unique set of pressure and flow-rate, it will be possible to generate type curves for rapid 
reduction of field data. 

"Architectural Element" Mapping 

During the previous report period (June 1989 to June 1990), the emphasis of 
geologic mapping was on describing the two-dimensional distribution of lithofacies on a 
60m wide by 25 m high face of the Bosque Site. This face is actually part of a larger 
peninsula-like feature which extends eastward from the north-south trending escarpment 
of deposits of Pliocene-Pleistocene Sierra Ladrones Formation. The peninsular outcrop 
is 10,000 m2 in areal extent, 40 m in vertical extent, and is joined to the main 
escarpment by a narrow neck. 

1991) has been on mapping the three-dimensional geometries of the deposits within a 
25m vertical section around the circumference of the entire outcrop. The geologic units 
chosen for mapping at this scale are termed "architectural elements", and are here 
defined as genetically related packages of sediment. This definition is looser than that 
of Miall (1985) who defines the term "architectural element" in the stricter context of 
hierarchical bounding surfaces. 

As discussed in the first progress report, four architectural elements have been 
identified at the field site: two river channel elements (CH-I and CH-11), differentiated 
primarily on the basis of the Occurance and abundance of silt and clay, a paleosol 
element (P) of varying parent material (sand, clay or mixed components), and an 
overbank fine element (OF), of interbedded clays, silts and thin paleosols. 

The emphasis of geologic mapping during this report period (June 1990 to June 

Lithofacies Maming 

In order to characterize the internal character of the mapped architectural 
elements at different points in space, the facies within architectural elements are being 
mapped. Facies mapping is performed on essentially two-dimensional prepared 
outcrops (3-5 meters wide and 1-2 meters high) at various locations thoughout the 
Bosque site. One to two facies maps are being prepared per mapped architectural 
element type. 

Air Permeabilitv Measurements at the Architectural Element Scale 

Over 550 air permeability measurements have been collected at the Bosque Site 
at the architectural element scale. Data collection at the element scale involves 
clustered sampling along vertical transects up the outcrop. "Hard" air permeability data 
is recorded at sampling points located in elements which can be sampled with the air 
permeameter. These elements include the finer grained Ch-I1 elements and the sandy 
paleosols. When the sampling point falls within a clay-rich or gravel-rich element, "soft" 
geologic information is recorded. Approximately 1500 additional samples will be 
collected this fall. 

Depositional Environment of the Bosque Site 



Inference of the depositional environment of the sediments observed at the 
Bosque site is based on the following three techniques: 1) comparison of the mapped 
distribution of architectural elements with various alluviaVfluvia1 models; 2) comparison 
of the sedimentary structures and facies associations observed in the facies studies with 
sedimentological type models; and 3) ongoing source terrain analysis. 

Results to date of this analysis suggest three possible depositional origins of the 
sediments at the Bosque Site. The first hypothesis is that the Bosque site sediments are 
the product of essentially overbank processes related to one or more rivers. In this 
case, both the channel elements and the overbank elements are simply the result of 
deposition on the floodplain following major and minor flood events, respectively. The 
paleosols represent periods of non-deposition. 

The second hypothesis is that the depositional environment in the vicinity of the 
outcrop was characterized by perennial and ephemeral streams (possibly the confluence 
of the two rivers) which combed across the alluvial plain in a series of small and large 
avulsive steps. In this case, the channel elements represent axial or near-axial channel 
deposits, and the clay and silt-rich elements represent the overbank deposits. 

axial-tributary deposition and overbank perennial deposition. Ongoing source terrain 
analysis of the channel elements at the site will help narrow down which of these 
options is most likely. 

The third of the current hypotheses is that the Bosque Site sediments record 

Quantification of "Architectural Element" Scale Geometries 

Geostatistical techniques are being used to convert the qualitative geological 
information of the architectural element maps into quantitative information which can 
be used to help simulate alluvial aquifer characteristics. To do this, 75 vertical transects 
were drawn on the two architectural element maps. The (x,y) location of the center of 
each element along the transects was then recorded. The elevation (z), element type, 
and thickness of the element at each point were also recored. Standard three- 
dimensional variogram and indicator variogram analysis is currently being performed on 
the element-thickness data set. The results of these analyses should yield information 
regarding the horizontal and vertical correlation lengths of the different architectural 
elements at the Bosque Site. 

Markovian Simulation Techniaues 

Both continuous and discrete models of random fields have been considered as a 
means of synthesizing the type of geologic structure that we have encountered in the 
Sierra Ladrones Formation (SLF) deposits. While continuous models can be quite 
useful in describing the structure of geologic phenomena at certain scales, discrete 
models are uniquely suited to the problem of describing aquifer characteristics in 
geologic materials that have been deposited, eroded, or altered under abruptly changing 
geologic conditions. Such abrupt changes in geologic environment are particularly 
evident in the Sierra Ladrones alluviaVfluvia1 sediments, which appear to have been 
subjected to a variety of depositional processes. Discrete stochastic models are uniquely 
suited for reproducing the sharp lithologic interfaces that have been observed at the 
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field site. Discrete Markov random field models, in which the geologic properties of the 
depositional unit are correlated over a distinct neighborhood of that unit, appear to 
offer the most promising methodology for describing variations in geologic structure in 
the SLF deposits. 

A Markov random field (MRF) is essentially an extension of a Markov chain to 
two or more dimensions. Markov chains have historically been used to generate 
one-dimensional vertical sequences of geologic facies. For the case of a Markov chain, 
the probability of a certain state depends only on the state ‘preceding’ it in time or 
space. The chain has no long-term memory because its present state is conditioned only 
on the immediately preceding state, independent of states in the distant past. When 
this Markov property is extended to the two- or three-dimensional situation, the inferred 
causality that naturally applies to a Markov chain is no longer meaningful. One must 
introduce the concept of a neighborhood to invoke the Markov property when 
investigating two- or three-dimensional random spatial fields. The probability that a 
point in the field assumes a certain permeability or other aquifer property then becomes 
dependent only on properties at points contained in some specified neighborhood. 

A. Relationship of MRF Properties to Statistical Mechanics 

The points in a discrete MRF can be likened to molecules of a 
homogeneous gas that behave identically in response to a given amount of imposed 
energy. In fact, the tools of equilibrium statistical mechanics can be readily transferred 
to the study of MRFs. It can be proven mathematically that a field locally descriied by 
a Gibb’s energy distribution is equivalent to an MRF (Spitzer, 1971). Thus, the Gibb’s 
distribution offers a simple means of generating realizations of MRFs. 

B. Generation of a Discrete MRF 

Due to the combinatorial nature of discrete MRFs, analytical methods can not be 
used to derive realizations of an MRF. Instead, 
a base process, usually one constructed of pure white noise, is reordered according to a 
homogeneous set of rules such that it converges asymptotically to an MRF. The 
primary rule of reordering is that the Gibb’s energy function be used to define the local 
conditional probability. Our base process can be chosen arbitrarily because, like the 
analogous Markov chain, the final state of the field will be independent of its initial 
state. The method used to generate an MRF from an arbitrary base process was 
originated by Metropolis et al. (1953) for application to the study of statistical 
mechanics. The configuration of neighbors for each point can be chosen arbitrarily as 
long as it is done so consistently over the field. 

Figure 1 illustrates an example of a realization of a discrete, stationary, binary 
MRF simulated using a third-order model. Figure 2 shows an example of how an 
embedded binary MRF generated using two second-order fields constructed at different 
scales. Currently, these field are not based on site-specific observations. These types of 
hierarchical structures may be used to account for different scales of geologic processes 
and for the nonstationary influences that they could evoke. By superposing MRFs 
generated at different scales, one should be able to introduce a wide spectrum of scales 



to an MRF without resorting to such artifices as embedded variograms. Small-scale 
continuous MRFs might also be superposed on large-scale discrete MRFs to reproduce 
the effects of continuous variations in depositional processes that typically occur 
between episodes of abrupt changes in depositional environment. For example, a 
large-scale discrete MRF could be used to describe such events as changes in climatic 
regime or tectonic activity, while small-scale continuous MRFs within each feature of 
the large-scale field could characterize deposits produced by changes in stream 
discharge. Examination of Figures 1 and 2 suggest that MRFs offer a promising 
method of synthesizing realistic geologic structures. 

C. Comparison of MRF Models to Other Stochastic Models 

There are a number of advantages of MRF models over other stochastic models. 
Unlike traditional stochastic models, which rely on subjective variogram analysis to 
estimate correlation scale, Markov parameters can be determined objectively on the 
basis of hypothesis testing using independent samples extracted from the observed field. 
In addition, the pattern-generating process, although specified locally, gives rise to a 
global pattern that can be easily controlled. Disadvantages of MRFs include the 
intrinsic difficulty of using analytical methods to determine model characteristics 
because of the combinatorial nature of the fields and the large fields typically required 
to produce reliable estimates of the Markov parameters (Cross and Jain, 1983). Despite 
these disadvantages, it is anticipated that MRFs will more realistically capture the 
geologic characteristics of a field than would be possible using continuous random field 
simulation architectural element analysis. 

Cross, G.R. and A.K. Jain, 1983, ‘Markov Random Field Texture Models’, IEEE Trans. 
Pattern Analysis and Machine Intelligence, v. PAMI-5, p. 25-39. 

Metropolis, N., A. W. Rosenbluth, M.N. Rosenbluth, A.H. Teller, and 
E. Teller, 1953, ‘Equations of State Calculations by Fast Computing Machines’, J. 
Chem. Phys.,v. 21, p. 1087-1091. 

Spitzer, F., 1971, ‘Markov Random Fields and Gibb’s Ensembles’, Amer. Math. Mon., 
V. 78, p. 142-154. 



Anticipated Research Activities for January-June 1992 

I. Mapping, Data Acquisition, and Analysis 

Field work during the spring of 1992 will be focused on extending the mapping of 
architectural elements to the south. With the newly acquired surveying instruments, 
mapping can be performed with greater efficiency than previous efforts. The mapping 
in the spring will extend the current map two miles to the south . Sampling of air 
permeability will be performed as the mapping proceeds. Geostatistical analysis of 
the air-permeability and the associated soft information as well as the dimensions of the 
architectural elements will be performed in order to test the Markovian simulation 
techniques and compare with conventional stochastic models. 

II. Refinement of Markovian Simulation Techniques 

Given that realistic geologic structures can be generated by superposing MRFs 

The current attempt to collect permeability measurements at all scales of 
of differing scales, a change in the existing permeameter sampling strategy is not 
warranted. 
hydrogeologic interest is compatible with the goals of generating Markov random fields 
to describe aquifer heterogeneties. Use of discrete MRFs may require somewhat more 
emphasis on accurate mapping of abrupt discontinuities in geologic features, as well as 
identification of facies that tend to be characterized by gradual variations of lithology 
better descriied by some type of continuous random field. 

The relationship between the Markov coefficients and more traditional 
geostatistical indicators of spatial continuity such as correlation scale is presently being 
explored. It is clear that the Markov parameters characterize the degree of interaction 
or correlation between neighboring values in a random field and that they are, in some 
way, directly related to the correlation or integral scale. Preliminary numerical 
experiments reveal that the integral scale in isotropic MRFs increases as some 
logarithmic function of the isotropic Markov parameter. It is expected that the 
dependence between Markov parameters and correlation scale will depend on the order 
of the MRF as well as on the number of random variables that can occur in the MRF, 
both of which will dictate the variety of structures that the field can adopt. 

currently underway. Due to the potential for extremely abrupt heterogeneities in a 
discrete random field, a multi-grid model developed at NMIMT is being used to predict 
the distribution of flow velocities within each MRF. A particle-tracking algorithm will 
be used to simulate the migration of conservative solutes through the fields and predict 
the impact of aquifer heterogeneities on contaminant plume evolution. 

Numerical simulation of flow and solute transport through MRF realizations is 
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29. 
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Figure 1. Realization of a discrete, stationary binary Markov 
Random Field. 
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