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Abstract 
This is the final report of a one-year, Laboratory-Directed Research and 
Development (LDRD) project at the Los Alamos National Laboratory (LANL). 
Complex systems are difficult to characterize and to simulate. By considering a 
series of explicit systems, through experiments and analysis, this project has 
shown that dynamical systems can be used to model complex systems. A 
complex dynamical system requires an exponential amount of computer work to 
simulate accurately. Direct methods are not practical and it is only by an 
hierarchical approach that one can gain control over the exponential behavior. 
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This allows the development of efficient methods to study fluid flow and to 
simulate biological systems. There are two steps in the hierarchical approach. 
First, one must characterize the complex system as a collection of large domains 
or objects that have their own forms of interactions. This is done by 
considering coherent structures, such as solitons, spirals, and propagating 
fronts and determining their interactions. Second, one must be able to predict 
the properties of the resulting low-dimensional dynamical system. This is 
accomplished by an understanding of the topology of the orbits of the 
dynamical system. The coherent structure description was carried out in fluid 
and reaction diffusion systems. It was shown that very simple models from 
statistical mechanics could characterize a rotating Rayleigh-Bknard system and 
that patterns in reaction-diffusion systems are well described by soliton-like 
solutions. The studies of dynamical systems showed that simple 
characterizations of the phase space can be used to determine long time bounds. 
Also, that periodic orbit theory can be used to demonstrate that Monte Carlo 
simulations will converge to incorrect results. 

1 .  Background and Research Objectives 

The study of complex systems can be understood mathematically as the study of 
dynamical systems: their evolution and their attractors. These dynamical systems may have an 
infinite number of dimensions and in some cases their equations may not be known explicitly. 
When the dynamics is chaotic, one cannot study them by following their evolution from a 
known initial condition. Due to sensitive dependence on initial conditions, small errors get 
amplified and prediction becomes unreliable. 

important in the dynamics of the system, is chosen-an observable-and its statistical 
properties computed from theory and deteimined from experiment; then they are compared. 
Because of the fundamental use of statistical quantities in the study of complex systems, 
probability distributions play a central role. This point of view was developed throughout the 
20th century. Hadamard, Artin, Krylov, Kolmogorov, Sinai, Bowen, Ruelle, and 
Feigenbaum are a few of the exponents of this point of view for dynamical systems. 

Instead, chaotic systems are studied statistically. A special quantity, thought to be 

Many of the areas of complex systems can be understood as the study of dynamical 
systems and their invariant probability distributions. Time-series analysis is interested in 
determining the dynamical system that generated a signal. To make predictions from the time- 
series, the invariant measure of that dynamical system must be determined. Studies of patterns 

2 



formation in fluids are interested in describing the observed patterns in a simple manner (as a 
low-dimensional dynamical system) and how the observed features correlate to the behavior of 
parameters. 

The probability distributions that arise in these and other complex systems have to be 
characterized and the processes by which they are generated described. In principle these 
probability distributions are Schwartzian distributions and they could be expanded in series of 
simpler distributions. But this has not proven to be an insightful approach. The probabilities 
are too complex and the series obtained converge too slowly-a better approach is needed. 

We have proposed the study of complex systems through the chaotic dynamics that 
generate their characterizing probability distributions. We studied these problems in an inter- 
disciplinary way, as the techniques and problems of one field often shed new light in the 
techniques and problems of another. The focus of this project in pattern formation and 
complex systems is on the understanding of complex dynamical systems: time-series analysis, 
pattern formation, and dynamical systems with and without noise. 

2. Importance to LANL's Science and Technology Base and National R & D 
Needs 

Research in complex dynamical systems has great development potential. Physical 
problems, just like problems in computer science, can be divided into two large groups: those 
that require a polynomial time to solve, and those that require an exponential time. Complex 
dynamical systems research deals with the problems that require an exponential amount of 
work to solve on a computer. Just as there are no general algorithms to deal with non- 
polynomial problems in computer science, we do not expect general methods for dealing with 
complex dynamical systems. What we do expect are efficient algorithms that solve the problem 
for all practical purposes. This analogy also explains the interdisciplinary nature of the 
research. Just as in computer science, one gains insight by posing the problem in different 
forms and areas. 

The exponential character of the problems in complex dynamical systems implies that 
they are close to impossible to solve with a computer if naive methods are used. If we gain 
control over this exponential behavior, it may then be possible to design complex molecules in 
a computer, to develop efficient methods to study fluid flow, and to simulate biological 
systems. 

Because of their size, it is not always possible to simulate these systems from first principles 
and time-saving techniques become essential. The methods developed and the techniques used 

Many of the Laboratory projects require large-scale simulations of complicated systems. 
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have been made known to various divisions of the Laboratory through direct interactions with 
other investigators and through a series of seminars. 

3 .  Scientific Approach and Results to Date 

The approach used to accomplished the proposed work was varied. Analytical, 
computational, and experimental methods were used. The results are discussed grouped in two 
major categories: dynamical systems and pattern-forming systems. The project also supported 
a summer workshop in complex systems at the Santa Fe Institute. Interaction with participants 
of this workshop has proven fruitful. Also, many postdoctoral fellows that come to work at 
the Laboratory have been summer workshop alumni and alumnae. 

3.1 .  Dynamical Systems 
Many of the systems studied in physics are chaotic systems in disguise. The chaos 

manifests itself in the slow convergence of physical quantities. Disordered systems and 
localization, classical spin systems, transport in mesoscopic systems, and the electronic 
configuration of molecules are all examples of chaotic systems. The common thread among 
these systems is their description in terms of a transfer operator (transfer matrix, Perron- 
Frobenius operator, trace of a Green's function). Because these systems are chaotic, they are 
dense with periodic orbits and the invariant measure of the operator can be understood in terms 
of these orbits. This leads to a cycle expansion and a rapidly converging series. 

Two results in this area have been described [l, 151. By using the periodic orbits that 
exist within dynamical systems those authors where able to characterize them with a high 
degree of accuracy. In one publication [15], a large set of periodic orbits was extracted from 
an experiment and then used to pinpoint the theoretical model describing it. In the other 
publication [l], it was shown that Monte Carlo simulations can be very misleading when 
applied to dynamical systems. In a simple model that could be described by its periodic orbits, 
the Monte Carlo method was used to compute the same quantity being computed with the 
periodic orbits. Even though the Monte Carlo method had converged to an answer by all 
practical criteria, it converged to the wrong answer. If the more accurate periodic orbit 
calculation had not been available, one would have never been able to detect this subtle failure 
of the Monte Carlo method. This observation has led us to re-examine other Monte Carlo 
procedures. 

Two other results in the area of dynamical systems involve the characterization of the 
resulting attractors. A method was developed that allows the efficient computation of 
Lyapunov exponents [12]. The method eliminates a computationally expensive diagonalization 
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of the Jacobian matrix. With this method it now becomes feasible to compute the Lyapunov 
exponent for any system that can be solved numerically. It was also shown that the Lorenz 
attractor can be contained in a set described by simple geometrical figures [9]. This allows one 
to get a good and rigorous upper bound for the Lyapunov exponent of the Lorenz system. 
This is important as a check for the many algorithms being developed to estimate Lyapunov 
exponents. 

3.2. Pattern Formation 
Fluid dynamics is a high-dimensional dynamical system. To study the patterns formed in 

fluid motion one should, in principle, understand the high-dimensional fluid flow. Because the 
system is chaotic (turbulent in most cases), this is not practical. This is also counter-intuitive, 
because from observing the fluid flow experiments one can see that certain simple features 
dominate the dynamics. The problem in pattern formation has been in finding a precise 
description of these simple features. Phrased differently: Is there an effective low-dimensional 
dynamical system that captures most of the dynamics of the fluid flow and its patterns? 

The study of patterns formation is a concrete problem that offers a test bed for the 
problems of characterizing high-dimensional dynamical systems and the measures they 
generate. It is also an open problem in physics. Patterns affect the transport properties in 
many physical systems and they must be accounted for. Unless there is a simple (low- 
dimensional) dynamics, this is not possible. Examples where patterns affect the physical 
properties of a system are: weather, diffusion, and conductivity properties in fluids. 

In a breakthrough, a turbulent fluid system with coherent structures was described by a 
simple statistical model [lo]. The model approximates the motion of the Earth's atmosphere 
and the formation of tornadoes. The number and size of these tornadoes were accurately 
described by a simple Ising model, where groups of spins in the same direction represent the 
tornadoes. This is the first time that a simple model has been constructed to describe a complex 
fluid system. 

Simple models, like the one used by Ecke, et aL, [lo] cannot be well simulated on a 
computer. The reason is that one needs to use a very large grid or a large number of Fourier 
components. A rigorous estimate on how many modes must be used was discussed by 
Doering and Titi [8], where an upper bound for the power spectrum for the Navier-Stokes 
equation was derived. 

In a series of articles [6,7,2,3], it was established that soliton-like solutions exist even 
for two-dimensional dissipative systems. It was explained how they are formed and how these 
solitons interact. This research sheds light on the poor performance of platinum catalytic 
converters used in cars. A different type of pattern formation system has been studied [ll, 
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131. An king-Bloch transition was shown to be the mechanism for the formation of spiral 
waves and propagating fronts in a reaction diffusion system. These systems occur in 
biological systems and in industrial chemical processes. 
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