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Abstract 

In a kinetic theory, it is usually assumed that the 
time duration of particle collision is vanishingly small 
and only binary collisions are considered. The va- 
lidity of these assumptions depends on the ratio of 
collision time to mean free flight time. If this ratio 
is small, the kinetic theory description is appropri- 
ate. In a dense system, however, this ratio is usually 
large, and the dynamics of the multi-particle inter- 
actions have to be considered. For instance, during 
a collision, the contacting pair usually has a relative 
tangential velocity that causes a change in the di- 
rection of rebound. This implies a dependence of the 
granular stress on the vorticity of the mean flows field. 

Due to the inherent energy dissipation in a par- 
ticle collision, and the consistent rearrangement of 
particles, there are relaxation times associated with 
them. In a binary collision, this energy dissipation is 
represented by coefficient of restitution. In a dense 
granular system, multi-particle interactions occur fre- 
quently. The energy dissipation and system relax- 
ation have to be studied by the consideration of the 
dynamica in the duration of particle interaction and 
cannot be represented by a single coefficient of resti- 
tution. In this case, the relaxation times must be 
introduced explicitly. 

By modification of the network theory for rubber 
material, a constitutive model for dense granular ma- 
terial is developed based on the dynamics of multi- 
particle interaction. The finite particle interaction 
time and system relaxation times are considered. 

In order to approximate the interaction between 
resin coated particles, the force between particles is 
modeled by a serial connection of spring and dashpot. 
At the limit of small relaxation time in comparison 
with the time scale of macroscopic strain rate, the 
effective viscosity in a granular system is calculated 
from discrete element simulations. At a low parti- 
cle concentration, the effective viscosity is found to 
be proportional to shear rate, while at a high parti- 
cle concentration the viscosity is independent of the 
shear rate. The physical reason of this transition is 
explained. Formation of shear bands are observed in 
large shear rate at large concentrations. 

1 Introduction 
Flow of dense granular material occurs in many natu- 
ral phenomena, and material handling and processing 
industries. For instance, in the powder metallurgy, 
filling a mode with granular powder is an important 
processing step ultimately affects part quality. Theo- 
ries for granular flows have been under development 
since 60’s. Many progresses have been made by using 
kinetic theories (Savage & Jeffrey, 1981, Lun et al., 
1984, Campbell, 1989) to rapid and relatively less 
concentrated granular flows. In such flows, binary 
collision is a valid assumption. Usually, the parti- 
cle elasticity is large and the particle collision time 
is small compared to the particle mean free flight 
time. However for dense and slow granular flow, due 
to complexity of the dynamics of multi-particle inter- 
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action, many basic assumptions of kinetic theories do 
not apply. More complex and interesting phenomena 
of dense granular flow have not been well understood. 
One of them is the constitutive relation of a dense 
granular material. In this paper, we shall consider 
dense flows of granular particles with arbitrary shape 
and size distribution. 

The bulk flow of a granular material is usually de- 
scribed by averaged continuity and momentum equa- 
tions. These equations can be derived from equations 
governing the motion of each particle from the statia- 
tical principles. For instance Savage & Jeffrey (1981) 
derived the an averaged equation system from the ki- 
netic theory, and Zhang & Rauenzahn (1996) obtain 
a similar set of equations for a dense system. In these 
equations, the granular stress consists of the stream- 
ing part and the collisional part. The streaming part 
represents momentum transfer associated with parti- 
cle fluctuation. It is the dominant part of the granular 
stress in a dilute granular flow. For a dense granular 
flow, fluctuation in particle velocity is reduced by the 
confined space available for particles. In this case the 
major contribution to the granular stress comes from 
collisions among particles. 

In our recent paper (Zhang & Rauenzahn 1996), 
we have expressed this collisional stress in terms of 
forces between contacting particles. The detailed in- 
teractions among particles is studied and an evolu- 
tion equation of the stress is developed for monesize 
spherical particles. In this paper, we shall use a more 
direct approach to study the evolution of collisional 
stress in a granular system. In principle, these two 
approaches are equivalent. The former one can be ex- 
tended to include difference particle sizes and shapes, 
however the approach used in this paper has an ad- 
vantage of not to explicitly invoke the detailed parti- 
cle interactions, which is usually not of great interest 
in modeling granular flows unless, for instance, mix- 
ing or segregation of different sizes of particles needed 
to be considered. Therefore the approach used in this 
papers enables us construct constitutive models for 
more complicated systems. The model obtained is 
identical to the one in our former paper. These two 
approaches complement each other. 

2 Relaxation times in a granu- 
lar system 

Let us consider an assemble of granular particles, in 
which forces are transmitted through particles in con- 

tact. If we draw a line between the particle mass 
centers, these lines form a network. Each of these 
lines is called a network segment. During motion in 
the system, new segments are created when particles 
contact, and old segments destroyed when particle 
cease to contact. The creation and destruction of 
these network segments and the forces between the 
particles determine the evolution of the stress in a 
granular system. 

We define a segment vector r to be the relative 
position vector connecting two particle mass centers. 
Let P(x,r,f,t) be the probability of finding a net- 
work segment with vector r and force f acting on the 
particle with mass center at x applied by the particle 
with mass center at position r relative to x. 

The stress in a granular system can be expressed 
(Zhang & Rauenzahn 1996) as 

pDo(x, t )  = J f i ~ ( x ,  r, f ,  t)drdf, (1) 

where PD is particle volume fraction. 
The evolution of the stress is completely de- 

termined by the evolution of probability density 
P(x, r, f ,  t )  in the phase space constituted by all pos- 
sible sets of {x, r, f}. 

The evolution equations equation for the probabil- 
ity P can be written as (Bird et al., 1987) 

8P 
at - + v, (WP) + v, * (VP) + Vr(fP) 

(2) 
P = L - x ,  

where w = x is the mass center velocity of the par- 
ticle with the mass center at x, v.= i the relative 
velocity between the mass centers, f the time deriva- 
tive of the force between the contacting pair, L the 
rate of production of the network segment and 1/X 
the probability per unit time that such a segment 
be is destroyed. Both L and X are functions of the 
segment vector r, force f between particles and the 
strain rate i of the local flow field defined by 

1 i = z[vw+ (\/W)T] (3) 

where iV is the averaged particle velocity. In (2), as 
an approximation, we assume the segment destruc- 
tion rate is proportional to the number density of the 
network segment. The second, third and fourth terms 
in (2) can be understood as net flux of the probabil- 
ity out of a small control volume dxdrdf in the phase 
space. 



It is important to note that in writing the conser- 
vation equation (2) for P, the position x, the segment 
vector r and the force f are regarded as independent 
variables. After Multiplying of fr/2 to the both sides 
of the equation (2) and use of ( l ) ,  one finds evolu- 
tion equation for the collisional particle stress after 
integration by parts, 

+ Vx (WPDU) - /(Pfv - Pfr)fdr W D  u 
at 
- 
=l/Lfrdfdr---  PD@ zVx.  1 1 frw'fdr , (4) 
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where w' = w - ii7 is the velocity fluctuation of the 
particle with the mass center at x, Tp is a relaxation 
time defined by 

. (5)  

This relaxation time characterizes the effect of relax- 
ation in probability by particle rearrangement in the 
flow. 

The last integral in (4) is proportional to the cor- 
relation between the particle fluctuation velocity and 
the force applied by another particle. The force be- 
tween two particles is usually strongly correlated to 
the relative velocity between the particles. In a dense 
flow, velocity between contacting particles is usually 
strongly correlated, thus the relative velocity between 
two contacting particles and the velocity of one of the 
particles is weakly correlated. Therefore the force be- 
tween the contacting particles and the velocity of one 
of the particles is weakly correlated. Indeed, this is 
verified by the direct numerical simulations discussed 
in next section. Furthermore, in a simple shear shear 
flow, due to the uniformity of the rate of strain, the 
divergence of the integral vanishes identically. 

Phan-Thien and Tanner (1977) proposed that the 
relative velocity between particlea can be written as 

v = Vw.r+q,  (6) 

where q is the relative "slip velocity" that accounts 
for the inability of the contacting particles to fol- 
low the macroscopic flow field exactly. This "slip 
velocity" depends on the local flow field, the micro- 
structure of the system and imposed velocity gradi- 
ent. However, it is independent of a rigid body rota- 
tion of the system as defined in (6). As an approxi- 
mation to the first order in the rate of strain we write 

q=[ i - r .  (7) 

With this we have 

v = K - r ,  

where K = W + [ k  is an effective velocity gradient. 
This velocity gradient characterizes the averaged lo- 
cal motion around position x. To calculate the time 
derivative of the force in (4), it is convenient to write 
the force in components in the frame moving with 
this averaged local velocity field as f = f'gj, where 
gi is the basis which rotates and deforms with the 
effective velocity gradient. Then the time derivative 
can be calculated as (Joseph, 1990) 

f = f&  + fgi = K . f  + fgj. (9) 
The first term on the right hand side represents the 
force transported with the local velocity field and the 
last term represents the rate of change viewed in the 
frame rotating and deforming with the local velocity 
field. 

Substitution of this into (4), leads to 

where is defined by 

tu  = 1 1 (frP(r, f ,  t)drdf , 2 
and 

-=- vu au +w . V,u - [(vw) .a+ u . (Vw)T] (12) m a t  
is the upper convected time derivative of the stress. 
We note that the right side of (10) is independent 
of the frame of reference. Therefore we can make 
constitutive assumptions for it. We shall assume that 
it depends on the rate of strain k ,  linearly depends on 
the objective time derivative of the strain rate, and 
the stress with scale coefficients. Furthermore, we 
assume that the response of the random configuration 
of the granular particles is statistically isotropic. Use 
of the representation theorem for a tensor function 
leads to the closure relation for the right hand side of 
(10) 

where TI is the time associated the relaxation of the 
force between contacting particles, coefficients ci(i = 
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1,2,3,4) are functions of volume fraction, material 
properties and the principle invariants of the strain 
rate tensor, and $$ is Jaumann derivative 

(15) 
1 
2 

n = -[vw - ( V w ) T ] .  

Substitution of this in to (10) leads to the constitutive 
relation for stress 

where 

is the relaxation time of the system, combining the ef- 
fects of relaxation associated with particle rearrange- 
ment and the relaxation due to energy dissipation 
mechanism during the particle collision. 

This is a visceelastic model for the granular ma- 
terial. In general the two relaxation mechanisms co- 
exist in a granular system. The relaxation due to the 
particle rearrangement has the time scale defined by 
the rate of strain. The relaxation due to energy dissi- 
pation in the particle contact depends on the nature 
of particle interactions. 

In the following section, as an example we shall 
discuss some properties of this constitutive relation 
based on results from direct numerical simulations 
using a simple force model between particles. 

3 Numerical simulation of resin 
coated particles 

In many industrial processes, a granular particle is 
coated with a layer of viscous resin. According to 
the lubrication theory, the normal force between the 
particles is inversely proportional to the width of the 
gap between the particles and the tangential force 
is proportional to the logarithm of the gap between 
them. Therefore the tangential force is neglected. In 
order to consider the elasticity of the particles and 
viscosity of the fluid between them, the force between 
colliding particles is modeled by a serial connection 
of a linear spring with constant K and a dashpot 
with resistance R. This force model is particularly 

simple, since the relaxation time TI associated with 
energy dissipation is simply R / K ,  independent of the 
the flow field around it. The time derivative of the 
force is completely determined by the force and rel- 
ative velocity between the contacting particles. This 
time scale R / K  is usually small compared to the time 
scale of the strain rate. For instance, a binary colli- 
sion with coefficient restitution e = 0.8, the ratio of 
relaxation time to contact time is about 2.45. Usu- 
ally, the binary collision time of a pair of granular 
particles is much smaller than the time scale of the 
strain rate. In this case, the system relaxation time 
is approximately equal to the relaxation time R / K  
associated with energy dissipation. 

Directly numerical simulations are performed in as- 
sembles of equal size spherical particles with radius a 
and density p~ . The time in the simulation is nondi- 
mensionalized by 2 0 0 m  where m is the particle 
mass, and a is the time scale of the natural 
frequency of the spring-mass system. The particle 
contact time in a binary collision is a function of co- 
efficient ,of restitution e. For example, when e = 0.8, 
the contact duration is about 0.0121 time unit in a 
binary collision. For a dense case, the contact time 
of course is much longer than this. 

The numerical simulation performed is the simple 
shear flow of an assemble of granular particles us- 
ing periodic boundary condition with 108 particle in 
a cell. Particles move out from one side of the cell 
wall enter the cell from the opposite side of the wall. 
The equation of motion for each particle is solved 
numerically by using a second order accuracy time 
integration scheme similar to the one used by Wal- 
ton & Braun (1986). Figure l shows our results of 
shear stress in comparison with the results of Wal- 
ton & Braun (1986), and the kinetic theory of Lun 
(1991). Good agreement of shear stress between our 
result and kinetic theory is found for small volume 
fraction. For the normal stresses, as in all numeri- 
cal simulations we observe anisotropy, while kinetic 
theory predicts equal normal stresses in three direc- 
tions. Significant difference in shear stress occurs at 
high volume concentration. 

For the small relaxation time R / K ,  at steady state, 
c2 in (16) represents the effective viscosity of the 
system, and the shear stress utz can be written as 
C2$5tz, where a is radius of the particles in the as- 
semble, and C 2  is the dimensionless c2. The numer- 
ical results of C 2  is plotted in Figure 2. At lower 
particle concentrations, the bottom three lines for 
PD = 0.232, 0.347, and 0.463, C 2  linearly depends 
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Figure 1: Dimensionless shear stress atz (e = 0.8). Figure 2: Dimensionless effective viscosity V.S. shear 
The solid line is the result of kinetic theory, (Lun rate y. From the bottom the particle volume fractions 
1991). The solid dots, squares and triangles are our PO are 0.232, 0.347, 0.463, 0.521, 0.521, 0.579 and 
numerical results for shear rate of 0.25,0.50 and 0.75 0.695. The two lines for P0=0.521 corresponding to 
respectively. The hollow circles, squares and triangles the two branches of the C2 value before and after the 
are results of Walton and Braun (1986) with shear phase transition. 
rate of 10.0, 5.0 and 1.0 respectively. 

on the shear rate, corresponding to the quadratic de- 
pendency of the shear stress on the shear rate. This 
is in agreement with kinetic theories. At higher parti- simulation we start from configurations in which par- 

0.695, C2 are constants, corresponding to the linear tween particles is by the shear motion. At 

sition between the shear stress stays at the lower branch for certain time, 
occurs at particle volume about 0.521, the volume then moves to the higher branch. As the shear rate 
fraction of random loose ( o n d a  and ~ h -  increases, the time for the system to stay a t  lower 

is sure in the numerical simulation. That is where the 
proportional to product ofthe frequency and line of the lower branch stops. This transition only 
the force during the collision. Both of them are pro- occurs when the imposed shear rate greater than a 
portional to the rate of strain, thus the the stress is certain critical value. Below the critical value, for 

in the rate of strain. F~~ particle volume instance at  shear rate 0.1, the transition is not ob- 
fraction greater than random loose packing volume served. 
fraction, particles are consistently in contact and col- 
lision frequency saturated. The' stress is propor- The another interesting phenomenon observed 
tional only to the force in a cobion. Thus the stress from the numerical simulations is that the steady 
is proportional to the rate of strain. state solution can only obtained for shear rates less 

This transition in this effective viscosity depen- than certain critical shear rates depending on the 
dency on the shear rate is similar to a phase transi- particle volume fraction and the spring and dash- 
tion in a molecular system. As shown in Figure 2, at pot properties. When the shear rate becomes greater 
volume fraction PD = 0.521, there are two branches than the critical value, the system becomes unstable, 
of C2, the fourth and fifth line from bottom. In our and formation of shear band is observed. 

cle concentration, the top two lines for PD=0.579 and ticles are not in contact initially- The contact be- 

dependency of the stress on the shear rate. The tran- the beginning of Our simulation c2 and therefore the 
and linear dependency 

iger, 1990, and Shapiro and Prob&,ein, 1992). At branch decreases and eventually impossible to mea- 
low particle concentration, the 
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4 Conclusions 
In this paper we use a method similar to the network 
theory used for concentrated polymer fluid to develop 
an evolution equations of collisional granular stress. 
Dynamics of particle interaction is considered during 
the finite particle collision time. A visco-elastic model 
is proposed for dense granular flows. There are two 
mechanisms that contribute to the relaxation of the 
system. The first one is the relaxation associated par- 
ticle rearrangement. The time scale associated with 
this relaxation is in the order of the time scale de- 
fined by the strain rate. The second relaxation time 
is related to the energy dissipation during the particle 
contact. 

Numerical simulations are performed to a system 
where force between the contacting particles is mod- 
eled by serial connections of spring and dashpot. The 
effective viscosity is calculated from the result of di- 
rect numerical simulation. At a low particle concen- 
tration, the effective viscosity linearly depends on the 
shear rate. At high particle concentration, when par- 
ticles are consistently in contact, the viscosity is in- 
dependent of the shear rate. 
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