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ABSTRACT 

The analytical solutions of heat exchanger 
effectiveness for four-row crossflow, cross-counterflow 
and cross-parallelflow have been derived in the recent 
study. The main objective of this study is to investigate 
the effmt of heat eschruiger flow configuration on thermal 
performance with refrigerant mistures. DiRerence of 
heat exchanger effectiveness for all flow arrangements 
relative to an analytical many-row solution has been 
analyzed. A cumparison of four-row cross counterilow 
heat exchanger effectiveness between analytical solutions 
and experimental data with water, R-22, and R-4 10A is 
presented. 

NOMENCLATURE 
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: Heat transfer su~fice area, (m2) 
: Capacity rate, (kWPC) 
: Quantily defined i n  Equation (3) 
: Log Mean Teiiipcramx Difference, 

: Number of Transfer IJnits 
: Heat transfer rate, (kW) 
: Temperature offluid flow R, (“C) 
: Temperature of fluid flow A, (“C) 
: Overall heeat transfer coeflicient ofheat 

: Coordinate in the fluid flow A direction 
: Coordinate in the tluicl flow R direction 
: ERective specific heat in two-phase region, 

: Ratio of minimuin capacity rate to maximum 

(“(3 

exchanger, (kW/m?.”C) 

(k J/k g . “C ) 

capacity rate 

Grcck Letters 
A : Difference between two temperatures 

E : Heat exchanger effectiveness 
v e 
t 

: Overall heat exchanger surface effectiveness 
: Dimensionless temperature defined in 

: Dimensionless temperature defined in 
Equation (2) 

Equation (2) 

Subscripts 
0 
I 
2 
3 
4 
A : Fluid flow A 
ma : Analytical solutions 
cc : Cross counterflow 
cf : Counterflow 

: Cross parallel flow “P 
CS : Crossflow 
exit : Heat exchanger exit 
exp 
min :Minimum 
max :Maximum 
R : Fluid flow R 

: Flow condition at the air or refrigerant inlet 
: State at end of Row 1 
: State at end of Row 2. 
: State at end of Row 3 
: State at end of Row 4 

: Based on experimental data 

INTRODUCTION 

The Log Mean Temperature Difference 
(LMTD) approach to heat exchanger analysis is useful 
when the inlet and outlet temperatures are known or are 
easily determined. The LMTD is readily calculated, and 
heat flow, surface area, or overall heat transfer coefficient 
may then be determined. When the inlet or exit 

exchanger, the analysis frequently involves an iterative 
procedure. In these cases the analysis is performed more 
easily by utilizing a method based on the effectiveness of 
die heat exchanger 111 transferring a given amount of heat. 

temperatures are to be determined for a given heat 
* I  



The eEetiveness method also offers many advantages for 
analysis of problems in which a comparison between 
various types of heat exchangers must be made for 
selecting the type best suited to accomplish a particular 
heat transfer objective. 

The governing equation for the crossflow heat 
exchangers with both fluids unmixed was first obtained 
by Nusselt (1 9 I 1 )  and Mason (1955). Nusselt used an 
infinite series and Mason used the Laplace transform. 
Baclic (1978) gave an approximate solution for crossflow 
heat exchangers with two unmixed fluids based on 
modified Bessel functions of the first kind. Stevens 
(1 956) and Femanda ( 1  956) contributed substantially to 
the theory of the multipass cross-counterflow and cross- 
parallelflow heat exchangers. They derived the 
temperature distributions for one-, two-, and tluee-row 
cross-counterflow and crosspara1 leltlow heat exchangers 
with rehgerant-side nused and air-side utmiised. Nicole 
(1 972) studied the mean temperature diikrence in 
crossflow heat exchangers applied to multipass air-cooled 
fin-and-tube units with a finite number ofrows. He listed 
the temperature distribution for cross-counterflow heat 
exchangers up to six rows. However, due to some typing 
errors on tlie etlkctivaiess fonnulas, and unavailability of 
m y  M e r  publications of his work, results could not be 
compared. Donungos ( I9G9) presented a general method 
to calculate the total effectiveness and intermediate 
temperatures of' nsseriiblies of heat eschangers. His 
equations for predicting the eil'ectiveness of multi-row 
crossflow heat eschangers were unnecessarily comples 
for the simpler geometries considered here. 

In this work, an extended derivation of heat 
eschanger eikctivaiess for four-row configuration based 
on Stevens (1956), and Stevens et al., (1957) is 
presented. The temperature distribution at the exit of 
each row on die retiigerant-side is derived, for crossflow, 
cross-counterIlow and cross-paralleltlow heat eschanger 
configurations. Thc loss of elfcaivairss relative to the 
counterflow has been analyzed for the thee lieat 
eschan ger coirfi gura t i oiis . 

MATHEMATICAL MODELS 

Effectiveness of Four-Row Crossflow Heat 
Eachangcrs. 

Expanding the Stevens et al. ( 1  957) 
derivation for one-pass, three-row case, one can write, 
for Row 4 (as shown in Figtirc 1 ). 

Figure 1. Geometry of a four-row crossflow heat 
exchanger. 

where, 8 and 5 are dhnensionless temperatures defined ;IS 

and 

Here, NTU, is the Number of Transfer Units, and C, is 
the heat capacity rate (the product of mass flow rate and 
specific heat) of flow A, q is the surface effectiveness 
(for finned-tube heat exchangers), defined as 
n=Q/(UA-LMTD), where Q is the total heat exchange 
rate, U is the overall heat transfer coefficient, and A is the 
total heat transfer area ofthe heat exchanger. 

Since the local energy balance equation can be 
written as 

CA%8,-8$ - - CR di ,  , 
Y o  

and 8, (Stevens et al., 1957) can be expressed as 



(1-6 8, . 

unmixed include: 

Hiller and Glicksman (1 976), 

where, C'=C,/C,, and 0, is given (Stevens et ai., 1957) 
as 

one can solve for r,, the temperature distribution of fluid 
R leaving row 4 from Equation ( 5 )  with the known 0, in 
Equation (6) and 0, in Equations (7), 

Defining the heat eschanger effectiveness E 
s a y s  & London, 1984) as the ratio of actual heat transfer 
to the maximum possible heat transfer with intinite heat 
transfer area, or equivalently as the ratio of the 
temperature change oftlie niinimum capacity rate fluid to 
the maximum temperature difierence between the two 
fluids in heat exchanger. Thus, from the definition of T, 
the effectiveness E,, of a four-row crossflow heat 
exchanger is the following 

and Holman (1 986), 

Effcctiveness of Fou r-Row Cross-Parallclfiow Heat 
Exchangers. 

A& m&T,:, 1.L T,, 71- Tsv l7.A 
I I I 
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Figure 2. Flow configuration of a four-row cross- 
parallelflow heat exchanger. 

The technique used for solving the temperature 
of fluid R leaving row 4 can be applied to four-row cross- 
parallelflow (as shown in Figure 2) confrgurations. The 
temperature distribution of fluid R leaving row 4 can be 
obtained as 

(9) 

The analytical solution of this E, , designated as e-,, is 
shown in Table I .  

Correlations for calculating the approximate 
effectiveness of crossflow heat eschmger with both fluids 

By the definition of heat exchanger effectiveness 
and r, one can write the effectiveness of a four-row - 
cross-parallelflow (or called cocrosstlow) heat exchanger 
in the following form, 



Table 1. Suinrnary of heat exchanger effectiveness of four-row crossflow, cross-panllelflow, 
and crosscountertiow heat exchangers. 

Flow Conliguration Heat Eschangcr Effcctiveness 

Crossflow 

Cross-parallel flow 

Cross-Countertlow 

Effectiveness of Fou r-Row Cross-Cou ntcrfluiv Hcat 
Exchangers. 

Similar to the crosstlow and cross-parallelllow, 
the temperature of fl uid R leaving row 1 for a four-row 
cross-counterflow (as shown in Figure 3) can be 
obtnined as 

-kc' - 7: e . 
Figure 3. Flow configuration of a four-row cross- 
counterflow heat exchanger. 



and, by the definition of efkctiveness and r, we have 

The heat eschanger eflectiveness for the 
counterflow heat exchanger configuration given by Kays 
and London ( 1984) is 

1 - cxp 1- mu (1 - c9 
%' 1 - C' c?cp I- r n ( 1  - c!)] * 

(17) 

RESULTS AND DISCUSSION 

Four-Row Crossilmv Hcilt Eschangcrs. 

Table I shows the comparison of heat 
exchanger eflictiveness of four-row crosstlow, cross- 
parallelflow, and cross-counterflow heat excliangers. 
Figure 4(a) shows the comparison of heat exchanger 
effectiveness for a one-pass, four-row unmixed/unmixed 
calculated from Equation (9) relative to an approximate 
solution (Baclic, 1978). The comparison of effectiveness 
for four-row crossflow is about 1.0% for the case of 
CA/CR=I .0 for Number of Transfer Units (NTU) of 5.0. 
The same trend can be seen in Figure 4(b) in the case of 
CA/C,=0.5. Notice that Equation ( I  I )  for crosstlow with 
both fluids unmisd has ni:1xiniunis 4% and 2% less than 
that of the solution in the low NTU range for the cases of 
CA/CR=I .0 and C,/CR=0.5, respectively. Figure 5(a) 
shows the comparison ofthe heat exchanger eflectiveness 
among Hiller (Equation (IO)), Holman (Equation (1 I ) )  
and B a c k  approximate solution (with Bessel function). 
Figure S@) shows the departure of effectiveness relative 
to the Baclic approximate solution. The effectiveness 
calculated by Hiller correlation has about I .O% difference 
compared to the Baclic approximate many-row solution 
for values of NTU from 2.0 to 4.0. Holman correlation 
has a better ( less than 1 .O%) agreement with the B a c k  
approximate solution for NI'U greater than 1.0. The 
analytic solution for the heat exchanger effectiveness of 
~~oss fow,  both Iluids unmixed ilow arrangenient cannot 
be expressed in closed form (Kays and London, 1984). 
However, the Back approsininti solutions are ve'y close 
to the original work of Mason (1955) for this heat 

exchanger flow arrangement, according to the current 
study. Therefore, the Back approximate solution will be 
used as the reference for comparison. 

Figure 4(a). Comparison of heat exchanger 
effectiveness for four-row crossflow heat exchanger 
relative to approximate many-row solution (Baclic, 
1978) for CA/CR= 1 .O case. 

onpurFa*clow&manow. 
Bodrflidsumboo 
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Figure J(b). Comparison of heat exchanger 
effectiveness for four-row crossflow heat exchanger 
relative to approximate many-row solution (Baclic, 
1978) for C,,/cR+.5 case. 

Four-Row Cross-Parallclflow Heat Exchangers. 

Figures 6(a) and 6(b) show the decrease of 
cross-parallelflow heat exchanger effectiveness relative 

and CA/CR=0.5, respectively. Unlike crossflow and 
cross-counterilow. the effectiveness of cross-parallelflow 
heat exchanger weakly decreases as the number of row 
increases for both CA/C,=l,O and 0.5 cases. This is 

to counterilow heat exchanger for the cases of CA/CR=l .O " 



because os the number of rows increase, the cross- 
parallelflow more approximatesp~allelflow always has 
less effectiveness than counterflow or crosstiow for the 
same NTU. 

- - - nwrQ#wfmhg 

0 1 2 3 4 6 
N u m b e r  of TransrSr Uniw 0 

Figu rc  5(a). Comparison of many-row crossflow heat 
exchanger effectiveness among correlations. 
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Figure 5@). Departure of many-row crossflow heat 
exchanger effectiveness relative to approximate 
solution (Baclic, 1978). 

Four-Row Cross-Counterflow Heat Exchangers. 

Figures 6(a) and 6(b) also show the decrease of 
cross-counterflow heat exchanger effectiveness relative 
to counterflow heat exchanger for the cases of CA/CR=l .O 
and 0.5, respectively. The departure of effectiveness of 
four-row crosscounterflow to the many-row counterflow 
is 3% and 1%, in the case of C,/C,=l.O and 0.5, 
respectively. Results indicate that the effectiveness of 
four-row cross-counterflow heat exchanger is very close 
to the counterflow heat exchanger configuration over a 
wide range of capacity ratios CA/C, 

Figure G(u). Decrease of heal exchanger effective11e:ss 
for four-row crossflow, cross-parallelflow and cross- 
counterflow heat exchangers for C,/C,=I .O case. 

Figure 6@). Decrease of heat exchanger 
effectiveness for four-row crossflow, cross-parallelflow 
and cross-counterilow heat exchangers for CA/CR+.~ 
case. 



Experimental Data of a Four-Row Cross- 
Counterilow Heat Exchanger. 

Table 2 shows the experiniental data of a four- 
row, 15-fpi (fins per inch) hand-tube heat exchanger 
with water, R-22, and R-4 I OA; including capacity rates, 
measured inlet and outlet temperatures of both fluids, and 
the effectiveness based on measured temperatures and 
analytical expression. Air inlet temperature was set to 
26.7% for all tests. For air-@water tests, two sets (water 
inlet temperature at 10°C and 18°C) of experiments have 
been conducted, and C, was maintained around 2.32 
LWPC; For R-22 and R-410A tests, the air-range 
(temperature difference between the air inlet and outlet) 
was set to I2.5"C (22.5"R). Calculation of E, was based 
on Table 1. E, was based on equation (1 6). and was 
based on Equation ( 17). 

Figure 7 shows the esperimentally determined 
effectiveness of this four-row inverted-order cross- 
counterflow heat exchanger with water, R-22 and R- 
410A. The eflective specific heat in the two-phase 
region, cp, for refrigerant R-22 and mixture R-4 I OA is 
defined as cp=Ah/AT. The quality of vapor entering the 
evaporator is about 20%, and the superheat leaving the 
evaporator is about 3.0 K for all the R-22 and R-410A 
tests. The cooling capacity of the tests ranges from I .5 to 
10.0 kW (5.12 to 34.13 kBtu/hr), and the average 
effectiveness of this evaporator is about 0.7 tor all tested 
media, and could be DS low as 0.4 when capacity ratio 
approaches 1 .O with low NTU around 0.5. 

0.8 ::' 
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Figure 7. Coni~~i~r~soii of heat eschanger eiyectiveness 
of a four-row cross-coiiiilrrtlc)w (inverted-order) heat 
exchanger among watcr, R-22 and R-3 10A. 

Figure 8 shows a comparison of experimental 
and analytical heat exchanger effectiveness of this four- 
mw, 1543, inverted-oxder cross-counterflow evaporator. 
The uncertainty of E- is 0.01 as calculated by the 
propagation m r  method proposed by Kline and 
McClintock (1953). The differences between them range 
h m  -3.3% to +3.0% in the tested capacity range. Thus, 
the analytical predictions of effectiveness are in excellent 
agreement with the experimental values. 

101 
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Figure 8. Comparison of four-row cross-counterflow 
heat exchanger effectiveness between experimental 
data and analytical solutions (Eq. 16). 
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CONCLUSIONS 

The analytical heat exchanger effectiveness for 
four-row crossflow, cross-parallelflow, and cross- 
counterflow configurations have been derived in the 
recent study and compared with existing approximate 
solutions in the literature. The two approximate solutions 
ofHolman (1 986) and Hiller (1 976) were within 2% for 
physically interesting values of NTU greater than 0.5. 

The calculated four-row heat exchanger 
effectiveness for crosscountexflow is very close to the 
appmximate many-row solution, indicating that the four- 
row cross-counterflow heat exchanger is approximately 
counterflow. 

The experimental and analytical heat exchanger 
effectiveness of a four-row, 15-fpi, inverted-order cross- 
counterflow evaporator agreed very well with each other. " 
The difference between them ranges Gom -3.3% to 
+3.0% for the tested cooling capacity range of 1.5 kW to 
10.0 kW(5.12 to 34.13 kJ3W) and over a wide range of 
capacity flow rate ratios and NTU values from 0.5 to 2.0. 



Table 2. Comparison of analytical and experimental effectiveness of a 
tin-and-tube cross-counterflow heat exchanger with water, R-22 and R4lOA. 

Water 
0.213 
0.387 
0.545 
0.807 
1.06 1 
1.296 
1.554 
1.787 

0.180 
0.532 
0.810 
1.04 1 
1.274 
1.525 
1.777 

2.320 
2.332 
2.323 
2.325 
2.322 
2.316 
2.329 
2.326 

2.3 17 
2.3 14 
2.3 14 
2.3 13 
2.315 
2.317 
2.3 16 

0.78 
0.70 
0.66 
0.57 
0.50 
0.45 
0.4 1 
0.37 

0.79 
0.64 
0.57 
0.50 
0.45 
0.40 
037 

0.336 
0.506 
0.639 
0.766 
0.843 
0.900 
0.959 
0.998 

0.29 1 
0.605 
0.775 
0.820 
0.882 
0.928 
0.975 

26.7 
26.6 
26.5 
26.9 
26.6 
26.6 
26.7 
26.6 

27.9 
26.7 
26.9 
26.6 
26.7 
26.7 
26.9 

13.9 
14.9 
15.8 
17.6 
18.6 
19.4 
20.3 
212 

20.4 
21.1 
21.4 
22.5 
23.0 
23.3 
23.7 

11.5 10.4 
12.2 10.4 
12.9 10.6 
13.8 10.7 
14.2 10.5 
14.6 10.6 
15.2 10.8 
16.1 10.8 

18.8 18.2 
19.4 18.2 
19.3 17.4 
20.2 18.4 
20.4 18.3 
20.6 18.4 
20.7 18.3 

0.79 
0.72 
0.67 
0.57 
0.50 
0.45 
0.40 
0.37 

0.78 
0.66 
0.58 
0.50 
0.44 
0.4 1 
0.37 

0.78 
0.70 
0.65 
0.57 
0.50 
0.45 
0.4 1 
0.37 

0.79 
0.64 
0.57 
0.50 
0.45 
0.40 
0.37 

R-22 
0.353 3.265 0.530 26.7 14.2 11.5 10.1 0.75 0.76 0.76 
0.388 5.687 0.593 26.7 14.1 11.4 10.6 0.78- 0.77 0.77 
0.554 34 24 0.717 26.7 14.1 9.6 9.8 0.73 0.72 0.72 
0.532 I 1.20 0.736 26.7 14.1 10.2 9.6 0.74 0.74 0.74 
0.670 6.522 0.876 26.7 14.1 8.6 9.9 0.70 0.71 0.71 

R-l 1 OA 
0.365 
0.50 1 
0.638 
0.791 

1.612 
4.754 
26.7 1 
6.960 

0.563 
0.69 I 
0.822 
0.992 

26.7 
26.7 
26.6 
26.7 

14.1 12.7 10.0 0.76 0.75 
14.0 10.7 9.4 0.74 0.73 
14.3 9.7 9.4 0.72 0.72 
14.4 10.5 9.0 0.69 0.69 

0.75 
0.73 
0.72 
0.70 

Hiller, C. C. and Glicksman, L. R., 1976, "Improving 
Heat Pump Performance via Compressor Capacity 
Control - Analysis and Test," Report No. 24525-96, Heat 
Transfir Laboratory, Massachusetls Institute of 
Technology, 1976. 
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