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Shear flow effects on ion thermal 
transport in tokamaks 

T. Tajima,* Y. Kishimoto,Q) W. Horton, and J.Q. Dong 
Institute for fision Studies, The Uniuersitg of Texas at Austin 

Austin, T a a s  78712 

1 Abstract 

1 From various laboratory and numerical experiments, there is clear evidence that under 
I certain conditions the presence of sheared flows in a tokamak plasma can significantly re- 

duce the ion thermal transport. In the presence of plasma fluctuations driven by the ion 

temperature gradient, the flows of energy arid momentum parallel and perpendicular to the 

magnetic field are coupled with each other. This coupling manifests itself as significant 

off-diagonal coupling coefficients that give rise to new terms for anomalous transport. We 

~ 

~ 

derive from the gyrokinetic equation a set of velocity moment equations that describe the 

interaction among plasma turbulent fluctuations, the temperature gradient, the toroidal ve- 

locity shear, and the poloidal flow in a tokamak plasma. Four coupled equations for the 

amplitudes of the state variables radially extended over the transport region by toroidicity 

induced coupling are derived. The equations show bifurcations from the low confinement 

mode without sheared flows to high confinement mode with substantially reduced transport 

I 

due to strong shear flows. Also discussed is the reduced version with three state variables. In 

the presence of sheared flows, the radially extended coupled toroidal modes driven by the ion 

temperature gradient disintegrate into smaller, less elongated vortices. Such a transition to 

smaller spatial correlation lengths changes the transport from Bohm-like to gyroBohm-like. 

O)Naka Fusion Research, JAERI, Japan 
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The properties of these equations are analyzed. The conditions for the improved confined 

regime are obtained as a function of the momentumenergy deposition rates and profiles. 

The appearance of a transport barrier is a consequence of the present theory. 
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I. INTRODUCTION 

In modern auxiliary heated large tokamaks the instability driven by the ion temperature 

gradient such as the ion temperature gradient (ITG) mode and the qi-mode'-* plays a central 

role in determining the anomalous heat transport across the magnetic flux surfaces via the ion 

energy channel. It has been experiment all^^*^ found that the ion temperature gradient is close 

to the marginal value of the instability. In a recent series of computational and theoretical 

investigations7-' we have, among others, shown that these modes are excited in a radially 

extended domain that encompasses many rational surfaces and many ion Larmor orbits due 

to the poloidal (angle) coupling arising from the toroidicity of the tokamak plasma. This 

new physical understanding of transport has arisen from the emergence of recent progress in 

high temperature and low collisional tokamaks that was accomplished with strong auxiliary 

heating and in sophisticated toroidal computational codes7-' that can look into collisionless 

collective dynamics . 
Spurred partially by this understanding and further by the recent advances in strong 

drives of flows in hot tokamak plasmas,'O$ll the properties of plasma stability and confine- 

ment in the presence of such flows have become a primary research interest. Even though 

the neoclassical ion orbit loss mechanism has been suspected as the origin of the confinement 

transition property (the L-H transition) by numerous a ~ t h o r s , ~ ~ - ' ~  the recent discovery of 

the transition from the low confinement (Lmode) regime to higher regimes (such as the 

VH-rn~de)"-~~ deep in the interior portions of the hot plasma has stimulated theoretical 

investigations of the roles the plasma flow may be playing in the core transport, as such 

a transition in a core plasma is unlikely to be directly linked to the neoclassical transport 

physics alone. The recent discoveries20*21 of a transport barrier in the interior plasma dra- 

matically underscore this point. 
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Horton and his  collaborator^^^-^^ have considered the effects of plasma flows and their 

spatial shear on the plasma transport. They treated the self-consistent interaction of the 

fluctuation and the flow shear through the turbulent momentum fluxes. These works on 

coupled energy-momentum transports are on the resistive interchange mode25 and some on 

the ion temperature gradient (ITG).22-27 The work in Ref. 25 and that of Diamond and his 

col leag~es~~ have incorporated the plasma flow shear dynamics into simple transport models 

that show the possible reduction of fluctuations and subsequent reduction of heat transport 

at low collisionality. 

We carried out toroidal particle simulations based on the TPC code26 including an ex- 

ternal electric field which produces a poloidal plasma flow. Shown in Fig. 1 is an illustration 

of the electrostatic potential contours for three separate runs with or without external flows. 

In Fig. l(a) no external flow is applied, while in Figs. l(b) and (c) external flows in the ion 

diamagnetic direction and the electron diamagnetic direction are applied respectively. The 

applied external radial electric field that produces the poloidal flow is E,(?-) = CYT, where r 

is the minor radial coordinate and CY is a constant. The constant CY is approximately equal 

to -(v,Bo/a) where up is the poloidal velocity, BO the toroidal field and the minor radius. 

Because of toroidal geometry BT = Bo/( 1 + r cos 8/R), the constant CY gives rise to a sheared 

flow with v; 2 wp/R which shows that relatively weak shear produces a substantial change 

in the convection pattern. At the same time of development the level of electric fluctuations 

in Figs. l(b) and (c) is much reduced over that in Fig. l(a). In Fig. 1(a) the typical long 

streamers from the coherent ballooning mode and radially connected structures observed in 

toroidal particle simulation7 and twdimensional linear toroidal eigenvalue are 

evident. In Fig. l(b) the mode rotation and the flow direction are the same and the streamer 

structure is adjusted by the presence of flow shear in such a way as to undo some of the 

magnetic sheared potential streamers in the original eigenfunction of Fig. l(a). On the other 

hand in Fig. l(c) the external flow direction is opposite to the mode rotation direction. 
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The mode amplitude is much reduced and the radial correlation length is shortened. More 

detailed analysis of this numerical experiment will be given elsewhere. 

In Sec. I1 we outline the derivation of transport equations that describe the temporal 

evolution of (i) the plasma fluctuations, (ii) the temperature gradient, and (iii) the two 

components of shear flows from the kinetic equation of the plasma and its moment equations. 

We condense the physics of these effects into four equations for the state space formed from 

quantities that measure these quantities over the transport region. We now call this the 

four-field model in Sec. 111. As an application of these equations, we discuss the effect of the 

transition between the low and high confinement regimes in this section. In Sec. IV we discuss 

a reduced model with three field variables and obtain analytic properties of the solutions of 

different confinement regimes. In Sec. V we discuss the prospect for plasma control via shear 

plasma flow with externally imposed profile of poloidal and toroidal momentum inputs as 

well as energy deposition for quality improvements in reactor grade tokamak plasmas and 

we summarize and draw conclusions. 

11. BASIC EQUATIONS 

Dong and Horton22 derive an expression for gyrokinetic perturbed distribution in the 

presence of shear flow [Eq. (6) in Ref. 221, which can be symbolically written through a 

linear, nonlocal operator C as 

where $(z) is the local radial (z) function of the electrical potential, fM the equilibrium 

distribution, L,, L,, LT are the radial lengths and vll(z), v ~ ( z )  are the shear flow parallel 

to and perpendicular to the magnetic field. The equilibrium distribution is constructed 

from the constant of the motion and the perturbation 6f contains the toroidal collisionless 

trajectories. Coupling this equation with the quasineutrality condition, they derive the 
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eigenfunction equation for the potential [Eq. (23) in Ref. 221, which is of the form 

where vi and vk are 8v,l(x)/dx, and avE/dx, respectively, and w is the complex eigenfre- 

quency. The potential Q arises from expanding the orbits locally for k:pi << 1. Dong and 

Horton also give the corresponding integral operator equation that applies for kxpi of order 

unity. Both operators describe the shearing of the fluctuation by the mass flow shear in 

w~(z) and vll(z). The eigenvalues derived from Eq. (1) have been used to benchmark those 

from toroidal particle7 and gyrofluid codes. 

In Ref. 9 Tajima et al. found several physical characteristics of the toroidal ITG instability 

evolution through toroidal computation. They are: (i) the development of radially extended 

potential streamers localized to the outside of the torus, (ii) more robust ion temperature 

gradient instability than the cylindrical counterpart, (iii) radially constant eigenfrequency 

over many rational surfaces, (iv) global temperature relaxation toward the marginal stability 

profile, and (v) radially increasing thermal conductivity Xi. The theory constrains the ther- 

mal flux so that Xi exponentially increases radially. The Bohm-like scaling may be inferred in 

connection with the radially extended mode structure, as the mode length 27rki1 scales not 

as pi, but involves macroscopic size L T . ’ ~ ~  Based on these findings, we can conclude that the 

ITG instability is strong enough to force the temperature To(z) to relax to a global function 

determined by a global constant LT such that to the first approximation To(z) as Toe-x/LT. 

Deviations from this exponential profile are rapidly washed away by the instabilities. The 

value of the relaxed LT1 is close to the critical value LFcl. Both e ~ p e r i m e n t ~ ? ~  and theoryg 

show that the value is slightly above the marginal stability LT1 > In the present theory 

the small difference away from the marginal stability e-ec << 1 characterizes 

the level of turbulence in toroidal plasma and its associated transport, where a is the minor 

radius. Such a situation is not too far differentm from the stellar temperature gradient of the 

a(LT1 
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convectively unstable (convection zone, or sometimes called superadiabatic zone, according 

to the Schwarzschild condition31) plasma. In the convection zone the temperature gradient is 

slightly above critical so as to induce relatively weak convective turbulence that determines 

the transport of stellar energy flow due to the interior thermonuclear burn. It is surprising 

that nearly all types of stars in the main sequence maintain this feature.3o 

In Ref. 9 we developed a relaxation theory based on the reductive perturbative ordering in 

powers of W ,  which is akin to a quasilinear theory [see Eq. (7) in Ref. 91. In this perturbation 

expression the lowest order thermal balance is given by 

+ v - q(z, t ,  1($12) = 0, at (3) 

where the heat flux q is a quadratic power of ($(z) found in Eq. (2 ) .  Based on this theory 

Tajima et aLg and Kishimoto et ~ 1 . ~ ~  have established a two-field model that describes the 

coupled evolution of turbulence and the associated deviation of the temperature gradient 

from the critical gradient. They were able to show the Emode scaling and its confinement 

degradation due to high power heating. The main feature of the theory is based on the 

radially extended fluctuation structure. 

In the present paper we extend this two-field model to include shear flow effects. The two 

equations in Ref. 9 are (i) the equation that describes the slow time scale evolution of ITG 

fluctuations, 1($12 and (ii) the equation that describes the temperature gradient e ( t )  evolution. 

The former equation is now generalized to include shear flows as well as neoclassical effects, 

following the Su et al. work25 (with a slight simplification), as 

where ?(e - e,) is the linear growth rate of the ITG instability, e a/L?;l critical 

temperature gradient, FII and F' are the parallel and perpendicular shear flow energies and 

rn16l2 is the nonlinear stabilization of the instability. The temperature gradient equation 

a / h ,  e, 
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may be derived32 from the second velocity moment equation of the kinetic equation 

where in Ea. (5) we assumed that the density profile is slowly varying in (r,  t )  compared with 

temperature profile. Here we freeze the density profile for simplicity and introduce auxiliary 

heating power density P. Then P/n  is the heating rate per ion particle. Equation (5 )  

determines the global temperature; however, by differentiating Eq. ( 5 )  with respect to r and 

dividing by T we can generate an equation for the gradient parameter e( t )  = a/LT(t) .  Here 

T is the background temperature TO in Eq. (3)  and Eq. ( 5 )  describes the slow (quasilinear) 

evolution in the relaxation the01-y.~~ We thus obtain 

where vnc = O.66vi+/e3//"(1 + v*) is the neoclassical collisional thermal relaxation rate with 

V* = u ~ , Q R / v ~ ~ c ' / ~ .  

An expression for the parallel flow shear vi is derived from the first velocity moment of 

the kinetic equation in the projection to the parallel direction. The general expression for 

the transport of parallel flow momentum is 

where Pm = mini is the mass density, rllz is the parallel-radial off-diagonal element of the 

Reynolds stress arising from the plasma fluctuations [ $ I 2 ,  and Pp is the overall parallel 

momentum input power Pp = mi J vp2fdv. Following the work by Dong and Horton,22 the 

radial derivative of the parallel flow velocity evolves from the fluctuations according to 
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where z(, G d q / d x ,  x is the local radial coordinate, K = 2 (1 + vi), i2 = w/wse, ul, is the 

poloidal shear flow, 'yo is the linear growth rate of the mode and s is the magnetic shear 

parameter. The eigenvalues ij are given in Ref. 22 as a function of kg for different values 

of K,v;1,uy and s. Here we use Eq. (8) evaluated for a mean or typicd value of these 

parameters. 

The poloidal flow equation is similarly obtained from the off-diagonal Reynolds stress 

tensor due to electric fluctuations. According to Su et a1.,% with a slight simplification we 

have 

(9) 
dUL d 

dX (1 + 2q2) -uncu1- - (rzL), 

where Vnc = ;;;;; $g B2 ( (q)2), q is the safety factor and rZ1 is the radial-perpendicular 

element of the Reynolds stress tensor, which is given as 

Since 

current model, drZy/dx can be simplified and we obtain from Eq. (9) 

= &(0)5/2K/s5/2(0 + K ) 2  - const and A = yK2/2sli2 + KI4 5 1 - const for the 

The stabilization effect of the ITG mode by the poloidal flow has been investigated by 

Dong and Horton,22 who found that the reduction of the growth rate is a quadratic function 

of ul,. The linear growth rate is now given as 

y=70 ( 1-cvu J (12) 

where uy E (L,/c,)du~/dr, and cv is proportional to (L.q/cs). For simpler, hydrodynamic 

description the Waelbroeck et aL2' obtain an exact analytic formula for y that shows the same 
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features as Dong and Horton.22 Earlier Tajima et aZ.33 investigated the stabilizing influence of 

shear flows including the Kelvin-Helmholtz instability. The stabilizing mechanism is regarded 

as to reduce or eradicate the toroidicity-induced radial coupling due to the flow shear. If the 

toroidicity enhanced the radial correlation length (that is believed to lead the transition from 

the gyroBohm transport scaling in a cylindrical plasma to the Bohm scaling in a toroidal 

plasmag) beyond pi and becomes a function of LT in the absence of flow, the flow shear 

introduces a new mechanism to reduce the radial correlation length, which may bring the 

gyroBohm scaling back. 

These dynamical equations, Eq. (4) with Eq. (12)) Eq. (6), Eq. (8)) and Eq. (11)) con- 

stitute the basic equations that govern temporal evolution of the four transport variables, 

]$ I2 ,  d tnT i /dr ,  d q / d r ,  and ul with two external control parameters P(r)  and Pp(r). In the 

following we will normalize and simplify these equations and examine their properties and 

physical significance. 

111. THE FOUR-FIELD MODEL 

First, in order to simplify the coupled energy-momentum transport equations to describe 

the anomalous ion transport in the presence of flows based on the global relaxation phe- 

nomena shown in Refs. 9 and 32, we assert (i) that the temperature has been relaxed to 

the exponential profile To(r) cx e - r / h ,  where I& is a global (or semiglobal) constant in the 

transport zone, (ii) that the eigenfrequency w is a global(or semiglobal) constant for the 

radially extended modes, and (iii) that the amplitude of electric potential fluctuations (and 

its square /$I2) is a global (or semiglobal) constant. Other physical quantities such as mag- 

netic shear s can be a radial functions. However, in order to emphasize the radial profile of 

the ion temperature and the control parameters P(r)  and Pp(r), we will suppress the radial 

dependence of s and other parameters in this work. In fact carefully monitored profiles of 

P(r) and P,(r) may be crucial in controlling and/or improving the transport in the current 
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and future experiments and our future theoretical work need to incorporate these. When 

the external control parameters P(r) and Pp(r) have a strong r dependence, it may also 

influence the equilibrium radial distribution. However, in this work only the influence of the 

radial profile of control parameters manifests in the radial dependence of variables 1q5I2, e ,  vi, 

and 211. Thus l3q. (8), for example, has a significant radial dependence only through l /T(r) 

and Pp(r) and thus the first term on the right-hand side of Eq. (8) has the coefficient pro- 

portional to erlLT and other factors in the coefficients are radially independent. In Eqs. (6), 

(8), and (11) the explicit radial dependence through the background temperature profile is 

highlighted. Similar simplifications can be done on other basic equations. 

A further simplification would be to drop even this radial dependence and replace the 

radial derivatives with appropriate inverse scale lengths and then averaged over the transport 

range A. In this section we adopt this further simplification. We cast these transport 

equations into a low order system of ordinary differential equations (ODE) model. With 

appropriate normalizations the basic equations in the ODE representation are now 

where denotes normalized quantities derived from corresponding physical quantity F. In 

obtaining the dimensionless variables it is convenient to introduce a scale factor f. The 

normalizations are 

r =  fu t  
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= P/funT 

710 = +yo/ f u (= linear growth rate divided by e - e,) 

720 = yoL:/w&sK2a2 

K 

where 

u* ,= Icypscs/Ln 

Av is the velocity shear spatial length 

7 is the nondimensional parameter (usually much less than unity), 

- d = 1 lCyPiVthiLT (according to Refs. 9 and 32) 2€Tfua2 Ln 
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Equation (13) came from Eq. (4), Eq. (14) from Eq. (6), Eq. (15) from Eq. (ll),  and 

Eq. (16) arisen from Eq. (8). These four equations, or more accurately, the four-dimensional 

state model are a generalization of the two-dimensional state model that is defined by 

Eqs. (13) and (14) without the u~ term in Eq. (13). Those equations reproduced the L-mode 

transport scaling.32 In these normalizations we anticipate the variables and coefficients in 

Eqs. (13)-( 16) are of the order unity for typical problems under study. 

It is instructive to examine the physical meaning of each term in Eqs. (13)-( 16). Equa- 

tion (13) describes the temporal evolution of fluctuation energy W .  The first term in the 

bracket is the linear growth rate, which is proportional to the difference of the temperature 

gradient away from the critical value e - ec. The second term is the nodinear (or quasi- 

linear) damping (saturation) due to the plasma turbulence. The last term is the stabilizing 

term due to the poloidal shear flow. In Eq. (14) the temperature gradient E =  -adtnTi/dr 

evolves according to the anomalous heat transport term ZWZ (the first term on the right- 

hand side), which has arisen from l/r d/dr(rXi dT/dr) ,  the neoclassical collision term (the 

second), and the heating term (the last term) that deposits energy in the plasma. This last 

power deposition term is the external control parameter (available to the experimenter). 

The two components of momentum balance are given by Eqs. (15) and (16). In Eq. (15) 

the first term on the right-hand side is the neoclassical viscous damping and the rest is 

the anomalous off-diagonal Reynolds stress term which is driven by the presence of the 

toroidal flow shear. The toroidal shear flow is coupled with the poloidal flow through the 

plasma fluctuations. The coefficient E2 is such a coupling coefficient. Equation (16) describes 

the time evolution of vi, whose structure has a parallel to Eq. (14). The f is t  term is the 

anomalous momentum transport, the second the neoclassical viscosity, and the last is the 
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input momentum deposition rate in the plasma. The control parameter P' can be zero 

even though the input energy deposition rate P is nonzero. This is because the net input 

momentum deposition can be balanced to zero by symmetric injection of opposing neutral 

beam injection (NBI) lines. Since the beam momentum deposition is sign dependent, P' can 

take both positive and negative signs. Several authors including those in Refs. 14-16 have 

used a similar set of equations to Eqs. (13)-(16) to explain the transition between L-mode 

and H-mode. Many of these theorie~'~- '~ are solely based on neoclassical collisional effects 

and plasma instability and resultant turbulence play no role. Reference 19 began utilizing 

the effect of the plasma flow due to turbulence to explain the so-called VH modeu that 

develops deep inside of the hot plasma where the neoclassical effects cannot be important. 

Equation (13) has a Landau-Ginzburg type form, whose bifurcation properties the Itohs15 

have exploited for the explanation of the L H  transition in the edge plasma. However, in 

these works the model equations have been a priori set without attempt to derive them from 

more basic equations and fundamental simulations. 

In the present work we started from the basic kinetic equations and took its moments. 

The moment equations are effectively closed by using a combination of neoclassical and 

turbulent transport terms. As in neoclassical theory we also recognize the different roles of 

the poloidal and toroidal components of the flow. Roughly speaking, the toroidal flow can be 

either destabilizing and stabilizing depending on the magnetic shear, the ratio B,/B, and the 

strength of the shear flow gradient. Here we emphasize the former (stabilizing) possibility 

which dominates for strong toroidal flow gradients. On the other hand, the poloidal flow 

is strongly stabilizing. This is because radially extended streamers excited in a toroidal 

plasma7-' are torn apart by the presence of shear flows. The poloidal or perpendicular 

shear flow tends to simply destroy the radial structure. 

In the present work we do not attribute solely the collisional effect to the cause of the L-H 

transition, but consider the effect of off-diagonal stress tensor due to the plasma fluctuations. 
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These off-diagonal elements can arise from the neoclassical effects as well, and, if the plasma 

is near the edge and of low temperature, we in fact expect the neoclassical off-diagonal 

term be of importance. In the present work, however, for simplicity we emphasize the off- 

diagonal Reynolds stress mediated by plasma fluctuations. In a more complete transport 

work, however, both neoclassical and anomalous effects in off-diagonal as well as explicit 

radial dependence have to be explored. Sugama and Horton worked on a problem of resistive 

ballooning mode keeping the neoclassical and anomalous transport rates on equal footing.14 

In order to understand the physical properties of the set of equations (13)-(16), we look 

for the time-dependent steady-state solutions (a/& = 0). From now on we drop the tildes 

and subscripts for simplicity. From Eqs. (13)-( 16) the steady-state solution should satisfy 

(17) 2 'yo(e - ec) - 3;2W - CLC = 0, 

(19) -uu + cui [ 1 + 'yo(e - ec)2))'] w = 0, 

where we made E1 = E2, 701 = 702, C1 = C2 = 63 and wrote these constants simply as c, 'yo, 

and u. A recent energy-momentum power balance analysis on TFTR by E h n ~ t ~ ~  indicates 

that the ion heat diffusivity X i  and toroidal momentum dih iv i ty  X+ are of the same order. 

Furthermore, both are anomalous and both (exponentially) increase as a function of the 

minor radius. Thus we can set d' = d in many of our investigations. 

Fkom EQs. (18) and (20), we respectively obtain 

P - u  
dW ' 

e=--- 

and 
1/2 P' - v . 
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From EQ. (19) we obtain 
PI - u P - u  PI - u = 
(d‘w) 1’2 { 1 + 7 0  [ (r) - ec] (r) } w, (23) 

where we substituted Eqs. (21) and (22) in e and w‘ in for for Eq. (19). By inserting 

expressions (21)-(23) in Q. (17), we finally get a fourth-order polynomial equation for 

single variable W for the dimensionless turbulence level W 

(%+?) w4 +?,,ec ( 1 - - A P ’ ~  ;3 ) w3 
+ ‘yo ( Z A P A P ”  U2 - A P +  ce2yoAPt3)W2 Y3 

where AP = (P  - u) /d  and AP’ 3 (P‘ - u)/d’. Only positive, real roots for W of Eq. (24) 

are physically realizable. We are only interested in positive values of AP. 

In order to derive analytic expressions for steady-state solutions for Eq. (24), we explore 

two limits. First let us discuss the weakly nonlinear regime where W << 1. In this case we 

keep only terms of the power of W2,  W ,  and Wo and drop the terms of order W 4  and W3.  

We have 

1 2c3 W 2  

c3 2 
U 2  U2 

- 2 - e,yoAPAPt3 W + - y0AP2APt3 = 0. 

Consider the case when 

2c3 c3 
U2 u2 

AP > - APAP” + - ~ * Y ~ A P ‘ ~ ,  

which may be said to be the case for high heating rate but low net momentum deposition 

rate. In this case there is only one positive, real root for W: 

I 

-<e,yoAPAP’3 Y + $ e c ~ o A P A P t 3 / ~  [AP (1 - &Apt’) v’ - pec70AP’’] c3 2 
WM 

AP (1 - SAP’) - $ e C y o ~ p 3  
(27) 
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Quation (27) in the lower power limit takes the form 

A P  w w - ,  
e, 

while (27) takes the form in high power limit 

f y0APAP3 1 (1 - S A P " )  - A p 3  ' 
p ec70 

(29) 

The values of W in Eqs. (27) and (29) determine e ,  v', and u through Eqs. (21)-(23) and thus 

determine the effective thermal diffusivity. From the calculation of the thermal diffusivity we 

find that Eq. (28) is a typical L-mode scaling in the low input heating, where the fluctuation 

is linearly proportional to the input power.32 Equation (29) has a hint of a typical L-mode 

scaling in the high power heating, although other complications are involved, where W is 

proportional to square root of the input power.32 

Now consider the case where 

which means a high net momentum deposition rate measured here by AP'. In this regime 

there are two real positive roots for W .  They are 

and 

A P  
e, 
- (low power limit) 

$ e,yoA PA PI3 
(high power limit). (33) I AP(-1 + 2 $ A P a )  + $ecyoAP3 

Equation (32) applies when the second term in the radial of Eq. (27) is much less than unity, 

while Eq. (33) applied when it is of the order of unity. 
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The fluctuation level W bifurcates as shown in Fig. 2(a), as a function of the control 

parameter AP'. When AP' > a e &, there exists no steady-state solution. Between 

a > AP' > b, where b is the value of AP' which satisfies the condition 

2 2 
Y2 Y2 

AP - - e2yoAP'3 - 2 - APAP" = 0 ,  (34) 

the boundary of Eqs. (26) and (30), there exist two steady-state solutions (the low and high 

confinement modes). Below AP' = b, there is only one solution (the low mode). Thus when 

we raise the input momentum P' from below, or equivalently reducing the collisionality u 

from above, the only possible equilibrium branch L is given a possibility to transit to the 

other branch (the high mode) when AP' exceeds the value b. This may be similar to the 

so-called E H  transition (or perhaps the VH mode transition) and could be an interpretation 

of the inducement of a transport barrier. The higher we increase AP', the smaller the gap 

between the low and high modes becomes and the easier the transition between the two. 

Eventually, at AP' = a they merge and AP' > a only temporary varying behaviors for W 

are permitted. In this regime oscillating solutions are possible, which may correspond to 

the ELMO signatures."?l1 Correspondingly, the temperature gradient and the velocity shear 

also bifurcate as shown in Fig. 2(b) and (c). Figure 2(b) is based on e = AP/W (Eq. (21)) 

and Fig. 2(c) on w[, = (AP'/W)'/2 (Eq. (22)). 

We can also analyze the opposite regime of a high turbulence W level. Here we retain 

only terms with W 4 ,  W3,  and W 2  in En. (24), which leads to the form 
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which is essentially a quadratic equation for nontrivial solutions for W (W # 0). We obtain 

Case AP'~  > $ 

This case of high momentum injection and low collisionality satisfies automatically the 

condition F,q. (30) and Eq. (36) gives two real positive roots, which are approximately 

TOG (s A P a  - 
W+ = 'I, (larger W branch) 

yn + $ AP' (37) 

4 APfa (2AP + ezy0AP') - AP w-= , (smaller W branch). 
e, ( ~ A P  - 1) 

This case of low momentum injection and low collisionality satisfies Eq. (26) and allows 

only one real positive root, which is approximately in a low power regime 

AP (1 - 3 APn) - $$ y0APJ3 w+ = 
e, ( I  - 5 A P ~ )  > (39) 

Equation (39) is the low power Lmode-like and Eq. (40) is the saturated L-mode-like scalings. 

Condition (26) can be reached near the critical value A E ,  which is given by 

2 2 2  
- - 2 y o ~ ~ 1 3  + - A P A ~  - A P = O .  u2 U2 

The overall behavior based on the high power analysis with the W4, W 3 ,  and W 2  terms is 

similar to that found from the low power analysis with the W 2 ,  W ,  and Wo terms in Eq. (24). 

For brevity of presentation we will not discuss this further. 
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We now investigate temporal evolution of the system of equations (13)-( 16). In Fig. 3 we 

show an example of the time evolution of the four fields W, e, vi, and U I  and their projected 

phase space orbits (W, e), ( u ~ ,  t$), (W, u ~ ) ,  and (e, vi) with a relatively small AP' value: the 

initial parameters (normalized) chosen are u = 0.1,AP = 0.15, AP' = 0.15,d = d' = 1,c = 

O.l,e, = O.l,q = 0.1. In Fig. 4 we show a case with AP' = 1 with the other parameters 

kept the same. In Fig. 5 we survey runs with various AP' ranging from 0.05 to 1.5 (other 

parameters axe the same as in Fig. 3). Figure 6 surveys the u scan from u = 0.05 to 1.5 with 

other parameters fixed at the canonical values. 

IV. REDUCED THREE-FIELD MODEL: CONFINEMENT 
TRANSITION 

In the previous section we derived four equations describing the four independent state 

variables, including the toroidal flow (shear) and poloidal flow. This is based on the real- 

ization that the toroidal flow shear can be either destabilizing or stabilizing depending on 

the detailed situation and parameters. Broadly speaking, the toroidal flow can enhance the 

overall centrifugal force that contributes to instability, while its shear could often shred the 

toroidally coupled mode structures, which contributes to stability. On the other hand, the 

poloidal flow (shear) is not destabilizing at the strengths reported and predicted. Certainly 

with enough shear, the shear flow instability may arise,= but this is not the regime of the 

tokamak experiments. The four state variable model in the previous section allows these 

competing physical effects to play their roles. On the other hand, it is rather cumbersome 

to analyze the four-dimensional state space. In this section, instead, we lump the shear flow 

energies into one variable, reducing the system to three equations. We follow the notation 

of Su et  al.25 for the shear flow energy F ,  which corresponds to the combination of Eb,p 

and EIt,Z in Ref. 25. In this model we are simplifying the shear flow effect, perhaps a little 

overestimating its stabilizing influence. For this price we obtain a much more analytically 
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tractable model. 

Let us go directly to the confinement regime where the confinement time TE (or W-') 

goes like P-1/2, where e, is not important. The balance of thermal energy (gradient) (e), 

wave energy (W)  , and shear flow energy ( F )  are then given as 

-- - [e - CF - mW] W, 
dW 
d r  
de - = -dWe + P, 
d r  

dF - = [CW - v(e)l F + F' /~P' ,  d r  

(43) 

(44) 

where we may allow the temperature dependence of the neoclassical collisionality u. Here 

we simplified Eq. (13) to obtain Eq. (42) with 710 = 1 and e, is neglected. From Eq. (14) 

we neglected u2 to obtain Eq. (43) and simplified the power of e. In Eq. (15) we simplified 

the second term on the right-hand side and used Eq. (16) to get the shear flow coupling 

with the input momentum (a rough approximation as stated above) to obtain Eq. (44). 

Once we reduce Eqs. (14)-( IS), the reduced set of three equations resemble those of Sugama 

and Horton.'* We have, however, retained both external control parameters P (the energy 

deposition) and P (the momentum deposition) as in the previous section. In the following 

we first discuss the physics (and confinement behavior) without P'. And then we go to the 

case with both P and P' present. 

A. No Beam Momentum Injection (P' = 0) 

We first identify fixed points of Eqs. (42)-(44); i.e. the steady solutions are given by 

e = CF + ynW, 
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and 

F=O or cW=u. 

The first case of Eq. (47) gives the fixed point 

P "ynP v2 
Fo = 0 ,  w,2 = - 7 ..=(7) 7 

dTn (9 

(47) 

while the second case of Eq. (47) yields 

(49) 
U Pc C 

C du ' du (ii ) w1= -; el = -. c F ~  = el - "/rrW1= -(P - P*), 

where the subscript 0 or 1 refers to case (i) and (ii). 

The condition to have case (ii) is from Eq. (49) 

Now, we study the stability of the flow around these fixed points. In the neighborhood 

of these equilibrium states we linearize Se - ext7 SW N ext, SF - ext. 

For (i) [Eq. (48)] P < P* (Fo = 0) regime, we have 

which yields (A + u - cW0) [(A + dWo)(A + ̂ /rrWo) + deOWo] = 0. There exist three modes: 

One is 

and the other two are 

and eoWo = i. The discriminant D of Eq. (53) is d where Wo = 
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3 3 4  
2 -  which vanishes at d/yn = 

Thus, the discriminant is negative (D < 0) for 0.382 < d / m  < 2.62, and the eigenvalues 

show oscillatory decay with 

where X = 1 - (d - ~ n ) ~ / 4 d y n .  Now, the main point is that the SF-mode has the eigenvalue 

2d 
c2 

and goes unstable at P = P* = - cyn, where we found the new equilibrium branch. 

Now we examine the stability of the new branch (ii) [Eq. (49)] where 

The stability problem is written by the perturbation matrix equation 

A(($ = 

which yields 

du 
-- -del 0 

C 

dU 

de --F1 cF1 0 

This can be cast into the form 

x3 + A A ~ +  BX + c = 0, 

where 



and 

For IF11 << 1 we have 

dv2yn delu 
8 C 

C = du2F1 + eldu - F1, 

B=- + - + cuF1, 

dU 

de 

X[(X+$) (A+?) + P ]  +CGO 

Since A and B are positive, the condition for the cubic Eq. (59) in X to go unstable is 

that C a ( P  - P*)/ud be large enough that 

C > AB, (65) 

or that C < 0. Here we are using that A and B are positive definite. Equation (65) is 

written as 

( el d') ( d + ~ ) u ]  
> [ (f) [el + C 

(du2) 1 + ( P  - P*) 
ud 

FYom Q. (66) we see again the competition between the power (energy) injection on the 

left-hand side (when [1+  den u/&n el] > 0) and the shear flow stabilization from F1 on the 

right-hand side. We define P (wiggle = onset of oscillation) above which the H-mode branch 

becomes oscillatory. When &. (66) is satisfied, we write for the excess SC = C- AB. As the 

power P increases above so that SC > 0, there is a Hopf bifurcation in the H-mode with a 

limit cycle occurring with the angular frequency wh N (B)'j2 with B from Eq. (61) and the 

amplitude of oscillation Se, SW, S F  proportional to (SC)1/2 for small SC and saturating for 

larger SC. In the next subsection we show that the F1-stabilization term on the right-hand 

side of Eq. (66) is enhanced by momentum injection P'. 
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The second type of instability from Eqs. (58)-(62) is a thermal instability when C goes 

negative. The confinement goes out of the H-mode state without oscillations with the slow 

exponential growth rate X = -(C/B) > 0. This thermal instability occurs when the colli- 

sional damping decreases sufficiently rapidly with the temperature gradient el such that 

(1 + g) < 0. (67) 

Such a condition occurs when h ( v )  = (3/2).f?n Ti +en n is linked to the temperature gradient 

el = ~ / L T , .  Qualitatively, we expect that a steep gradient, large el, produces a large Ti/?''. 

Quantitatively, we argue either (i) from T'(t + b) = &(edge) exp [(a - rtb) /LTi]  or (ii) from 

the marginal stability condition that R/LT, > 0.2(1 + Z/Te) = Z/5Te to conclude that 

1 - i &nTi/&n el x 1 - i = -;) and thus we obtain the weak exponential growth rate 

for the estimate of the thermally unstable H-mode that occurs when the collisionality de- 

creases sufficiently rapidly with the increasing temperature gradient el. 

In summary we see that for P < P* the effective thermal conductivity vanes as Xes o( 

(dP/yn)l12 and that for P > P* the effective conductivity is X a  = (du/c). For still higher 

injection power, and for certain conditions given by Eq. (66)  we see that above the critical 

power the H-mode branch becomes oscillating. For P > 1; then W ( t ) , F ( t )  and e(t)  

oscillate about the H-fixed point values with the amplitude bW,SF and Se increasing as 

P - and frequency of oscillation at first increasing with P - P and then becomes almost 

independent of P. 

B. Beam Momentum Injection (P' # 0) 

For Eq. (44) with P' # 0 we have the fixed point 

(PI2 
(v - cW)2' F -  O - 

25 



and the new dynamical equation for perturbations to'the flow SF given by 

The equilibrium now has three branches WL, WH+, WH- and the coefficients A,  B, C that 

determine the stability are given by 

B~~~ = PId + (d + m) (P ' /2  F:I2) 
C 

The stability analysis is complicated, and the results depend on which branch of the equi- 

librium the system is on. Let us study the equilibrium now. 

Three Equilibrium Branches for P' # 0 

Using e = P/dW and Eq. (68) for Fo driven by P', we obtain the following condition of 

turbulent wave energy balance 

- 'ynw = 0. P' 
C 

P 
(v - CW)2 Y(W) = dW - (74) 

It is convenient to rewrite condition (74) as 

(w - :)2 (= P - .-w) = - (W2 
C 

(75) 

which clearly slows the coupling of the high-mode solution WH E u/c to the low-mode 

solution WL = ( P / T ~ ~ ) ' / ~  by the perpendicular beam momentum input P' # 0. 

For small P' we find the splitting of H-mode solution into two branches H+ and H- where 

H+ (low W, high e) and H' (high W, low e). The two H-mode turbulence levels are given 

by 
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where 
U 

C 
W H = -  and 

For Wpr < WH or cZ(P’)~ < P/u we have 

d ( W 2  w p t  = -. 
CP (77) 

with WH+ being the transport barrier solution. 

For strong perpendicular beam heating where 

d(P)2 > P/u, 

we get the very low turbulence level steady state 

(79) 

and the relative high turbulence level and (probably unstable) branch WH- E 2Wpt. 

We may anticipate that the stability analysis of the WH+ may show the onset of oscillatory 

solutions for P‘ > (= the critical value) from A, B,  C. This is the same as the case of the 

high P ( P  = 0) regime treated in Subsec. W.B. A summary of this section may be given in 

Fig. 7 (Ref. 36). 

V. SUMMARY 

In a toroidal plasma (such as a tokamak) the toroidicity-induced coupling forces the 

modes that are originally localized near a rational surface to couple over a macroscopic ra- 

dial extent. That is, without shear flow the radial correlation length develops a dependence 

on the size of the tokamak in addition to the microscopic scale lengths. As a result, for exam- 

ple, the ion temperature gradient (ITG) driven modes form radially extended 

This global or semi-global mode s t r u c t ~ r e ~ ~ ~ ~ ~ ~ ~  causes the plasma transport to manifest 

nonlocal signatures. Among these are the self-organized critical gradient b e h a ~ i o r , ~ t ~ * ~ j ~ ~  the 
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teleological transport as coined by Gentle,37 and the Bohm-like scaling law for ion thermal 

diffusivity Because of this size dependence of the correlation length, we can construct 

transport model equations that govern these global (or semi-global) parameters such as the 

temperature gradient LT1 and fluctuation level W .  Note that without such systems' con- 

straint these parameters remain local parameters of a particular radial position, and we 

cannot avoid solving radial transport equations. Of course, typical transport codes do just 

this. In these radially dependent situations it is not feasible to construct and derive ana- 

lytical tractable models and results, without introducing ad hoc assumptions. According to 

the self-organized critical gradient t h e ~ r y , ~ * ~ ~  however, the field variables such as LT1 and W 

can now be regarded as (semi-global) state variables nearly independent of radial position T ,  

instead of fields that are functions of r. Although we introduced a certain amount of approx- 

imations, such as a loose treatment of the changing value of the neoclassical collisionality, 

nonetheless, within the framework of the semi-global description we are able to start from 

the original gyrokinetic equations to systematically arrive at transport equations for these 

(semi)global transport variables. 

Of particular importance in these transport equations are the effect of shear flows in 

a plasma, as regards to the recent advances in experimental research with strong external 

heating and  flow^.^^^^^ The derived equations (13)-(16) are for the fluctuations 1q5I2, the 

temperature gradient (normalized) e ,  the toroidal flow shear 4,  and the poloidal flow UI. 

The external control parameters are not just the heating power deposition P but also the 

(toroidal) momentum deposition Pp (or P'). The main feature of the theory is that each 

transport variable is coupled with each other through the presence of plasma fluctuations 

W .  The plasma fluctuations yield off-diagonal elements in the Reynolds stress tensor in 

the presence of plasma flows, since the flows break symmetry of the purely temperature 

(pressure) gradient driven instability.l49" In Sec. I11 we studied steady-state properties of 

Eqs. (13)-( 16) and have seen the L-mode-like transport branch and the higher confinement 
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branch that is strongly influenced by the heating power deposition P and the momentum 

deposition P‘. It is the momentum deposition P‘ that by and large reduces the transport 

decisively. Some of the temporal behaviors have been studied through numerical integration. 

In order to enhance the analytical tractability and physical clarity, we isolated the effects 

of shear flows only to the stabilizing influence and neglected the distinction between the 

stabilizing part of the toroidal shear flow and the poloidal flows. In addition, we neglected the 

destabilizing part of the toroidal shear flow that occurs from the parallel Kelvin-Helmholtz 

modes. These simplifications appear to be well justified but are technically complex. Under 

additional simplifications we reduce the four state variable transport equations further to 

three state variable transport model EQs. (42)-(44) for state variables of W, e,  and the flow 

energy F. In these equations once again the external control parameters are not only the 

heating power deposition P,  but also the momentum deposition P’. When the momentum 

deposition P‘ is zero (i.e. the balanced momentum injection) while the heating is on ( P  # 
0,P‘ = 0), the description gives the (now familiar) Emode-like transport branch and the 

“high confinement” branch that does not increase the transport even in the presence of 

increased heating power. The latter mode has signatures, some of which are common to 

the internal H-mode or the VH-mode. When the momentum deposition P’ is no longer 

zero with the heating on as well ( P  # 0, P‘ # 0), there appears an additional bifurcation of 

confinement branches. The branch that has a lower level of fluctuations now shows a decrease 

in the fluctuations with increased momentum deposition. In a large momentum deposition 

regime the transport is severely suppressed [SSB (severely suppressed branch)] by the flow 

shear and the transport coefficient decreases as inversely proportional to (P‘)2 [see Eq. (79)j 

for fixed energy deposition. This branch shows some of the signatures of the emergence of 

the transport barrier in the core plasma.% In both the JT60 and PBX-M systems the control 

of momentum injection appears critical to obtain the transport barrier. 

The present theoretical approach and modeling may also be relevant to convectively 
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unstable reactor fluid dynamics and its heat transport as well as to the stellar convection 

zone transport. 
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FIGURE CAPTIONS 

Fig. 1. The poloidal cross-section of equipotential contours for three different cases near 

saturation point of instability. (a) without external flow, (b) with external flow 

counterclockwise, (c) with external flow clockwise. 

Fig. 2. The fluctuation level W ,  temperature gradient e, and the velocity shear vi as a 

function of the momentum input power AP' (definition in text). (a) W vs. AP', 

(b) e vs. AP', and (c) vi vs. AP'. The point a is given by the condition AP' = a = 

(v2/2c3)'j2 and the point b is AP' = b, where AP' satisfies the condition Eq. (34). 

Fig. 3. The loci (orbits) of four state variables W, e, vi, and UL as time goes by. k [ O ,  2001. 

(a) e vs. W ,  (b) ul vs. W ,  (c) vi vs. ul, and (d) 21;1 vs. e for case v = 0.1, A P  = 

0.15,AP' = 0.15,d = d' = l , c  = 0.1,q = O.l,e, = 0.1. 

Fig. 4. The loci (orbits) of four state variables W, e ,  vi, and ul with time as a parameter. 

tc[O,200]. (a) e vs. W ,  (b) UI vs. W ,  (c) v/I vs. ul, and (d) vi vs. e for case 

v = 0.1,AP = 0.15,hI" = 1,d = d' = l , c  = 0.1. 

Fig. 5. Survey of parameter AP' from 0.05 to 1.5. (a) W vs. A€", (b) e vs. AP', (c) ull 

vs. AP', and (d) vi vs. AI". 

Fig. 6. Survey of parameters u from 0.05 to 1.5. (a) W vs. v, (b) e vs. v, (c) ul vs. u, and 

(d) vi VS. v. (AP = 0.15, AI" = 0.75). 

Fig. 7. Dependence of shear flow, temperature gradient, and plasma fluctuations (F ,  e, W\ 

as a function of power deposition P and momentum deposition P'. 
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