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The M-shell x-ray production cross section for thorium and uranium have been 

determined for protons of energy 0.4 - 4.0 MeV, helium ions of energy 0.4 - 6.0 MeV, carbon 

ions of energy 4.5 - 11.3 MeV and oxygen ions of energy 4.5 - 13.5 MeV. The total cross 

sections and the cross sections for individual x-ray peaks in the spectrum, consisting of the 

following transitions Mz (M4-N2, M5-N3, M4-N3), Ma (M5-N6,7), Mb (M4-N6, M5-O3, M4- 

O2), and Mg (M4-O3, M5-P3, M3-N4, M3-N5), were compared to the theoretical values 

determined from the PWBA + OBKN and ECUSAR. The theoretical values for the carbon and 

oxygen ions were also modified to take into account the effects of multiple ionizations of the 

target atom by the heavier ions. It is shown that the results of the ECUSAR theory tend to 

provide better agreement with the experimental data. 
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CHAPTER 1 

INTRODUCTION 

 

 In recent years, the determination of trace amounts of Th and U has been an active area of 

research.  Some of the detection methods are secondary ion mass spectrometry (SIMS) 

[Tamborini et al. 2004], photoneutron interrogation [Lakosi et al. 2008], for U low-dose 60 keV 

neutron interrogation [Kerr et al. 2007], and the use of thermal-induced, prompt fission neutrons 

[Tartaglione et al. 2009].  It has also been a priority for federal funding agencies such as the 

National Science Foundation (NSF) and the US Department of Homeland Security [NSF 2008].  

There is also a renewed interest in using thorium as a nuclear fuel to avoid the proliferation 

issues of uranium [Yu et al. 2004, Demirbas 2005, Bryan 2009].  With its low detection limits, 

particle-induced X-ray emission (PIXE) is ideal for these measurements.  The M-shell x-ray 

cross sections are larger than those of the K- and L- shells, which, lowers the detection limits for 

PIXE.   

The x-ray production cross sections for the K and L shells of Th and U by light ions have 

been well studied.  References compiled by Lapicki [1989] , Paul and Sacher [1989], and Paul 

and Bolik [1993] report about 180 individual K-shell cross sections, while tables of Hardt and 

Watson [1976], Sokhi and Crumpton [1984] and Orlic et al. [1994] list some 130 individual L-

shell cross sections for these targets.  M-shell articles by Mehta et al. [1982], Jopson et al. 

[1962], Neeham and Sartwell [1970], Ishii et al. [1975], De Castro Faria et al. [1983], Gressett et 

al. [1989], Jesus and Riberiro [1989], Pajek et al. [1990], Cai et al. [1993], Rodriguez et al. 

[2002], and Pajek et al. [2006] report approximately 210 individual x-ray production cross 

sections for thorium and uranium.  M-shell x-ray production cross sections for heavier projectiles 
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have not been studied as extensively especially for thorium and uranium targets [Czyzewski et 

al. 1996, Mehta et al. 1983a, Mehta et al. 1983b, Czarnota et al. 2009].  Of these studies, Mehta 

et al. [1983a, 1983b] used fluorine ions to bombard uranium and Czyzewski et al. [1996] and 

Czarnota et al. [2009] used oxygen ions. 

The goals of the research are to determine the M-shell x-ray production cross sections for 

thorium and uranium induced by protons, helium, carbon, and oxygen ions.  For each x-ray 

spectrum there are four distinct peaks which are the Mζ (M4-N2, M5-N3, M4-N3 transitions), 

Mα (M5-N6, M5-N7 transitions), Mβ (M4-N6, M5-O3, M4-O2 transitions), and Mγ (M4-O3, 

M5-P3, M3-N4, M3-N5 transitions).  The cross sections for these individual peaks were 

determined and compared to theoretical predictions of the first Born approximation [Merzbacher 

and Lewis 1958, Nikolaev 1966] and the ECUSAR theory [Lapicki 2002, Lapicki 2005].   
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CHAPTER 2 

INNER-SHELL IONIZATION THEORY 

 

2.1 Inner-Shell Processes 

 For inner-shell ionization there are many processes that can occur involving electron 

excitation and de-excitation processes.  An excitation process is one that removes or moves an 

inner-shell electron leaving a vacancy in an inner-shell.  Examples of excitation processes are 

direct ionization, electron capture (by the incoming ion), and electron capture by the nucleus.  A 

de-excitation process involves the emission of an x-ray or Auger electron.  For the present study 

the primary excitation process is direct ionization, and the primary mode of de-excitation is x-ray 

emission.  Atomic units are used in all equations. 

2.1.1 Excitation Processes 

2.1.1.1 Direct Ionization 

 Direct ionization is a process that occurs when a charged particle such as an ion or an 

electron interacts with an atom causing the ejection of an electron.  This is accomplished 

generally through Coulomb interactions between the incoming ion and the target atom.  These 

interactions are studied utilizing current ionization theories and are discussed in greater detail in 

section 2.2. 

 Photoionization is another direct ionization process that occurs when a photon ejects an 

electron.  The photons generally come from x-ray sources and only interact at energies below 25 

keV.  There has been some study of thorium and uranium using photoionization.  Mann et al. 

[1990] and Allawadhi et al. [1993] both studied these two elements using photon energies of 6-

12 keV. 
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2.1.1.2 Electron Capture 

 The electron capture process is one in which the incoming ion captures an electron from 

the target atom.  This process generally becomes more prevalent for heavier incoming ions that 

have bare K-shells.  This effect was first noticed by Macdonald et al. [1973] with the study of 

argon K-shell ionization cross sections by bare nuclei of carbon, nitrogen, oxygen, and fluorine.  

This work showed that the ionization cross section had a large deviation for the same projectile 

at the same energy but with different charge states.  Halpern and Law [1973] theorized that this 

effect was due to the projectile capturing an electron from the target. This effect has been studied 

more extensively [Nikolaev 1966, Lapicki and McDaniel 1980, Mehta et al. 1983, Andrews et al. 

1987, Yu et al. 1995] and is discussed in greater detail in section 2.7. 

2.1.1.3 Other Excitation Processes 

 Another example of an excitation process is electron capture by the nucleus.  This is a 

nuclear decay process that competes with β+ decay.  In this process, a proton in the nucleus 

captures an electron from one of the inner shells, usually the K-shell, and a neutron is formed.  

This process can only occur when the mass difference between the parent and the daughter 

nuclei is less than two electron masses [Semat and Albright 1972]. 

2.1.2 De-Excitation Processes 

2.1.2.1 X-ray Emission 

 The primary de-excitation process in this study will be x-ray emission.  When a vacancy 

is created by some excitation or ionization process, it is possible for an electron from a higher 

shell to transition down and fill the vacancy.  Since there is an energy difference in these two 

shells, there is excess energy that is released when the transition occurs by x-ray or Auger 

electron emission. 
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 An important quantity that comes about when talking about x-ray emission is the 

fluorescent yield, which is the probability that the vacancy is filled by the emission of an x-ray.  

The fluorescent yield is defined to be: 

�� � ��
ν�  ,               (2.1) 

where NS is the total number of characteristic x-rays of shell S emitted from the target and νS is 

the total number of S-shell vacancies [Rao 1975].  The fluorescent yields are of importance 

because they are required to convert between the x-ray ionization and the x-ray production cross 

sections. 

2.1.2.2 Auger Effect 

 A second type of de-excitation process is known as the Auger effect.  This is a 

radiationless transition that results in the ejection of an electron.  In the Auger process, when an 

electron from a higher shell transitions down to fill the vacancy, the excess energy is transferred 

to another electron ejecting it from the atom resulting in another vacancy.  In the Auger effect, 

the vacancies left by electron ejection are in higher principal shells, for example from the L to K 

shells.  The probability of the vacancy being filled by an Auger event is called the Auger yield, 

�� .  For the K shell, the sum of the fluorescence yield and Auger yield is equal to 1.0.  However 

if the vacancies are in the same principal shell but separate sub-shells, say from L2 to L3, it is 

known as a Coster-Kronig transition.  Finally if the vacancies are in the same sub-shell, it is 

known as a super Coster-Kronig transition [McGuire 1975].   

 The ejected electrons can be studied in a technique called Auger-electron spectroscopy.  

The electrons emitted by the Auger effect have the lowest energy, while those emitted through a 

super Coster-Kronig transition have the highest [McGuire 1975]. 
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 In calculating the x-ray production cross sections, the Coster-Kronig, super Coster-

Kronig, and the fluorescent yields are all of importance.  The Coster-Kronig yields for M-shell 

ionization were first calculated by McGuire [McGuire 1972].  For atoms such as thorium and 

uranium, the super Coster-Kronig transitions are energetically forbidden; therefore the super 

Coster-Kronig yields (Sij) are equal to the Coster-Kronig yields (fij) [Chen et al. 1983]. 

111 ωσσ MXM =                                 (2.2)

( ) 211222 ωσσσ MMXM f+=                                   (2.3)

( ) 3123121322333 ][ ωσσσσ MMMXM ffff +++=                              (2.4)

++++= 234232433444 )([ MMMXM ffff σσσσ                             (2.5)

 413423123413241214 ])( ωσ Mffffffff +++

24534234524352325345343544555 )()([ MMMMXM ffffffffffff σσσσσ +++++++=
            

(2.6)

 ++++++++ 45341345241235231245143513251215( ffffffffffffffff
 

 
.]) 5145342312 ωσ Mffff  

In these equations, ωi and fij are the M sub-shell fluorescence and the Coster-Kronig yields, 

respectively.  For these atomic parameters, we have taken the Dirac-Hartree-Slater values as 

recently recommended by Chauhan and Puri [2008]. 

2.1.3 Multiple Ionization 

 Multiple ionization is an effect that occurs when multiple electrons are ejected from their 

orbitals by a single ion.  These additional vacancies, called spectator vacancies, reduce the 

amount of nuclear screening present in the atom [Czarnota et al. 2009].  This causes a 

broadening, and an energy shift of the measured x-ray lines.  The energy shift can be calculated 
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using the Dirac-Fock formalism.  This was done by Czarnota et al. [2009] and it was found that 

for the M5N6,7 transition of U, the energy shift was 49.1 eV. 

 It has been found that multiple ionization also affects the radiative decay rates, the 

Coster-Kronig yields and the fluorescence yields [Pajek et al. 2003, Czarnota et al. 2009, Mitra 

et al. 2010].  These factors are modified by these multiple vacancies for several reasons.  First, 

there are now fewer electrons available for transitions into the inner-shell vacancies.  Some of 

the Coster-Kronig transitions are also made energetically forbidden.  Finally, the electronic wave 

function is also modified [Czarnota et al. 2009].  The corrections to the fluorescence yield are 

given by Lapicki et al. [1986] 

�� � 	
������	
��� .                       (2.7) 

In Equation 2.1.3.1, ��� is the single vacancy fluorescence yield and P is the probability of 

ionizing an outer shell given by: 

� � �����.���
v�� �

.�v��  ,                        (2.8) 

where vis the velocity of the projectile in atomic units, and q is the charge state of the projectile 

ion [Lapicki et al. 1986]. 

The Coster-Kronig yields are given by Lapicki et al. [2004] as: 

��� � ���� 1 " �#$.                         (2.9) 

2.2 Plane Wave Born Approximation (PWBA) 

 Inner-shell ionization occurs when an incoming projectile, which can be an electron, ion, 

or photon, interacts with the target atom in an inelastic collision and causes the ejection of an 

electron from one of the inner shells (K, L, M) leaving a vacancy.  This vacancy is then filled by 
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an electron from a higher shell.  The first inner-shell ionization theory to be proposed was the 

plane wave Born approximation (PWBA).  This theory is derived from quantum mechanics and 

describes the incoming projectile wave function as a plane wave, while the ejected electron is 

given by a hydrogenic wave function [Madison and Merzbacher 1975].  The PWBA theory has 

been found to give good results for ionization by protons at energies above 1 MeV/amu 

[Merzbacher and Lewis 1958], but at energies below this, the predictions of the PWBA theory 

overestimate the experimental results. 

 In an inelastic collision, with a heavy projectile (with mass M1 and velocity v1) the total 

amount of energy E, that can be transferred to a free electron (with mass M2 and velocity v2) is 

given by [Merzbacher and Lewis 1958]: 

 & � $'�'�
 '�('�#�  )v " )$v$# v * v$#.           (2.10) 

In the case of an atom, the assumption that the electron is free is not valid and the binding energy 

of the electron has to be considered.  It is assumed that the binding energy (IS) of the electron is 

slightly less than the maximum energy (Tmax) that can be transferred to the electron by the 

projectile, 

+,-. � /'�'�
 '�('�#� & 0 /'�

'� & 1 2� .          (2.11) 

Thus, as Tmax approaches the binding energy, ionization becomes more probable.  Also, there is a 

lower limit that can be placed on the velocity of the incoming projectile, 

3�
v� 4 1,              (2.12) 

where Z1 is the atomic number of the incident ion and v1 is its velocity. 

This limit excludes very slow collisions and collisions with light atoms [Merzbacher and Lewis 

1958]. 
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 At the heart of the PWBA theory is the Born approximation, which states that the 

incoming wave function of the projectile is not deformed or altered by the potential of the 

nucleus.  This approximation is only valid when Equation (2.12) is satisfied.  When the Born 

approximation is applied, the matrix element of the Coulomb potential acting between the target 

electron and the projectile ion can be written as [Merzbacher and Lewis 1958]: 

567�8-9: �;<=, ?=� 3�
@A<=�B=@6�8�C�-9�;<=, ?=�D?=D;<=,         (2.13) 

where ;<= is the position vector from the atom to the projectile and ?= is the position of the atomic 

electron relative to the nucleus.  In Equation 2.13, the wave functions (6# represent the atomic 

states before and after the collision with the incoming ion. 

 The differential scattering cross section in the center of mass coordinates is given by 

[Merzbacher and Lewis 1958]: 

DE8F8 Ω# � '�
/H�

v�I
v�
 J5 68F:  ?=# 3�K.L���MN<<<<=�MI<<<<<=�·A<=�

@A<=�B=@ 68 ?=#D?=D;<=J
$ DΩ.                   (2.14) 

In this equation, M is the reduced mass of the system  )� * )$�#�, P<<= is the momentum, the 

primed variables are those after the collision, and dΩ is the solid angle into which the incoming 

projectile is scattered.  The form in (2.14) is not convenient to solve, but it can be reduced to a 

more manageable form by integrating over the projectile coordinates and using the vector change 

in momentum (Equation (2.15)) instead of the scattering angle, 

Q= � PR<<<= " P7<<<<= .             (2.15) 

By doing this integration and substitution, Equation (2.14) becomes [Merzbacher and Lewis 

1958], 

DE8F8 Q=# � 8T U3�
v�V

$ W�
�X @568F:  ?=#Y��<=·B= 68 ?=#D?=@$.                    (2.16) 
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Equation (2.16) is the basis for all ionization cross section calculations.  The different theories 

come from the different treatments of the wave functions used in this equation.  The wave 

function integral is called the form factor (F) [Merzbacher and Lewis 1958], 

Z8F8 Q# � 568F:  ?=#Y��<=·B= 68 ?=#D?= .          (2.17) 

 The simplest evaluation of the form factor is for the case of K shell ionization.  The most 

probable transitions will be those with no change in angular momentum.    This allows for the 

greatest overlap of the initial and final wave functions.  For this simpler treatment, the screening 

effects of the atom can be ignored and the hydrogenic wave functions used.  Integration over the 

angular coordinates yields a form factor of the form [Merzbacher and Lewis 1958]: 

Z[M Q# 0 5 ;�[:  ?# \]^�B
�B ;M ?#?$D?_

�           (2.18) 

where RK is the radial function of the K shell electron and R0T is the radial part of the final 

electron wave function in the continuum with angular momentum of zero and kinetic energy T.   

 Limitations can be placed on the change of momentum (q) and these arise from 

conservation of energy and are valid if the energy loss (` � 2M * +) of the collision is small 

compared to the initial energy. 

Q,�8$ � 2)�√& " √& " `�$ 0 
$) c�

d U1 * c
$dV                   (2.19) 

Q,-.$ � 2)�√& * √& " `�$ 0 8)&                     (2.20) 

For most cases, qmax can be set to infinity [Merzbacher and Lewis 1958].  Most of the 

contributions to the form factor (Equation 2.18) come when the distances are on the order of the 

Bohr radius (a), which equals one in atomic units, i.e. Qe f 1. This condition is satisfied if: 


$) c�

d f 1,                         (2.21) 

 

or if 
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 `$ f +,2M .                        (2.22) 

 Now the form factor can be estimated at the low energy limit by calculating the first non-

vanishing term in the expansion of powers of 1/q [Merzbacher and Lewis 1958], 

Z[M 0 �$
�g h W

WB  ;�[: ;M#iBj�.                       (2.23) 

Using a continuum wave function that is normalized per unit energy interval; 

|Z[M|$D+ 0 $l
 �#m

W[
Wno .                       (2.24) 

This form factor can now be substituted back into Equation (2.16) along with an extra factor of 2 

to account for the fact that there are two electrons in the K shell [Merzbacher and Lewis 1958], 

D$E � 8T$ U3�
v�V

$ $mW�
���

W[
np  .                      (2.25) 

This equation must now be integrated over q using Equations (2.19) and (2.20) as the limits of 

integration.  This integration simplifies Equation (2.25) [Merzbacher and Lewis 1958], 

DE � $��H
/q  r#$+,/2Ms W[

 no([#��.                      (2.26) 

Equation (2.26) can now be integrated over T from zero to infinity to find the cross section of a 

K shell electron with kinetic energy between T and T + dT;   

EM 0 $��H
/q

[tg
nou  r#$ � $��H3��

/q
vog3�g                      (2.27) 

where, 

wM � U v�
3�oV

$
 .                                              (2.28) 

Inserting Equation (2.28) into Equation (2.26) [Merzbacher and Lewis 1958] gives:  

EM � $��H3��
/q

�x y�z�o{��
g

3�og � $��H3��
/q

�v���g
3�o�� e�$ | dg

3�o�� .                     (2.29) 
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This shows that the ionization cross section goes as the fourth power of the incoming energy and 

that it is inversely proportional to the twelfth power of Z2, the atomic number of the target atom 

[Merzbacher and Lewis 1958]. 

 Up to now, the ionization cross section has been treated in a relatively simplistic manner 

ignoring the atomic screening of the nucleus and also only being examined for K shell ionization.  

In order to get a more generalized cross section, a sum of all cross sections over all possible sub-

states of an initially filled atomic shell (s, where s = 1, 2, 3, … for the K, L, and M shells) must 

be taken; also integration over all ejected electrons must be done.  So, in the energy interval of ε 

and ε + dε, the cross section of Equation (2.16) becomes [Merzbacher and Lewis 1958]:  

D$E}~ � 8T U3�
v�V

$ $W�
�X |Z}~ Q#|$D� .                       (2.30) 

The wave function for the form factor in (2.30) will be given by using an approximate wave 

function for the atom that describes the inner shell ionization as a one-electron transition.  This 

wave function is determined by the Schrodinger equation: 

" 
$�$6 " 3��

B 6 * �~ ?#6 � &�6.                     (2.31) 

In Equation (2.31), Z2s is the effective nuclear charge of the s-shell and it is less than z by the 

amount necessary to account for screening.  Also in this equation there is Vs(r) which is the 

reduction in the binding energy due to the outer electrons.  This function is nearly constant close 

to the s-shell (small r) and is equal to Vs at this value.  For larger values of r, it goes as 

approximatelyr$� ?⁄ .  For the other wave function contribution to the form factor, to first 

approximation, hydrogenic wave functions are used [Merzbacher and Lewis 1958].  These wave 

functions are solutions to 

" 
$�$6 " 3��

B 6 �  &� " �~#6.                      (2.32) 
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The value of Vs is determined by the ionization potential of the s-shell (Is).  The two are related 

by the following, 

�~ � 3���
n�� ;_ " 2~,                                   (2.33) 

where nS is the principle quantum number, and ;_ is the Rydberg constant equal to 27.2 eV 

 The ionization potential can be given in terms of a screening number (θs) which ranges in 

value from 0 to 1.   

2~ � �~ 3��
n�� ;_                                    (2.34) 

For convenience, the continuum wave functions can be expressed in terms of the wave number K 

of the hydrogenic wave functions.  This leads to the following relation, where &� � +, which is 

the actual kinetic energy of the electron at infinity [Merzbacher and Lewis 1958], 

+ " �~ � M�
$  .                                   (2.35) 

 Now, by adding (2.33) and (2.35), the energy that is transferred to the atom is 

� � + * 2~ � M�
$ * 3���

n�� ;_.                                  (2.36) 

In order to simplify things further, the dimensionless parameters W, k, and Q are defined 

� � }
3��� A�, � � e~P, and � � e~$Q$ .                    (2.37) 

In (2.37), e~ � e� r$~⁄ , recalling that e� is the Bohr radius (equal to 1 in atomic units).  Now 

Equation (2.36) can be rewritten in terms of these parameters [Merzbacher and Lewis 1958], 

� � �$ * 
n��.                         (2.38) 

The form function of Equation (2.30) can be expressed in terms of W and Q, and by doing this, 

(2.30) becomes: 
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E~ � 8T U3�
v�V

$ 
3��� 5 D��t���t
� 5 W�

�� |Z�~ �#|$ � �H3��
3��g v� �~_

�t
� ,                              (2.39) 

where,  

w~ � U v�
3��V

$
 ,                          (2.40) 

and 

�~ � 5 D��t���t
� 5 W�
�� |Z�~ �#|$_

�t
�  .                     (2.41) 

The limits for integration in (2.41) are �,�8 � �$ 4w~⁄ , which comes from the conservation of 

energy requirements of Equation (2.20).  As for the W integration, �,-. � ∞, and �,�8 �
�~ �$⁄  [Merzbacher and Lewis 1958]. 

 Determining the ionization cross section is now just a matter of choosing the wave 

functions for the atom and the electron and solving for the form factor.  These wave functions 

were given explicitly for the K and L shells by Bethe [1930] and Walske [1956], respectively 

using non-relativistic wave functions [Merzbacher and Lewis 1958].  The form factor for the M-

shell was calculated by Khandlewal and Merzbacher [1966a].    This form factor was also 

calculated using non-relativistic wave functions and using the procedure of Bethe (see Equation 

4) [Khandelwal and Merzbacher 1966a].  Khandelwal and Merzbacher also applied this 

procedure to the individual M sub-shells [Khandelwal and Merzbacher 1966 b].  These form 

factors were later modified to take into account relativistic effects by Choi [1973].  The non-

relativistic screening wave functions were still used as before, but now the effective ionization 

potential was modified to account for the relativistic effects [Choi 1973].   These M-shell cross 

sections have also been calculated and tabulated by Johnson et al. [1979].   
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2.3 First Born Approximation (PWBA + OBKN) 

 Contemporaneously with Khandelwal and Merzbacher [1966a], the Oppenheimer-

Brinkman-Kramers (OBK) approximation [Oppenheimer 1928, Brinkman and Kramers 1930] 

was employed for an electron capture calculation by Nikolaev [1966] (OBKN).  Nikolaev used 

the same screened hydrogenic wave functions for the description of the M sub-shells as in the 

PWBA of Khandelwal and Merzbacher [1966a].  The sum of cross sections for the direct 

ionization and electron capture evaluated with these approximations is known as the first-order 

Born approximation.  For more on electron capture, see section 2.7.  Figure 2.1 shows the 

PWBA and the PWBA+OBKN theories for the example of oxygen ions on thorium.  The 

difference between the PWBA and the PWBA+OBKN is small for singly charged oxygen ions.  

However, for the electron bare O
8+

 ion, the electron capture (OBKN) term is significantly higher 

than the PWBA cross section. 
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FIG. 2.1.  The PWBA and PWBA+OBKN theoretical M-shell x-ray production cross sections 

for oxygen ions on thorium.  The PWBA+OBKN cross sections for O
+
 (blank squares) and O

8+
 

(crossed blank squares) are both shown.  Cross sections are courtesy of Dr. G. Lapicki [Lapicki 

2010]. 
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2.4 Molecular Orbital Theory 

 The PWBA theory overestimates the x-ray production cross section at lower energies.  

Many of the resulting theories have made an effort to account for this fact.  One such theory is 

the molecular orbital theory (MO).  The MO theory was proposed by Fano and Lichten [1965] as 

a solution to the discrepancies in the cross section calculations.  MO theory is the idea that as the 

projectile nears the target; they interact to form a system similar to that of a molecule.  During 

this time, the electronic orbitals of this molecule can be populated by electrons from the lower 

orbitals in a process known as electron promotion.  After the collision, when the two atoms have 

separated, there are inner shell vacancies left [Richard 1975].  If the collision is slow enough, 

and the electrons have sufficient time to adiabatically adjust to the changing Coulomb forces, it 

is possible for the molecule to emit an x-ray that has a characteristic energy of the molecular 

orbitals [Richard 1975]. 

 The MO theory is valid only at the low velocity limit such that: 

��
��� � 0.1,              (2.42) 

where � is the velocity of the incoming ion and �$� is the velocity of the S orbital electron [Sun 

et al. 1996].  The velocity of the incoming ion is given in units of �MeV/amu by the following 

equation [Lapicki and McDaniel 1980], 

� � 6.35¢d�
,� .            (2.43) 

The orbital velocity of an S-shell electron is given by: 

�$� � 3��
8� ,              (2.44) 

where r$� is the screened nuclear charge and n� is the principal quantum number for the S shell.  

For this study, the shell of interest is the M-shell; therefore the screen nuclear charge can be 
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calculated using the method of Slater [1930] and the formulas from Johnson et al. [1979] to 

calculate the screened charge for each individual subshell, 

r$'� � r$ " 11.25       �£? ¤ � 1, 2, 3  

         � r$ " 21.15      �£? ¤ � 4, 5.          (2.45) 

The screened nuclear charges for thorium and uranium, as calculated by Equation (2.45), are 

78.75 and 80.75 for the M1, M2, M3 subshells and 68.85 and 70.85 for the M4 and M5 subshells 

respectively.  These values can be inserted into Equation (2.44), giving values of 26.25 and 26.92 

for the M1, M2, M3 subshells and 22.95 and 23.62 in the M4 and M5 subshells for the orbital 

velocities of an electron for thorium and uranium.  In Table 2.1, the values for the lowest 

incoming projectile ion velocities and the values of 
��

��¥ are given. 

Table 2.1. Given values calculated from Equations (2.42) and (2.43) using the values for thorium 

and uranium calculated in Equations (2.44) and (2.45), at the lowest projectile energies used in 

this work. 

Target Projectile v1 (MeV/amu) v1/v2M (M1,M2, M3) v1/v2M (M4,M5) 

Th Protons 4.00 0.15 0.17 

Helium 2.01 0.08 0.09 

Carbon 3.89 0.15 0.17 

Oxygen 3.37 0.13 0.15 

U Protons 4.00 0.15 0.17 

Helium 2.01 0.07 0.08 

Carbon 3.89 0.14 0.16 

  Oxygen 3.37 0.13 0.14 

 

As can be seen in Table 2.1, the only ion that comes close to the limit of Equation (2.42) is 

Helium at a ratio of 0.08.  Therefore it will be assumed that this effect will be negligible and will 

not be considered. 
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2.5 ECPSSR 

 The ECPSSR theory is a modification of the PWBA theory that accounts for the 

projectile’s energy (E) loss and Coulomb (C) deflection; it also treats the inner-shell electron in 

the perturbed-stationary-state (PSS) approach and accounts for its relativistic (R) nature [Brandt 

and Lapicki 1981].  These corrections to the PWBA theory came about as an effort to create a 

theory that matched the experimental results to a better degree.  At higher energies (greater than 

1 MeV/amu) the results of the PWBA theoretical cross sections agree with experimental results, 

but this is not the case for lower energies.  These four corrections were found to achieve better 

agreement with experimental values at the lower energies.  In figure 2.2, the PWBA M-shell 

production cross sections are plotted with the ECPSSR cross sections for the case of O ions on 

thorium.  This figure shows that the ECPSSR modifications to the PWBA cross sections lower 

their values. 

The ECPSSR cross sections can be calculated using a computer programs called ISICS 

which was created by Liu and Cipolla [1996] and Cipolla [2007].  This program calculates the 

PWBA cross sections and then modifies them with the modification factors of the ECPSSR. 
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FIG. 2.2.  The PWBA and ECPSSR theoretical M-shell x-ray production cross sections for 

oxygen ions on thorium.  Cross sections are courtesy of Dr. G. Lapicki [Lapicki 2010]. 
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2.5.1 Energy Loss 

 The energy loss in an inelastic collision for a projectile (M1, Z1, E1) with a target (M2, Z2) 

with a reduced mass of ) � ))$  ) * )$#⁄ is given by,  

&� " &7 � U'
$V �v�$ " v7$� � U 

$'V �P�$ " P7$�,         (2.46) 

where &� �  ) )⁄ #&, P� � )��, and P7 � )�7.  The minimum momentum change is then 

given by, 

Q,�8 � P� " P7 � 2Q� h1 *  1 " Δ# $§ i�
,          (2.47) 

and the maximum momentum change is given by [Brandt and Lapicki 1981], 

Q,-. � P� * P7 � 2Q� h1 "  1 " Δ# $§ i�
 .         (2.48) 

In these two equations,  

Δ � d
�dI
d
 ,              (2.49) 

and as Δ ¨ 0, the minimum momentum transfer is 

Q� � d
�dI
��  .             (2.50) 

 This differs from the PWBA theory which integrates from Q,�8 � Q� to Q,-. � ∞.  This 

leads to inaccuracies at low projectile velocities where ∆ cannot be ignored.  Now putting the 

energy loss into the PWBA differential ionization cross sections for the shell (S) and final 

ejected electron energy (εf) [Brandt and Lapicki 1981], 

W©�ª«¬®
W¯I � W©«¬®

W¯I °U ��
�t
�V

±( " U ��
�t��V

±(².         (2.51) 

In Equation (2.51), ³ � 9 for the K and L1 shells, while ³ � 11 for the L2 and L3 shells.  To get 

the cross section out of the differential form, Equation (2.51) has to be integrated over the 
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momentum using Equation (2.47) and Equation (2.48) as the limits of integration.  The results of 

this integration are 

E�d��µ¶ � �� ·#E���µ¶.            (2.52) 

The energy loss is now contained in the fS(z) function, where 

· � U1 " 	��'�
'd� V $§ �  1 " Δ¸# $§ ,                 (2.53) 

�� ·# �  ±¹�# (¹#º( ±¹(# �¹#º
$º ±�#  ,          (2.54) 

and �$� is the binding energy of the target electron in the S shell. 

Equation (2.52) uses the PWBA cross sections that were calculated using the screened 

hydrogenic wave functions as show in Section 2.2 [Brandt and Lapicki 1981]. 

2.5.2 Coulomb Deflection 

 The coulomb deflection term is the amount that the projectile is deflected in the field of 

the target atom.  This effect is more pronounced at slower collision velocities.  The collision is 

slow if the characteristic atomic time relative to the characteristic collision time (ξS) is much less 

than 1, 

»� � 8
���-�� � �� $§ ¼����.                       (2.55) 

In Equation (2.55), �$� � 3��K�
8½  is the orbital velocity of the electron, and �� � 8�½	��

s.¾K¿:3���  is the 

reduced binding energy of the atom, and r$� is still the screened nuclear charge [Brandt and 

Lapicki 1974].  Assuming that the projectile is on a hyperbolic path to the target, the differential 

cross section can be given as: 

xW©�
WdI{

À � Y�HW�� xW©�
WdI{

��µ¶
 .                      (2.56) 
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The half-distance of closest approach is the term D � 3�3�K�
$d�  in Equation (2.56).  This differential 

cross section can be converted into the cross section by knowing the momentum transfer to the 

final electron state and integrating [Brandt and Lapicki 1974], 

½Q� Á ½	��(dI
�� .                        (2.57) 

 Once the differential cross section has been converted, the coulomb deflection can be 

added into the ionization cross section: 

E� �  Â� " 1#&8� TDQ��`�#E���µ¶ »� `�⁄ , `���#.                    (2.58) 

In Equation (2.58), Â� is the integral value determined by the shell that is being ionized, &8� is 

the exponential integral of order n, and `� is a function of »� that changes for the various shells 

[Brandt and Lapicki 1974]. 

2.5.3 Perturbed-Stationary-State Approach 

 The Perturbed-Stationary-State correction to the PWBA uses time dependent perturbation 

theory to describe the atomic wave function for the excitation and ionization by a slowly moving 

heavy charged particle.  This time dependent wave function can be expanded in a series solution 

where the first term gives the dominant perturbation [Basbas et al. 1973]. 

 As the projectile  rY# approaches the target on a trajectory ;<<<= Ã#, the Hamiltonian of the 

N-electron atomic system is given as Ä- ?=, ?=$, … , ?=�#, where ?=� is the position vector of the j
th

 

electron.  This Hamiltonian is assumed to be in the absence of the incoming charged particle.  As 

the charged particle passes, it will influence the target in an amount given by the additive energy 

operator [Basbas et al. 1973]: 

� Ã# � ∑ �3�K�
@B=Ç�A<= C#@��j .                        (2.59) 

This perturbation function appears in the time-dependent Schrodinger equation as 
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ÈÄ- * � Ã#ÉΨ � ¤½ ËÌ
ËC .                       (2.60) 

In the PSS formalism, the wave function  is expanded in terms of the adiabatic wave functions 

Ψ� � ∑ e, Ã#Í, U;<= Ã#V_,j� YÎÏ h��
½ 5 �, U;<= Ã#VC

�_ DÃ�i,                   (2.61) 

And the subscript ¤ denotes the initial condition e, "∞# � Ð,� [Basbas et al. 1973].  Now 

ÈÄ- * � Ã#ÉÍ, U;<= Ã#V � �, U;<= Ã#V Í, U;<= Ã#V generates a set of wave functions Í8 U;<= Ã#V 

that correspond to the n
th

 ionized state of the N-electron atom with a separation of ;<= Ã# between 

the ion and target [Basbas et al. 1973]. 

 The assumption now is that the interaction between adiabatic states is weak, which 

implies that only the first term in the perturbation expansion is significant.  This approach is 

valid because in the slow velocity limit Ψ� is adiabatic and no transitions occur.  The excited 

state amplitudes can be expanded in the standard way to give [Basbas et al. 1973]: 

e8 ∞# � "Y��Ñ 5 WC
�
� C# UË¿ C#

ËC V8� YÎÏ h��
½ 5 ��8 Ã�#C

� DÃ�i_
�_ .                  (2.62) 

In Equation (2.62), e8 ∞# is just the probability amplitude that the n
th

 state is occupied after the 

collision, 

��8 Ã# Ò �� U;<= Ã#V " �8 U;<= Ã#V,                      (2.63) 

UË¿ C#
ËC V8C � 5Ds? 5 Ds?$ …5Ds?�Í8: U;<= Ã#V UË¿ C#

ËC V Í� U;<= Ã#V, and                (2.64) 

Ó � U
½V5 ��8 Ã�#�

�_ DÃ�.                       (2.65) 

The phase (Equation (2.65)) is constant for a given collision and it can be neglected because it 

disappears when |e8|$ is calculated in the final results [Basbas et al. 1973].  There was one final 

identity used in Equation (2.62): 
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UÔÕ Ö#
ÔÖ V�Ö�
� C# � 5Ds? 5 Ds?$ …5Ds?�Í�: U;<= Ã#V �Ë×
UA<= C#V

ËC �.                   (2.66) 

 The next step is to apply the Bethe integral [Basbas et al. 1973] to the Coulomb potential 

thereby rewriting the matrix element as: 

UË¿ C#
ËC V8� �

��3�K�
$H� 5 WXL

L� UÏ= · ËA<= C#
ËC V Y�L·<<<=A<= C#�∑ Y�L=·B=Ç��j �8�.                   (2.67) 

In this equation, Ï= is a position vector in the y-z plane of the collision, and it can be broke into 

Ï=Ø which is the components perpendicular to the z-axis and the Ï=¹ component which is along the 

z-axis.  The ;<= Ã# vector can also be broken down into components ;<=Ø Ã# and r Ã#, where ;<=Ø 0# 
and r � 0 represent the point of closest approach.  In terms of these vector components, the 

probability amplitude becomes [Basbas et al. 1973] 

e8 ∞# � U�3�K�
$H� V5 D$ÏØ 5 Dr_

�_ 5 DÏ¹Y��L=Ù·A<=Ù 3#(�LÚ�Ω 3#�3�_
�_ ÛL=Ù,LÚ�;Ø<<<<<= r#, r�.                (2.68) 

Equation (2.68) has the following functions defined: 

ÛL=Ù,LÚ�;<=Ø r#, r� Ò L=Ù·ÜÝ<<=Ù z#
Üz (LÚ

�
��A<=Ù 3#,3��LÙ�(LÚ�� �∑ Y��L=·B=Ç��j �8�,                              (2.69) 

Ω r# Ò 
½3 5 ��8�;<=Ø r�#, r��3

�
WCF
W3F Dr�.                     (2.70) 

Also recall that r Ã � 0# � 0 and ��8 Ã# Ò ��8�;<=Ø r#, r�, and that ;<= Ã# is now replaced by 

�;<=Ø r#, r� everywhere [Basbas et al. 1973]. 

 Equation (2.68) can now be simplified by changing the order of the integrations and 

performing a change of variable from t to Z [Basbas et al. 1973], 

e8 ∞# � �3�K�
$H� 5 D$ÏØ 5 Dr_

�_ 5 D�Y��3ZL=Ù
_
�_  �, r#.                              (2.71) 

Here, � Ò Ï¹ " Ω r#, which is the wave number variable and  

ZL=Ù �, r# Ò Z � Y�L=Ù·A<=Ù 3#ÛL=Ù,LÚ�;<=Ø r#, r�.                    (2.72) 
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The probability amplitudes of Equation (2.71) can be further simplified by using a Maclaurin’s 

series expansion in powers of P and integration by parts [Basbas et al. 1973].  The Maclaurin’s 

series expansion is: 

Z � ∑ 
~!�~ W�ß

W��_~j� ,                       (2.73) 

e8 ∞# � �3�K�
H� 5 D$ÏØ ∑ ��

~!
W��

W3�W�� ZL=Ù 0,0# � ∑ e8 ~#_~j�_~j� .                   (2.74) 

It is assumed in Equation (2.74) that F and its derivatives vanish as r ¨ ∞ [Basbas et al. 1973] 

 The probability amplitudes can now be used to determine the cross section of a transition 

from ¤ to Â, 
E8� � 2T 5 àDà|e8 ∞#|$_

� .                       (2.75) 

In this equation, à is the impact parameter of the collision.  At low velocities, and straight line 

trajectories, the first term of the expansion from Equation (2.74) dominates.  This term 

dominates because, as was stated earlier, only the first term of the perturbation is significant.  

This means that in Equation (2.74), only the � � 0 term needs to be considered [Basbas et al. 

1973].  This reduces the cross section for the transition from an initial state ¤ to a final state � to: 

E7� �# Ò 2T 5 àDàáe7 �# ∞#á$_
�   

        � /H3��Kg
½� 5 âWâ

��� �# |)â|$_
�   

        � /H3��Kg
½���� 5 ;Ø$ 0# Wâ

â |)â|$_
�  .                     (2.76) 

Here, 

)â � 5Ds? 5Ds?$ …5Ds?�Í7:�;<=Ø 0#, 0�∑ Y���� �#3ÇP��Q�@?=Ø� " ;<=Ø 0#@�Í��;<=Ø 0#, 0�,��j        (2.77) 
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K is the modified Bessel function of the second kind, and Q� 0# Ò �
��A<=Ù �#,��
½�� �# .  This implies that 

½Q� 0# is the minimum amount of momentum transfer imparting energy ��8�;<=Ø 0#, 0� to the 

target atom [Basbas et al. 1973]. 

 If a straight line trajectory and unperturbed eigenfunctions and eigenenergies are used in 

Equations (2.76) and (2.77), the PSS gives back the usual semi-classical results.  The PSS cross 

section is also accurate at high velocities [Basbas et al. 1973]. 

2.5.4 Relativistic Correction  

 The relativistic effects are derived in a similar manner as the binding effects were by 

Brandt and Lapicki [1974] assuming that the collision takes place in the low velocity limit, i.e. 

»� 4 1.  Recalling that the maximum energy transferred to the ejected electron is +,-. �
2ã�$ � ã���$�»�$.  Normally, ã � 1, but it can be set to the relativistic electron mass.  This is 

done by applying the virial theorem for a relativistic electron in a central potential [Brandt and 

Lapicki 1979].  Assuming a potential of the form r$� ?⁄ , where r is the distance to the target 

nucleus.  The relativistic mass ãA ?# can now be given by: 

ãA ?# � °1 * U 3��
$Bä�V$²

 $§ * 3��
$Bä� .                     (2.78) 

 Brandt and Lapicki chose, for 1/r, a mean value å1 ; Ã#⁄ æof the inverse of the projectile 

distance to the target nucleus ; Ã# Ò  à$ * �$Ã$# $⁄  [Brandt and Lapicki 1979], 

å 
A C#æ � 

çâ � 
çâ 5 W ��C#

�â�(���C��� �⁄ � 
çâ e?è�¤Âé�çâ

� .                    (2.79) 

In Equation (2.79), b is the impact parameter, and it implies that the constant � � sinh1 �
1.1752 [Brandt and Lapicki 1979].  Now ã;? can be averaged over all impact parameters: 

ã�A »�# � 5 ãA �à#�� àQ��#D àQ��#_
�  .                    (2.80) 
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Here,�� are weighting factors given by Brandt and Lapicki [1974].  Integrating Equation (2.80) 

leads to: 

ã�A »�# Á  1 * îï�$# $⁄ * ï�.                       (2.81) 

The ï� is a function of the shell being ionized for example, the function for the K and L1 shell is: 

ïM,ð� Ò �./�Uz��ñ V�
8�òo,ó�

 .                                  (2.82) 

 Now the relativistic correction to the PWBA ionization cross section is given by: 

E�A � E���µ¶�Èã�A »�#É $⁄ »�, ���.                      (2.83) 

Even though it was derived at the slow collision limit, Equation (2.83) is still valid at higher 

energy limits where the relativistic effects can be ignored [Brandt and Lapicki 1979]. 

2.6 ECUSAR 

 The ECUSAR cross sections are evaluated with the binding energy of an inner-shell 

electron in the united (U) projectile-target atom, at low projectile velocities, that is merged at 

intermediate and high projectile velocities with the separated-atom (SA) treatment as prescribed 

by the PSS formulas of the ECPSSR theory [Lapicki 2002, Lapicki 2005].    

 The ECPSSR theory was derived using a separated atom (SA) view in a first order 

perturbation of the S-shell electron binding energy.  In the ECPSSR,�� ¨ ô���, where: 

ô� � 1 * U $3�
3��¼�V Èõ� »�# " é� »�#É.           (2.84) 

The õ� »�# and é� »�# functions account for the changes in the binding energies.  The õ� »�# 

function, which has a value between 0 and 1, factors in the increase of the binding energy that is 

a result of the projectile penetrating deeper into the S-shell causing »� to decrease, while the 

é� »�# function accounts for the decrease in the binding energy at intermediate values of »� 
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where the S-shell becomes polarized due to the projectile passing by outside of the shell [Lapicki 

2002].   

 In the slow collision limit, é� »�# � 0 and õ� »�# ¨ 1 making: 

ô� � 1 * $3�
3��¼� .             (2.85) 

However, the binding energy should be: 

ö&÷¶ �  3�(3��#�¼�ø®
$8�  ,            (2.86) 

which is the binding energy of the united atom (UA).  This means that: 

ô�÷¶ � U(3� 3��§ V�¼�ø®
¼�  .            (2.87) 

The ô�÷¶ term lowers the increase in the binding energy in the slow collision limit, and this 

decrease in binding energy leads to a greater cross section.  If this approach is used for fast 

collisions, it will lead to cross sections that are smaller than the ECPSSR cross sections.  It was 

proposed by Lapicki [2002] that ô� be replaced with ô�÷�¶ where: 

ô�÷�¶ Ò ùô�÷¶                                  úéYÂ ô�÷¶ � ô�  ¤. Y. �û£ú è£ûû¤�¤£Â�
ô� úéYÂ ô� � ô�÷¶ ¤. Y. ¤ÂÃY?ãYD¤eÃY eÂD �e�Ã è£ûû¤�¤£Â�ü      (2.88) 

The USA approach brings the theoretical values closer to the experimental results, for light ions 

it cuts the difference in half, and for heavier targets the cross sections are only lowered by a few 

percent. 

 Figure 2.3 shows the difference between the ECPSSR and the ECUSAR x-ray production 

cross section values for the example of oxygen ions on thorium.  In this figure it can be seen that 

the ECPSSR and ECUSAR values begin to overlap at the higher energies above 11 MeV.  It also 

shows that at the lower energies that the ECUSAR has larger values.  
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FIG. 2.3.  The ECPSSR and ECUSAR theoretical M-shell x-ray production cross sections for 

oxygen ions on thorium.  Cross sections are courtesy of Dr. G. Lapicki [2010]. 
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2.7 Electron Capture 

 The theory of electron capture was first put forth by Oppenheimer in 1928 [Oppenheimer 

1928].  Electron capture is when an incoming particle collides with an atom, and an electron 

from a bound orbit in the target atom is transferred to a bound orbit in the projectile.  The energy 

difference in the binding energy goes into the translational energy of the two particles.  The 

initial and final states will have the same energy but their wave functions will not necessarily be 

orthogonal.  Hydrogen cannot capture two electrons, but double capture can occur when the sum 

of the ionization potentials of the two electrons is less than the binding energy of He+ 

[Oppenheimer 1928]. 

 During the collision as the electron transfers from the target to the projectile atom, energy 

and momentum must be conserved.  From conservation laws, when the electron moves from an 

atom with mass ã- * ý (ý being the mass of the moving electron) to the incoming ion with mass 

ã, the momentum changes by "½þ for mass ã- and ½� for mass ã.  The quantities A and B 

are defined by [Nikolaev 1966]: 

½$�$ � ½$��$ * /,�,��
 ,(,�#� �$�¤Â$ U¼

$V ,                  (2.89a) 

½$ö$ � ½$ö�$ * /,�,��
 ,(,�#� �$�¤Â$ U¼

$V .                  (2.89b) 

In Equations (2.89a) and (2.89b); 

½�� � }�}�
� * ��

$  ,                    (2.90a) 

½ö� � }�}�
� " ��

$  ,                    (2.90b) 

� is the relative velocity of the colliding particles, �- is the binding energy of the initial state, � is 

the binding energy of the final state, and � is the scattering angle in the center of mass 
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coordinates.  The values ½�� and ½ö� are the smallest amounts of momentum change during the 

electron capture process [Nikolaev 1966]. 

 The electron capture cross section for a transition from initial state i to final state k is 

given by: 

E ¤|�# � 
 $H½�#� h ,,�

,(,�i
$ 5|�¤|�|��|$DΩ,          (2.91) 

where U is the interaction matrix and DΩ is the solid angle.  The interaction matrix is taken to be 

the Coulomb interaction between the projectile ion and the captured electron in the Brinkman-

Kramers approximation [Nikolaev 1966], 

|�¤|�|��|$ � 2/T¾ ö$ * 2�#$|6� �#|$|6� ö#|$.         (2.92) 

 The OBKN electron capture cross section can be written in a form that uses previously 

discussed quantities [Lapicki and McDaniel 1980]:   

E��F�µM� � $	H
q U8�8�

�� V$ U���F��� V
q »��F�  ��# 
gh �¼�#ò��F�  ¼�#i

h( �¼�#ò��F�  ¼�#iX
 .       (2.93) 

In Equation (2.93), Â and Â$ are quantum numbers (Â � 1 K-shell, Â � 2 L-shell, Â � 3 M-

shell) and the other definitions are as follows: 

»��F ��# � ���
h���F� (���F�  ¼�#i

� �§  ,           (2.94) 

Q��F ��# � 
$ °� * ���� ¼�����F�

�� ², which is the approximate minimum momentum transfer,     (2.95) 


$ �$�$ �� is the observed binding energy,          (2.96) 

�$� � 3��
8�  and ��F � 3�

8� are the orbital velocities of the electron before and after the capture 

respectively, and  

Φ/ÈÃÉ � q
C �1 " /

C °U1 * 
CV

s ûÂ 1 * Ã# " U1 * 
CV

$ " 
$ U1 * 

CV " 
s².                (2.97) 
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If �� � 1 and r$� � r$ the OBKN formula for electron transfer between hydrogen like shells is 

given [Lapicki and McDaniel 1980]. 

 An approach similar to that of Brandt and Lapicki [1974, 1979], who worked on the 

ECPSSR theory, can also be taken for electron capture.    This approach takes the OBKN 

approach in neglecting the inter-nuclear interaction in the perturbing potential.  It does differ 

from the OBKN in that it does not require complicated numerical calculations.  It accounts for 

the Coulomb deflection and increased electron binding energy for ions of low velocity compared 

to the orbiting electron velocity [Lapicki and McDaniel 1980].   

It begins by restricting the collision to capture from a screened hydrogenic K shell 

(Â$ � 1), r$M � r$ " 0.3, and �� � �M.  The binding energy is accounted for by using the 

following factor: 

�Mµ »M�F , èM � 1.5# � 1 * $3�
3�o¼o õM »M�F , èM � 1.5#.                   (2.98) 

In Equation (2.98), the õM »M�, èM# function is defined in the work by Brandt and Lapicki 

[1979], and èM is the cutoff value of the binding energy effect.  The Coulomb deflection is also 

accounted for by a correction factor: 

� � Y�HW�o�F�}o¼o�,                       (2.99) 

where D � 3�3�
,��� and ã is the reduced mass.  Finally, the electron capture cross section can also 

be modified to account for the relativistic mass as per Brandt and Lapicki [1979].  The 

relativistic correction factor for electron capture is of a similar form to that of the ECPSSR 

theory given by Equation (2.81).  For electron capture (2.81) becomes [Lapicki and McDaniel 

1980]: 

ãMAÈ»M�F �M#É �  1 * 1.1ïM$# $⁄ * ïM ,                  (2.100) 
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ïM � 0.40  3�o s�⁄ #�
òo�F ¼o# .                     (2.101) 

The relativistic mass can be used in Equation (2.93) by making the following substitution, 

�$ ¨ ãMAÈ»M�F �M#É�$. 

 These factors can be combined to give the electron capture cross section for low velocity 

and high velocity ions.  For low velocity ions, the electron capture cross section is given by 

[Lapicki and McDaniel 1980]: 

EM�FKä9� � �EM�F�µM�È»M�F �Mµ�M#, �Mµ�MÉ .                     (2.102) 

Now for high velocity ions the cross section is: 

EM�FKä�� � 
sEM�F�µM�È»M�F �M#, �MÉ.                   (2.103) 

The high velocity electron capture cross section can be written in terms of the low velocity cross 

section, 

EM�FKä�� � ©o�F�ñ�y©o�F�o�
©o�F�o�($©o�F�ñ�y ,                   (2.104) 

the advantage of this equation is that it reproduces Equations (2.102) and (2.103) in the low and 

high velocity limits [Lapicki and McDaniel 1980].   

 This electron capture cross section can be added onto the ECUSAR in order to get the 

total x-ray ionization cross section.  When the electron capture component is added to the 

ECUSAR theory, it is denoted as ECUSAR (DI+EC) with DI being the direct ionization 

component and EC being the electron capture component.  A comparison of the ECUSAR and 

ECUSAR (DI+EC) theories is shown in figure 2.4 for the example case of O ions on thorium.  It 

can be seen in this figure that the ECUSAR and ECUSAR (DI+EC) only differ slightly for the  
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case of singly ionized O, while the difference for an electron bare O
8+

 ion, the difference is quite 

significant.  This is the same trend that PWBA and PWBA+OBKN theories showed in figure 2. 

1. 
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FIG. 2.4.  The ECUSAR and ECUSAR (DI+EC) theoretical M-shell x-ray production cross 

sections for oxygen ions on thorium.  Cross sections are courtesy of Dr. G. Lapicki [2010]. 
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CHAPTER 3 

EXPERIMENTAL SETUP AND DATA ANALYSIS 

 

3.1 Experimental Setup 

 The accelerators used for this work were a 2.5 MV Van de Graaff (VDG) accelerator and 

a 3 MV NEC 9SDH-2 Pelletron tandem accelerator.  The Van de Graaff was only used for the 

proton and He+ ions in the energy range of 0.4 MeV to 1.5 MeV.  The protons, C and O ions 

were produced by the NEC SNICS II (Source of Negative Ions by Cesium Sputtering) source 

attached to the tandem accelerator.  The high energy He+ ions (above 1.5 MeV) were produced 

by a NEC Alphatross source.  Figure 3.1 shows a diagram of the University of North Texas Ion 

Beam Modification and Analysis Laboratory (IBMAL), where this work was performed. 

 The Van De Graaff accelerator uses a radio frequency ion source that produces plasmas 

of gasses such as hydrogen and helium for use as ion beams.  The SNICS II source produces ions 

from a cathode material placed inside of a copper cathode.  Any solid that has an electron 

affinity, i.e. able to take on an extra electron in order to produce a negative ion, can be used.  For 

this work, TiH was used as a source of protons, graphite was used for C ions, and Al2O3 was 

used for O ions.  The desired ion was selected by using a LabView program, designed for the 

IBMAL, which has the ability to control the magnetic field of the various analyzing magnets and 

read out the currents from the various faraday cups.  To select the appropriate ion from the 

SNICS II source, the 30
o
 analyzing magnet is used.  Figures 3.2 - 3.4 show the results of these 

magnetic scans. 
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FIG. 3.1.  Diagram of the IBMAL showing the two accelerators, ion sources, and beam lines 

used for these studies.  
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FIG. 3.2.  Results of a scan of the 30
o
 analyzing magnet with the TiH2 cathode in the SNICS II 

ions source. 
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FIG. 3.3.  Results of a scan of the 30
o
 analyzing magnet with the C cathode in the SNICS II ions 

source. 
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FIG. 3.4.  Results of a scan of the 30
o
 analyzing magnet with the Al2O3 cathode in the SNICS II 

ions source. 
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 The tandem accelerator operates by injecting negative ions into the low energy end of the 

tandem, where they are accelerated to the positive high voltage terminal, which is located in the 

center of the machine.  At the terminal, the negative ions pass through a nitrogen gas cell that is 

used to strip off electrons and make the ion positive.  These positive ions are then accelerated 

away from the terminal.  At these ion energies at the terminal, the nitrogen gas stripper is capable 

of stripping up to charge state +4 for C and +5 for O as can be seen in figures 3.5 and 3.6.  At 

higher ion energies, higher charge states can be produced. 
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FIG. 3.5.  Scan of the HVEC analyzing magnet, with a C beam, where the current is read out at 

the tandem multipurpose beam line cup.  The tandem terminal voltage was 1.5 MV, and the 

nitrogen gas stripper was used.  Only the first four charge states can be seen, and the +2 and +3 

are the most prolific. 

+1 +4 
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FIG. 3.6.  Scan of the HVEC analyzing magnet, with an O beam, where the current is read out at 

the tandem multipurpose beam line cup.  The tandem terminal voltage was 1.5 MV, and the 

nitrogen gas stripper was used.  Charge states +2, +3, +4 and +5 can be seen with +2 and +3 

being the most prolific. 
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 The x-ray measurements were made with two different Princeton Gamma-Tech (PGT) 

Si(Li) detectors, each having a FWHM of 140 eV at 5.9 keV.  The entrance window of the x-ray 

detector used with H and He ions is made from an ultra-thin (384 nm) proprietary polymer that is 

designed for higher detection efficiencies at lower x-ray energies, while the one for the 

measurements with C and O ions was made with a thin (8 µm) beryllium window.  The x-ray 

detector was placed at 30
o
 (with respect to the beam direction) to the left of the sample and an 

Ortec surface barrier detector, with a FWHM resolution of 23 keV, was placed at 30
o
 to the right.  

This setup can be seen in figure 3.7 and a schematic of the detector electronics is shown in figure 

3.8.  The x-rays and the backscattered ions were measured simultaneously.  This was done in 

order to determine the x-ray cross section independently of target thickness and incident charge 

[Naab et al. 2005, Yu et al. 2005].  The Th and U targets were prepared by Micromatter Inc. 

using electron beam evaporation onto Moxtek foils, of thicknesses ~10 µg/cm
2
.  With this 

thickness, self-attenuation was reduced to less than 1% making the effect of beam energy loss in 

the targets negligible.  It has been shown that the x-ray production cross section can have a 

dependence on target thicknesses [Gray et al. 1976, McDaniel et al. 1977, McDaniel et al. 1979, 

Andrews et al. 1987, Yu et al. 1995].  It has been shown that thicknesses less than 2 µg/cm
2 

can 

approximate single ion collisions [McDaniel et al. 1977, McDaniel et al. 1979, Andrews et al. 

1987, Yu et al. 1995].  For the target thicknesses of 10 µg/cm
2
,the assumption of single ion 

collisions does not hold and the charge can equilibrate as the ions has multiple collisions with the 

target.  This effect is the most drastic for the higher charge states (+5, +6) for C and (+7, +8) for 

O [Yu et al. 1995].  For the measurements with C and O ions, the Moxtek foils were switched 

out for samples that were electron beam evaporated onto vitreous (glassy) carbon substrates.  
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The thickness of the samples on these substrates was the same 10 µg/cm
2
, and the vitreous 

carbon targets were used because they would hold up better to irradiation by the heavier ions.   

 The efficiency of the x-ray detector was determined by measuring the Kα transitions of 

Na, Al, Si, Cl, K, Ca, Sc, Ti, Cr, Mn, Co, Ni, and Cu following the method of Lennard and 

Phillips [Lennard and Phillips 1979].  The efficiency curve is shown in figure 3.9 with the 

uncertainties.  The uncertainties in the efficiency arises from the statistics of the x-ray and RBS 

measurements, a 5% uncertainty in the RBS cross section calculations from the angle between 

the beam and the detector, a 1% uncertainty in the beam energy, and a 3% uncertainty in the 

fluorescent yields for elements with x-ray energies around 3 keV.  The targets for the efficiency 

measurements were prepared by thermal evaporation onto Moxtek foils.  They were also ~10 

µg/cm
2
 in thickness for the same reasons mentioned above.  The efficiency measurements were 

performed at 1.5 MeV with helium ions.  To determine that efficiency, the K-shell fluorescent 

yields and the x-ray ionization cross sections are required.  The fluorescent yields were taken 

from Krause [1979] and the ECUSAR cross sections [Lapicki 2002, Lapicki 2005] were used in 

the calculations. 
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FIG. 3.7.  The target chamber of the multipurpose beam line.  Visible in the picture are the x-ray 

detector, the surface barrier detector, and the sample holder. 
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FIG. 3.8.  Schematic of the target chamber showing the Si(Li) x

barrier detector along with their respective electronics.
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.  Schematic of the target chamber showing the Si(Li) x-ray detector and the surface 

along with their respective electronics. 

 

 

ray detector and the surface 



 

 

49 

 

 After the detector efficiency was initially determined, it was reexamined before every set 

of measurements, when the projectile ion or accelerator was changed.  This was done by 

measuring the Kα x-rays of Cl, K, and Ca because their energies are the closest to the M-shell x-

ray energies of Th and U, which are in the 2 to 4 keV range.  This served as a time saving way to 

verify that the efficiency of the detector did not change between the measurements which 

spanned a period of several months. 

 There were two different silicon surface barrier detectors used in this study.  The first one 

had an active area of 30 mm
2
 and a thickness of 50 microns, while the second one had an active 

area of 100 mm
2
 and a thickness of 100 microns.  The smaller detector was used for taking data 

with protons and helium ions, and for the carbon and oxygen ions the larger area detector was 

used.  This was necessary due to the decreasing Rutherford scattering cross section at the higher 

energies of the carbon and oxygen ions.  The larger active area reduced the data acquisition time. 
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FIG. 3.9.  The absolute efficiency of the Si(Li) detector at the various energies as determined by 

the Kα transitions of Na, Al, Si, Cl, K, Ca, Sc, Ti, Cr, Mn, Co, Ni, and Cu, which included both 

the intrinsic efficiency and the solid angle of the detector. 
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 The energy calibration of the RBS and x-ray detectors was of critical importance due to 

their use in determining the charge states that were produced after the heavy ions had traveled 

through the carbon strippers.  This calibration was done by using an americium 241 alpha source, 

with a primary alpha energy of 5.486 MeV, and a cesium 137 source with a conversion electron 

energy of 0.624 MeV.  The linearity of the calibration was tested using a bismuth 207 source that 

has conversion electrons of the following energies, 0.482, 0.554, 0.976, and 1.048 MeV.  The 

calibration was seen to be accurate to within less than 1% by performing RBS with H ions on a 

thin gold target.  The backscattered peak energy was 1.977 MeV, and from the scattering 

kinematics, the backscattered energy should be 1.962 MeV, a difference of 0.75%. 

 With surface barrier detectors, there are two effects that can change the energy seen by 

the detector.  The first is the energy loss through the 30 µg/cm
2 

layer of gold that is deposited on 

the surface of the detector.  The energy loss of a C ion through this gold layer is approximately 

50 keV in the energy range of 4.5 MeV to 9.0 MeV as calculated by SRIM 2008 [Ziegler et al. 

2008].  The second is known as the pulse height defect (PHD) [Potter and Campbell 1978, Finch 

et al. 1979, Seidl et al. 2001].  The PHD is a larger effect on heavier, higher energy ions, such as 

fission fragments, while being less than 1% for hydrogen and less than 5% for helium [Potter and 

Campbell 1978].  There are several different effects that make up PHD’s.  For example, there 

can be nuclear collisions with the Si atoms of the detector itself [Seidl et al. 2001, ORTEC], 

channeling in the detector crystal [ORTEC], and plasma effects.  Plasma effects occur as the 

heavy ion enters the detector crystal it creates a “cloud” of electron-hole pairs as it penetrates 

into the detector [Finch et al. 1979, ORTEC].  This excessive amount of electron-hole pairs 

interferes with the detectors performance. 

 The PHD can be calculated using the following equation [Potter and Campbell 1979]: 
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&8 � &� " � " &� ,              (3.1) 

where En is the PHD, E0 is the energy of the ion incident on the surface barrier detector, P is the 

pulse height displayed from the multichannel analyzer connected to the detector (see figure 3.8), 

and EW is the energy loss of the ion through the gold layer of the detector.  The ion that is 

incident on the surface barrier detector has undergone nuclear scattering, and has lost some 

energy in this collision.  The energy of the scattered ion is given by [Chu et al. 1978] 

&� � P : & ,               (3.2) 

With E being the energy of the ion before scattering off of the target and K is the kinematic 

factor [Chu et al. 1978] given by 

P � �¢'���'��~�8�¼('�ä�~¼
'�('� �

$
.              (3.3) 

In the kinematic factor equation, M1 is the mass of the projectile ion, M2 is the mass of the target, 

and the angle θ is 150
o
.  The pulse height (P) is read directly from the multichannel analyzer 

output.  The energy loss through the gold layer, of thickness x, is calculated using the stopping 

power equation; 

Δ& � Wd
W. : Î                (3.4) 

 with the electronic stopping powers (dE/dx) calculated using SRIM 2008 [Ziegler et al 2008].  

The results of the calculations from Equation 3.1 are shown in Table 3.1. 
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Table 3.1.  Values of the PHD as calculated using Equation 3.3, as well as the values for the 

energy loss through the gold layer. 

Ion Ion Energy (MeV) Target E0 (MeV) P (MeV) EW (MeV) En (MeV) 

C 4.5 U 3.728 3.579 0.049 0.100 

C 9.0 Au 7.168 6.983 0.051 0.134 

C 9.0 U 7.455 7.133 0.051 0.271 

O 4.5 U 3.500 3.256 0.065 0.179 

O 13.5 U 10.501 10.245 0.075 0.181 

 

3.2 Data Analysis 

 Each of the Th and U M-shell spectra has over 30 possible radiative transitions [Bearden 

1967].  For this work, only the most intense transitions were examined.  The observed spectra 

show four distinct peaks, each of which is composed of multiple transitions.  These are the Mζ 

(M4-N2, M5-N3, M4-N3), Mα (M5-N6, M5-N7), Mβ (M4-N6, M5-O3, M4-O2), and Mγ (M4-

O3, M5-P3, M3-N4, M3-N5) peaks.  These 12 transitions account for approximately 70% of the 

total M-shell production cross section.  Mathematical software Origin Pro 8 [Origin] was used to 

separate the Mα, Mβ, and Mγ peaks from each other and extract their yields, and the Mζ yields 

were taken directly from the Ortec Maestro-32 [Maestro] multichannel analyzer software for 

each individual spectra.  For the Mα, Mβ, and Mγ peaks, a constant straight-line background, 

which is Origin Pro’s default option, was set at the lowest count and subtracted before the peaks 

were fitted by Gaussian functions. The Gaussians were fit using a Levenberg-Marquardt 

algorithm.  For the Mζ peak, the Maestro software calculates a straight-line background that uses 

the average value of the first three channels, and of the last three channels of the selected region 

of interest (ROI) as its endpoints.  The areas under these Gaussians are the Mi x-ray line yields 

fitted for input into the cross section calculations.  An example of such a fit is shown in Figure 

3.10.   
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FIG. 3.10.  A thorium M-shell x-ray spectrum produced by 4.8 MeV helium ions after the 

background subtraction.  All four of the examined peaks are shown along with the fits that were 

done in Origin Pro 8 [Origin].  Figure reproduced from Phinney et al. [2009], with permission 

from Institute of Physics Publishing Ltd.   
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 The experimental x-ray production cross section is calculated using the standard equation 

(see, for example, Sun et al. [1993]). 

E�' �  W© WΩ⁄ #�Ω� ��� ∑ ��¥

}
�                            (3.5) 

In Equation (3.5), ∆Ω is the solid angle of the surface barrier detector in steradians, Y and YXMi 

are particle scattering and Mi x-ray line yields, τ and τx are the corresponding dead time 

correction factors for each detector and associated electronics, and εi is the x-ray detector 

efficiency at a given Mi x-ray energy.  The dσ/dΩ cross section is modified to account for the 

electronic screening of the nucleus [L’Ecuyer et al. 1979].  This is especially true at lower 

projectile ion energies, where the scattering cross section is increasingly non-Rutherford due to 

the electronic screening.  The Rutherford backscattering cross section, (dσ/dΩ)RBS, can be 

corrected to account for this effect as shown by Gressett et al. [1989]. 
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σσ                       (3.6) 

In this equation, E1 is the projectile energy in MeV, Z1 is the atomic number of the projectile, 

and Z2 is the atomic number of the target.  At the lowest energy of 0.4 MeV, this is a 5% 

correction for protons and a 10% correction for helium ions.  For the lowest energy of 4.5 MeV 

the screening correction is 3% for C and 4% for O.  

 The M-shell x-ray production cross sections σX
Mi

 for each peak Mi= {Mζ, Mα, Mβ, and 

Mγ} are expressed in terms of M subshell x-ray production cross sections σMjX(j=1-5). 
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iijMjX

Mi

X ΓΓ= σσ                          (3.7) 

Where Γi is the total radiative transition probability for the i
th

 subshell and Γij is the radiative 

probability for a j
th

 transition in the i
th

 subshell.  For these probabilities, the values of Chen and 

Crasemann [1984] were used as recently recommended by Puri [2007]. 

 The total uncertainty in the measurements was due to statistical uncertainties of both the 

RBS and x-ray spectra yields, ion energy, and RBS detector’s solid angle (`�Ω~5%), and the x-

ray detector efficiency (`K77�ä�K8ä�~10%), and were determined as the square root of the 

individual uncertainties squared times the individual cross sections and added together then 

divided by the total cross section.  The uncertainty for each peak (Mα, Mβ, and Mγ) is given by; 

`'� � �U√�� VAµ�
$ * U√�� V.�B-�

$ * `K77�ä�K8ä�$ * `�Ω$  ,                        (3.8) 

where the Y terms are the yields of the RBS and x-ray spectra for each individual peak.  The 

uncertainty for the number of counts in the Mζ peak is calculated by the Maestro [Maestro] 

software; 

`¶8 � ¢�-� * ö U��9�q
¾ V U��9�q��9(V.             (3.9) 

In Equation (3.9), l is the low limit of the ROI, h is the high limit of the ROI and the adjusted 

gross counts of the ROI are given by; 

�-� � ∑ ����s�j9(s ,             (3.10) 

where Ci is the number of counts in a given channel.  The background counts, term B in 

Equation 3.9, are given as; 

ö � �∑ ��9($�j9 * ∑ ����j��$ � ��9(
¾ .            (3.11) 
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The net area of the Mζ ROI is then given as: 

�8 � �-� " µ ��9�q#
 ��9(#              (3.12) 

This uncertainty in counts can then be incorporated into the uncertainty in the Mζ peak by 

modifying Equation (3.8) to; 

`' � �U√�� VAµ�
$ * Uc®�

¶� V.�B-�
$ * `K77�ä�K8ä�$ * `�Ω$ .        (3.13) 

 The total uncertainty for the total M-shell production cross section is given by; 

`[�C-9 � ¢c¥!� ©¥!(c¥"� ©¥"(c¥#� ©¥#(c¥$� ©¥$
©%&Ö��  .         (3.14) 

In Equation (3.14), the square of the efficiencies calculated for each peak by Equation (3.8) and 

Equation (3.13) are multiplied by their respective cross section calculated using Equation (3.5), 

and then they are divided by the total M-shell production cross section. 

 The total uncertainty (Equation (3.14)) yielded values of 12 to 13% for protons, and 10 to 

11% for carbon and oxygen ions.  The lowest energy values, 0.4 MeV to 1.0 MeV, of the helium 

ions yielded total uncertainties up to 17 to 18%.  These higher uncertainties are due to the lower 

counting statistics of the x-ray spectra due to the small cross section for M-shell x-ray production 

for helium ions at these energies.  After 1.0 MeV the uncertainties decreased to a range of 12 to 

13%. 

 The uncertainty in beam energy can also be calculated.  From the H on Au RBS, 

mentioned in section 3.1, there is a difference of 0.75% between the projectile energy determined 

by the terminal voltage, and what the energy should be from the kinematics.  From the relation 

between beam energy and terminal potential, 
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& � Y���8�KäC�B *  1 * Q#�[�,           (3.15) 

one can obtain the following expression for the uncertainty in beam energy,  

�d � Y 1 * Q#`¿[.             (3.16) 

The information from RBS gives an estimate for the uncertainty in beam energy at one terminal 

voltage, so the above equation can be rearranged to give an uncertainty in the terminal voltage 

(VT), and inserting the values for H on Au RBS, at VT = 1 MV, 

�¿[ � ©ª
K (�# �

'ªª :d
K (�# � �.���q:$'K¿

K (# � 0.0075 )�.        (3.17) 

Assuming that this uncertainty scales linearly with the voltage, the beam energy uncertainty 

becomes = 0.0075*E.  The energy loss through the sample can also be accounted for by using 

SRIM [Ziegler et al. 2008] to calculate the energy loss through the target (∆E).  The uncertainty 

 E�d# due to the energy loss is simply ∆E/2 (see Equation 3.4), where E – ∆E/2 is the average 

ion energy loss in the target.  The corrected uncertainty is then: 

�dÀ�BBKäCKW � ��d$ * ��d$  .           (3.18) 

These energy uncertainties can be calculated using Equation (3.18) for each of the ions used, at 

the highest and lowest energies, and the results of these calculations are shown in Table 3.2.  The 

dE/dx [Ziegler et al. 2008] values for thorium were used, and the uranium values are similar.  

The largest energy uncertainty is for the heavier ions of carbon and oxygen, at higher energies, 

and is ~0.09 MeV. 
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Table 3.2.  Energy uncertainty values (σECorrected) calculated for H, He, C, and O ions on 10 

µg/cm
2
 Thorium targets at various energies.  

Projectile Projectile Energy (MeV) ∆E (MeV) εE ε∆E εECorrected (MeV) 

H 0.4 1.038E-03 0.003 0.001 0.003 

4.0 2.977E-04 0.030 0.000 0.030 

He 0.4 3.923E-03 0.003 0.002 0.004 

6.0 2.055E-03 0.045 0.001 0.045 

C 4.5 1.713E-02 0.034 0.009 0.035 

12.0 1.654E-02 0.090 0.008 0.090 

O 4.5 2.312E-02 0.034 0.012 0.036 

13.0 2.488E-02 0.098 0.012 0.098 
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CHAPTER 4 

RESULTS AND DISCUSSION 

 

 Tables 4.1-4.8 list the line and total M-shell x-ray production cross sections extracted 

from the measured spectra according to Equation (3.5) for H, He, C and O ions.  The total 

uncertainties for H and He at 0.4 MeV were ~17% and, with the statistical uncertainties being 

smaller at the higher energies, it decreased to ~11% for the higher energies. The uncertainties for 

the calculations done for C and O ions were in the range of 10-11%. 

 The total M-shell production cross sections produced by H and He ions are shown in 

figures 4.1 - 4.4.  The M-shell x-ray production cross sections from Tables 4.1 - 4.8 are plotted 

with the first Born approximation [Merzbacher and Lewis 1958, Nikolaev 1966] and ECUSAR 

[Lapicki 2002, Lapicki 2005] theoretical values as well as the results of other works as 

applicable.  The experimental values are also shown with error bars calculated by Equation 

(3.14).  The theoretical values used were the M sub-shell x-ray production cross section σMjX 

obtained by converting the M sub-shell ionization theoretical cross sections σMj according to the 

standard Equations (2.2) through (2.6).   

  



 

 

61 

 

Table 4.1.  The M-shell production cross section for each x-ray peak and the total M-shell x-ray 

production cross section for protons on thorium.  The cross sections are in barns.  The 0.4-1.4 

MeV cross sections were measured with the 2.5 MV VDG accelerator, and the 1.5-4.0 MeV data 

were taken with the 3 MV NEC Pelletron Tandem accelerator.  This table is adapted from 

Phinney et al. [2009] with permission from Institute of Physics Publishing Ltd. 

Energy           

(MeV) Mζ Mα Mβ Mγ Total 

0.4 1.82 50.0 21.2 9.89 82.9 

0.5 3.28 71.3 41.3 5.04 121 

0.6 5.86 108 58.1 5.44 177 

0.7 11.2 119 58.0 34.8 223 

0.8 10.6 159 79.6 14.4 264 

0.9 11.8 192 98.7 15.6 318 

1.0 14.6 213 104 24.2 357 

1.1 17.6 254 109 26.1 406 

1.2 24.9 261 126 23.5 436 

1.3 20.5 291 153 28.8 494 

1.4 18.6 373 166 47.9 605 

1.5 39.3 439 151 57.4 687 

1.6 32.8 458 148 47.3 687 

1.7 39.1 502 219 46.7 807 

1.8 38.6 552 262 55.8 909 

1.9 28.1 505 256 63.8 853 

2.0 40.1 598 287 67.0 992 

2.2 36.5 738 337 78.2 1190 

2.4 59.9 765 350 93.4 1270 

2.6 46.0 810 398 98.8 1350 

2.8 45.0 804 419 98.8 1370 

3.0 67.3 864 456 98.5 1470 

3.2 68.0 964 479 119.8 1630 

3.4 46.0 864 427 105.9 1440 

3.6 64.7 1030 493 115.6 1700 

3.8 63.8 1040 519 131.0 1750 

4.0 64.3 1020 495 128.0 1710 
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Table 4.2.  The M-shell production cross section for each x-ray peak and the total M-shell x-ray 

production cross section for protons on uranium.  The cross sections are in barns.  The 0.4-1.4 

MeV cross sections were measured with the 2.5 MV VDG accelerator, and the 1.5-4.0 MeV data 

were taken with the 3 MV NEC Pelletron Tandem accelerator.  This table is adapted from 

Phinney et al. [2009] with permission from Institute of Physics Publishing Ltd. 

Energy           

(MeV) Mζ Mα Mβ Mγ Total 

0.4 1.54 38.1 19.8 2.25 61.7 

0.5 2.79 53.7 30.5 13.8 101 

0.6 3.90 85.8 46.5 4.60 141 

0.7 4.24 100 40.2 28.4 173 

0.8 8.26 131 66.4 16.2 222 

0.9 5.73 152 79.5 11.0 248 

1.0 7.61 178 89.8 19.7 295 

1.1 8.59 196 95.7 21.7 322 

1.2 10.4 216 122 27.6 376 

1.3 8.83 214 127 14.6 364 

1.4 12.7 288 147 35.8 483 

1.5 29.6 306 168 29.2 532 

1.6 28.6 330 165 49.9 573 

1.7 22.3 381 184 52.6 640 

1.8 28.9 428 195 67.1 719 

1.9 34.7 462 203 63.5 763 

2.0 30.2 538 266 75.7 910 

2.2 36.2 597 272 88.8 994 

2.4 48.6 642 290 103 1080 

2.6 32.8 601 321 94.2 1050 

2.8 31.1 631 327 100 1090 

3.0 37.1 686 348 111 1180 

3.2 29.3 732 361 105 1230 

3.4 33.0 683 338 113 1170 

3.6 39.3 805 385 126 1360 

3.8 45.5 903 423 135 1510 

4.0 59.4 815 421 133 1430 
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Table 4.3.  The M-shell production cross section for each x-ray peak and the total M-shell x-ray 

production cross section for helium on thorium.  The cross sections are in barns. This table is 

adapted from Phinney et al. [2009] with permission from Institute of Physics Publishing Ltd. 

Energy           

(MeV) Mζ Mα Mβ Mγ Total 

0.4 0.23 2.51 0.84 0.12 3.71 

0.5 0.61 5.96 2.35 0.45 9.37 

0.6 0.60 14.0 6.26 0.84 21.7 

0.7 1.09 19.9 11.2 1.54 33.7 

0.8 1.29 34.3 13.6 1.15 50.3 

0.9 2.99 40.0 24.6 3.09 70.6 

1.0 3.48 56.8 27.7 4.23 92.2 

1.1 4.19 73.5 38.5 3.90 120 

1.2 5.15 80.0 46.1 5.47 137 

1.3 7.61 131 56.0 7.58 202 

1.4 9.91 120 80.3 7.60 218 

1.5 6.91 134 56.7 41.46 239 

1.6 7.52 161 95.2 8.68 273 

1.7 8.32 211 109 13.8 342 

1.8 8.54 179 93.6 9.59 291 

1.9 12.3 251 136 20.1 419 

2.0 10.4 256 130 17.4 414 

2.2 13.5 271 133 12.9 431 

2.4 12.5 315 156 20.7 505 

2.6 21.1 295 169 106.5 592 

2.8 18.5 346 197 27.3 589 

3.0 29.0 510 259 38.7 837 

3.2 33.1 569 326 45.1 973 

3.4 26.7 545 314 42.6 928 

3.6 32.2 549 301 46.7 929 

3.8 39.4 702 336 75.5 1150 

4.0 33.3 727 371 63.0 1190 

4.2 41.4 785 402 73.9 1300 

4.5 45.3 889 496 75.2 1500 

4.8 41.5 952 477 111 1580 

5.1 72.0 1200 629 120 2020 

5.4 50.8 1020 551 120 1740 

5.7 64.0 1130 573 130 1900 

6.0 63.7 1240 637 153 2090 
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Table 4.4.  The M-shell production cross section for each x-ray peak and the total M-shell x-ray 

production cross section for helium on uranium.  The cross sections are in barns.  This table is 

adapted from Phinney et al. [2009] with permission from Institute of Physics Publishing Ltd. 

Energy           

(MeV) Mζ Mα Mβ Mγ Total 

0.4 0.19 1.04 0.82 0.06 2.12 

0.5 0.60 3.85 2.73 0.10 7.28 

0.6 0.88 10.1 3.38 0.21 14.6 

0.7 0.89 15.7 5.46 0.27 22.3 

0.8 1.53 24.1 9.47 0.83 35.9 

0.9 1.00 32.5 16.5 0.75 50.8 

1.0 1.78 50.9 20.2 1.21 74.1 

1.1 3.22 53.4 28.1 0.49 85.2 

1.2 3.71 76.0 38.8 1.05 120 

1.3 3.80 93.4 48.7 2.19 148 

1.4 7.01 107 55.7 0.83 170 

1.5 4.10 104 50.6 33.1 192 

1.6 5.74 140 73.8 13.4 233 

1.7 7.29 160 76.0 47.8 292 

1.8 10.69 182 86.7 16.3 296 

1.9 8.64 192 124 15.0 339 

2.0 9.75 215 109 13.7 348 

2.2 10.4 213 111 21.2 356 

2.4 10.8 283 137 39.3 470 

2.6 12.9 239 127 91.0 471 

2.8 16.0 350 206 33.9 606 

3.0 20.0 423 235 34.0 713 

3.2 18.8 471 223 58.3 771 

3.4 26.1 520 281 46.3 874 

3.6 21.2 454 226 54.0 756 

3.8 21.1 523 263 49.7 857 

4.0 25.4 599 314 59.9 999 

4.2 33.8 727 390 74.6 1230 

4.5 34.0 682 345 93.6 1150 

4.8 38.1 804 459 94.6 1400 

5.1 39.9 895 454 111 1500 

5.4 40.9 876 482 95.7 1490 

5.7 34.2 866 464 113 1480 

6.0 57.0 1100 559 165 1880 
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Table 4.5.  The M-shell production cross section for each x-ray peak and the total M-shell x-ray 

production cross section for carbon on thorium.  The cross sections are in barns.   

 

Energy             

(MeV) q Mζ Mα Mβ Mγ Total 

4.5 2 32.6 586 292 45.2 956 

5.3 2 49.6 842 439 69.6 1400 

5.3 3 48.6 857 477 77.5 1460 

6.0 2 64.9 1160 615 88.5 1930 

6.0 3 64.6 1170 648 88.6 1970 

6.8 2 83.5 1560 815 121 2580 

7.0 2 85.2 1620 790 131 2630 

7.0 3 96.4 1660 861 129 2750 

7.5 4 112 1960 995 156 3220 

8.0 3 129 2130 1130 164 3550 

8.8 4 141 2560 1340 223 4260 

9.0 3 165 2740 1430 245 4580 

10.0 4 203 3260 1810 282 5560 

11.3 4 247 4020 2240 346 6850 
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Table 4.6.  The M-shell production cross section for each x-ray peak and the total M-shell x-ray 

production cross section for carbon on uranium.  The cross sections are in barns.   

 

Energy             

(MeV) q Mζ Mα Mβ Mγ Total 

4.5 2 25.0 471 259 45.8 801 

5.3 2 39.1 690 350 65.1 1140 

5.3 3 40.8 700 354 57.7 1150 

6.0 2 49.5 1010 537 108 1700 

6.0 3 48.0 992 518 97.0 1650 

6.8 2 57.6 1260 653 142 2110 

7.0 2 63.0 1370 672 144 2250 

7.0 3 56.5 1290 683 114 2140 

7.5 4 95.8 1850 915 194 3060 

8.0 3 97.1 1700 911 173 2880 

8.8 4 115 2200 1160 235 3710 

9.0 3 133 2190 1200 209 3730 

10.0 4 136 2780 1500 285 4700 

11.3 4 156 3360 1810 353 5680 
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Table 4.7.  The M-shell production cross section for each x-ray peak and the total M-shell x-ray 

production cross section for oxygen on thorium.  The cross sections are in barns.  

  

Energy             

(MeV) q Mζ Mα Mβ Mγ Total 

4.5 2 25.7 474 231 41.9 773 

5.3 2 41.7 670 364 58.2 1130 

6.0 2 48.6 976 501 72.3 1600 

6.0 3 63.1 969 554 83.0 1670 

6.8 2 63.3 1260 745 97.4 2170 

7.0 3 100 1490 726 137 2450 

7.5 4 94.9 1690 880 167 2830 

8.0 3 120 2090 1080 138 3430 

8.8 4 146 2570 1440 243 4400 

9.0 3 146 2690 1470 184 4490 

10.0 4 188 3270 1800 238 5500 

10.5 5 236 3990 2140 411 6780 

11.3 4 258 4190 2520 257 7230 

12.0 5 268 4670 2760 315 8010 

13.5 5 318 5660 3450 369 9800 
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Table 4.8.  The M-shell production cross section for each x-ray peak and the total M-shell x-ray 

production cross section for oxygen on uranium.  The cross sections are in barns.   

 

Energy             

(MeV) q Mζ Mα Mβ Mγ Total 

4.5 2 19.5 362 199 36.2 617 

5.3 2 24.3 510 301 48.7 884 

6.0 2 32.2 781 407 53.9 1270 

6.0 3 38.8 720 415 56.1 1230 

6.8 2 44.4 1010 553 81.3 1690 

7.0 3 56.2 1120 567 118 1860 

7.5 4 72.9 1380 690 134 2280 

8.0 3 91.3 1630 852 103 2680 

8.8 4 104 2040 998 199 3340 

9.0 3 121 2370 1130 205 3830 

10.0 4 99.3 2560 1370 192 4230 

10.5 5 195 2920 1690 259 5070 

11.3 4 136 3750 2050 262 6190 

12.0 5 172 4100 2290 348 6910 

13.5 5 147 4680 2570 459 7850 
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FIG. 4.1.  The total M-shell x-ray production cross section in thorium for protons.  The cross 

sections from Table 4.1 are shown along with the values from previous studies [Gressett et al. 

1989, Pajek et al. 1990, Rodriguez-Fernandez et al. 2002, Pajek et al. 2006], the first Born 

approximation [Merzbacher and Lewis 1958, Nikolaev 1966] (dashed line), and the ECUSAR 

theory [Lapicki 2002, Lapicki 2005] (solid violet line).   This figure is from Phinney et al. 

[2009]. 
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FIG. 4.2.  The total M-shell x-ray production cross section in uranium for protons.  The cross 

sections from Table 4.2 are shown along with the values from previous studies [Mehta et al. 

1982, Jopson et al. 1962, Needham and Sartwell 1970, Ishii et al. 1975, de Castro Faria et al. 

1983, Gressett et al. 1989, Jesus and Ribeiro 1989, Rodriguez-Fernandez et al. 2002], the first 

Born approximation [Merzbacher and Lewis 1958, Nikolaev 1966] (dashed line), and the 

ECUSAR theory [Lapicki 2002, Lapicki 2005] (solid violet line).   This figure is from Phinney et 

al. [2009]. 
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FIG. 4.3.  The total M-shell x-ray production cross section in thorium for helium ions.  The cross 

sections from Table 4.3 are shown along with values from previous studies [Cai et al. 1993, 

Pajek et al. 2006], the first Born approximation [Merzbacher and Lewis 1958, Nikolaev 1966] 

(dashed line), and the ECUSAR theory [Lapicki 2002, Lapicki 2005] (solid violet line).   This 

figure is from Phinney et al. [2009]. 
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FIG. 4.4.  The total M-shell x-ray production cross section in uranium for helium ions.  The cross 

sections from Table 4.4 shown along with values from previous studies [Mehta et al. 1982, Jesus 

and Rebeiro et al. 1989, Cai et al. 1993], the first Born approximation [Merzbacher and Lewis 

1958, Nikolaev 1966] (dashed line), and the ECUSAR theory [Lapicki 2002, Lapicki 2005] 

(solid violet line).   This figure is from Phinney et al. [2009]. 
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The calculations for C and O use the multiple ionization values for the fluorescence and 

Coster-Kronig yields of equations (2.7) and (2.9).  In order to account for the changing energies 

and charge states used in the experiments, a continuous correction of the fluorescent and Coster-

Kronig yields was used.  Shown in figure 4.5, are the values of P for C ions, calculated from 

Equation (2.8), for various charge states and energies.  This continuous correction is done by 

means of a linear fit, P = 0.14 + E1 (MeV) / 160 (also shown in figure 4.1), that interpolates the 

values of P over the changing charge states from q = 2 at 4 MeV to q = 4 at 12 MeV.  The values 

of P for O ions are shown in figure 4.2 along with the linear fit P = 0.16 + E1 (MeV) / 74 that 

interpolates P over the changing charge states from q = 2 at 4 MeV to q = 5 at 15 MeV.   For the 

q = 5 values, Equation (2.8) gives values greater than one, and since P is the ionization 

probability with values that should range from zero to one, the values greater than one are forced 

to be equal to one.   

 The multiple ionization values utilized the linear fit of P shown in figures 4.5 and 4.6.  

Since the measurements were taken with different q values at different ion energies, the 

theoretical ionization cross sections for carbon ions were calculated at 4 MeV for q = 2, at 6 

MeV as an arithmetic average of the q = 2 and q = 3 cross sections, at 8 MeV for q = 3, at 10 

MeV as an arithmetic average of the q = 3 and q = 4 cross sections and at 12 MeV for q = 4.  For 

oxygen ions, the theoretical ionization cross sections were calculated at 4 MeV for q = 2, at 6 

MeV as an arithmetic average of the q = 2 and q = 3 cross sections, at 8 MeV for q = 3, at 10 

MeV as an arithmetic average of the q = 3 and q = 4 cross sections, at 11 MeV for q = 4, at 13 

MeV as an arithmetic average of the q = 4 and q = 5 cross sections, and at 15 MeV for q = 5.  

Their logarithms were then fitted to a quadratic polynomial in E1 for evaluation of these first 
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Born and ECUSAR cross sections at any carbon energy in the 4 – 12 MeV or any oxygen energy 

in the 4 – 15 MeV range. 

 To illustrate this fitting routine, an example of carbon ions on thorium for the ECUSAR 

theory is shown in figures 4.7 and 4.8.  The values, described above for the charge state energy 

combinations, used in these graphs are given in Tables 4.9 and 4.11 for the points used to 

calculate the quadratic fits for the calculation of the final theoretical cross sections.  Also in 

Tables 4.10 and 4.12 are the quadratic fits that resulted from these values.  The theoretical values 

with only single ionization considerations will be denoted SI, and the theoretical values using the 

fluorescent and Coster-Kronig yields that have been modified to account for multiple ionization 

will be denoted MI. 
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Table 4.9.  ECUSAR SI theoretical values for C on Th with unaltered fluorescent and Coster-

Kronig yields.  The cross section values are in kilobarns. 

E (MeV) q σMζ Total σMα Total σMβ Total σMγ Total Total σM 

4 2 0.0241 0.4199 0.2137 0.0144 0.6721 

6 1/2(2+3) 0.0723 1.2350 0.6602 0.0441 2.0116 

8 3 0.1345 2.2763 1.2422 0.0957 3.7487 

10 1/2(3+4) 0.2031 3.4264 1.8820 0.1693 5.6808 

12 4 0.2842 4.7938 2.6339 0.2635 7.9754 

 

Table 4.10.  ECUSAR SI quadratic polynomial fits of the production cross sections from Table 

4.9.  The cross section values are in kilobarns 

Peak  Quadratic Polynomial Fit 

Mζ σ = 3.589E-05*E1
4
 - 1.164E-03*E1

3
 + 1.480E-02*E1

2
 - 5.406E-02*E1 + 6.884E-02  

Mα σ = 5.884E-04*E1
4
 - 1.892E-02*E1

3
 + 2.395E-01*E1

2
 - 8.550E-01*E1 + 1.069E+00  

Mβ σ = 3.438E-04*E1
4
 - 1.125E-02*E1

3
 + 1.438E-01*E1

2
 - 5.383E-01*E1 + 6.988E-01  

Mγ σ = -4.054E-06*E1
4
 + 1.180E-04*E1

3
 + 1.492E-03*E1

2
 - 6.879E-03*E1 + 1.149E-02  

Total σ = 9.641E-04*E1
4
 - 3.122E-02*E1

3
 + 3.995E-01*E1

2
 - 1.454E+00*E1 + 1.848E+00  

  

Table 4.11.  ECUSAR MI theoretical values for C on Th with fluorescent and Coster-Kronig 

yields modified with the linear fit from figure 4.5.  The cross section values are in kilobarns 

E (MeV) q σMζ Total σMα Total σMβ Total σMγ Total Total σM 

4 2 0.0274 0.4728 0.2463 0.0167 0.7632 

6 1/2(2+3) 0.0832 1.4013 0.7716 0.0518 2.3079 

8 3 0.1555 2.5878 1.4644 0.1146 4.3223 

10 1/2(3+4) 0.2353 3.8928 2.2317 0.2066 6.5664 

12 4 0.3304 5.4503 3.1417 0.3266 9.2491 

 

Table 4.12.  ECUSAR MI quadratic polynomial fits of the production cross sections from Table 

4.11.  The cross section values are in kilobarns 

Peak  Quadratic Polynomial Fit 

Mζ σ = 4.361E-05*E1
4
 - 1.411E-03*E1

3
 + 1.785E-02*E1

2
 - 6.597E-02*E1 + 8.496E-02  

Mα σ = 7.125E-04*E1
4
 - 2.287E-02*E1

3
 + 2.867E-01*E1

2
 - 1.035E+00*E1 + 1.308E+00  

Mβ σ = 4.194E-04*E1
4
 - 1.370E-02*E1

3
 + 1.748E-01*E1

2
 - 6.627E-01*E1 + 8.698E-01  

Mγ σ = -6.635E-06*E1
4
 + 2.115E-04*E1

3
 + 1.087E-03*E1

2
 - 5.901E-03*E1 + 1.113E-02  

Total σ = 1.169E-03*E1
4
 - 3.777E-02*E1

3
 + 4.805E-01*E1

2
 - 1.769E+00*E1 + 2.274E+00  
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FIG. 4.5. The outer-shell ionization probabilities P for carbon ions, of equation 2.7, for q = 1 

(black squares), q = 2 (red circles), q = 3 (blue triangles), q = 4 (grey triangles), are shown as a 

function of the projectile energy E1.  The straight line, P = 0.14 + E1 (MeV) / 160, interpolates 

these values of P for the incident charges q of carbon ions ranging from q = 2 at 4 MeV to q = 4 

at 12 MeV. 
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FIG. 4.6. The outer-shell ionization probabilities P for oxygen ions, of equation 2.7, for q = 1 

(black squares), q = 2 (red circles), q = 3 (blue triangles), q = 4 (grey triangles), q = 5 (orange 

triangles), are shown as a function of the projectile energy E1.  The straight line, P = 0.16 + E1 

(MeV) / 74, interpolates these values of P for the incident charges q of oxygen ions ranging from 

q = 2 at 4 MeV to q = 5 at 15 MeV. 
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FIG. 4.7.  ECUSAR SI values, for carbon on Th, (open points from Table 4.9) and the quadratic 

polynomial fit (solid lines from Table 4.10) for each peak cross section as well as the total cross 

section. 
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FIG. 4.8.  ECUSAR MI values, for carbon on Th, (open points from Table 4.11) and the 

quadratic polynomial fit (solid lines from Table 4.12) for each peak cross section as well as the 

total cross section. 
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Figures 4.9 – 4.12 shows the total cross section values for C and O ions with the first 

Born (PWBA + OBKN) and ECUSAR theoretical values for single ionization (SI) as well as the 

values modified for multiple ionization (MI).  All of these values were calculated using the 

quadratic polynomial fit procedure shown in figures 4.7 and 4.8.  The results of Czarnota et al. 

[2009] for oxygen on thorium and uranium are also plotted in figures 4.11 and 4.12. 

In order to better see how the experimental results compare to the different theories, the 

ratios of the experimental values to the different theories have been calculated and graphed.  

Figures 4.13 – 4.20 show the ratios of the experimental values, for H and He ions, to the first 

Born (PWBA + OBKN) approximation and to the ECUSAR theoretical values.  Figures 4.21 – 

4.28 show the ratios for C and O ions to the first Born (PWBA + OBKN) approximation (SI and 

MI) and to the ECUSAR (SI and MI) theoretical values.  All of these figures also show the 

results of other authors to the theories where applicable. 
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FIG. 4.9.  The total M-shell x-ray production cross section in thorium for carbon ions.  The cross 

sections from Table 4.5 shown along with the first Born approximation [Merzbacher and Lewis 

1958, Nikolaev 1966], (upper two curves) and the ECUSAR theory [Lapicki 2002, Lapicki 2005] 

(lower two curves).  The dashed curves are the theoretical cross sections that were converted 

with the single ionization atomic parameters, and the solid curves are the theoretical cross 

sections converted with multiple ionization atomic parameters.   
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FIG. 4.10.  The total M-shell x-ray production cross section in uranium for carbon ions.  The 

cross sections from Table 4.6 shown along with the first Born approximation [Merzbacher and 

Lewis 1958, Nikolaev 1966] (the upper two curves), and the ECUSAR theory [Lapicki 2002, 

Lapicki 2005] (the lower two curves).   The dashed curves are the theoretical cross sections that 

were converted with the single ionization atomic parameters, and the solid curves are the 

theoretical cross sections converted with multiple ionization atomic parameters.   
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FIG. 4.11.  The total M-shell x-ray production cross section in thorium for oxygen ions.  The 

cross sections from Table 4.7 shown along with values from previous studies [Czarnota et al. 

2009], the first Born approximation [Merzbacher and Lewis 1958, Nikolaev 1966] (the upper 

two curves), and the ECUSAR theory [Lapicki 2002, Lapicki 2005] (the lower two curves).   The 

dashed curves are the theoretical cross sections that were converted with the single ionization 

atomic parameters, and the solid curves are the theoretical cross sections converted with multiple 

ionization atomic parameters.   
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FIG. 4.12.  The total M-shell x-ray production cross section in uranium for oxygen ions.  The 

cross sections from Table 4.8 shown along with values from previous studies [Czarnota et al. 

2009], the first Born approximation [Merzbacher and Lewis 1958, Nikolaev 1966] (the upper 

two curves), and the ECUSAR theory [Lapicki 2002, Lapicki 2005] (the lower two curves).   The 

dashed curves are the theoretical cross sections that were converted with the single ionization 

atomic parameters, and the solid curves are the theoretical cross sections converted with multiple 

ionization atomic parameters.   
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FIG. 4.13.  The ratios of the experimental results of this study (see Table 4.1) and others 

[Gressett 1989, Pajek et al. 1990, Rodriguez-Fernandez et al. 2002, Pajek et al. 2006] to the first 

Born approximation [Merzbacher and Lewis 1958, Nikolaev 1966] for protons on thorium.  This 

figure is from Phinney et al. [2009]. 
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FIG. 4.14.  The ratios of the experimental results of this study (see Table 4.1) and others 

[Gressett 1989, Pajek et al. 1990, Rodriguez-Fernandez et al. 2002, Pajek et al. 2006] to 

ECUSAR theory [Lapicki 2002, Lapicki 2005] for protons on thorium.  This figure is from 

Phinney et al. [2009]. 



 

 

87 

 

 

FIG. 4.15.  The ratios of the experimental results of this study (see Table 4.2) and others [Jopson 

et al. 1962, Needham and Sartwell 1970, Ishii et al. 1975, Mehta et al. 1982, De Castro Faria et 

al. 1983, Gressett 1989, Jesus and Ribeiro 1989, Rodriguez-Fernandez et al. 2002] to the first 

Born approximation [Merzbacher and Lewis 1958, Nikolaev 1966] for protons on uranium.  This 

figure is from Phinney et al. [2009]. 
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FIG. 4.16.  The ratios of the experimental results of this study (see Table 4.2) and others [Jopson 

et al. 1962, Needham and Sartwell 1970, Ishii et al. 1975, Mehta et al. 1982, De Castro Faria et 

al. 1983, Gressett 1989, Jesus and Ribeiro1989, Rodriguez-Fernandez et al. 2002] to the 

ECUSAR theory [Lapicki 2002, Lapicki 2005] for protons on uranium.  This figure is from 

Phinney et al. [2009]. 
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FIG. 4.17.  The ratios of the experimental results for M-shell x-ray production for helium ions on 

thorium of this study (see Table 4.3) and others [Cai et al. 1993, Pajek et al. 2006] to the first 

Born approximation [Merzbacher and Lewis 1958, Nikolaev 1966].   This figure is from Phinney 

et al. [2009]. 
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FIG. 4.18.  The ratios of the experimental results for M-shell x-ray production for helium ions on 

thorium of this study (see Table 4.3) and others [Cai et al. 1993, Pajek et al. 2006] to the 

ECUSAR theory [Lapicki 2002, Lapicki 2005].   This figure is from Phinney et al. [2009]. 
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FIG. 4.19.  The ratios of the experimental results for M-shell x-ray production for helium ions on 

uranium of this study (see Table 4.4) and others [Mehta et al. 1982, Jesus and Ribeiro 1989, Cai 

et al. 1993] to the first Born approximation [Merzbacher and Lewis 1958, Nikolaev 1966].   This 

figure is from Phinney et al. [2009]. 
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FIG. 4.20.  The ratios of the experimental results for M-shell x-ray production for helium ions on 

uranium of this study (see Table 4.4) and others [Mehta et al. 1982, Jesus and Ribeiro 1989, Cai 

et al. 1993] to the ECUSAR theory [Lapicki 2002, Lapicki 2005].   This figure is from Phinney 

et al. [2009]. 
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FIG. 4.21.  The ratios of the experimental results for M-shell x-ray production for carbon ions on 

thorium of this study (see Table 4.5) to the first Born approximation [Merzbacher and Lewis 

1958, Nikolaev 1966].   The open symbols show the single ionization theoretical cross section 

values, while the filled symbols represent the multiple ionization theoretical cross sections. 
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FIG. 4.22.  The ratios of the experimental results for M-shell x-ray production for carbon ions on 

thorium of this study (see Table 4.5) to the ECUSAR theory [Lapicki 2002, Lapicki 2005]. The 

open symbols show the single ionization theoretical cross section values, while the filled 

symbols represent the multiple ionization theoretical cross sections. 
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FIG. 4.23.  The ratios of the experimental results for M-shell x-ray production for carbon ions on 

uranium of this study (see Table 4.6) to the first Born approximation [Merzbacher and Lewis 

1958, Nikolaev 1966].  The open symbols show the single ionization theoretical cross section 

values, while the filled symbols represent the multiple ionization theoretical cross sections. 
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FIG. 4.24.  The ratios of the experimental results for M-shell x-ray production for carbon ions on 

uranium of this study (see Table 4.6) to the ECUSAR theory [Lapicki 2002, Lapicki 2005].  The 

open symbols show the single ionization theoretical cross section values, while the filled 

symbols represent the multiple ionization theoretical cross sections. 
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FIG. 4.25.  The ratios of the experimental results for M-shell x-ray production for oxygen ions 

on thorium of this study (see Table 4.7) (squares) and of Czarnota et al. [2009] (triangles) to the 

first Born approximation [Merzbacher and Lewis 1958, Nikolaev 1966].   The open symbols 

show the single ionization theoretical cross section values, while the filled symbols represent the 

multiple ionization theoretical cross sections. 
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FIG. 4.26.  The ratios of the experimental results for M-shell x-ray production for oxygen ions 

on thorium of this study (see Table 4.7) (squares) and of Czarnota et al. [2009] (triangles) to the 

ECUSAR theory [Lapicki 2002, Lapicki 2005].  The open symbols show the single ionization 

theoretical cross section values, while the filled symbols represent the multiple ionization 

theoretical cross sections. 
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FIG. 4.27.  The ratios of the experimental results for M-shell x-ray production for oxygen ions 

on uranium of this study (see Table 4.8) (squares) and of Czarnota et al. [2009] (triangles) to the 

first Born approximation [Merzbacher and Lewis 1958, Nikolaev 1966].  The open symbols 

show the single ionization theoretical cross section values, while the filled symbols represent the 

multiple ionization theoretical cross sections. 
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FIG. 4.28.  The ratios of the experimental results for M-shell x-ray production for oxygen ions 

on uranium of this study (see Table 4.8) (squares) and of Czarnota et al. [2009] (triangles) to the 

ECUSAR theory [Lapicki 2002, Lapicki 2005].   The open symbols show the single ionization 

theoretical cross section values, while the filled symbols represent the multiple ionization 

theoretical cross sections. 
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 The ratio of the experimental values from Tables 4.1 – 4.2, for H ions, and from other 

references [Mehta et al.  1982, Jopson et al. 1962, Neeham and Sartwell 1970, Ishii et al. 1975, 

De Castro Faria et al. 1983, Gressett et al. 1989, Jesus and Ribeiro 1989, Pajek et al. 1990, 

Rodriguez et al. 2002, Pajek et al. 2006] to the theoretical values are shown in figures 4.13 - 

4.16.  Above 1 MeV, both theories are in very good agreement with our data and those of other 

authors [Mehta et al. 1982, Jopson et al. 1962, Neeham and Sartwell 1970, Ishii et al. 1975, De 

Castro Faria et al. 1983, Gressett et al. 1989, Jesus and Ribeiro 1989, Pajek et al. 1990, 

Rodriguez et al. 2002, Pajek et al. 2006].  Noticeably, however, the uranium measurements of 

[Mehta et al. 1982, Ishii et al. 1975], and [De Castro Faria 1983] in particular, lie significantly, 

by as much as a factor of 2, below the theories and our data.  Below 1 MeV, with decreasing 

energy, the first Born approximation increasingly overestimates all data while the ECUSAR 

underestimates them to the same degree.  The oldest set of measurements of Jopson et al. [1962] 

for uranium bombarded by 0.2 – 0.5 MeV protons buck this trend in the data versus the 

ECUSAR as an exception. 

 The helium ion ratios shown in figures 4.17 – 4.20 are similar to the proton ratios 

displayed in figures 4.13 – 4.16.  The good agreement between the present data and the theories 

above 1 MeV is again evident, as is the agreement with the data of Cai et al. [1993].  Likewise, 

below 1 MeV, with decreasing projectile ion energy, the first Born approximation increasingly 

overestimates all data while the ECUSAR underestimates them to the same degree. 

 In figures 4.21 - 4.24, the ratios of the experimental cross sections for carbon on thorium 

and uranium to the two theoretical calculations are shown.  It can be seen that the experimental 

cross sections are in good agreement with the ECUSAR theory.  The ECUSAR theory slightly 

overestimates the data with a deviation of approximately 5-10%, while the first Born 
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approximation (PWBA + OBKN) theory significantly over estimates the experimental data by 

50-70%.  The experimental results for carbon are better fit by the ECUSAR SI theoretical values 

that have been calculated using the single ionization fluorescent and Coster-Kronig yields.  The 

ECUSAR SI values differ from the results by being 5-10% higher, while the ECUSAR MI values 

are 15-20% higher.   

 The oxygen results were compared to the results of Czarnota et al. [2009] which used 8.0 

– 35.2 MeV oxygen ions on 10 to 30 µg/cm
2
 thick Th and U targets.  The oxygen data in figures 

4.25 - 4.28 shows that the first Born approximation overestimates the data by 50-70% as it did 

with the carbon ions.  The first Born approximations also overestimates the data of Czarnota et 

al. [2009] by the same amount.  The ECUSAR MI theory, values that were calculated using the 

modified value of P in figure 4.6, more closely represents the data which is the opposite of the 

carbon results.  For the results on thorium, the ECUSAR MI values overestimate the results by 

about 5-10%.  This overestimation is a little greater for the uranium values 10-15%.  The lowest 

energy values for both targets lies almost 30% above the ECUASR MI values.   

The individual peaks are also plotted against the theoretical values for He, C and O ions 

in figures 4.29 – 4.46.  The ratios of each individual peak cross section to the theoretical models 

are shown in figures 4.47 – 4.62. 

  



 

 

103 

 

 

FIG. 4.29.  Experimental Mα x-ray production cross sections, of helium ions on thorium, 

compared to the first Born approximation [Merzbacher and Lewis 1958, Nikolaev 1966] (dashed 

curve) and ECUSAR theories [Lapicki 2002, Lapicki 2005] (solid violet curve).  This figure is 

from Phinney et al. [2009]. 
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FIG. 4.30.  Experimental Mα x-ray production cross sections, for helium ions on uranium, 

compared to the results of Jesus and Ribeiro [Jesus 1989], the first Born approximation 

[Merzbacher and Lewis 1958, Nikolaev 1966] (dashed curve) and ECUSAR theories [Lapicki 

2002, Lapicki 2005] (solid violet curve).  This figure is from Phinney et al. [2009]. 
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FIG. 4.31.  Experimental Mζ x-ray production cross sections, for carbon ions on thorium, 

compared to the first Born approximation [Merzbacher and Lewis 1958, Nikolaev 1966] (the 

upper two curves) and ECUSAR theories [Lapicki 2002, Lapicki 2005] (the lower two curves).  

The dashed curves are the theoretical cross sections that were converted with the single 

ionization atomic parameters, and the solid curves are the theoretical cross sections converted 

with multiple ionization atomic parameters.   
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FIG. 4.32.  Experimental Mζ x-ray production cross sections, for carbon ions on uranium, 

compared to the first Born approximation [Merzbacher and Lewis 1958, Nikolaev 1966] (the 

upper two curves) and ECUSAR theories [Lapicki 2002, Lapicki 2005] (the lower two curves).  

The dashed curves are the theoretical cross sections that were converted with the single 

ionization atomic parameters, and the solid curves are the theoretical cross sections converted 

with multiple ionization atomic parameters.   
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FIG. 4.33.  Experimental Mα x-ray production cross sections, for carbon ions on thorium, 

compared to the first Born approximation [Merzbacher and Lewis 1958, Nikolaev 1966] (the 

upper two curves) and ECUSAR theories [Lapicki 2002, Lapicki 2005] (the lower two curves).  

The dashed curves are the theoretical cross sections that were converted with the single 

ionization atomic parameters, and the solid curves are the theoretical cross sections converted 

with multiple ionization atomic parameters.   
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FIG. 4.34.  Experimental Mα x-ray production cross sections, for carbon ions on uranium, 

compared to the first Born approximation [Merzbacher and Lewis 1958, Nikolaev 1966] (the 

upper two curves) and ECUSAR theories [Lapicki 2002, Lapicki 2005] (the lower two curves).  

The dashed curves are the theoretical cross sections that were converted with the single 

ionization atomic parameters, and the solid curves are the theoretical cross sections converted 

with multiple ionization atomic parameters.   

 

  



 

 

109 

 

 

FIG. 4.35.  Experimental Mβ x-ray production cross sections, for carbon ions on thorium, 

compared to the first Born approximation [Merzbacher and Lewis 1958, Nikolaev 1966] (the 

upper two curves) and ECUSAR theories [Lapicki 2002, Lapicki 2005] (the lower two curves).  

The dashed curves are the theoretical cross sections that were converted with the single 

ionization atomic parameters, and the solid curves are the theoretical cross sections converted 

with multiple ionization atomic parameters.   

 

  



 

 

110 

 

 

FIG. 4.36.  Experimental Mβ x-ray production cross sections, for carbon ions on uranium, 

compared to the first Born approximation [Merzbacher and Lewis 1958, Nikolaev 1966] (the 

upper two curves) and ECUSAR theories [Lapicki 2002, Lapicki 2005] (the lower two curves).  

The dashed curves are the theoretical cross sections that were converted with the single 

ionization atomic parameters, and the solid curves are the theoretical cross sections converted 

with multiple ionization atomic parameters.   
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FIG. 4.37.  Experimental Mγ x-ray production cross sections, for carbon ions on thorium, 

compared to the first Born approximation [Merzbacher and Lewis 1958, Nikolaev 1966] (the 

upper two curves) and ECUSAR theories [Lapicki 2002, Lapicki 2005] (the lower two curves).  

The dashed curves are the theoretical cross sections that were converted with the single 

ionization atomic parameters, and the solid curves are the theoretical cross sections converted 

with multiple ionization atomic parameters.   
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FIG. 4.38.  Experimental Mγ x-ray production cross sections, for carbon ions on uranium, 

compared to the first Born approximation [Merzbacher and Lewis 1958, Nikolaev 1966] (the 

upper two curves) and ECUSAR theories [Lapicki 2002, Lapicki 2005] (the lower two curves).  

The dashed curves are the theoretical cross sections that were converted with the single 

ionization atomic parameters, and the solid curves are the theoretical cross sections converted 

with multiple ionization atomic parameters.   
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FIG. 4.39.  Experimental Mζ x-ray production cross sections, for oxygen ions on thorium, 

compared to the first Born approximation [Merzbacher and Lewis 1958, Nikolaev 1966] (the 

upper two cruves) and ECUSAR theories [Lapicki 2002, Lapicki 2005] (the lower two curves).  

The dashed curves are the theoretical cross sections that were converted with the single 

ionization atomic parameters, and the solid curves are the theoretical cross sections converted 

with multiple ionization atomic parameters.   
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FIG. 4.40.  Experimental Mζ x-ray production cross sections, for oxygen ions on uranium, 

compared to the first Born approximation [Merzbacher and Lewis 1958, Nikolaev 1966] (the 

upper two curves) and ECUSAR theories [Lapicki 2002, Lapicki 2005] (the lower two curves).  

The dashed curves are the theoretical cross sections that were converted with the single 

ionization atomic parameters, and the solid curves are the theoretical cross sections converted 

with multiple ionization atomic parameters.   
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FIG. 4.41.  Experimental Mα x-ray production cross sections, for oxygen ions on thorium, 

compared to the first Born approximation [Merzbacher and Lewis 1958, Nikolaev 1966] (the 

upper two curves) and ECUSAR theories [Lapicki 2002, Lapicki 2005] (the lower two curves).  

The dashed curves are the theoretical cross sections that were converted with the single 

ionization atomic parameters, and the solid curves are the theoretical cross sections converted 

with multiple ionization atomic parameters.   
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FIG. 4.42.  Experimental Mα x-ray production cross sections, for oxygen ions on uranium, 

compared to the first Born approximation [Merzbacher and Lewis 1958, Nikolaev 1966] (the 

upper two curves) and ECUSAR theories [Lapicki 2002, Lapicki 2005] (the lower two curves).  

The dashed curves are the theoretical cross sections that were converted with the single 

ionization atomic parameters, and the solid curves are the theoretical cross sections converted 

with multiple ionization atomic parameters.   
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FIG. 4.43.  Experimental Mβ x-ray production cross sections, for oxygen ions on thorium, 

compared to the first Born approximation [Merzbacher and Lewis 1958, Nikolaev 1966] (the 

upper two curves) and ECUSAR theories [Lapicki 2002, Lapicki 2005] (the upper two curves).  

The dashed curves are the theoretical cross sections that were converted with the single 

ionization atomic parameters, and the solid curves are the theoretical cross sections converted 

with multiple ionization atomic parameters.   
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FIG. 4.44.  Experimental Mβ x-ray production cross sections, for oxygen ions on uranium, 

compared to the first Born approximation [Merzbacher and Lewis 1958, Nikolaev 1966] (the 

upper two cruves) and ECUSAR theories [Lapicki 2002, Lapicki 2005] (the lower two curves).  

The dashed curves are the theoretical cross sections that were converted with the single 

ionization atomic parameters, and the solid curves are the theoretical cross sections converted 

with multiple ionization atomic parameters.   
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FIG. 4.45.  Experimental Mγ x-ray production cross sections, for oxygen ions on thorium, 

compared to the first Born approximation [Merzbacher and Lewis 1958, Nikolaev 1966] (the 

upper two curves) and ECUSAR theories [Lapicki 2002, Lapicki 2005] (the lower two curves).  

The dashed curves are the theoretical cross sections that were converted with the single 

ionization atomic parameters, and the solid curves are the theoretical cross sections converted 

with multiple ionization atomic parameters.   
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FIG. 4.46.  Experimental Mγ x-ray production cross sections, for oxygen ions on uranium, 

compared to the first Born approximation [Merzbacher and Lewis 1958, Nikolaev 1966] (the 

upper two curves) and ECUSAR theories [Lapicki 2002, Lapicki 2005] (the lower two curves).  

The dashed curves are the theoretical cross sections that were converted with the single 

ionization atomic parameters, and the solid curves are the theoretical cross sections converted 

with multiple ionization atomic parameters.   
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FIG. 4.47.  Ratios of the measured x-ray production cross section for protons on thorium for each 

of the individual peaks (see Table 4.1) to the theoretical results of the first Born approximation 

[Merzbacher and Lewis 1958, Nikolaev 1966].  This figure is from Phinney et al. [2009]. 
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FIG. 4.48.  Ratios of the measured x-ray production cross section for protons on thorium for each 

of the individual peaks (see Table 4.1) to the theoretical results of the ECUSAR theory [Lapicki 

2002, Lapicki 2005].  This figure is from Phinney et al. [2009]. 
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FIG. 4.49.  Ratios of the measured x-ray production cross section for protons on uranium for 

each of the individual peaks (see Table 4.2) to the theoretical results of the first Born 

approximation [Merzbacher and Lewis 1958, Nikolaev 1966].  This figure is from Phinney et al. 

[2009]. 
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FIG. 4.50.  Ratios of the measured x-ray production cross section for protons on uranium for 

each of the individual peaks (see Table 4.2) to the theoretical results of the ECUSAR theory 

[Lapicki 2002, Lapicki 2005].  This figure is from Phinney et al. [2009]. 
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FIG. 4.51.  Ratios of the measured x-ray production cross section for helium ions on thorium for 

each of the individual peaks (see Table 4.3) to the theoretical results of the first Born 

approximation [Merzbacher and Lewis 1958, Nikolaev 1966].  This figure is from Phinney et al. 

[2009]. 
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FIG. 4.52.  Ratios of the measured x-ray production cross section for helium ions on thorium for 

each of the individual peaks (see Table 4.3) to the theoretical results of the ECUSAR theory 

[Lapicki 2002, Lapicki 2005].  This figure is from Phinney et al. [2009]. 
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FIG. 4.53.  Ratios of the measured x-ray production cross section for helium ions on uranium for 

each of the individual peaks (see Table 4.4) to the theoretical results of the first Born 

approximation [Merzbacher and Lewis 1958, Nikolaev 1966].  This figure is from Phinney et al. 

[2009]. 



 

 

128 

 

 

FIG. 4.54.  Ratios of the measured x-ray production cross section for helium ions on uranium for 

each of the individual peaks (see Table 4.4) to the theoretical results of the ECUSAR theory 

[Lapicki 2002, Lapicki 2005].  This figure is from Phinney et al. [2009]. 
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FIG. 4.55.  Ratios of the measured x-ray production cross section for carbon ions on thorium for 

each of the individual peaks (see Table 4.5) to the theoretical results of the first Born 

approximation [Merzbacher and Lewis 1958, Nikolaev 1966], where the open symbols are the 

ratios to the single ionization cross sections and the filled symbols are the ratios to the multiple 

ionization cross sections. 
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FIG. 4.56.  Ratios of the measured x-ray production cross section for carbon ions on thorium for 

each of the individual peaks (see Table 4.5) to the theoretical results of the ECUSAR theory 

[Lapicki 2002, Lapicki 2005], where the open symbols are the ratios to the single ionization 

cross sections and the filled symbols are the ratios to the multiple ionization cross sections. 
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FIG. 4.57.  Ratios of the measured x-ray production cross section for carbon ions on uranium for 

each of the individual peaks (see Table 4.6) to the theoretical results of the first Born 

approximation [Merzbacher and Lewis 1958, Nikolaev 1966], where the open symbols are the 

ratios to the single ionization cross sections and the filled symbols are the ratios to the multiple 

ionization cross sections. 
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FIG. 4.58.  Ratios of the measured x-ray production cross section for carbon ions on uranium for 

each of the individual peaks (see Table 4.6) to the theoretical results of the ECUSAR theory 

[Lapicki 2002, Lapicki 2005], where the open symbols are the ratios to the single ionization 

cross sections and the filled symbols are the ratios to the multiple ionization cross sections. 
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FIG. 4.59.  Ratios of the measured x-ray production cross section for oxygen ions on thorium for 

each of the individual peaks (see Table 4.7) to the theoretical results of the first Born 

approximation [Merzbacher and Lewis 1958, Nikolaev 1966], where the open symbols are the 

ratios to the single ionization cross sections and the filled symbols are the ratios to the multiple 

ionization cross sections. 
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FIG. 4.60.  Ratios of the measured x-ray production cross section for oxygen ions on thorium for 

each of the individual peaks (see Table 4.7) to the theoretical results of the ECUSAR theory 

[Lapicki 2002, Lapicki 2005], where the open symbols are the ratios to the single ionization 

cross sections and the filled symbols are the ratios to the multiple ionization cross sections. 
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FIG. 4.61.  Ratios of the measured x-ray production cross section for oxygen ions on uranium for 

each of the individual peaks (see Table 4.8) to the theoretical results of the first Born 

approximation [Merzbacher and Lewis 1958, Nikolaev 1966], where the open symbols are the 

ratios to the single ionization cross sections and the filled symbols are the ratios to the multiple 

ionization cross sections. 
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FIG. 4.62.  Ratios of the measured x-ray production cross section for oxygen ions on uranium for 

each of the individual peaks (see Table 4.8) to the theoretical results of the ECUSAR theory 

[Lapicki 2002, Lapicki 2005], where the open symbols are the ratios to the single ionization 

cross sections and the filled symbols are the ratios to the multiple ionization cross sections. 
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 Figures 4.29 and 4.30 shows the Mα x-ray production cross sections for thorium and 

uranium ionized by helium ions respectively.  The MXα (M5N6,7) contributes 60% of the total M-

shell production cross section, and thus comparison of the measured σX
Mα

 (see Tables 4.3 and 

4.4) with the predictions of the first Born approximation [Merzbacher and Lewis 1958, Nikolaev 

1966] and the ECUSAR theory [Lapicki 2002, Lapicki 2005] essentially replicates how the data 

for the total M-shell production cross section, σXM, compare with these theories. 

 Figures 4.47 – 4.50 and 4.51 – 4.54 exhibit, respectively, for H and He ions, the ratio of 

the production cross sections for three of the four individual peaks Mζ, Mα, and Mβ to the 

theoretical ionization cross sections, and compare them to the individual cross sections of the 

first Born approximation [Merzbacher and Lewis 1958, Nikolaev 1966] and the ECUSAR theory 

[Lapicki 2002, Lapicki 2005].   The Mζ, Mα, and Mβ cross sections are generally in satisfactory 

agreement with both theories, except at energies below 1 MeV.  The Mγ peak shows a larger 

deviation for theory, for protons and helium ions above 1 MeV, this deviation is about 10 to 

15%.  Below energies of 1.0 MeV the deviation is large and erratic.  This is due to the fact that 

an accurate extraction of the Mγ cross section is hindered by the strong overlap of the Mγ peak 

with the four-fold larger Mβ peak.  As seen in figure 3.10, the fitted shape and width of the Mβ 

peak could in itself turn out to be largely affected by the Mα peak that is about a factor of 2 

larger. 

 For carbon ions it can be seen that the Mα, Mβ, and Mζ peaks, which make up 

approximately 93% of the total cross section, are in good agreement with the ECUSAR SI 

theory, and to somewhat a lesser extent the ECUSAR MI, as can be seen in figures 4.56 and 

4.58.  The Mγ peak is overestimated by almost a factor of two by the ECUSAR SI theory.  In 
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figures 4.57 and 4.59 it can be seen that the first Born approximation (PWBA + OBKN) 

overestimates the Mα, Mβ, and Mζ peaks by the same amount as it does for the total cross 

section.  The PWBA + OBKN theory is in good agreement for the Mγ peak.  The discrepancies in 

the Mγ peak are due to the previously mentioned reasons.   

 For the oxygen ions, it can be seen that they follow the same trends as the results for the 

carbon ions.  It is shown in figures 4.60 and 4.62 that the Mα, Mβ, and Mζ peaks are slightly 

underestimated by the ECUSAR SI theory by an amount similar to that of the total cross section, 

and have a better agreement with the ECUSAR MI values.  It can be seen in figures 4.59 and 

4.61 that the first Born approximation (PWBA + OBKN) slightly overestimates the results of the 

Mγ peak, while the overestimation of the Mζ, Mα, and Mβ peaks is substantial at a rate of 50-

70%.    
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CHAPTER 5 

CONCLUSIONS 

 

The total cross sections and the cross sections for individual x-ray peaks in the x-ray 

spectrum for Th and U targets were measured using protons, helium ions, carbon ions, and 

oxygen ions.  The individual x-ray peaks consisted of the following transitions Mζ (M4-N2, M5-

N3, M4-N3), Mα (M5-N6,7), Mβ (M4-N6, M5-O3, M4-O2), and Mγ (M4-O3, M5-P3, M3-N4, 

M3-N5).  The targets were made by e-beam evaporation onto Moxtek and vitreous carbon 

substrates with a thickness of 10 µg/cm
2
.  For the carbon and oxygen ions, multiple ionization 

(MI) effects were taken into account by using the probability of ionizing an outer shell electron 

(P) to modify the fluorescent and Coster-Kronig yields.  Due to the changing charge states and 

energies used in this work, a linear fit to determine the value of P was employed.  The 

experimental results were compared to the first Born approximation (PWBA+OBKN) theory and 

to the ECUSAR theory.  

For the individual peaks, shown in figures 4.47 – 4.54, above 1 MeV the experiment to 

theory ratios for the dominating Mα, Mβ, and Mζ  peaks were very close to 1.0 for both the first 

Born approximation and the ECUSAR theory indicating good agreement between theory and 

experiment.  The Mγ peak was most troublesome due to its relative size and significant 

contamination by the neighboring Mβ peak.  Below 1 MeV, these ratios were more erratic and 

distant from 1.0. 

 Above 1 MeV, our data for the total M-shell x-ray production were equally well 

predicted by both theories.  Below 1 MeV, both theories with the decreasing energy diverged 
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from the data for the total M-shell x-ray production in an opposite manner.  The first Born 

approximation progressively overestimates the measurements and those of others [Mehta et al. 

1982, Jopson et al. 1962, Neeham and Sartwell 1970, Ishii et al. 1975, De Castro Faria et al. 

1983, Gressett et al. 1989, Jesus and Ribeiro 1989, Pajek et al. 1990, Cai et al. 1993, Rodriguez 

et al. 2002, Pajek et al. 2006] to the same extent that the ECUSAR theory underestimates them. 

 For carbon ions, the experimental results show good agreement with the ECUSAR SI 

ionization theory.  The ECUSAR SI theory overestimates the experimental results by 5-10%, 

while the first Born approximation (PWBA + OBKN) overestimates the experimental results by 

50 to 70%.  The ECUSAR SI theory also shows a similar agreement with the experimental 

results of the Mα, Mβ, and Mζ peaks.  The Mγ peak is underestimated by the ECUSAR but is 

only slightly overestimated by the PWBA+OBKN theory. 

 The oxygen ion results show a similar agreement to the ECUSAR theory as does the 

carbon ion results, but they are slightly underestimated as are the data of Czarnota et al. [2009].  

The oxygen ion results differ from the carbon results in that they fit the ECUSAR MI better than 

the ECUSAR SI theoretical values.  The first Born approximation (PWBA + OBKN) also 

overestimates the experimental values.  The individual peak cross sections for the Mα, Mβ, and 

Mζ show the same agreement with the theories as does the total cross sections.  While the Mγ 

peaks show similar behavior as they do for the carbon ion results.   

 Overall, the ECUSAR theory fits the data very well.  This is not unsurprising since the 

energies used are in the lower velocity region.  At the lower velocity limit (Equation 2.12) the 

PWBA theory is not as valid.  As can be seen for the proton cross sections at energies above 1 

MeV both theories are close and give similar results.  However, as the projectile ions get heavier, 
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i.e. carbon and oxygen, it can be seen that the ECUSAR and first Born approximations have 

quite a bit of difference in value.  
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APPENDIX 

  CONSTANTS AND PARAMETERS 
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Table A.1.  Values of various constants used in this work. 

Symbol Name Definition Value (MKS units) 

Value (Atomic 

Units) 

me Mass of electron 9.11*10
-31

 kg 1 

e Charge of electron 1.602*10
-19

 C 1 

½ Reduced Planck's Constant é 2T⁄  1.05*10
-34

 J*s 1 

R∞ Rydberg Constant 1.097*10
7
 m

-1
 

hcR∞ Rydberg Energy ½$ 2ãKe�$⁄  13.605 eV 1/2 

a0 Bohr Radius ½$ ãKY$⁄  5.29*10
-9

 m 1 

v0 Atomic electron velocity   2.19*10
6
 m/s 1 

 

Table A.2.  Parameters used in theoretical calculations. 

Symbol Parameter Equation 

ωS Flourescent yield for the S shell 2.1 

fij Coster-Kronig Yield 

Sij Super Coster-Kronig Yield 

P Probabilitiy of ionizing an outer shell 2.8 

ηS Reduction parameter which is proportional to projectile energy 2.28 

v1 Velocity of incoming ion (units of (MeV/amu)
1/2

) 2.43 

Z1 Atomic charge of the incoming ion 

v2S Orbital velocity of S shell electron 2.44 

Z2S Effective nuclear charge of target atom 2.45 

IS Binding enegy of S shell electron 

θS Screening number 

ω2S Effective binding energy of the S shell 

ζS Characteristic collision time 2.55 
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