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Abstract

A general wellbore flow model, which incorporates not only frictional, accelerational
and gravitational pressure drops, but also the pressure drop caused by inflow, is presented
in this report. The new wellbore model is readily applicable to any wellbore perforation
patterns and well completions, and can be easily incorporated in reservoir simulators or
analytical reservoir inflow models.

Three dimensionless numbers, the accelerational to frictional pressure gradient ratio
R, the gravitational to frictional pressure gradient ratio Ry¢, and the inflow-directional to
accelerational pressure gradient ratio Ry,, have been introduced to quantitatively describe
the relative importance of different pressure gradient components. For fluid flow in a produc-
tion well, it is expected that there may exist up to three different regions of the wellbore: the
laminar flow region, the partially-developed turbulent flow region, and the fully-developed
turbulent flow region. The laminar flow region is located near the well toe, the partially-
turbulent flow region lies in the middle of the wellbore, while the fully-developed turbulent
flow region is at the downstream end or the heel of the wellbore. Length of each region
depends on fluid properties, wellbore geometry and flow rate. As the distance from the
well toe increases, flow rate in the wellbore increases and the ratios R,y and Ry, decrease.
Consequently accelerational and inflow-directional pressure drops have the greatest impact
in the toe region of the wellbore. Near the well heel the local wellbore flow rate becomes
large and close to the total well production rate, here R,y and Ry, are small, therefore, both
the accelerational and inflow-directional pressure drops can be neglected. :

It is found that the influence of either inflow or outflow depends on the flow regime
present in the wellbore. For laminar flow, wall friction increases due to inflow but decreases
due to outflow. For turbulent flow, inflow reduces the wall friction, while outflow increases
it. To obtain the precise contribution of the frictional pressure drop along the wellbore, new
wall friction factor correlations for pipe flow with perforation influx have been developed
based on the published research work and the Stanford horizontal well experimental data.
They can be applied in wellbore flow to determine wall friction shear and frictional pressure
drop for either inflow (production well) or outflow (injection well) and for either laminar
flow or turbulent flow. 4

The new wellbore flow model has been used to study the relative importance of
frictional and accelerational components of pressure drop along a horizontal well. Other
sensitivity analyses have also been conducted. Moreover, the new wellbore model has been
coupled with a reservoir model to study the performance of a horizontal well. Calculations
show that the accelerational pressure gradient may or may not be important compared to
the frictional component depending on the specific pipe geometry, fluid properties and flow
conditions. It is recommended that the new wellbore flow model be included in wellbore-
reservoir coupling models to achieve more accurate predictions of pressure drop and inflow
distribution along the wellbore as well as well production or injection rates.
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1. Introduction

Over the last decade horizontal wells have become a well-established technology for
the recovery of oil and gas. Considerable amount of analytical and experimental work has
been published on various aspects of horizontal well production, including transient flow
models, stabilized inflow models, productivity indices, and cresting behavior. Although
these methods provide insight into the behaviors of horizontal wells, few of them considers
pressure drop along the wellbore and essentially infinite conductivity is assumed. In 1990
Dikken [1] proposed the first semi-analytical model to evaluate the production performance of
a horizontal well with the consideration of the wellbore pressure drop resulting from turbulent
flow. Since then, Islam & Chakma [2], Folefac et al. [3], Briggs [4], Ozkan et al. [5], Ihara et
al. [6], Seines et al. [7], Landman [8], Novy [9] and other researchers have presented different
coupling models for wellbore flow and reservoir inflow through perforations. However, even
in cases where pressure drop along a wellbore is considered, only the frictional component
is included, pressure drop due to accelerational and other effects is usually neglected. As we
show in this report, due to the existence of perforation inflow, the accelerational pressure drop
can be important relative to the frictional part and can significantly influence the well flow
rates under some flow conditions. Furthermore, traditional methods to determine frictional
pressure drop in pipe flow that do not account for inflow or outflow effect are employed in
most of the coupling models, which is not justified since inflow changes the wall friction in
the wellbore. ,

A general wellbore flow model, which incorporates not only frictional, accelerational
and gravitational pressure drops, but also the pressure drop caused by inflow, is presented
in this report. The new model is readily applicable to any wellbore perforation pattern and
well completion, and can be easily incorporated in reservoir simulators or analytical reservoir
inflow models. To calculate precisely the contribution of frictional pressure drop along the
wellbore, new wall friction factor correlations for pipe flow with perforation influx are also
developed based on some published research work and the Stanford horizontal wellbore
experimental data. They can be applied in wellbore flow to determine wall friction shear
and frictional pressure drop for either inflow (production well) or outflow (injection well)
and for either laminar or turbulent flow.

The new wellbore flow model has been used to study the relative importance of
frictional and accelerational components of pressure drop along a horizontal well. Other
sensitivity analyses have also been conducted. Moreover, the new wellbore model has been
coupled with a simple reservoir model to study the performance of different horizontal wells.




2. Literature Review

As an effective boundary layer control method, fluid flow in channels or pipes with
fluid injection or extraction through the wall surface was first investigated by mechanical
engineers as early as 1904 (Schilichting, {10]). Early researchers only focused on fluid flow
past a flat surface with injection or suction in a part of the whole surface. Study of this
aspect is of great practical importance for the aerospace industry and it has enhanced the
design of aeroplanes and improved their performance. For example, only a little suction on
the surface of an airfoil was found to significantly increase lift and decrease drag, as well as
alter the heat transfer behavior. This discovery has been applied in the aerospace and other
related industries, such as chemical industry (membrane filtration [11], transpiration cooling
[12]), and nuclear industry (the enrichment of Usss {13]). Surprisingly, more than 50 years
had passed since the work on flat plates before Yuan & Finkelstein [14] investigated laminar
fluid flow in pipes in the presence of fluid injection or extraction through the porous wall.

Most theoretical studies for the friction factor and heat transfer characteristics for
laminar pipe flow with mass transfer through the porous wall are based on similarity solutions
where the velocity and temperature profiles are functions only of the radial coordinate that
stay unchanged in the axial direction. Similarity solutions have been found to exist in a
certain range of the wall Reynolds number R,, (injection Reynolds number for injection
case and extraction or suction Reynolds number for suction case) but not for other values.

Yuan & Finkelstein [14] were the first to investigate the effect of uniform injection and
suction at the pipe wall on the two-dimensional steady-state laminar flow of a fluid in a porous
pipe by solving the Navier-Stokes equations in cylindrical coordinates for both very large and
very small inflow Reynolds number cases. The dynamic equations were reduced by means of
similarity analysis to a third-order nonlinear ordinary differential equation with appropriate
boundary conditions, which was then solved by a perturbation method. The results show
that the effect of injection at the pipe wall is to increase the wall friction shear and thus
increase the friction factor while suction decreases them. Kinney [15] examined the frictional
and heat-transfer charateristics of fully-developed laminar flow in porous pipe by utilizing
numerical solutions of the momentum and energy equations. The fluid flow in a straight
circular tube with uniform inflow or outflow was considered. The corresponding Navier-
Stokes equations were reduced to an ordinary differential form also by applying similarity
analysis. Olson & Eckert [16] performed experimental studies of turbulent air flow in a porous
circular pipe with uniform air injection through the pipe wall. The fully-developed turbulent
air flow at Reynolds number of 28,000 to 82,000 entered the pipe while air was injected
uniformly through the wall at various ratios of injection velocity to the average velocity at
the entrance, ranging from 0.00246 to 0.0584. Kinney & Sparrow [17] presented results for
frictional, heat-transfer and mass-transfer characteristics of fully-developed turbulent flow in
pipes with suction. They assumed that the velocity and temperature fields are locally self-
similar. The variation of the friction factor with the relative suction velocity Yff was given
in graphical form for parametric values of the Reynolds number. Merkin et al. 18] extended
these results to account for the effect of suction on the turbulence level in the fluid (suction
decreases turbulence level). Their results show good agreement with the measurements of the
velocity profiles by Weissberg & Berman [19]. Unfortunately, no results of the friction factor
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were given. By modifying the Kinney & Sparrow’s analysis {17] , Doshi & Gill [20] obtained
an excellent agreement with the experimental velocity profiles of Weissberg & Berman [19].
Lombardi et al. [21] investigated the fully developed turbulent flow along a pipe with air
injection through the porous wall and found that the Nusselt number in the downstream
region of the pipe could be related by the local parameters, such as the local axial flow
Reynolds number and the injection Reynolds number, without separate dependence upon
the inlet axial Reynolds number and axial position.

It is quite interesting to note that the flow characterisics of pipe flow with mass
transfer through pipe wall are different from those of channel flow or flow past a flat plate. For
example, considering the laminar flow case, the local friction factor increases with an increase
of inflow Reynolds number for pipe flow but decreases for channel flow. Moreover, the
suction-induced transition to turbulent flow (suction-induced instability) and the existence
of multiple solutions for pipe flow have no counterpart in channel flow (Raithby, [22]).

Another interesting fact is the different behavior of the local friction factor change
with the inflow rates for laminar flow and for turbulent flow. For laminar flow, the local fric-
tion factor increases with an increase in the injection Reynolds number, whereas it decreases
for turbulent flow. The underlying mechanisms will be discussed later in this report.

The fluid flow in a pipe with mass transfer through pipe wall did not interest petroleum
engineers until the horizontal well technology was introduced and widely applied in the
petroleum industry starting in the 1980s. For fluid flow in horizontal wells, the flow format
is quite similar to the pipe flow with mass transfer through porous wall. The main differences
between these two types of flow are as follows:

e In horizontal wells, the mass transfer is normally through perforations, while in the
case of pipe flow it is through pores in the wall. In other words, the effective perforation
density is very large (theoretically infinite) for the porous pipe flow case. Nevertheless,
in the case of openhole completions, the horizontal well and porous pipe flow problems
are conceptually identical.

e The injection rates are usually quite small in the porous pipe flow case, this is not
necessarily the case for wellbore flow.

e When there is no mass transfer through the pipe wall, the effective pipe roughness is
very different from the actual pipe roughness in a horizontal well due to the effect of
perforations on the axial flow (such as flow separation, cavity flow or secondary flow),
but it changes only slightly from the actual value for the porous pipe flow case.

Little information is available related to the significance of the above-mentioned dif-
ferences on the prediction of horizontal well behavior. Although much research work has
been completed for the porous pipe flow, these results may not be easily applicable to hori-
zontal wells. Recognizing this fact, petroleum engineers began to study the horizontal well
flow behavior from the late 1980s.

Kloster [23] experimentally studied flow resistance in a perforated pipe, both with
and without flow injection through the pipe wall, by using a pipe of 62 inch OD and 17-feet
in length. The pipe had a perforated section of 14-feet with a perforation density of 180
holes per foot. The Reynolds number covered in this study ranged from 60,000 to 450, 000.
Asheim et al. [24] stated that the total pressure drop along the perforated pipe is made up
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of wall friction APy,; and inflow acceleration and computed the wall friction factor in the
same way as for regular unperforated pipe and neglected the second-order term. Ihara et al.
[25] studied the channel flow with mass transfer through porous walls, which had continuous
influx into the horizontal channel from an oil reservoir model. They stated that the pressure
gradients increase almost uniformly in the test channel due to the confluence of influx and
axial flow and the pressure drop due to confluence increases linearly with the influx velocity.
Islam & Chakma [2] carried out an experimental study for multiphase flow in horizontal lucite
tubes of 2.54 ¢cm and 7.6 cm internal diameters with influx points made of 1m stainless steel
tubing of 3.2 mm internal diameter. They found that both oil viscosity and void fraction
have influence on the transition location from bubble to slug flow. They also found that the
pressure drop increases due to the existence of flow through perforations for the oil/gas case,
whereas for the oil/water/gas case, the presence of water leads to segregated bubbly oil and
water flow, which lowers the wall friction in the lower part of the tube.

Although pipe flow with mass transfer through pipe wall has been the topic of numer-
ous research activities, more work seems necessary considering the following observations:

e No correlations exist for determining the wall friction factors for single phase and
multiphase fluid flow in a wellbore with inflow or outflow through perforations.

e The accelerational and inflow-directional pressure drop are neglected in most of the
single wellbore flow models or wellbore-reservoir coupling models.

e The wall friction shears are usually evaluated by using the friction factor correlations
for pipe flow without mass transfer through pipe wall. Therefore, the impact of mass
transfer through pipe wall on the wall friction is not included.

e No mechanistic model has been developed to predict the flow characteristics, such as
flow pattern, liquid holdup and pressure drop in multiphase wellbore flow with the
presence of inflow or outflow through perforatiens.




3. General Wellbore Flow Model

Consider fluid flow in a wellbore as shown in Figure A.1 and assume single phase
flow of an incompressible Newtonian fluid under isothermal conditions with no heat transfer
to and from the fluid. Furthermore, assume that no mechanical work is done on or by the
fluid during its passage through the pipe. With these assumptions, the momentum balance
equation takes the form (see Appendix A for details)

1 1
pAUT —

Q10c 2Yc¢
NOT AU, — 7uSAz
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which can be rearranged to get the following pressure gradient equation
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Eq. 3.2 indicates that the overall pressure gradient consists of four different compo-
nents:

e The pressure gradient due to kinetic energy change (accelerational effects). This term
should be zero for incompressible fluid flow in pipes of constant ID and without inflow
or extraction. Obviously, it will not be zero for wellbore flow with influx.

e The frictional pressure gradient. This part of pressure gradient depends on both axial
and perforation flows.

e The pressure gradient due to the inflow direction, and it is termed as inflow-directional
pressure drop in this report. It may help or hinder the axial flow depending on the
inflow direction.

e The gravitational pressure gradient. It is reasonable to assume that the gravitational
pressure gradient is trivial and thus negligible for horizontal wellbore flow.

In order to quantitatively describe the relative importance of different pressure gra-
dient components, the following three dimensionless numbers are introduced:

R,y is defined as the ratio of the accelerational pressure gradient and the frictional pressure
gradient;




Ry is defined as the ratio of the gravitational pressure gradient and the frictional pressure
gradient;

Ry, isdefined as the ratio of the directional pressure gradient and the accelerational pressure
gradient.

Therefore, the total pressure gradient can be expressed as:

L = T+ Ryl — Ras) + Roy] (3.3)
It is easily seen from Eq. A.14 that the closer we are to the horizontal well toe
(z = 0), the smaller the local wellbore production rate g,, thus the larger the R,s and
the more important the accelerational pressure gradient. In contrast, near the heel of the
horizontal well (z = L), the local production rate g, becomes large and close to the total
well production rate, while the specific influx (inflow rate per wellbore length) g, does not
change significantly, so R,y is small, and the accelerational pressure gradient is small and
may be negligible.
For the uniform inflow case, we have shown in Appendix A that:

o In the laminar flow regime (z < L), Ry is only dependent on fluid properties, inflow
rate and pipe ID, but it is independent of location x and pipe roughness ¢. The larger
the g., the larger the R,s, but the shorter the laminar flow length L,.

e In the turbulent flow regime (z > L;), the Fanning friction factor f is dependent on
the local Reynolds number, the wall Reynolds number and the relative pipe roughness,
as a consequence, the R, depends on location z, pipe geometry (pipe ID and pipe
roughness), fluid properties, and inflow rates.

Since turbulent flow occurs along almost the whole wellbore section for most practical
situations, it is anticipated that the momentum correction factor o does not change much
for different velocity proﬁles (Ouyang & Aziz, [26]), therefore, o can be assumed constant.
Besides, the derlvatlve U can be obtained from the mass balance equation. Hence, Eq. A.9
can be rewritten as

D dp A] 2p AI
o = dz VA gcaUU A 2 PR

Based on Eq. 3.4, the wall friction shear stress and hence the wall friction factor can
be calculated. The wall friction factor is expected to depend on the local axial Reynolds
number, the injection Reynolds number, the effective relative pipe roughness and maybe the
inflow/axial flow rate ratios.

U?sin 2y — p;— sin 9] (3.4)




4. Influences of Mass Transfer through Pipe Wall

Based on the discussion detailed in Appendix B, it is found that:

e Laminar Flow: when mass transfer through the pipe wall exists, the parabolic veloc-
ity profile is inappropriate for describing the velocity distribution over the pipe cross
section. The velocity should increase for injection and decrease for suction following
the law of mass conservation. Although fluid injection leads to the increasing of axial
velocities across the whole pipe section, as can be imagined, the axial velocities near
the pipe wall will increase more than those far away from the wall (and thus close to the
centerline). Similarly, suction decreases axial velocities near the wall more significantly
than those away from the wall. As a result, the velocity gradient on and near the pipe
wall increases due to the inflow while it decreases due to outflow. Corrrespondingly,
the wall friction increases for inflow case but dcreases for outflow.

o Turbulent Flow: with the presence of mass transfer through perforations, the time
average velocity profile for turbulent pipe flow is altered due to the interaction between
the axial flow and the perforation flow. For the injection case, the inflow lifts and
expands the turbulent boundary layer and thus increases the axial velocity beyond
the layer while decreases the velocity within the layer to follow the mass conservation
law. As a consequence the axial velocity gradient near the pipe wall decreases and so
does the wall friction shear stress. -On the contrary, the suction lowers and reduces the
boundary layer and thus decreases the average velocity outside the layer but increases
the velocity inside the layer, which results in an increase of the axial velocity gradient
near the pipe wall and hence the wall friction shear stress. The analysis is consistent
with the numerical observations of Kinney & Sparrow [17] for pipe flow with suction
through pipe wall.
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5. New Wall Friction Factor Correlations

As discussed above in the previous section, the mass transfer through the pipe wall
affects wall friction shear. The influence of either inflow or outflow depends on the flow
regime present in the wellbore. The inflow (injection) increases the wall friction for laminar
flow while decreases it for turbulent flow. On the contrary, outflow (suction) decreases the
wall friction for laminar flow while increases the friction for turbulent flow. In other words,
the wall friction is altered compared to the pipe flow where no inflow or outflow is present.
Therefore, the friction factor correlations for pipe flow without inflow or outflow can not
be used for wellbore flow with both axial flow in the pipe and inflow or outflow through
perforations.

5.1 Laminar Flow in a Porous Pipe

Kinney [15] numerically solved the problem of fully-developed laminar flow in a porous
pipe where both axial flow and inflow or outflow through pipe wall were present. The results
show that the ratio between the local friction factor f and the no-wall-flow friction factor
fo! is only dependent on the wall Reynolds number. Unfortunately, this relationship was
given in a graphical form and no equation was supplied. Hence, it cannot be easily used in
a wellbore flow model.

Based on the reduced ordinary differential equation for the dimensionless stream-
function and the numerical procedure provided in Kinney [15], the ratios between the local
friction factor and the no-wall-flow friction factor corresponding to different wall Reynolds
numbers R.,, were calculated and are shown in Figure 5.1 and Figure 5.2. The prediction
of the local wall friction factor by the Yuan & Finkelstein [14] equation is also shown in
Figure 5.1. Since Yuan & Finkelstein [14] equation was obtained by means of a perturbation
method where the injection wall Reynolds number R,.,, was assumed sufficiently small, it is
anticipated that the Yuan & Finkelstein [14] equation can only be used for small R, case
(say Reyw < 2.0).

These data have also been used to develop the following friction factor correlations
by means of a fast and effective nonlinear regression procedure called Polytope method (Gill
et al. [27]; Ouyang, [28]).

1The no-wall-flow friction factor is defined in this report as the friction factor computed from the corre-
lations for pipe flow with no mass transfer through pipe wall by using local Reynolds number and effective
pipe roughness.

For laminar flow
16.0

fo= z.

For turbulent flow
€ 1.255

—0.5 _ _4ni
fo = —4.0log [3.7D + ———fg'sRJ
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e For inflow (injection) case

6.
F= 1R 0 (1+0.04304R2514) (5.1)

€

e For outflow (suction or extraction) case

16.0
R,

1.3056
f= {1 ~ 0.0625——Ftew) } (5.2)

(Rew + 4.626) 7027

Comparisons between friction factors predicted by the new correlations and published
numerical experiments are also shown in both Figures 5.1 and 5.2.
20

C
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Figure 5.1: Effect of Inflow on Wall Friction Factor

Note that only a few experiments on laminar pipe flow with inflow or outflow have
been reported in the literature.

5.2 Turbulent Flow in a Porous Pipe

A new correlation for the local wall friction factor for turbulent flow has also been
developed in the present report by using Olson & Eckert’s experimental data [16] for tur-
bulent air flow in a porous pipe with uniform air injection through the pipe wall. The new
correlation is:

0.8003
f=fo [1 —20.03 (%“’) ] (5.3)
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Figure 5.2: Effect of Suction on Wall Friction Factor

As shown in Figure 5.3, the new correlation can provide satisfactory prediction of wall
friction factor for porous pipe flow with injection through the pipe wall. The no-wall-flow
friction factor fo can be determined either from the Colebrook-White [29, 30] equation or
from one of its explicit approximations (Ouyang & Aziz, [26]).

For turbulent pipe flow with outflow (suction) through porous pipe wall, the local
friction factor can be evaluated by the Kinney-Sparrow-Wallis’s correlation [17]:

Rew
Rg. 75

f=ro [1 -17.5 (5.4)

5.3 Wellbore Flow

Both correlations (Egs. 5.3 and 5.4) are based on experimental data for porous pipe
flow. It is unclear whether they can also be used for normal wellbore flow conditions. We
have applied Eq. 5.3 to analyse the single phase wellbore flow data from the 1995 stanford
horizontal wellbore experiments [31] and found that it overpredicts the wall friction factor
(Figure 5.4). Therefore, another new correlation for the local friction factor has been devel-
oped for wellbore turbulent flow based on the 1995 Stanford horizontal wellbore experiment
data: ' -

f=fo[1 - 0.0153R%2™) (5.5)

As shown in Figure 5.4, Eq. 5.5 is a satisfactory correlation for local wall friction
factor for single phase wellbore flow.
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6. Results and Discussions

6.1 Accelerational to Frictional Pressure Gradient Ratio R,y

Figures 6.1, 6.2, and 6.3 show how the dimensionless number R,¢, the accelerational
to frictional pressure gradient ratio, changes with distance along the wellbore for uniform-
influx horizontal wells with different wellbore lengths, production rates, and oil viscosities.
These figures show that three regions exist along the wellbore, the laminar flow region,
the partially-developed turbulent flow region, and the fully-developed turbulent flow region.
The dimensionless number R,y is a constant in the laminar flow region that depends on fluid
properties (viscosity and density), production rate and pipe geometry (pipe ID and pipe
roughness). If all other parameters are fixed, then the shorter the horizontal well, or the
higher the production rate, or the more viscous the oil, the larger the value of R,;, but the
shorter the length of the laminar flow region. For the fully-developed turbulent flow region,
all the R,y curves merge into one, which only changes with wellbore location. Between the
laminar and the fully-developed turbulent flow region lies the partially-developed turbulent
flow region where R,; varies with wellbore location, fluid properties, production rate and

pipe geometry.
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6.2 Analysis of the 1995 Stanford Horizontal Well Experimental
Data -

The new wellbore model has been applied to analyse single phase data from the 1995
Stanford Horizontal Wellbore Experiments. Figures 6.4 and 6.5 show variations of different
friction factors and pressure drops over each 10 feet section with wellbore location for series
IA2-6 experiments (Ouyang et al., [32]). Three friction factors are considered, the total
or apparent friction factor fr obtained on the basis of measured pressure drop, the actual
friction factor f obtained from measurements by using the new wellbore flow model (to
remove the accelerational and inflow-directional components from the total pressure drop),
and the no-wall-flow friction factor fy obtained from the Colebrook-White equation [29, 30]
by using local Reynolds number and effective pipe roughness. Figure 6.4 indicates that the
apparent friction factor is larger than the no-wall-flow friction factor, while the actual friction
is smaller than the no-wall-flow friction factor. The apparent friction factor is augmented
by the inflow-induced accelerational pressure drop, and the actual friction factor is reduced
(not increased) by inflow. This observation is consistent with our analysis of inflow influence
mechanisms discussed in Section 4 and Appendix B. Frictional, accelerational as well as
total pressure drops along every 10 feet section are shown in Figure 6.5. It is easy to see
that the accelerational pressure drop is quite large and is as important as the frictional
component. Therefore, negligence of the accelerational pressure drop will lead to errors and
even incorrect conclusions. For example, if the accelerational pressure drop is not included,
then the wall friction factor thus obtained is the apparent friction factor as shown in the
Figure 6.4, which is larger than the no-wall-flow friction factor. This is contradictory to both
theoretical analyses and experimental observations.

Similar conclusions are achieved for other experimental series, such as series IA3-A5
(Figures 6.6 and 6.7).

6.3 Partially-Perforated Horizontal Well Example

As shown in Figure 6.8, the partially-perforated horizontal well is refered to a well
where only part of the wellbore is perforated to allow inflow. Also, it is assumed that the
wellbore flow rate before the perforated zone, @y, may or may not be zero.

Figures 6.9 and 6.10 show pressure gradients and cumulative pressure drops from the
start of the perforation in a partially-perforated horizontal well (well #1, see Table 6.1).
Also shown in Figure 6.9 is the frictional pressure gradient determined from the no-wall-flow
friction factor fy. It is found that there is a nontrivial difference between the actual frictional
pressure gradient and the frictional pressure gradient obtained from the no-wall-flow friction
factor. The accelerational pressure gradient is comparable to the frictional component, and
the dimensionless number R,; changes from 1.27 at the starting point of the well perforation
to 0.71 at the end of the perforation. The cumulative accelerational pressure drop from the
start point of the perforation is more or less the same as the cumulative frictional pressure
drop (Figure 6.10).
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6.4 Fully-Perforated Horizontal Well Example

In contrast to partially-perforated horizontal wells, fully-perforated horizontal wells
have perforations over the entire wellbore length (Figure 6.11).

Figure 6.12 shows the change in pressure gradients with wellbore location for hori-
zontal well #2 (see Table 6.1). In this case, the dimensionless pressure gradient ratio R,
ranges from 0.8 to 0.03, and the cumulative accelerational pressure drop is only about 6% of
the total pressure drop along the whole wellbore, hence the accelerational pressure gradient
is quite small compared to the frictional component for this horizontal well and only minor
errors will result if the accelerational pressure drop is neglected.

6.5 Coupling the New Wellbore Model with a Reservoir Inflow
Model

It is assumed in the above discussion that the specific inflow rate (i. e. the inflow rate
per wellbore length) is the same everywhere along the whole wellbore. This is not necessarily
true in a real horizontal well, since the wellbore pressure near the well toe is higher than that
at the well heel due to wellbore pressure drop, the pressure drawdown near the well toe is
less than that near the well heel, therefore, the specific inflow rate near the well toe should
be smaller than that near the well heel. On the one hand, wellbore pressure or pressure
drop is needed to determine the specific inflow rate distribution along the wellbore. On the
other hand, the specific inflow rate distribution is an indispensable parameter to calculate
wellbore pressure or pressure drop. Hence, a model which incorporates both the wellbore
fluid flow and the fluid flow from reservoir into wellbore is required for determining specific
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Table 6.1: Horizontal Well Parameters

Parameter Well #1 Well #2 Well #3
Wellbore Length (feet) 100 1870 1000
Perforated Interval (feet) 100 1870 1000
Pipe ID (inch) 6.18 4.5 6
Relative Pipe Roughness 2.0%x107% | 1.0x10™* | 2.0 x 107*
Perforation ID (inch) 0.18 0.18 0.18
Perforation Density (4%¢) 8 10 10
Inflow Direction (deg) 90 45 45
Fluid Density (%f;—‘) 62.4 52.44 62.0
Fluid Viscosity (cp) 0.878 2.5 1.0
Wellbore Rate before Completion Point (22) 7000 N/A N/A
Inflow Rate (22) 7000 7500 N/A
Specific Inflow Rate (72%—) N/A N/A 2.0

inflow rate distribution, wellbore pressure drop, and overall well production rate.
Since the reservoir inflow model is not the main issue of this report, a simple reservoir
model as used by Dikken [1] and Novy [9] is applied to describe the reservoir fluid flow:

Qe(x) =Js {Pe - pw(x)] (61)

As discussed in Section 3, the total pressure gradient for horizontal wells consists of
three components, frictional, accelerational and inflow-directional. For the horizontal well
#3 (Table 6.1), the frictional component contributes the largest part of the total pressure
gradient, the accelerational component contributes in the range of 20% to 80% depending
on the wellbore location (R, changes from about 7.0 to 0.25), while the inflow-directional
component contributes very little and can be neglected (Figure 6.13). Correspondingly the
cumulative pressure drop along the wellbore is primarily caused by wall friction (which is
also affected by inflow), while acceleration or kinetic energy changes only contribute about
5% to 10% to the overall pressure drop (Figure 6.14).

Specific inflow rate is not constant along the wellbore due to wellbore pressure drop
(Figure 6.15). Significant differences occur between the real specific inflow rate predicted by
considering pressure drop along the wellbore and the fictitious specific inflow rate where no
pressure drop along the wellbore is assumed. For more accurate prediction of the specific
inflow rate distribution, accelerational pressure drop should also be included in the wellbore
model, otherwise around 10% overestimation of the specific inflow rate is likely to occur.

The well production rate is proportional to wellbore length if no pressure drop occurs
along wellbore. The statement is invalid for many real horizontal wells. Figure 6.16 shows the
production rate change with wellbore length. Well production rate decreases significantly
due to pressure drop in the wellbore, and is likely to reach a maximum value at certain
wellbore length beyond which no additional production is expected, no matter how long
the horizontal well is. The well production rate decreases further if both frictional and
accelerational pressure drops are included.
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7. Conclusions

A general single phase wellbore flow model, which incorporates not only frictional,
accelerational and gravitational pressure drops, but also the pressure drop caused by inflow,
is presented in this report. The new wellbore model is readily applicable to any wellbore per-
foration patterns and well completions, and can be easily incorporated in reservoir simulators
or analytical reservoir inflow models.

Inflow and outflow affect wall friction shear. The influence of either inflow or outflow
depends on the flow regime present in the wellbore. Inflow (production wells) increases the
wall friction for laminar flow while decreases the friction for turbulent flow. The opposite is
true for outflow (injection wells).

New wall friction factor correlations for pipe flow with influx have been developed
based on the published research work and the Stanford horizontal wellbore experimental data.
They can be applied for wellbore flow to determine wall friction shear and thus frictional
pressure drop for either inflow (production well) or outflow (injection well) and for either
laminar flow or turbulent flow.

It is shown that accelerational pressure drop may or may not be important compared
to the frictional component depending on the specific pipe geometry, fluid properties and
flow conditions.

Nomenclature

A pipe cross-section area

D pipe internal diameter (ID)

D; perforation internal diameter

f  Fanning friction factor

fo  no-wall-flow Fanning friction factor

fr total or apparent Fanning friction factor

g acceleration due to gravity

g. conversion factor

L wellbore length

L; wellbore length for laminar flow region

m  velocity profile index

n perforation density

D pressure

ge specific inflow rate

gw local wellbore flow rate

T radial coordinate

R,; ratio between accelerational and frictional pressure gradient
R, ratio between gravitational and frictional pressure gradient
R4, ratio between inflow-directional and accelerational pressure gradient
R. Reynolds number

R,.; transition Reynolds number from laminar to turbulent flow
R, transition Reynolds number to fully-developed turbulent flow
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R.,, wall Reynolds number, positive for injection and negative for suction
S wellbore perimeter

u axial velocity

Umaz Maximum velocity in velocity profile

- friction velocity for turbulent flow

uT normalized velocity for turbulent flow

U  average axial velocity
U, average velocity for no inflow or outflow case
U, average velocity for inflow or outflow case
U free stream velocity

V' volume

Ve  wall inflow or outflow velocity

T axial coordinate

Y local counter-radial coordinate

y;  thickness of the viscous sublayer

y2  thickness of the buffer sublayer

Greek Letters

momentum correction factor
inflow direction angle
boundary layer thickness
wellbore inclination angle
fluid viscosity

kinetic fluid viscosity

fluid density

w  wall friction shear stress

VDR E D20

\‘

Subscripts

acc accelerational

ele elevational or gravitational
fri  frictional

tur turbulent

vis viscous
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Appendix A. Derivation of General Wellbore Flow
Model

A.1 Model Development

Consider fluid flow in a wellbore as shown in Figure A.1 and assume:

Figure A.1: Mass and Momentum Transfer along a Wellbore with Mass Transfer through
Perforations

e single phase flow;

e incompressible Newtonian fluid;

e isothermal flow;

e no heat transfer to and from the fluid to the environment;

e no mechanical work done on or by the fluid during its passage through the pipe (No
shaft work or work of compression).
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With these assumptions, the momentum balance equation takes the form

Zﬁ=%///cvpﬂdV+//cspﬁ(ﬁ-ﬁ)dA (A1)

where CV represents the “control volume” and CS “control surface” or “control area”.
For steady-state pipe flows

&l =

Average velocities over cross-sections are usually employed to reduce a two-dimensional
problem to a one-dimensional problem. This is the most convenient approximation to make
the problem tractable. Although the axial velocity is nonuniform over the whole pipe cross-
section, @ = #(z,r), it can be approximated by an average value U by introducing the
momentum correction factor o

I | 2.
/[4 pu(td - A)dA = a'OAU i (A.3)

where the correction factor « is used to compensate for the variation of fluid velocity over
the pipe cross-section. The value of o depends on the velocity profile and is 0.75 for fully-
developed laminar flow while it ranges from 0.9643 to about 0.9895 for fully-developed tur-
bulent flow (White, [33]; Ouyang & Aziz, [26]). Aziz [34] suggested that a value of 0.9 be
used for practical gas flow problems.

Using the average velocity and momentum correction factor, Eq. A.1 can be expanded

as
(pA)2 = (pAN] = |——pAU2 —~ ——pA,U2
DA)2 PAjy algcp 1Yy ongcp 2Uy
FAN
+22% A ULU, - 7S AT
arge
—pANz sing (A.4)
where

e The LHS term is the net pressure force acting on the control volume;

The first term in the RHS is the net momentum increase caused by axial flow velocity
change due to inflow and fluid compression or expansion;

The second term in the RHS is the net momentum increase introduced by inflow
directional effects;

The third term in the RHS is the shear stress acting on the pipe wall, where the area
SAz should be replaced by SAz — AnAz if the actual shear stress acting area is to
be considered;

The fourth term in the RHS is the gravitational force contribution.
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Mass balance equation

pU1A1 -+ TLA.’EPA]U] = pUzAQ (AS)

where 7 is the hole or perforation density (the number of holes or shots per unit pipe length).

Single phase fluid flow is assumed, i.e., the fluid in the axial direction is the same as
that coming through perforations. Whenever the axial flow is different from the perforation
flow, two-phase or multiphase models should be applied. Examples of two-phase flow in
a horizontal well include air inflow with water axial flow, water axial flow with oil inflow,
air/water axial flow with air inflow, etc.

Consider flow in a very tiny segment of the pipe, i. e. Az — 0, then it is reasonable
to assume that A; = Ay =~ A, thus Eq. A.5 becomes

Uy = L + TZAIJ%U] (AG)

Substituting Eq. A.6 into Eq. A.4 and taking the limit Az — 0 lead to the following
pressure gradient equation

dp p d (U? n  Af
—_ = ——— —U.U,
dz ge d:z: ( > * algcp A
—'rw% - pi sin 8 (A7)

In Eq. A.7, the right hand side includes four different terms: the pressure gradient
due to kinetic energy change (accelerational effects), the pressure gradient due to the inflow
direction, the frictional pressure gradient, and the gravitational pressure gradient. Here two
additional terms come into play due to inflow, compared to single phase pipe flow without
inflow or outflow.

Since turbulent flow occurs along almost the whole wellbore section for most practical
situations, the momentum correction factor & does not change much for different velocity
profiles (Ouyang & Aziz, [26]), hence, o can be taken as constant. Besides, the derivative
42U can be obtained from Eq. A.6

du _ A

So, Eq. A.7 can be rearranged as

_d_p _ AI 2p A[

P 2 o
= -n— 2
< n 90 UUr+n 1 QQCOUUI sin 2
S .
~Twg ~ p—gg—c sin 6 (A.9)

where <y is the injection angle (Figure A.1), A the cross-section area of each perforation.
The equation for the wall friction shear can be obtained from Eq. A.9

D dp A; 2p A1

T o=~ o Uu; + n— 9.0 ]UI sin 2y — pgcsm ( )
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Once the wall friction shear stress 7,, is computed, the wall friction factor can also be
determined by

f=1u/ {i}g—cpm} (A.11)

In most practical applications, the inflow direction is normal or nearly normal to the
pipe wall, i. e. v =%, so Eqs. A.9 and A.10 can be further simplified to

dp AI 2p S g .

— = —n— — — p=sinf :

o= "3 o Uu; - Tw 3 pgc sin (A12)
D |dp AI 2p g .

Tw =7 [dx n— o Uu; — pgc sin 9] (A.13)

A.2 Relative Importance of Different Pressure Gradient Compo-
nents

Eq. A.9 implies that the total pressure gradient along a wellbore consists of four
different components, accelerational, inflow-directional, frictional and gravitational. In order
to quantitatively describe the relative importance of different pressure gradient components,
three dimensionless numbers are defined:

. (%E)acc QeD
For = (@), = afa, (A-14)
Ryp=-2" = (A.15)
I (%) fri 2f U2
(B)ar @ U
Ry, (%)acc o T sin 2y (A.16)
With these definitions, the total pressure gradient takes the following simple form
dp 4Tw
a;- D [1 -+ Raf(l Rda) -+ Rgf] (A17)

It is easily seen from Eq. A.14 that the closer we are to the horizontal well toe
(z = 0), the smaller the local wellbore production rate g¢,, thus the larger the R,; and
the more important the accelerational pressure gradient. In contrast, near the heel of the
horizontal well (z = L), the local production rate g, becomes large and close to the total
well production rate, while the specific influx (inflow rate per wellbore length) g, does not
change significantly, so R.y is small, and the accelerational pressure gradient is small and
may be negligible.

- For the uniform inflow case, Eq. A.14 and Eq. A.16 can be simplified

Raf = —D_ _ (AIS)

afz
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A
= — si .1
T A sin 2+ (A.19)

da

and the local axial Reynolds number can be computed by

&2&@=Zg (A.20)

As we know, laminar flow occurs below certain transition Reynolds number R,;. For
pipe flow without mass injection or extraction through pipe wall, R.; can be taken as 2100.
Based on the transition Reynolds number, we can determine the transition pipe location L,,
beyond which the flow is turbulent, i. e.

e If z < L, the flow is laminar;

o If x > L, the flow is turbulent.

The value of L, is dependent on pipe ID, fluid properties (such as density and viscos-
ity), and inflow rates. For the whole range of reservoir oil types,

pu=0.1¢cp ~ 1000 cp

p =40 Ibm/ft® ~ 100 lbm/ft3

correspondingly

D Ret

Qe

L, =[5.278 x 1077 ~ 1.319 x 1077 (A.21)

the higher the specific influx ¢., the smaller the laminar flow length, provided that the other
parameters are fixed.
R,; behaves quite differently in different flow regimes

e Laminar flow (z < L;)

_ pge
oy = drapF (Rey) (4.22)

where the injection Reynolds number R, = %95
Therefore, R,; only depends on fluid properties, inflow rate and pipe ID, but it is
independent of location z and pipe roughness e. The larger the g., the larger the R,y,
but the shorter the laminar flow length L,.

e Turbulent flow (z > L,)

In this region,

f=fo (551 Re) G (Rews o) (A.23)
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where fo(5, R.) is the Fanning friction factor for pipe flow without inflow, and the
function G(Rey, Re) is introduced to account for the inflow effect and its form has
been given in the Section 5 of this report.

The turbulent flow region can be divided further into two subregimes: the partially-
developed turbulent flow (transition) and the fully-developed turbulent flow. In the
partially-developed turbulent flow regime, the friction factor fo(5, R.) is dependent
on both the local Reynolds number and the relative pipe roughness, whereas in the
fully-developed turbulent flow regime, the friction factor fy(5, R.) is only dependent
on the relative pipe roughness.

For fully-developed turbulent flow, R, > R.:, where R.s is the Reynolds number
beyond which the fully-developed turbulent flow occurs,

D
R,s= . A.24
! axfO(E)G(RewaRe) ( )
For partially-developed turbulent flow (R < R < R, ft)A
D
R.¢ (A.25)

- arfo(f, Re)G(Rew, Re)

Hence in turbulent flow regime R, depends on location z, pipe geometry (pipe ID and
pipe roughness), fluid properties, and inflow rates.
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Appendix B. Wall Mass Transfer Effect on Friction
Shears

B.1 Laminar Flow

Fully-developed laminar flow in a circular pipe exhibits a parabolic velocity profile
(Figure B.1) if no mass transfer through the pipe wall exists,

r2
u(r) = ——(r* — R*) = 2U [1 - EE} (B.1)
where p is the fluid viscosity, r the radial coordinate, ® the flow potential defined by ® =
p+ pgzsin g, and U the average velocity over a pipe cross section.

v W}
___9/

Figure B.1: Velocity Profile for the Fully-Developed Laminar Flow in Pipes

When mass transfer through the pipe wall exists, the parabolic velocity profile is
inappropriate for describing the velocity distribution over the pipe cross section. As shown in
Figure B.2, the velocity should increase for injection while decrease for suction following the
law of mass conservation. Although fluid injection leads to the increasing of axial velocities
across the whole pipe section, as can be imagined, the axial velocities near the pipe wall will
increase more than those far away from the wall (and thus close to the centerline). Similarly,
suction decreases axial velocities near the wall more significantly than those away from the
wall. Therefore, it is expected that the velocity profiles shown in Figure B.2, where the axial
velocities are normalized based on the average velocity Uy, can be rescaled into the profiles
shown in Figure B.3 where the axial velocity is normalized by the average velocity U. U is
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the average fluid velocity where only the axial flow part flows in the pipe and no injection
or suction are present, whilst U is the average axial velocity corresponding to the sum of
axial flow and the flow through perforations. For three different cases with the same axial
flow rate, one with injection, one with suction and the third with no injection or suction, it
is easily seen that U'injection > Uno injection or suction = Uy > Usuction-

Poiseuille Profile

Qutflow Case

Inflow Case

2.0
Figure B.2: Normalized Velocity Profile Based on the Average Axial Velocity

The expected profiles shown in Figure B.3 have been verified by numerical exper-
iments of both Weissberg [35] and Hornbeck et al. [36]. Weissberg [35] found that the
centerline values of the normalized axial velocities for injection and suction cases are equal
to 1.7578 and 2.1523, respectively.

Outflow Case Poiseuille Profile

Inflow Case

0 i
2.0

Figure B.3: Normalized Velocity Profiles Based on Local Average Velocity

In order to study the impact of injection or suction on pipe wall friction shear, it is
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necessary to analyse the normalized velocity profiles shown in Figure B.3. First let’s look
at the injection case. Suppose there exist two pipe flows, the first where both the axial flow
and inflow are present, and the second where the total of both axial flow and inflow of the
first case is flowing simultaneously only in the axial direction (i.e. no inflow). If the flows
in both cases are fully developed, then the velocity profile for the first case should be the
profile corresponding to injection in Figure B.3, whereas the velocity profile for the second
case should be the Poiseuille one. Thus

d d
{ u@)J N [ u(y)J .
dy y=0, injection dy y=0, no injection
The wall friction shears are related to the fluid viscosity and velocity gradient at the
pipe wall by
du
dy =0

hence the wall friction shear for the first case (with injection) is larger than that for the
second case (no injection). By using the definition of Fanning friction factor and noting the
fact that the average velocities are equal for both cases, it can be concluded that

finjection > fno injection (B4)

i.e. , the injection leads to an increase of the wall friction shear and the Fanning friction
factor.
By a similar arguments, it is not difficult to show that

[du(y)} - [du(y)} . (B.5)
dy y=0, suction dy y=0, no suction

fsuction < fno suction (B6)

Hence, for laminar pipe flow, injection increases the wall friction whereas suction
decreases it. As an illustration, in the following the possible velocity profiles and their
deviations from the Poiseuille distribution for the above-mentioned three different situations
are considered. The velocity profiles can be expressed as:

e For axial flow without mass transfer through the pipe wall

_—
U(T) = U.n(T) = Umaz {1 - ('}_z') jl = 2U(2yD - yQD) (B7)
o For axial flow with injection or suction
u(r) = Uu(r) = Umac¥D (B.8)

where yp = y/R, and m should be determined by matching experimental data. It is
anticipated that
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(for the injection case)

m
m (for the suction case)

IV IA
bt 004

From Eq. B.7 and Eq. B.8, the average velocities can be calculated

1
Un = §umaz

2Umaz
U = (m+1)(m+ 2)

therefore, the deviation of velocity profile from parabolic (Poiseuille) distribution becomes

Uy  Un _ p(m+1)(m+2)
U, U, P 2

The functional relationships among F(m, yp) and yp as well as pipe wall mass transfer
format (injection or suction) have been calculated and are shown in Figure B.4 and Figure

B.5. These results can also be used to obtain velocity profiles of the types shown in Figure
B.3. '

F(m,yp) = —2(2yp — ¥5) (B.9)
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Figure B.4: Deviation from the Poiseuille Velocity Profile (Injection case)

Note that the effect of flow injection is to increase the wall friction shear of pipe
flow. This behavior is contradictory to that found for flat plate laminar boundary layer flow,
where the wall friction is reduced by fluid injection normal to the wall. The phenomenological
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differences between these two kinds of flows are related to the effect of axial pressure gradient
on flow dynamics. As pointed out by Kinney [15], in the case of boundary layer flow over
a flat plate at zero incidence, the pressure gradient in the flow direction is zero, even in the
presence of uniform injection through the plate wall. The situation is completely different
for the case of laminar pipe flow with injection through the pipe wall. In the latter case,
the axial pressure gradient is nonzero, and it is determined by the internal flow dynamics.
Furthermore, the pressure gradient is also dependent upon the wall injection rate. Because
the wall friction is intimately connected with the pressure gradient, as well as changes in the
momentum flux in the flow direction, it is not unexpected that the frictional characteristics of
laminar flat plate bé)undary layer and fully-developed internal flows would be quite different.
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Figure B.5: Deviation from the Poiseuille Velocity Profile (Suction case)

In all the discussions above only the fully developed laminar flow is considered, i.e., we
assume that the axial velocity u is only a function of the radial coordinate. This assumption
is invalid for entrance flow or other non fully-developed laminar flows. In such situations, the

- axial velocity is a function of both the axial coordinate and the radial coordinate, u = u(z, r),
as a result the average velocity and the maximum velocity are dependent upon the axial
coordinate x. The velocity profile development process occurs in a pipe where injection
or suction through perforations exist. In a horizontal production well, starting at the toe,
reservoir fluid flows into the wellbore and more and more fluids enter the wellbore from
that point on. So an important question is: What well length is needed for flow in the
wellbore to reach the fully-developed state? The work of Hornbeck et al. [36] for entrance
flow in a porous pipe is briefly described here to answer the above question. By using a
finite difference method, Hornbeck et al. [36] solved the steady-state Navier-Stokes equation
and found that the development of fully-developed laminar flow is dependent on both the
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inlet flow profile and the perforation flow format (i.e., injection or suction). Figure B.6 and
Figure B.7 show sketches of Hornbeck et al. [36]’s results, where the abscissa represents the
dimensionless axial position from the entrance point and the ordinate refers to the normalized
dimensionless centerline axial velocity. Both figures show that the fully-developed laminar
flow can be reached in a fairly short distance from the inlet and the building of the fully-
developed laminar flow for parabolic inlet velocity profile case is much faster than that for the
uniform inlet velocity profile case. For fluid flow in the wellbore, it is unlikely that the inlet
velocity profile for each pipe segment is uniform, thus it can be expected that fully-developed
flow may be assumed for the entire pipe where flow is laminar.

u (r=0)

A

2.0 \4 Parabolic Inlet Profile

1.7578

. Uniform Inlet Profile
1.0

Xy

=

Figure B.6: Development of the Velocity Profile from Inlet with Injection through Pipe Wall

The case of pipe flow with suction needs special attention. Since part of the fluid
flows out of the pipe through pipe wall, the velocity gradient near the pipe wall decreases
along the axial direction (see Figure B.3), hence it is possible that at some point the velocity
gradient near the wall may go to zero, resulting in zero wall friction. This point is usually
known as the separation point. After the separation point, reverse flow near the wall occurs
and the wall friction shear changes its direction and becomes favorable to axial flow.

For fully-developed laminar flow, both Kinney [15] and Raithby [22] found that the
separation occurs at a certain suction Reynolds number. Kinney [15] stated that the sep-
aration suction Reynolds number is about —4.626 while Raithby {22] reported a value of
—4.5978. Hornbeck et al. {36], Fredman & Gillis [37], Gupta [38] investigated the nonsimilar
solution and proposed a separation point of R, < —4.6, where the gradient of the stream
velocity in the radial direction goes to zero at the wall and reverse flow occurs for greater
axial distances down the pipe. An experimental study performed by Quaile & Levy [39]
supports these results. This value of separation suction Reynolds number is fairly small, and
it can be easily exceeded in horizontal injection wells.
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Figure B.7: Development of the Velocity Profile from Inlet with Suction through Pipe Wall

B.2 Turbulent Flow

It is commonly known that two major regions exist for turbulent pipe flow: the inner
region and the outer region [40, 33]. The inner region is defined as that-of the flow where
the wall effects dominate and for smooth pipes the local velocity depends on the vairiables
Tw > P, ¥ and y only. The inner region can be further divided into three subregions:

o The viscous sublayer. This is the layer in the immediate neighbourhood of a pipe wall
where the viscous shear dominates. Observations and experiments have shown that

u+ == -y— = yuT = y+ (BlO)
Ur v

where the friction velocity u, is defined as u, = ,/ ﬁpﬂ, and the thickness of the viscous
sublayer is determined by

yt =22 =5 (B.11)

o The buffer sublayer. Further away from the pipe wall the turbulent velocity fluctuations
(the Reynolds stress) start to contribute to the shear stress and there exists a region
where the viscous and turbulent contributions are of equal importance. This region is
known as the buffer sublayer and is determined by

5< y:, <30 (B.12)

thus the thickness of the buffer layer y, satisfies
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i =¥ =30 (B.13)

e The logarithmic sublayer. The Reynolds number for turbulent flow is usually very high,
as a result the viscous sublayer and the buffer sublayer both occupy regions very close
to the pipe wall. A third subregion dominated by the influence of pipe wall exists where
the viscosity shear stress is much smaller than the Reynolds shear stress and thus can
be neglected. This region is named the logarithmic sublayer and it can be easily shown
that in this region the time-averaged velocity! satisfies the following equation

ut =Alny*+ B (B.14)

In the outer region, the velocity profile is strongly influenced by the upstream con-
dition rather by the wall. For a typical boundary layer on an external surface the outer
region might make up to 80 percent of the layer, whilst the remaining 20 percent could be
considered as the wall region, or the inner region.

It has been found that the velocity profile in the fully-developed turbulent flow is
accurately described over much of the pipe cross section by the logarithmic law (universal
velocity profile). Departures from this law are only significant in a narrow region very close
to the pipe wall and in the immediate vicinity of the pipe axis. Since these two regions make
only a small contribution to the volumetric flow rate through any cross section of the pipe
(velocity is small near the pipe wall, while the elemental area is small near the axis), the
integration of the logarithmic law can be expected to provide a good estimate of the overall
flow rate. Based on this assumption, the friction factor relation can be obtained by using
the universal velocity profile and the definition of the friction velocity

Tw o {%r)? 3
f=re=2(7) (B.15)
%% = A In(R.f*%) + By (B.16)
where
A
Al = —ﬁ
1 1
B, = E[B - AQ1.5+1n(2v2)] = 72_[3 ~1.54(1 +In2)]

Substituting A = 2.5, B = 5.5, the following friction factor correlation is obtained

7% =1.768In(R.f*°) — 0.60 = 4.07 log(R. f**) — 0.60 (B.17)

1The time-averaged velocity is used here to distinguish from the space-averaged velocity across a pipe
cross section. Even for steady-state turbulent flow, velocity still changes with time and space, however, it
is only slightly different from the time-averaged velocity, which does not change with time. The velocity
fluctuation is quite small but changes with time. It is the fluctuation part that contributes significantly and
nontrivially to the shear stress and makes the turbulent flow problem extremely complicated.
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It is found that a better correlation of the experimental data over the full Reynolds
number range of turbulent flow can be obtained by modifying the constants A; and B;

7% = 1.741n(R.f*®) — 0.40 = 4.0log(R.f*®) — 0.40 (B.18)

Eq. B.18 is known as the Prantdl universal friction law (Ouyang & Aziz, {26]) and
has been verified as the best correlation for the friction factor for smooth pipes.

The pipe roughness is an important factor affecting the wall friction shear for turbu-
lent flow. The manner in which the pipe roughness affects the flow and the friction shear
-depends on the relative magnitude of the surface roughness ¢, the thickness of the viscous
sublayer y; and the thickness of the buffer sublayer y; found in smooth pipes as described
below [40}:

e If the pipe roughness is less than the thickness of the viscous sublayer, then the flow out-
side the viscous sublayer is found to be entirely unaffected by the presence of the pipe
roughness and the flow behaves as though the pipe surface were completely smooth.
This region is defined as the fluid-dynamically smooth region. The criterion for the
fluid-dynamically smooth region is

<y =5 (B.19)

e If the pipe roughness exceeds significantly the thickness of the buffer sublayer, a major
part of each roughness element is exposed to the mean velocity profile, which is inde-
pendent of the fluid viscosity. The wall friction shear stress is thus completely caused
by the pressure drag on the individual roughness elements and it is not dependent
upon the fluid viscosity and thus the Reynolds number. This regime is termed the
fluid-dynamically rough regime, or the fully-developed turbulent flow regime. This
region shows up when the pipe roughness is much greater than about two times the
thickness of the buffer sublayer, i. e.

U o AWalr o (B.20)

v v

o If the pipe roughness is between the two limits defined in Eq. B.19 and Eq. B.20, the
flow exhibits some of the characteristics of both the fluid-dynamically smooth regime
and the fluid-dynamically rough regime. In this regime, the wall friction shear is related
to both the Reynolds number and the pipe roughness. This regime is known as the
intermediate regime or the partially-developed turbulent flow regime.

The velocity profile for smooth or rough pipe flows can be expressed in the from

2= A (L) +n () (B:21)

Usr € v

This relationship is more general in the sense that it applies to the fluid-dynamically
smooth and rough regimes, as well as to the intermediate regime. In the smooth and rough
regimes, the function A is independent of the form of the surface roughness, but in the
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intermediate regime, the value of h depends on the roughnes pattern. For example, sand-
roughened pipes and commercial pipes having the same relative roughness have different
values of A in the intermediate regime.

The functional form of A is

Aln (EZ—T) +B (Gracetn)
h (i’f) - 85 (rough) (B.22)
1.25 v 1
45 — 4/ 2log | — — ; )
5.45 — 4v/2log [ 75 eu, + 3.7J (intermediate)

From the velocity profile (Eq. B.21) the following friction factor equation can be
derived:

2\%° D €Ur
2} =4 (—) +h (-) —154— Aln?2 (B.23)
f € v

It has also been shown that a value for h of about 8.62 rather than 8.5, and A =
2.46 rather than 2.5 can lead to a better match with experimental data for rough pipes.
Substituting function h(#=) into Eq. B.23, the following friction factor correlation is thus
obtained

Aln(R.f*%)+ B~ 15A(1.0+1In2)  (smooth)

9\ 0% D
(.];) = Aln (;—) +862~—-154A—Aln2 (rough) (B.24)
1.25 €
o . .
4v/21og [ R.05 + 57 D] (intermediate)

As mentioned above, the shear stress is composed of two main components, viscous
and turbulent (Reynolds) (Figure B.8)

T = Tyis T Ttur = b= — PUV (B25)

For flow in pipes, it can be shown that the shear stress distribution is proportional to
the distance from the pipe wall for turbulent flow as well as for laminar flow. The turbulent
shear goes to zero at the wall since the velocity fluctuation is zero at the wall, whereas the
viscous shear is nonzero only in a very thin region (y < y»), which is a combination of the
viscous sublayer and the buffer sublayer. Note that the turbulent shear reaches a maximum
value near the pipe wall.

Based on the above analysis, it is not difficult to see that the wall friction shear stress
is dependent on the fluid viscosity and the time average velocity profile near the pipe wall,

Ou
T = ik (a_y)yzo (B.26)

46




Turbulent Shear Stress

Viscous, Shear Stress

Shear Stress

Figure B.8: Shear Stress Chnage with the Radial Distance from the Pipe Centerline

The time-averaged velocity profile for turbulent flow can be represented by a power-
law relationship

B

u Y
— = (= B.27
if y is greater than the turbulent boundary thickness, d, the time average velocity will be
very close to the maximum velocity (centerline velocity). By adjusting the power index n,

Eq. B.27 can match the measured velocity profile for Reynolds number between 4000 and
3 x 10% . From this relationship the wall friction shear stress can be derived

Ty = % pUK (R,)™*/+D) (B-28)

where K is a constant dependent on the power index n and the average velocity u over the
pipe cross section.
Correspondingly, the Fanning friction factor becomes

f = K(R,)™%®+D (B.29)

This equation is termed as the $th, ¢th, 1th, $th and {th power law relationship for
n =25, 6, 7, 8 and 9 respectively. As shown by Ouyang & Aziz [26], various power-law
friction factor relationships are valid for specific Reynolds number ranges.

With the presence of mass transfer through perforations, the time average velocity
profile is altered due to the interaction between the axial flow and the perforation flow.
For the injection case, the inflow lifts and expands the turbulent boundary layer and thus
increases the axial velocity beyond the layer while decreases the velocity within the layer to
follow the mass conservation law (Figure B.9). As a consequence the axial velocity gradient
near the pipe wall decreases and so does the wall friction shear stress. On the contrary,
the suction lowers and reduces the boundary layer and thus decreases the average velocity
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outside the layer but increases the velocity inside the layer, and results in an increase of
the axial velocity gradient near the pipe wall and hence the wall friction shear stress. This
analysis is consistent with the numerical observations of Kinney & Sparrow {17] for pipe flow

with suction through the pipe wall.

‘U(y)

Flow Direction

Suction Case

No Wall Mass
Transfer

Injection Case

Figure B.9: Velocity Profile Change due to Injection or Suction through the Pipe Wall
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