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Abstract - Nonuniformity in magnet strength in permanent 
magnet motors results in a vibration-inducing unbalanced force 
acting on the rotor. This force is the difference of two large 
numbers and assuch is difficult to determine precisely with nu- 
merical models. In this paper, a permanent magnet motor with 
unbalanced magnets is analyzed by the finite element method. 
Three diiTera&-techniques for computing the net force on the 
rotor, including a recently developed field-correction approach, 
are compared. Sensitivities of the techniques to computational 
limitations and finite element mesh characteristics are discussed. 

-- 

I. Introduction 

Permanent magnet motors are increasing 
in popularity due to increased performance 
of the magnets. Manufacturers now offer 
designs with high power densities and low 
losses. One potential problem with these mo- 
tors is that the magnets used will not be ex- 
actly balanced in strength. Further, the mag- 
nets experience some degradation in strength 
over time, and it is not clear that even if all 
the magnets in the motor are initially bal- 
anced that they will have the same charac- 
teristics after a number of years of opera- 
tion. Unbalanced magnets cause an unbal- 
anced magnetic pull, and hence increased vi- 
brations in the motor. 

In modeling this situation one is faced 
with the problem that the radial forces are 
very large but mostly cancel out. There ex- 
ists then the problem of computing the very 
small difference of large numbers. Any errors 
due to modeling will therefore cause large er- 

this paper, the FLUX2D finite element anal- 
ysis program [l] is used to study the effects 
of radial force unbalance in an actual per- 
manent magnet motor. Different force cal- 
culation methods are used and compared for 
the balanced and unbalanced cases. A re- 
cent method to improve the quality of the 
air gap flux density by applying an analytic 
correction [2] is employed and the results are 
compared to conventional Maxwell stress and 
virtual work methods. 

11. Description of models 

The computer model used, shown in Fig- 
ure 1, is the full cross-section of a six-pole 
permanent magnet machine. It is necessary 
to model the entire machine, not just one 
pole as would normally be done, in order to 
observe the effects of unbalancing one of the 
magnets. This produced unbalanced radial 
forces on the rotor, allowing for analysis us- 
ing the local solution. Without unbalance, 

rors in the unbalanced force calculation. In net force on the rotor would ideally be zero, 



~ Figure 1: Finite Element Model and Flux 
Lines 

leaving no net force to analyze. The finite 
element grid of the model contains 21,000 
second-order elements. 

Two different cases are used for this anal- 
ysis, one in which the stator is unenergized, 
and the other with stator current present. In 
both cases, the magnet of one pole is over 
strength by 5% in order to produce a dis- 
tinct direction of radial force as the rotor is 
turned. 

This force is then computed in three 
ways: closed-form virtual work [3, 41 (the 
method used by FLUXZD), the Maxwell 
stress method (using air gap flux density data 
from FLUX2D), and a recently developed 
method which involves conditioning of the air 
gap field solution [2]. The resulting force val- 
ues are compared for each case. Torque com- 
putation is also investgated. For this study, 
all calculations external to the finite element 
analysis were performed using MATLAB. 

111. Local field solution method 
It is proposed that force calculations from 

numerical field solutions can be made more 
efficient (more accurate and/or less compu- 

tationally expensive) by first applying a field 
solution correction step (21. 

In standard finite element postprocessing, 
the magnetic flux density at a given point 
is found by first determining the element in 
which the point is located and then differen- 
tiating the vector potential in space using an 
interpolation of the nodal vector potentials 
of that element. Element shape functions are 
used for the interpolation. 

With the new method, the value of flux 
density at a point is computed by first con- 
structing a conceptual circle (2-D) or sphere 
(3-D) centered at the point and passing 
through several neighboring elements. The 
values of the vector potential on this surface 
a d e n  taken from the finite element field 
solution and used as boundary conditions in 
a computation of the field at the center point 
by solution of Laplace’s equation. Alterna- 
tively, for 2-D analysis of electric machines, 
vector potentials from concentric circles of 
two different radii in the air gap can be used 
as boundary conditions for the solution of 
Laplace’s equation in the annular air gap re- 
gion. The work presented here employs this 
approach. 

The advantage of this technique is that 
the value of the field at a given point is not 
dependent solely on the accuracy of the so- 
lution in one element, which is beneficial as 
local accuracy is not guaranteed by the finite 
element method. Furthermore, the contri- 
butions of neighboring elements are not ac- 
counted for by blind average but rather by 
the same mathematical form which the field 
is known to follow. 

Once the new field solution has been ob- 
tained, force and torque can be found with 
a conventional Maxwell stress analysis. Al- 
ternatively, the coefficients found for the so- 
lution of Laplace’s equation can be used to 
compute the torque directly [2]. 

It is reported that this technique is effec- 
tive in computation of forces in 3-D finite 
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Figure 2: Flux Density in Air Gap 

element analysis [2]-is employed here in 
2-D form, to determiEeits benefits in a chal- 
lenging force calculation situation. 

IV. Air gap flux density 

The output from the local solution cal- 
culation is compared with the flux density 
obtained directly from FLUX2D. Figure 2 
displays the air gap flux density for the en- 
tire machine, while Figures 3 and 4 show 
close views where the differences between 
FLUX2D and the local solution results are 
easily seen. 

Figure 3: Zoom of Flux Density with 256th 
Harmonic, 512 pts. 

The difference between Figures 3 and 4 
are due to the number of sample points used 
to calculate the flux density. As can be seen 
from these figures, the local solution of flux 
density is not affected significantly by vari- 
ations in the number of sample points. The 
plots marked as “FLUX2D” are obtained us- 
ing a sampling of 2048 points around the air 
gap. The number of points used in the local 
solution calculation of flux density from the 
vector potential vary between 512,1024, and 
2048 points. 

The most obvious discrepancy between 
the local solution for flux denssty and the val- 
ues obtained directly from FLUX2D is the 
visible ripple in the waveform, seen in Fig- 
ures 3 and 4. The ripple r d b - f r o m  limita- 
tions in the precision of theMATLAB calcu- 
lation, not problems with the local solution 
method. This can be understood by noting 
that the field solution in the air gap takes the 
form 

Figure 4: Zoom of Flux Density with 256th 
Harmonic, 2048 pts. 



where B is flux density, T is radius, k is har- 
monic order, p is peripheral (angular) posi- 
tion, and a k ,  b k ,  ck, and d k  are coefficients 
determined from the boundary conditions. 

MATLAB uses double precision numbers 
in its calculation, which are accurate to 
about lo3'' [5]. In the calculation performed 
for this analysis, summing the harmonics for 
the calculation of flux density using Equa- 
tion l results in exceeding this accuracy limit 
due to the radius of the air gap of this ma- 
chine. In this case, calculation of flux density, 
and therefore force, was limited to the use of 
256 harmonics. The ripple seen in the flux 
density comparison is the 256th harmonic, 
since that was the last harmonic added in 

-.the waveform reconstruction. However, the 
inaccuracy due to the ripple does not seem 
to have a significant effect on the precision 
of the force calculation, which is the most 
important consideration in this study. 

V. No Load Case 

With regard to force and torque, the first 
case studied is that of no load (no current in 
the stator of the machine). Table 1 shows the 
force and torque quantities obtained directly 
frotn FLUX2D (virtual work from the closed- 
form derivative and Maxwell Stress from the 
air gap flux density distribution), and allows 
a comparison between these results and those 

Table 1: Comparison of Calculated Force and 
'Torque, No Stator Current - Magnets Only 

Force 
lbf 

Virtual Work 90.25 L9.05" 
Maxwell Stress 90.61 L9.04" 
Local (512 pts) 90.45 L9.02" 
Local (1024 pts) 91.00 18.10" 
Local (2048 pts) 80.45 L9.33" 

Torque I ft-lbf 

-1.01 

-0.707 

-2598 

from the local solution meth d. Torque was 
not calculated using the Maxwell stress re- 
sults of force. 

In the force calculation, a match with 
less than 1% variation between the FLUX2D 
and local solution results was found for 512 
and 1024 sample points. When the nun- 
ber of sample points was increased to 2048, 
however, the local solution was greater than 
10% different from that of FLUX2D. This is 
attributed to problems arising from sample 
radii, and is discussed later. In this case, 
there should have been no significant torque 
other than that due to cogging present in 
the-Lite element solution. The actual re- 
sults from FLUX2D analysis reinforced this 
conclusion. However, the results from the lo- 
calsolution did not give the expected torque, 
nor could any pattern be observed. Again, as 
in the force calculation for 2048 points, the 
torque solution for 2048 points was signifi- 
cantly different than for the other numbers 
of sample points. 

VI. Load Case 

Next, with the stator energized, a large 
radial force and average torque appear, as 
expected. For this case, as shown in Table 2, 
the results agree within less than 1%, with 
no apparent dependence on the number of 
sample points taken. 

Table 2: Comparison of Calculated Force and 
Torque, Stator Current Present 

Force Torque 
lbf ft-lbf 



The load case uses exactly the same ge- 
ometry and model as the no load case. For 
the case without current in the stator, it was 
noted that there was a dependence of the so- 
lution on the number of sample points over 
1024. For the load case, however, there does 
not appear to be any such dependence. 

Since the equation for flux density result- 
ing from the local solution is in closed form, 
any number of flux density points can be 
plotted around the air gap. For the values 
calculated in Table 2, 1024 points were plot- 
ted. It was found that doubling the num- 
ber of points plotted resulted in a difference 
in both torque and radial force of less than 
0.1% when the local solution is compared 
with FLUX2D ( v i r t u b r k )  values. 

VII. Closer Examination of Torque 

In the previous sections the relative ac- 
curacy of the torque calculation was noted, 
with poor results for the no load case, and 
relatively good results for the case in which 
there was current present in the stator. Some 
of the differences may be due to the remesh- 
ing of the air gap as the rotor turns. This 
effect is illustrated in Figures 5 and 6, which 
show the air gap mesh at a given point for 
two different times. 

Another aspect to be examined is the as- 
sertion that the calculation of torque in the 
air gap is path-independent using the local 
solution method [2]. While this statement is 
true, it must be interpreted carefully. The 
equation given for the torque is, in terms of 
the coefficients of the solution of Laplace's 
equation 121: 

_. 

Calculation 

N 27r 

Being that this equation depends only on the 
coefficients derived from the Fourier compo- 
nents of the inner and outer radii of magnetic 
vector potential values, and does not depend 

Figure 5: Air Gap Mesh, 0.0147 seconds. 

Figure 6: Air Gap Mesh, 0.01554 seconds. 

on radius, the equation for torque will defi- 
nitely be path-independent for a given local 
solution annulus. However, if the annulus is 
changed, it is found that the torque calcula- 
tion does vary across the air gap, as shown 
in Table 3. 

Table 3: Comparison of Torques (in ft-lbf) 
Calculated Using Different Radii. 

Radius (inches) 
2.4675 I 2.4835 I 2.492 

If the local solution annulus is defined by 
the inner radius of the stator and the outer 
radius of the rotor, then the torque in the air 
gap will be path-independent for the entire 
distance, since the whole air gap is enclosed. 
If, in another case, several different sets of 
radii are chosen within the air gap (perhaps 
two radii in the outer half of the air gap for 
one calculation, and two radii in the inner 



half of the air gap for the other) then the 
torque will not be path-independent. When 
compared with results obtained from torque 
calculations using the Maxwell stress forces 
from FLUX2D flux density data, the local 
solution mirrors the same values. 

VIII. Conclusions 

The local solution method of force calcula- 
tion is a viable alternative to either the clas- 
sic Maxwell stress or virtual work methods. 
it can be said that the local solution method 
is actually a variation on flux density calcula- 
tion, which then uses Maxwell stress to deter- 
mine force, rather than a new method of force 
calculation. From the results obtained in this 
e x h t i o n ,  - it does not appear to necessar- 
ily be an improvement in accuracy, which it 
did not specifically claim to be. The results 
obtained using the method described in this 
paper closely match the other two methods, 
with less than 1% discrepancy in general. 
The calculation of torque using the local so- 
lution method is path-independent for any 
radius contained within the local solution an- 
nulus; however, computed torque varies as 
the local solution annulus is relocated and 
different samples of magnetic vector poten- 
tial are used for the solution. 

It should be noted that some problems 
were encountered during this investigation 
which indicated a relation between the loca- 
tion of the local solution annulus and the size 
and shape of the finite element grid. Inaccu- 
rate solutions resulted from the selection of 
annulus radii such that point(s) on the inner 
and outer radii are associated with the same 
element. In most cases, there appeared to be 
no significant dependence of the solution on 
the number of sample points over 512, un- 
less the annulus radii were located very close 
to one another, with separation being of the 
same order as the finite element size. This 
produced very noticeable discrepancies be- 
tween the local solution method and the two 

other methods. This demonstrates what is 
stated of the local solution method, which is 
that the local solution provides increased ac- 
curacy when used with lower order elements, 
saving time when solving large meshes. How- 
ever, there appears to be no increased accu- 
racy when used with finite element solutions 
from higher order grids, and there is a poten- 
tial for reduction in accuracy. 
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