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SUMMARY 

Theoretical and experimental studies examine how a coating, or “armor,” of partially wetted 

solid particles can stabilize tiny bubbles against diffusion of gas into the surrounding liquid, in spite 

of the high capillary pressures normally associated with such bubbles. Experiments with 

polymethylmethacrylate (PMMA) beads and carbonated water demonstrate that armored bubbles can 

persist for weeks in liquid unsaturated with respect to the gas in the bubbles. A two-dimensional 

model for armored bubbles shows how an armor can support a liquid-vapor interface of reduced or 

reversed curvature between the particles, giving the bubble zero or even negative capillary pressure. 

The stresses on the solid-solid contacts between particles in such cases is large and could drive 

sintering of the particles into a rigid framework. 

Stability analysis suggests that a slightly shrunken bubble would not expel a solid particle fkom 

its armor to relieve stress and allow the bubble to shrink further. Expulsion of particles from more 

stressed bubbles a zero capillary pressure is energetically favored in some cases. It is not clear, 

however, whether this expulsion would proceed spontaneously from a small perturbation or require 

a large initial disturbance of the bubble. In some cases, it appears that a bubble would expel some 

particles and shrink, but the bubble would approach a final, stable size rather than disappear 

completely. 

This simplified analysis leaves out several factors. For instance, only one perturbation toward 

expelling a solid from the armor is considered; perhaps other perturbations would be more 

energetically favored than that tested. Other considerations (particle deformation, Surface roughness, 

contact-angle hysteresis, and adhesion or physical bonding between adjacent particles) would make 

expelling solids more difficult than indicated by this theoretical study. 
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INTRODUCTION 

Concern about gas discharges from waste tanks at the Hanford nuclear reservation has led 

to the study of the mechanisms by which gas is trapped in and then episodically released fi-om these 

One possible mechanism by which gas could be held within the tanks is bubbles that are 

coated with solid particles, or “armored”; the higher density of the solids could keep such a bubble 

suspended in the midst of the liquid rather than rising to the upper surface of the liquid and bursting. 

(The coating of solids might also prevent rupture of the bubble at the upper surface of the tank, 

allowing the armored bubble to become part of the floating crust atop the waste,14 but prevention 

of bubble rupture is outside the scope of this study.) 

Tiny bubbles are in general unstable in the midst of a liquid phase for two reasons. First, 

their lower density causes them to rise through the liquid. An armor of dense solids could prevent 

this, but this matching of armored bubble density with surrounding liquid is unstable. Ethe bubble 

is perturbed upward through the liquid, it expands due to decreasing hydrostatic pressure, fbrther 

decreasing bubble density and accelerating its rise; and vice versa if the bubble is perturbed 

downward. Bubbles thus perturbed might stop their rise at the bottom of the crust atop the waste, 

or stop their fall at the top of the sludge layer below the liquid. 

The second instability concerns mass transfer with the surrounding liquid. The higher gas 

pressure in the bubble, due to surface tension, the curved bubble surface and the resulting capillary 

pressure pc is given by 

2ylv 
P c v l  =P -P =- 

R I V  

where p, is the pressure in the gas bubble, p, is the pressure in the liquid, yIv is the surface tension 

between liquid and vapor, and R,, is the radius of curvature of the liquid-vapor interface, which is 

defined as positive if‘the surface is convex around the center of the bubble. For a bubble that is not 

coated with solids, R, is simply the radius of the spherical bubble. The increase in gas pressure in 
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the bubble indicated by Eq. 1 raises gas chemical potential, which drives gas redissolution 

into the l i q ~ i d . ~  

The process of gas redissolution is complicated in the Hanford tanks by chemical 

generation of the gaseous chemical component in the liquid phase; as a result, the liquid is 

likely to be supersaturated with gas. If the liquid were only slightly supersaturated, the 

smallest bubbles would still lose material to larger bubbles in the vicinity. More 

specifically, for any finite degree of supersaturation, bubbles smaller than some threshold 

size would disappear, while larger bubbles would grow without limit. Stability of small 

bubbles to mass transfer requires a mechanism whereby, as a bubble shrinks, its capillary 

pressure falls, shutting down gas redissolution, rather than pc rising as the bubble shrinks, 

as indicated by Eq. 1. 

I 
Solid particles that are not perfectly wetted by either gas or liquid accumulate at the 

surface of a bubble because overall energy is minimized with these solids placed along the 

interface between liquid and vapor.6 This is the basis, for instance, of froth flotation of 

minerals in the mining industry.* An armor of partially-wetted solid particles around a 

bubble can in turn form a framework that might support such the bubble against shrinkage 

due to gas dissolution. If this armor remains intact as the bubble shrinks slightly, then 

reduced, zero or even negative interfacial curvatures can be supported, though the overall 

shape of the armor would remain spherical. Examples are shown in this report. Once the 

curvature is reduced or reversed, then the driving force for gas redissolution into liquid is 

eliminated. Supporting the liquid-gas interface in such cases puts large stresses on the 

armor. It is plausible that the bubble might expel a particle from the armor to relieve this 

stress and allow the bubble to shrink further. One purpose of this report is to investigate 

under what conditions such an armor can support this stress, and whether the stressed state 

is stable, or the bubble would continue shrinking, expelling solids from its annbr as needed 

to shrink further. 
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0B.TECTIVES 
The specific objectives of this study are as follows: 

Demonstrate experimentally, using a simple physical model, that bubbles can be 

stabilized for long times in unsaturated liquid by solids coating the surfaces of the 

bubbles. 

Derive theoretically the conditions under which solids can stabilize bubbles against 

gas dissolution into liquid by supporting a liquid-vapor interface with zero or 

negative curvature. Specifically, 

- derive the conditions of static equilibrium for such a bubble, and 

- determine under what conditions such a slightly shrunken bubble would expel a 

solid particle from its coating in order to allow itself to shrink further. 

. EXPERIMENTS 
Amroach 

We sought a system in which gas solubility in liquid can be manipulated easily in 

the laboratory. The solubility of C02 in water is sensitive to both pressure and 

temperature9 (Figure l), and water with large amounts of C02 dissolved under pressure 

can be purchased at nearly any grocery store. Polymethylmethacrylate (PMMA) beads are 

partially wetted by water and have been shown to stabilize froths on water.4 OzarkaTM 

brand mineral water (plain) was used as the liquid phase in these experiments. PMMA 

beads (Elvacitea Acrylic resins, with mean particle diameter about 100 pm; 15% smaller 

than 90 pm, 15% larger than 130 pm) were obtained from IC1 Acrylics, Wilmington, DE. 

A sample of a flat sheet of PMMA @cite@ L, cast acrylic) of the same composition as the 

beads were obtained from Regal Plastics. The contact angle of deionized water on the 

sheet, determined using a goniometer, was 70". This intermediate wettability is ideal for 

particle adhesion to the liquid-vapor interface.6 

In our first experiment, PMMA particles were carefully added to a small amount of 
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water in a beaker so as not to trap air in the beads or accumulate beads at the interface. 

Some beads did remain at the liquid-vapor interface, and these were scooped out or 

detached and sank upon addition of more water. The beaker was then heated to boiling on 

a hotplate. A froth was formed, containing water vapor and perhaps gases dissolved in the 

water. Some of these bubbles remained stable at the top of the liquid for over a day. The 

exact vapor composition of the bubbles is not known. 

Our second set of experiments attempted to create bubbles of C02 in water, 

stabilized by PMMA particles, under conditions where C02 would normally redissolve 

back into the water. We carefully added PMMA particles and then cold, carbonated water 

to a chilled beaker so that no armored bubbles were present initially. We then allowed the 

carbonated water to warm to room temperature slowly, or, sometimes, more quickly, on a 

hotplate. A solids-stabilized froth was formed, as in earlier studies at PNL and in this 

laboratory, in which nitrogen was sparged through water with PMMA beads or simulated 

tank wastes.1-5 The vapor space above the solution was loosely sealed, so that C02 

evolving from the liquid would drive out air and fill the vapor space above the liquid. 

Thus, it is hoped, the dissolved C02 and C02 bubbles were at equilibrium with a vapor of 

pure CO2 at 1 atm pressure shortly after the start of the experiment. We then heated the 

solution above room temperature on the hotplate and allowed the solution to cool slowly 

back to room temperature. Under these conditions, since C02 solubility decreases with 

increasing temperature (Figure l), C02 bubbles created in the warm water should 

redissolve back into the liquid upon cooling. The initial pressurized carbonation of the 

mineral water helps to form a froth, but it is increase in C02 solubility in water as the liquid 

cools back to room temperam at 1 a m  pressure that is at the heart of the demonstration. 

Besults and Disc- 
After cooling the carbonated liquid back to room temperature, a portion of froth 

persisted for several weeks, indicating that the solids stabilized the bubbles against the 
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redissolution of C02 into water, now unsaturated with respect to C02. 

Similar results were obtained in a previous study of nitrogen sparging of synthetic 

Hanford waste.5 In that case, tiny bubbles of N2 were stabilized for weeks against 

diffusion through the liquid film surrounding the bubble into the surrounding air. Large 

bubbles (of size 1 mm or larger) disappeared relatively rapidly in that test. In this new test, 

however, when the carbonated water was brought to boiling, most of the long-lived 

bubbles formed were of order 1 mm or larger in size. When the carbonated water w m e d  

slowly to room temperature only, the long-lived bubbles were much smaller. In all cases, 

only a small fraction of the gas evolved from the liquid was trapped in long-lived bubbles. 

This new demonstration was intended to show stabilization of bubbles against gas 

redissolution into unsaturated liquid. Unfortunately, the exact composition of the liquid 

and vapor surrounding the armored bubbles is not clear in this test. At the elevated 

temperature, if C02 were slow to evolve, then the liquid might not have been unsaturated 

upon cooling. On the other hand, some air undoubtedly re-entered the vapor space above 

the liquid as the beaker cooled. As the cooled liquid came into equilibrium with this mixed 

vapor, its concentration of dissolved C02 probably fell below that intended: i.e., in 

equilibrium with C02 at 1 atm pressure. In any event, as in previous tests$y5 the solids 

clearly stabilized small bubbles against mass transfer to liquid and vapor, in apparent 

violation of the implications of Eq. 1. 

THEORY 
Apnroach 

Armored bubbles are coated with irregula-shaped solid particles that may or may 

not adhere to each other. For simplicity, one might idealize these particles as inert, uniform 

and spherical. Two properties of such an idealized system are worth noting: (1) Until the 

particles are close-packed, there is no distortion of the spherical shape of the liquid-vapor 

interface around the solid particles.’* The spherical symmetry of the particles meshes 
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smoothly with the spherical symmetry of the bubble. The familiar everyday observation 

that bubbles clump together on a flat liquid-vapor interface, in a beverage glass, for 

instance, is due to the curved meniscus of the interface around the bubbles due to gravity.6 

In contrast, gravity is not important compared to surface forces on the length scale of the 

interface of tiny bubbles in the midst of liquid. Similarly, the clumping of solid particles 

together in a flat armored liquid film between two bubbles5 is due to the curved interface 

between the solids in such a f i i .  There is no such distortion in the case of spherical solids 

around a single spherical bubble. For irregular-shaped solids, there could be some local 

distortions of the interface, however. (2) Even when particles are close-packed, there are 

gaps, with exposed liquid-gas interface, between particles - for instance, the gap between 

three spherical particles shown in Figure 2a. 

Although the interface shape is simple and spherical up to the point of close packing 

of the particles, once the bubble shrinks further the interface shape becomes complex. 

Therefore we further simplify the problem by considering a two-dimensional (2D) system 

illustrated in Figures 2b and 3. All interface shapes are assumed invariant in the z 

direction, perpendicular to this figure. For cylindrical interfaces, capillary pressure is given 

bY 

YlV Pc= - R1V P I  

For simplicity, we assume that gas, liquid and solids are incompressible. We assume that 

there is no adhesion, sticking or bonding between the solid particles. 

In a 2D system of close-packed solids, there is no gap between solids like that 

where three spherical solids meet in 3D (Figure 2a). In 2D, in particular, for contact angles 

other than 90°, there is a potential singularity in interfacial curvature as the liquid-gas 

interface approaches the point of contact between the solids. Therefore, to eliminate this 
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singularity and more accurately model 3D behavior, we postulate that the centers of 

uniform particles of radius Rp can approach no closer than (Rp + 8) (Figure 2b). At this 

distance hard-sphere repulsion keeps the particles apart, even though there is a small gap 

and exposed liquid-vapor interface between the particles. For a perfect hexagonal packing 

of spherical solids on a flat surface (Figure 2a), the solids cover 90.69% of the surface. 

For the 2D system illustrated in Figure 2b, the same fraction of exposed surface 

corresponds to 6 = 0.05008 Rp 

We consider four cases: 

1) A loose armor of solids partially covers the bubble. 

2) A close-fitting armor of particles covers the bubble, with no stress on the armor 

(Figure 3). 

3) After further bubble shrinkage, the armor supports reduced or reversed 

curvature of liquid-vapor interface, but the armor retains its initial circular shape 

(Figure 4a). 

4) A single particle is expelled from the armor far enough that the liquid-vapor 

interface everywhere else can retum to a circular shdpe centered on the center of 

the bubble (Figure 4b). 

For the first three cases we compute the forces acting on the solid particles, 

including the stress on the solids. For the third and fourth case we compute the appropriate 

energy change to evaluate whether the system would spontaneously expel a particle in order 

to relax its interface shape. Levine and BowenlOJl derive effective interfacial properties 

for an armored bubble on the assumption that the armor sustains no stress, i.e. that it 

expels particles continuously as the bubble shrinks, but we know of no theoretical 

demonstration that a system would spontaneously do so. 

The computation of energy change is similar to that for a bubble with no s01ids.~ 

The bubble and surrounding liquid are in a closed container held at fixed temperature T and 

pressure p (Figure 5). This subsystem forms part of a larger, closed, adiabatic, constant- 
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volume system that includes the temperature and pressure reservoirs. The change in energy 

in the entire system between cases (3) and (4) above is then 

AtJ = PCdVV + Ysv M S V  + Ysl u s 1  + nv u 1 v  [31 

where Aij and Yij are surface areas and excess energies between phases i and j, and 

subscripts s, 1, and v refer to solid, liquid and vapor phases. If the phases are 

incompressible, the first term on the right in Eq. 3 is zero, Since, from Young's equation, 

Ysl + n v  cos6 = 'ysv 141 

where 8 is contact angle, and 

&v = - AAsl 

then Eq. 3 can be rewritten 

AU = nv (AA~, + A A ~ "  COS$) 

Computation of the positions of the particles and interfaces, forces, and energy 

change is in concept'simple but complex algebraically. Details are given in the Appendix. 

Briefly, there are three forces acting on the a solid particle, illustrated in Figure 6, where 

coordinate y is in the direction of the center of the bubble. First, the liquid-vapor interface 

puLzs on the solid at the three-phase contact point in the direction of the tangent to the liquid- 

vapor interface. Second, the lower pressure in the liquid phase gives a net force normal to 

the surface over the area exposed to the liquid phase. In both cases, the x components of 

these forces cancel due to symmetry; the net force Fyc in the y direction from these two 

sources represents inward force on the solid arising from capillary forces. If Fyc > 0, it is 

balanced by the y component of the hard-core repulsive force Fs of the neighboring solid 

particles. 
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Resu Its and D i s c h  

AElmum& 
Figure 7 shows the radial force Fyc (cf. Figure 6) on a solid particle from, 

respectively, interfacial tension and capillary pressure, as a function of contact angle 8. 

The liquid-vapor interface is a circle centered on the center of the gas bubble with radius 10 

times particle radius Rp. All forces are made dimensionless by dividing by (y L), where L 

is the length of the cylindrical solids perpendicular to the plane of Figure 2 and y= nv. For 

simplicity, here and below we drop the subscripts on nv. As shown in the figure, the two 

capillary forces cancel; there is no net inward force on the particle, and no force between 

solids is required to resist it, even if the solids are touching. If a bubble with a certain 

number n of solid particles begins to shrink due to gas dissolution in the liquid, this 

condition applies up to the point at which the solid particles are close packed. We designate 

the gas volume at this point Vi. If the bubble shrinks beyond this point, the liquid-vapor 

interface between particles, though still a circle, is no longer centered on the center of the 

bubble; cf. Figure 4a, where each liquid-vapor interface is flat, Le. a circle of infinite 

radius. 

If solids particles are relatively large compared to the bubble, then the number of 

solids on the bubble, n, is small. For such a bubble, a significant fraction of the apparent 

bubble volume is occupied by the solids. Figure 3 illustrates this schematically for n = 6. 

Put differently, a bubble of volume Vi increases its radius as it acquires an armor, because 

the solids increase the apparent volume and radius of the bubble. We designate the radius 

of the bubble with no solids added Rlvo and this of the liquid-vapor interface of a bubble 

with a close-packed but unstressed armor as RIG. Figure 8 shows the decrease in capillary 

pressure due to increased apparent volume as a bubble acquires a close-fitting armor of n 

particles, for 0 = loo, 70°, and 170'. Rlv&lG is the ratio of capillary pressure with armor 

to that without armor (m. 2). For a close-fitting armor of n particles, Figure 9 shows the 

ratio of particle radius Rp to initial bubble radius Rlvo. As noted, small values of n 



10 
correspond to particles relatively large compared to initial bubble size. 

Armor Under Stres  

If the bubble shrinks further, the solid armor remains fixed, the centers of the solid 

particles remain in a circular array around the center of the bubble. The liquid-vapor 

interface begins to flatten and the three-phase contact line moves inward along the solid 

particles (cf. Figures 3 and 4a). If shrinkage continues, the interfaces reverse curvature 

and become increasingly concave. By convention, in this case we define the radius of the 

concave circular interface as negative. Shrinkage reaches a limit when (for 8 I 90'), the 

liquid-vapor interfaces on either side of a particle meet on the solid surface, or (for 8 2 90") 

the two interfaces meet at a point interior to the solid. In either case, this represents the 

minimum volume possible before the bubble detaches from at least one solid particle. 

Figures 10-18 show the changes in capillary pressure and stresses on solid particles 

as a bubble shrinks within its armor. Examples are shown for n = 5,lO and 100 and 8 = 

lo', 70°, and 170'. Dimensionless volume, capillary pressure and stresses, respectively, 

are defined by 

171 
V 

VI>= 

FS 
Y L  

F,D= - 1101 

p c ~  is the ratio of the capillary pressure of the shrunken, stressed, armored bubble to that of 

the initial, unshrunken bubble with no solids. Each plot extends from the unstressed, 

armored state, through zero capillary pressure to the minimum possible bubble volume. 
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For 8 = 10' and n = 5 or 10, the liquid interfaces meet and detach from the solid before p c ~  

reaches zero. 

In all cases, except those noted just above in which a solid is expelled first, a small 

decrease in bubble volume causes capillary pressure to decrease to zero and then to negative 

values. At p c ~  = 0 the bubble is in equilibrium with liquid saturated with the gaseous 

component at 1 atm pressure. Thus, at negative p c ~ ,  gas in the bubble can be in 

equilibrium with liquid unsaturated with the gaseous component. Moreover, this 

equilibrium is stable to mass-transfer: since (dpclr/dvD) > 0, small perturbations in bubble 

size drive mass transfer to oppose the perturbations. The instability to density fluctuations 

discussed in the Introduction remains, however. Since (dVD/dpcD) > 0, if a bubble is 

perturbed upwards, it expands due to lower hydrostatic pressure, further reducing its 

density and accelerating its rise, As it expands, a bubble may accumulate more solids on its 

surface, but since area increases more slowly than volume with an increase in bubble size, 

the instability with respect to density remains, On the other hand, as the bubble rises and 

expands, its capillary pressure falls, which drives mass transfer out of the bubble by 

diffusion. Thus whether the bubble would continue to rise or fall upon a small perturbation 

depends in part on the relative rates of bubble movement and mass transfer with 

surrounding liquid. 

For given 8 and n, there is a lower limit to the capillary pressure, and hence degree 

of unsaturation of the liquid with respect to gas, that a bubble can endure. However, since 

the Hanford wastes are expected to be supersaturated with respect to gas, the region of 

practical interest is that of positive capillary pressure. 

In most cases, capillary pressure passes through a minimum (negative) value as 

bubble volume decreases. As the interface recedes further and further from the solids, Rlv 

starts to increase. The phenomenon is similar to the increase in interface cuniature as an 

interface advances through a pore throat that causes a Haines jump in two-phase flow in 

porous media.12 
, 
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Figures 10-18 show the inward radial force on the solid particles F y c ~ ,  derived 

from interfacial tension and capillary pressure, and F ~ D ,  the solid-solid force, i.e., the 

stress on the armor, required to keep the solids in place in spite of the capillary forces, for 

the same values of n and 8. Because the solids touch at an angle oblique to the radial 

direction (Figure 6), the solid-solid force is much larger than the radial component of the 

capillary forces: 

For large n and large decreases in pc, the stresses on the armor are huge. In a l l  cases, for 

p c ~  = 0, FSD = 1. In this case there is no force on the solid from the (zero) capillary 

pressure (Figure 6); surface tension pulls on the particle along the liquid-vapor interface, 

which by symmetry is a straight line parallel to the line joining the centers of the particles, 

Le., the line along which Fs acts. Thus Fs E F s ~  y L = y L, regardless of 9 or n. As n 

increases, the angle of contact between solids is more oblique to the inward (y) direction 

(Figure 6), so F y c ~  decreases, but Fm (Eq. 11) remains unchanged. 

In all cases, for pc greater than zero or not too negative, Figures 10-18 indicate that 

Thus one can estimate the stress on the solids for any positive capillary pressure. The 

denominator in Eq. 12 is nearly 1 for all n greater than about 5; the error in assuming it is 1 

is only about 20% even for n = 5. For zero pc, as noted above, Fs = y L. Although the 

absolute magnitude of this force is small, relative to the size of the particle it can be large. 

For instance, if n = 100 and Rlvo = 10 pm, particle radius is 0.31 pm (Figure 9). If y = 70 

dyne/cm (70 mN/m) and solid density is 2.5 g/cm3 (2500 kg/m3), Fs is 9,700,OO times the 

force of gravity on the particle. 
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If the cylindrical particle deforms to spread this stress at the point of contact 

between solids over an area 1/10 as wide as the particle diameter (i.e., area of contact = 0.2 

Rp L), the pressure on this area of contact would be 1.14 MPa (166 psi). If the area of 

contact were smaller, this pressure would be higher, and vice versa. 

This force suggests that an enormous energy benefit would ensue from expelling a 

solid particle and allowing the rest of the armor to relax, as in Figure 4b. This comparison 

is made below. Our analysis assumes that the solids can freely slide and roll past each 

other; i.e., that the solids do not bond or adhere to each other. However, the force between 

particles can lead to significant pressures at the point of contact, which could drive 

dissolutiodprecipitation processes to bond the particles in the annor to each other. 

StabiIitv of Armor Under S t r a  

Table 1 gives changes in interfacial areas and total energy when one solid is pushed 

outwards from a symmetric armor under stress as illustrated in Figure 4. Values for n = 5, 

10,20 and 100 and 6 = lo', 70°, 130" and 170' are included. For each case except 9 = 

130°, two initial states are considered: a slightly shrunken bubble, with a small reduction in 

capillary pressure, and zero capillary pressure. The first initial state tests whether a bubble 

would start to expel a solid shortly after starting to shrink, before large stresses build up. 

In each case this state is represented in Figures 10 - 18 by the symbol representing the first 

decrease in volume from the unstressed state. This initial state is intended to represent an 

arbitrary, small stress on the system, therefore, only the sign, not the magnitude, of the 

energy changes in Table 1 are significant in making comparisons beteween different values 

of n or 9. 

Table 1 indicates that in all cases tested, starting to expel a solid shortly after the 

bubble starts to shrink does not reduce energy. Expelling a solid from the more-stressed 

state of zero capillary pressure appears more promising. For 8 = 10' and n = 5 or 10, the 

bubble expels a solid before the bubble reaches a state of zero pc (Figures 10 and 11). For 

6 = 10" and n = 20 or 100, after the perturbation, the liquid-vapor interfaces meet on the 
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inner surface of the expelled solid, which fully detaches from the interface into the liquid. 

For 6 = 170°, for all values of n tested, the liquid-vapor interfaces meet at the outer surface 

of the solids adjacent to the particle pushed outwards in the perturbation: one or more of 

these particles is expelled inwards from the liquid-vapor interface into the vapor phase. In 

all of these cases one or more particles is expelled from the armor. For 6 = 130°, bubbles 

with n = 10 or 20 solids would spontaneously expel a particle from the armor, but bubbles 

with n = 5 or 100 particles would not. This suggests that a bubble armored with less than 

100 particles might shrink for a time, expelling solids as needed, until it reached a stable 

size, below which it would not shrink. For 6 = 70°, expulsion is not favored for any 

tested value of n. 

This analysis begs the question of whether expulsion of a particle from the zero-p, 

state could be initiated from a small perturbation, Resolving this issue would require 

analysis of a smaller perturbation from the zero-p, state. 

That extremely stressed, armored bubbles should not in all cases expel particles to 

relieve stress is remarkable. It is possible that they do so, but by a perturbation different 

from that tested here. The perturbed state assumed here, illustrated schematically in Figure 

4b, is not itself at equilibrium: as drawn, (n-3) particles, on the new, shrunken circular 

perimeter, have zero net capillary force (Figure 7), but the expelled particle and its 

neighbors would not be in static equilibrium. Thus this state is not an alternative 

equilibrium state to the symmetric, stressed state, but an arbitrary alternative state, designed 

to test whether the initial state minimizes energy. 

Table 1 makes clear that in many cases overall surface energy increases with the 

proposed perturbation. Since neighboring solids all touch both before and after the 

perturbation, the perimeter of the armored bubble, as reflected in the path between centers 

of the solid particles, is unchanged by the perturbation. 

Energy would be reduced if the bubble were to shrink sufficiently (losing gas to the 

liquid or to vapor above the liquid in the tank) and expel a solid completely, immersing it 
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fully in either liquid (for 8 I 90") or vapor (for 8 2 90"). The implication of Table 1 is that 

in . m y  cases the bubble cannot reach this lower-energy state by a succession of small 

changes, continuously reducing its energy in the process. 

Exactly how the process of expelling a particle might end is complex in some cases. 

Figure 19 illustrates that the expulsion might terminate with the solid particle pushed 

outside the perimeter of the bubble but still attached to it by the liquid-vapor interface. This 

does not happen if 8 is sufficiently small or large; instead, a solid detaches completely. 

Moreover, once the solid is pushed outside the perimeter of the armor, the curvature of the 

liquid-vapor interface is governed by the geometry of the ring of (n-1) particles left in the 

armor. In other words, the radius of the liquid-vapor interface is governed by the (n-1) 

particles remaining, as though the other particle had been expelled completely. The radius 

of this ring is less than that of the original armored bubble; i.e., capillary pressure has 

increased (Eq. 2), and the bubble can continue to shrink. 

Several factors not considered here could prevent expulsion of a particle even where 

predicted by this theory. Expulsion requires that the particles slide along the surface of one 

neighboring solid and either slide or roll along the surface of the other neighbor. Surface 

roughness or adhesion, not considered here, could prevent this. Angular particle shapes 

could make this sliding more dif'ficuIt. Purely attractive short-range forces between particle 

centers wpuld not affect the sliding process, since the particles are always touching - Le., 

always at the same distance from their neighbors. Deformation of particles under stress at 

their points of contact might make sliding difficult. So could, of course, physical or 

chemical bonding of particles due to dissolutiodprecipitation, enhanced by the elevated 

pressures at their points of contact. Contact-angle hysteresis due to surface roughness or 

other causes could prevent a bubble from adjusting to a new-lower energy state and ejecting 

a solid particle. 

An additional complication present in three-dimensions, not accounted for in this 

2D model or other simplified 3D models,loJl is defects in the packing of particles on the 
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bubble surface. In general, even with identical, spherical particles, the perfect hexagonal 

packing illustrated in Figure 2 is not possible. Along defects the number of particle-particle 

contacts is reduced, their angles altered, and the open patches of interface between particles 

larger than illustrated in Figure 2a. The effect of defects on particle packing and armor 

stress and stability are likely to be complex. 

3. 

4. 

CONCLUSIONS 
Experiments with C02 dissolved in water suggest that PMMA particles can stabilize 

small bubbles in water for periods of up to several weeks under conditions where the 

water is unsaturated with respect to C02.  It is not clear how unsaturated the liquid 

was in this experiment. Similar results were suggested in a previous study using 

nitrogen bubbles in synthetic Hanford waste. 

Theoretical calculations show how a coating of solids can stabilize a bubble at zero or 

even negative capillary pressure. Substantial reduction in capillary pressure is not 

possible unless 8 is sufficiently greater than zero. In cases of substantially reduced 

capillary pressure, the stresses on the solids, which can be estimated using &. 12, can 

be large, especially for tiny bubbles and smaller solid particles. The stresses at solid- 

solid contacts might drive dissolution and precipitation of solid around the points of 

contact, sintering the solids into a rigid framework. 

An armor of solid particles does not necessarily solve stability issues relating to bubble 

density. The density of an armored bubble decreases with pressure as does that of a 

bubble with no solids, so such a bubble would expand and rise further if perturbed 

upwards in the tank, However, changes in capillary pressure could drive mass 

transfer to shrink the bubble as it expands; whether this mechanism would prevent 

bubble movement depends on the relative rates of flow and of mass transfer. 

Energy calculations concerning a perturbation toward expelling a solid particle indicate 

that slightly shrunken bubbles do not expel solids to relieve stress on the armor, but 
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more shrunken bubbles might do so. For at least one case, it appears that for a given 

solid particle size, there may be a range of bubble sizes in which the bubble can shrink 

and continuously expel solids as it does so, but that this process stops at a minimum 

size below which the bubble does not shrink further. 

The energy calculations are preliminary. They are limited to one perturbation toward 

expelling a particle; it is possible that bubble sizes found to be stable by this analysis 

might expel particles in other ways. However, the analysis also leaves out several 

mechanisms that could make expulsion of particles more difficult: particle 

deformation, surface roughness, contact-angle hysteresis, and adhesion or physical 

bonding between adjacent particles. Thus it is possible that cases found to be unstable 

by this analysis might be stabilized by these factors. 

SYMBOLS 

Aij area of surface between phases i and j 

Fs hard-sphere repulsive force between adjacent solid particles (Figure 6) 

Fyc inward radial force on solid particle (Figure 6) 

L length of bubble and solids in z direction, perpendicular to plane of Figure 3 

n number of particles in armor around bubble 

pc capillary pressure (Eqs. 1,2) 

pi liquid-phase pressure 

pv pressure in the bubble 

R1, radius of curvature of the liquid-vapor interface around the bubble 

Rive radius of bubble before addition of solid particles 

Rlvi radius of bubble with close-fitting, but unstressed, armor 

Rp radius of solid particle 

U energy (Eqs. 3,6) 

V volume of bubble 

Vi initial volume of bubble 
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y 

yij 

6 

(with no subscripts) liquid-vapor surface tension (also nv) 
surface tension or surface energy of interface between phases i and j 

distance of separation between solid particles at which hard-sphere repulsion acts 

fFigure 2) 

8 contactangle 

SubscrioQ 

D dimensionless 

i initial 

1 liquidphase 

solidphase 

vaporphase 

1. 

2. 

3 
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APPENDIX: CALCULATION OF BUBBLE AND ARMOR 

GEOMETRY 

The solids form a circular ring around the center of the bubble for both a close- 

packed, unstressed armor (Figure 3) and stressed, symmetric armor (Figure 4a). For the 

unstressed armor the liquid-vapor interface is a circle of radius Rlvi that intersects the 

particle surfaces with the given contact angle 8. The initial volume of the bubble Vi must 

account for the volume occupied within the bubble by the cylindrical solids. For an 

armored bubble with a small number n of relatively large particles, the solids take up a 

significant fraction of apparent bubble volume, as illustrated in Figure 3. To put it 

differently, a bubble with a given gas volume Vi expands its radius significantly as it 

acquires an armor of large particles. In the process, its radius of curvature increases from 

Rlvo E (3 Vi / 4 7 ~ ) ~ ’ ~  to a larger value Rlvi, calculated accounting for volume occupied by 

solids. Thus capillary pressure decreases (Eq. 2) as a bubble acquires a solid armor, as 

shown in Figure 8, due to the apparent increase in its volume, even before the bubble 

shrinks and puts stress on the armor. 

The armor retains its circular shape in the stressed, symmetric case (Figure 4a). As 

the bubble shrinks, the liquid-vapor interface retreats along the solid surface toward the 

center of the bubble. For any given point of contact, the liquid-vapor interface must be 

cylindrical and touch the solids with contact angle 8. Thus for any given point of contact, 

one can calculate Rlv and the new gas volume V. 

Calculation of energy changes using Eq. 6 proceeds as follows. We examine two 

initial states: one just slightly stressed (the first decrease in bubble volume V in Figures 10- 

18) and the other with p c ~  = 0. For each initial state (Figure 4a), we seek the perturbed 

state (Figure 4b) with the same volume. Since the magnitude of the initial state of stress 

varies from case to case (i.e., varying 8 or n), only the sign of the energy change, which 

indicates whether the perturbation is favored or not, is of interest, not the magnitude of the 

energy change. 
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The perturbed state (Figure 4b) is computed as follows. (n-1) of the solids form a 

circular framework as one solid is displaced outwards from this circle by a distance h. For 

any given h, the liquid-vapor interfaces all must have the same radius R1, and contact solids 

with the given contact angle 8. These positions of contact can be determined from 

trigonometry. Calculating V is complex, but follows the same principles as for the 

unstressed state above. There is a unique h that gives the same volume as before the 

perturbation; thus h, and all dependent parameters, are determined by iteration. 

The process of shrinking must end when the opposing liquid-vapor interfaces meet 

either at the innermost point on the solid surface (for 8 590') or at a point interior to the 

armor (for 8 > 90'). Figure 20 illustrates these two possibilities schematically. After this 

point at least one solid would detach from the bubble. Thus this sets the minimum volume 

to which the bubble can shrink before it expels a solid. However, as shown in Figures 10- 

18 for n greater than 10 and 8 much greater than zero, the bubble takes strongly negative 

capillary pressures well before this point is reached. Therefore, probably a bubble never 

shrinks this far in practice. 

In practice, we computed 8 cases between that of an unstressed armor and pCo = 0, 

and 11 cases between p c ~  = 0 and the minimum bubble volume. Each case is represented 

by a filled-in symbol on Figures 10-18. 
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Table 1. 
Energy Change Upon Partially Expelling a Solid Particle 

From a Stressed Armor 

Initial State : Slightlv Reduced Vo lume e =  io0 
n = 5  
n =  10 
n = 2 0  
n = 100 

n = 5  
n =  10 
n=20  
n = 100 

8 = 170' 
n = 5  
n =  10 
n = 2 0  
n = 100 

e = 700 

-0.288 
-0.258 
-0.042 
3.417 

-0.025 
-0.025 
-0.025 
-0.023 

1.136 
0.709 
0.707 
2.257 

7.602 
0.355 
0.55 1 
0.524 

0.091 
0.083 
0.08 1 
0.08 1 

-5.268 
- 10.484 
-10.621 

0.654 

,Initial State: Ze ro CaD illarv Pressure e = io0 
n = 5  (1) 
n =  10 (1) 
n = 2 0  (2) 
n = 100 (2) 

n = 5  -0.230 
n = l O  1.69 1 
n = 2 0  -0.222 
n = 100 -0.220 

n = 5  1.405 
n =  10 1.193 
n = 20 1.157 
n = 100 1.302 

n = 5  (2) 
n =  10 (2) 
n = 2 0  (2) 
n = 100 (2) 

8 = 70" 

e = 1300 

8 = 170" 

0.831 
0.75 1 
0.733 
0.7 18 

-0.151 
2.106 
2.003 
1.930 

9.083 
0.038 
0.088 
0.121 

0.006 
0.0015 
0.0.006 
0.00015 

3.887 
3.639 
1.783 
0.049 

0.055 
0.035 
0.029 
0.026 

1.502 
-0.160 
-0.130 
0.062 
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(1) - initial state not possible: neighboring liquid-vapor interfaces meet 
(2) - perturbed state not possible: neighboring liquid-vapor interfaces meet 
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Figure 1. Solubility of C02 in Water. From Ref. (9) 
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Figure 2. Gap between solid particles in 3D 
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Figure 3. 2D Model for bubble (schematic) 
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Figure 5. Model for thermodynamic calculations 
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Figure 19. Armored bubble after one solid is 
expelled from core of armor, but held to armor 
by liquid-vapor interface (schematic) 
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e > 90" 
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Figure 20. Meeting of liquid-vapor interfaces at 
minimum bubble volume (schematic) 
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