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Abstract 
A method for predicting and modelling material failure in solids subjected to impact 
loading is outlined. The method uses classical void growth models of Gurson and 
Tvergaard in a material point method (MPM). Because of material softening, 
material stability is lost. At this point, the character of the governing partial 
differential equations changes, and localization occurs. This localization results in 
mesh dependence for many problems of interest. 

For many problems, predicting the occurrence of material failure and its extent 
is necessary. To enable this modelling, it is proposed that a discontinuity be 
introduced into the displacement field. By including a dissipation-based force- 
displacement relationship, the mesh dependence of energy dissipation can be 
avoided. Additionally, the material point method provides a means of allowing 
large deformations without mesh distortion or introduction of error through 
remapping. 

1 Introduction 
In problems involving impact or blast loading of structures, material 
failure can often occur. This material failure can be catastrophic to the 
structure or may have little effect on the stability of the structure. In 
order to calculate the integrity of the structure and its ability to 
withstand such loading, one must be able to model material failure and 
continue with the calculation after the onset of material failure. 

http://lanl.gov


Additionally, as with all numerical modelling methods, the solution must 
be convergent with respect to mesh size. 

Sluys2 and others have shown that for softening rate independent 
materials, strain localization occurs once material stability is lost. 
Further, this localization is nonconvergent with respect to mesh size. 
Wang l  has demonstrated that strain rate hardening can introduce a 
length scale into the strain localization process. The length scale 
associated with the strain rate effect may be small enough that meshing 
to that scale is not practical for most structures. 

Since the condition for material instability is independent of strain 
rate effects, it is used here to indicate the onset of a material failure 
process. A discontinuous bifurcation analysis provides the normal to 
the failure surface and the straining mode associated with the failure. It 
is assumed that the material failure process can be described in terms of 
a traction-displacement relation which is consistent with known fracture 
properties (energy release rates and surface energies). 

2 Motivation 
Following is a plot of calculated free surface velocities from a flyer plate 
impact experiment on a steel with an initial porosity of 0.01 and a yield 
stress of 2070 bars. The impactor velocity was 0.5 cdmsec. The test 
specimen was 1.0 cm thick. The material model used was a non- 
hardening elastic-plastic model with a Gurson3 yield surface. No 
thermal effects or strain-rate effects were included. 

The Gurson plasticity model includes material softening as porosity 
increases due to volumetric plastic straining. This was chosen as a good 
model to demonstrate the mesh-dependent properties of calculations of 
dynamic solutions when softening materials are included. 

The calculations were performed with a one-dimensional version of a 
particle-in-cell code. In this code, material response is calculated on the 
material points and the equation of motion is solved on the grid. Each 
cell included three material points. The calculations were performed 
with cell sizes of 0.1 cm, 0.05 cm, 0.025 cm, 0.0125 cm, and 0.00625 
cm. 

These calculations demonstrate that mesh convergence is not 
achievable when a softening material is included without rate effects or 
some other artificial means of enforcing mesh independence. 



0 0.001 0.002 0.003 0.004 0.005 

time (msec) 

Figure 1: A plot of calculated free surface velocities for a flyer plate 
impact test. The final velocity and the apparent spa11 strength does not 
converge with respect to mesh size. 

3 Theory 

It has been shown (Hadamard4; Rice5) that the condition necessary for 
existence of a discontinuous bifurcation in strain in a body composed of 
a rate-independent material is the existence of zero eigenvalues of the 
acoustic tensor, A. In equations this statement reads as 

det A = 0 (1) 

where 



In the above equation, n is the direction which defines the acoustic 
tensor and T is the tangent stiffness tensor in the current configuration, 
i.e., 

cr = T(Vv),  (3) 

where cs is the Cauchy stress, v is the material velocity, and v denotes 
the gradient with respect to the current configuration. 

Numerical analysis of the constitutive model allow one to identify the 
direction, n, which admits the lowest eigenvalue for A. This procedure 
for materials possessing symmetric tangent stiffness tensors has been 
previously published (Zuo6). Once this direction is identified, one can 
solve for the determinant of A. If it is negative or zero, a discontinuous 
bifurcation or material instability is possible. This is taken as the 
indication of the beginning of a material failure process. 

The eigen vector, m, associated with the lowest eigenvalue of A must 
then be identified. It follows that the mode of deformation mOn is the 
failure mode. 

3.2 Decohesion Model 

3.2.1 Thermodynamic Formulation 
Although the failure process itself is inelastic and material around the 
failed surfaces may have been deformed inelastically prior to the actual 
failure, it is assumed that the material around the decohesion unloads 
elastically. More specifically, it is assumed that the material unloads 
linearly. An internal energy per unit volume composed of the elastic 
stored energy and an energy associated with the failing surface is 
assumed. The energy is taken to be separable and of the following 
form: 

(4) 

in which e is the strain, E is the elasticity which is taken to be constant, 
[u] is the discontinuity in displacement at the failing surface, and [E] is 
a measure of the magnitude of decohesion. The energy, Us, exists 
only along a surface of discontinuity in displacement. The dissipation 
rate is 

1 
2 

~(e,[u],[ii]) = -e:Ee+ U~([UI,[U]) 
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0, = ~ : e  - U = -- . [U] - - * [u] ( 5 )  

in which the stress, 0, satisfies the constitutive equation 

au 
O=-. 

ae 

Conjugate variables may be defined as follows: 

to simplify the expression for the dissipation rate to 

0, = z *[U] + ?[GI. 

Suppose a decohesion function of the conjugate variables, fD, is 
defined such that decohesion occurs only when fD = 0, no decohesion 
occurs when fD < 0, and fD > 0 is not allowed. The evolution of 
decohesion can be defined through the use of a monotonically 
increasing parameter, A, in the form of an associated law, i.e. 

. af, + af, 
aT a? [U]=h- and [?i]=h- . (9)  

Then, the dissipation rate becomes 

which is positive provided that fD = 0 defines a star-shaped region with 
respect to the origin and the. space of z and ? . 

For a particular interpretation, consider z to be the traction on a 
surface of discontinuity with normal n, or 

z = o - n  



and consider a quadratic function of the following form: 

'no 'to 

in which 'Ge is the dimensionless effective traction, Zn is the normal 
component of traction, and 'Gt is the magnitude of the traction vector 
orthogonal to n. %no and %to are the failure tractions for pure opening 
and in-plane shear modes, respectively. 

The remaining conjugate variable, T ,  is assumed to satisfy a 
constitutive equation of the form 

T 2  = 2Sm[ii] - S,[U] 2 - 2  , (13) 

in which Sm is a softening'modulus. Then an alternative form for the 
existence of decohesion, fD = 0, is the simple linear softening relation 

2, = 1 - S,[Ti]. (14) 

When [E] 2 1/Sm the effective traction is taken to be zero, the condition 
for a free surface. Alternative decaying functions can be equally well be 
used in place of the linear softening one. 

With the assumed form of the damage function, the evolution 
equations are 

in which m is a unit vector describing the "mode" of the decohesion. 
The dissipation rate reduces to 

0, = 2q.t: + 721 = 2 i ,  



which one must now interpret to be the dissipation rate per unit surface 
area. 

The above formulation allows different fracture strengths in normal 
tension and shear. Once these values are assigned, the dissipation for a 
total decohesion in any mode is fixed. To provide an additional 
parameter to allow for prescribing the different energies dissipated in 
two modes, in addition to the strength, it is only necessary to change the 
constitutive equation for 2.  If we write the constitutive equation 
presented above in rate form, the result is 

- ~i = S,{[U], + b[U],}{l- S,[ti]} 

where 

[u], =[u]-n and [U]: =[u].[U]-[u]:. (18) 

The parameter b can be chosen to match energy dissipated in pure 
shearing decohesion. 

3.2.2 The Concept of Decohesion Strain 
In the material point method, each material point has with it an 
associated subdomain, Qm. Stress and strain are assumed constant over 
each subdomain. If, in addition, we impose a decohesion at the material 
point, then we assume that the failure surface normal, n, is constant 
through Qm, and that the failure surface has an area, A&. If the 
discontinuity [Au] is in the direction m,  and the magnitude of the 
decohesion is [Au], then 

[ Au] = [ Au], n + [ Au], t = [ A u ] ~ .  

Define the mode of decohesion, M, to be 

1 
2 

M = -[m @n+n om].  



Let dV be a volume element in the current configuration and define 
a decohesion strain over Bm by a compatibility condition as follows: 

jed'dV = [Au]A,,M. (21) 
% 

Assuming the decohesion strain to be constant over Qm, we can derive 
an effective length, Le, as follows: 

In the above relation, Vm is the volume of Qm. 
We assume that the increment in strain, Ae, at a material point is 

known for a given step. We also assume that we know M from the 
previous step. The unknown quantity is [Au]. We will relax the 
continuum strain in the subdomain according to 

ACJ = E (Ae - Aedc), (23) 

in which E is the elasticity tensor. Define a trial stress increment, A d r ,  
and a modified mode, ME, as follows: 

A C J ~  = EAe ME = E M .  (24) 

The actual stress increment must satisfy the equation 

tr [Au] E ACJ=AO - - M .  
Lef 

The unknown, [Au], may be solved for iteratively. In order to 
implement a solution scheme, define normal and shear modes as 
follows : 

1 
2 

M, = n O n  M,=-[tOn+nOt].  



i 

The trial and actual traction increment components at the failure surface 
are 

C, = ME:Mn and C,, = ME:Mt 
AT,” = Aotr:M, 

and 
 AT^ = Ao:M, AT, =Ao:M,, 

AT: = Ao”:M, 

respectively. These traction increments are related in the following 
manner: 

The two constants CEn and CEt are defined by 

CEn = ME:Mn and CE, =ME:Mt 

4 Final Remarks 
One can use the above equations, the consistency condition, and the 
evolution equations to obtain the decohesion increment, [Au], the 
decohesion strain increment, Aedc, and the final value for 0. The 
iterative procedures by which these equations are solved is similar to 
those used to solve for plastic strain increments and the end-step stress in 
elastic-plastic calculations. It should be noted, however, that the 
decohesion strain is not a continuum state variable, but simply a result of 
the assumption of a constant strain over a subdomain and a 
displacement discontinuity in that subdomain. It does not follow from 
any constitutive model. 
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