
Theoretical and Pragmatic Modeling of 
Governing Equations for Two-Phase 

Flow in Bubbly and Annular Flow Regimes* 

M. Bottoni and S. Ahuja 
Energy Technology Division 

Argonne National Laboratory 
9700 South Cass Avenue 
Argonne, Illinois 60439 

a n d  

W. Sengpiel 
Kernforschungszentrum Karlsruhe 

Institut fur Reaktorsicherheit 
Postfach 3640 

7602 1 Karlsruhe, Germany 

The submitted manuscript has been authored 
by a contractor of the U.S. Government under 
contract No. W-3 1-109-ENG-38. Accordingly, 
the U.S. Government retains a nonexclusive, 
royalty-free license to publish or reproduce 
the published form of this contribution, or 
allow others to do so, for U.S. Government 
purposes.  

To be presented at Fifth Thermal Sciences Brazilian Meeting, Sao Paulo, 
Brazil, December 7-9, 1994 

*Work sponsored by Pittsburgh Energy Technology Center, U.S. Department 
of Energy, Pittsburgh PA 



DISCLAIMER 

Portions of this document may be illegible 
in electronic image products. Images are 
produced from the best available original 
document. 



_____ .. . - 
THEORETICAL AND PRAGMATIC MODEI.ING OF GOVERNING 

EQUATIONS FOR TWO-PHASE FLOW I N  UURBLY AND ANNULAR 
FLOW REGIMES 

M. BOTTONI*, W. SENGPIELt, S .  AHUJA* 

* Energy Technology Division, Argonne National Laboratory, 9700 South Cas 
Avenue, Argonne IL 60439, U.S.A. 

t Kernforschungszentrum Karlsruhe. Institut fur Reaktorsicherheit, Postfach 3640, 
76021 Karlsruhe, Germany 

SUMMARY 

Starting from the rigorous formulation of the conservation equations for mass. momentum and enthalpy derivedfor a 
tw~i -p / i c l~~ /k~W I?! voirlme-averaging microscopic hfllflnce equutiwu over Eulerian cfintrol cells, the orticle discusses 
the formiclorion of the terms describing exchanges between the phases. Two flow regimes are taken into 
considercrrion: htrhhlyflow. ~i~iplicublefiw small or medium wid frncrions and cinnulorflow. jor large vciid fmcrions. 
W h m  lack i f  knowledge of volume-uvcragerl physical qrrrtnrities makes the rigorou.sly formulared 1crm.s useless for  
coniprrtorional iirirposes. modeling of these terms is discussed, 

. ... 
INTRODUCTION 

The state of the art of ongoing research in two-phase flow modeling was 
presented in the monograph by D.A. Drew and R.T. Wood [ 11. Following the 
guidelines given in this reference, the authors presented a more detailed derivation 
12-31 of the fundamental equations for two-phase flow. Starting from the 
governing equations and jump conditions written in the local form. volume 
averaged conservation equations and jump conditions were derived for the 
separated phzses. Then conservation equations and jump conditions for the fluid 
mixture were derived through suitable definitions of averaged variables. 

with the definition , 

This definition is useful for modeling interfacial forces through constitutive 
equations because the term contains all interfacial interactions (e.g., viscous 
drag, lift forces, virtual m i s s  forces, ctc.) except for the mean interfacial pressure 
p,Va, and the momentum exchange due to interfacial mass transfer FJl. With 
these definitions, Eq. (1) can be rewritten as 

In the present article, beginning from the rigorous formulation of the 
conservation equations for mass, momentum and enthalpy for the two-phase flow 
based on the separated-phases model, we discuss the formulation of the terms 
describing exchange between the phases. Two flow regimes are taken into 
consideriition: bubbly flow, applicable for small or medium void Fractions, and 
annular flow. for large void fractions. When lack of knowledge of volume- 
averaged physical quantities makes the rigorously formulated terms unsuitable for 
computational purposes. modeling of these terms is discussed. 

MODELING OF MOMENTUM EQUATION 

In the following text we use the notation of references 121 and 131, but omit 
overbars denoting mean values. The following equations are written with 
reference to a liquid phase sharing a space domain with the corresponding vapor 
phase. Similarequations hold for the vapor phase. 

-on for :he ria- 

The rigorous form of the momentum equation for the liquid phase. is [2] 

In the following, we discuss terms to be modeled in Eq. (1) for annular flow ’ 
regime and in Q. (8) for bubbly flow regime. We start from the former, which is 
conceptually simpler because it is based on the assumption that the two phases 
occupy two contiguous continuum regions. 

r flow reprmg 

In an annular flow regime, the liquid phase is assumed to wet structural 
surfaces in the form of B liquid film while the vapor phase does not come in contact 
with structural surfaces, unless ag = 1 is reached in dried-out regions. Modeling 
of this flow is based on Eq. (1). Terms (5). (7) and (8) of Q. (1) require 
modeling. By analogy with term (4). the Reynolds stress tensor in term (5) IS 
modeled by 

(9) 
with 

The turbulent viscosity is computed applying the k-e-model to the liquid 
phase alone. Letting = M, TI = - M, thus considering M positive by 
evaporation, term (7) is modeled by 

, ,  
TF = -~,pij, c1 I a,. 

(3) ;ii, =-r-vx, =-(,/+ r).vx,. 

Eq. (1) is suitable for modeling annular flow fkgimes. For modeling bubbly flow 
regimes. it is  better to derive the following alternative form. The relation between 
the instantaneous value of interfacial forces, given by Eq. (3). and the turbulent 
fluctuations, denoted by primes, of interfacial forces 

where [a, b] denotes the maximum of the two real numbers a and b. Term (8). 
momentum exchange between the phases, is usually modeled following the 
original proposals of Ref. 141 by setting 

(4) 

is 121 In the momentum equation written for the vapor phase, analogous to eq. ( I  ), 
the momentum exchange, term (8). would be modeled likewise by M p M , .  TWO 
Poisson-like equations for the pressure distribution can be derived independently 
from the two momentum equations for the separate phases. If, by assumption. 
p’ = = p, the two equations can be combined into only one Poisson equation 

= pliVaI - T , ~ .  V a l  + E,’, 

We can fuiiher set 



h 

c 

thus ensuring that both coefficients vanish at the upper litnit. as=l. ' 

(12) 

w i t h t r ~ = c i ~ + u ~ , ( p = O , l  ,.... 6)andh,=h:+h:. (13) When momentum exchange terms between phases or components (both 
referred to as "fields") can be expressed in terms of velocity differences between 
the fields. their niimerical treatment can he made in :I generalized way, which 
reduces the momentum equations for the fields to a system formally identical to that 
for il single field. 

I n  this cquiition, index o refers to the coniputational cell considered and 
over the six neighboring cells in the three coordinate directions. 

rMocleliiiP hrihblv flow reeime 

runs 

A bubbly flow regime is usually modeled from boiling inception up to a void 
fraction of ahout 0.6. Terms ( 5 ) .  (7). (8a) through (8dl of Eq. (8) require 
modeling. For the Reynolds stress tensor in term (5 ) .  G. S .  Arnold, et al. 151 
propose 

Let us refer to consecutive nodes, labeled 0 and 1, in an arbitrary coordinate 
direction with velocity component u. Let 1/2 label the interface of the cells around 
the two nodes. The momentum equation for a single field, discretized at the 
staggered mesh 112 can be written 

Let us consider now N fields, with volume fractions ai (i= 1,2,  ... N), and with 
momentum exchange t e r n  represented by 

while Ref. [ 1 I proposes 
M, = K,(u~ - u t ) .  (i, j = I ,  2, . . ., N) 

The discretized momentum equations for all fields can be written 
with n, = 1/6. ht = - 1/2. 

Term (7) is usually modeled by 

q - , = - m I i = - M [ v , + ( i -  q)cx] 

with 

; 9 = ] - - 5 .  os;951 (17) 

Term (80) has been derived theoretically for potential flow around a sphere [6] as 

2cm 

where A is an N x N square matrix and 0,  (DVP) are vectors of length N. 
Numerical inversion of the small-size matrix A is straightforward and yields the 
system 

with 5 = 114. Equation (18) has been modified in successful numerical simulations 
of gas injection into a liquid pool (71. by setting 6 = a1/4, thus imposing that the 
pressure difference p8 - p ,  approaches zero at high void fractions. Terms (8b). 
(8c) and (8d) of Eq. (8). which comspond to M;' of Eq. (7). are given in the 
review by Drew [SI as 

which is formally identical with the system fotmed by Eqs. (25). simply replacing 
a row with N rows. 

MODELING OF ENTHALPY EQUATION 

The rigorous form of the enthalpy equation for the liquid phase is 121 

with 

The three terms at the right side of Eq. (19) describe interfacial drag forces, 
virtual ma% force and lift force, respectively. The coefficient Der = u,, has been 
used in Ref. 171 to account for turbulent dispersion of liquid droplets in the gas 
phase. The momentum exchange function KM has been computed 171 by 

Term (3) is computed by using the Fourier law q = -AVT. The mass transfer rate 
in term (5 )  has been computed rigorously (1 11, taking into account both the power 
t r a n s f e d  directly to the liquid phase and pressure oscillations ("flashing*). In the 

3 K" = - cDa,alpl - 
8 'b 

latter reference it has been derived where rb is the bubble ndius. The drag coefficient CD is given in [9] for different 
flow regimes. The computation reponed in Ref [7) suggested the addition of the 
factor a, in formula ( 2 2 ) .  which is missing i6 the original work of Cook and 
Harlow [ 101, to give the correct limit at high void fractions. 

Theoretically, for an isolated spherical bubble, the virtual mass coefficient 
and the lift coefficient are given by C, = I 12,  and L = -2plC,, respectively, 
corresponding to the limit of low void fraction. The r a g e  of validity of the bubbly 
flow regime modeling has been extended by Davidson [7J, by setting 

L=-a tP1 



. . . . . . . . . . . .  - 
= /I , ,  - / i f ,  is the v;iporizatIon enthalpy, subscript s denotes saturation 

conditions along the liquid :ind vapor lines in a state diagram; and 11j are the 
vclwity components. We set 0 = ?q + @/, with 

ax = Mil*, = M(/I,, +hip), 

Q, 
v, 

(bf = - - Miif , .  

The term Q, I V, in Eq. (35) represents : power 

(34) 

:ating the liquil in a cell of 
volume V' while -Mhl, is the power lost (or acquired) from the liquid due to 
evaporation (or condensation). Furthermore we defined 

(37) 

+ V j )  
D,, =L. (38) 

These terms represent entropy flux, interfacial entropy source and entropy source 
due to viscous dissipation. respectively. Term (a) in Eq. (33) gives the mass 
transfer rate due to the power released to the liquid. Term (b) represents the vapor 
generation rate due to conductive transfer and viscous dissipation. Term (c) 
represents the contribution due to time and space variations of pressure. If heat 
power, term (a), is suppressed, term (c) becomes dominant. 

Terms (4). (8).  (9). (1 1 )  and (12) in Eq. (31) must be modeled, for lack of 
rigorous analytical expressions, while all other terms can be computed exactly. 
However, most computer codes simply drop terms (4), (8), ( I  I )  and (12). while 
term (9). representing an interfacial heat flux. is sometimes 141 replaced by 
K q l q  -F,l*). Complex analytical expressions for the function KE are given in 
Ref. 141. 

FURTHER DEVELOPMENT WORK 

The application of mathematical and physical models described above aims at 
simulating dispersed gas/liquid two-phase flows on the basis of selected 
experimental data. Experiments were performed at KfK [ 121 to investigate the 
spatial development of local properties of aidwater bubbly flows (Le., gas fraction, 
turbulent fluctuations in the liquid phase, bubble velocity and bubble size) along 
vertical test channels. The experimental apparatus consists of two Plexiglas tubes 
with inner diameters of D = 0.070 m and lengths of 5.500 m for upward-directed 
and downward-directed flows. The observation of phase-separation processes 
along the test channels shows the gaseous phase migrating toward the channel wall 
in  upward tlow and accumulating in the channel center in downward flow. Fig. I 
represents radial profiles of the gas fraction for three different cases of the 
superficial liquid velocity V,,, with average volumetric gas fractions p = 0.10, 
measured with X-ray computer tomography at z = 70 D downstream from the 
channel entrance. The average volumetric gas fraction is defined as p = Jd(Jg + 
J/) with J ,  and the-volumetric flow yt'fes ofthe gayous y d  l iqu id , -p~~~es ,  
respectively. Figure I clearly shows the distinctive peaks of gas fraction close to 
the channel wall with the effect of radial bubble migration more pronounced for 
higher superficial liquid velocities. Figure 2 illustrates the influence of flow 
direction on the transversal phase separation. with peaks of gas fraction near the 
channel wall in upward flow and accumulation of the gaseous phase in the channel 
center in downward flow. An important parameter for practical applications is the 
specific interfacial area density (interfacial area per unit volume). Fig. 3 shows its 
dependency on the local gas fraction deduced from measured gas fraction, bubble 
number frequency, bubble velocity and bubble size. In all test cases the bubble 
diameter was 3 to 4 mm. 

Comparison of analytical results with experimental data will be an essential 
part of future model aswsment activities. . . . .  - .  . .  

NOhIENCLATURE 

Remark: Dimensionless quantities are denoted by (-). In the text. ptimed (') 
quantities denote turbulent fluctuations. 

iiv, accelention accounting for virtual mass effects ( d s * )  

C, friction coefficient (4 

C, virtual mass coefficient (-) 

d coefficient multiplying pressure increments in a linearized momentum 
equation (m*slkgf 

upuard/700 L.80/0. LO 

d l  -35.2~23.4-111.7d.o i i . 7  i3.i L . 2  

Fig. 1: Radial profiles of gas fraction in upwarddirected airlwater bubbly flow at z 
= 70 D (D = 0.070 m) downstream; V,,l: superficial liquid velocity, p: average 
volumetric gas fraction; results of measurements with X-ray computer 
tomography. 
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Fig. 2: Comparison of radial profiles of gas fraction in upward- and downward- 
directed aidwater bubbly flows with V,,, = 1.80 m / s  and j3 = 0.10; results of 
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Fig. 3: Specific interfacial area density (mZ/m3) dependent on local gas fraction 
deduced from measurements with a dual-sensor resistivity probe of gas fraction, 
bubble number frequency, bubble velocity and bubble size. 
D inner diameter of test channel (m) 

Den coefficient accounting far turbulent dispersion (m2/s) 

D,k entropy source of phase k, due to viscous dissipation (W/m3K) 

Esk interfacial entropy source of phase k ( W / d K )  

acceleration due to gravity (m/sZ) 

h specific enthalpy (Jkg) 

hk 

hki  

T identity tensor (-) 

mean enthalpy of phase k (Jkg) 

mean enthalpy associated to interfacial enthalpy flux of phase k (JW 



. . ... __ 
. I t  

K" 

Khf momentum exchange function (kg/in3s) 

L lift coefficient (kg/m3) 

M evaporation rate (kg/rn3s) 

volinnetric flow 13tC O f  phase k (m'/s) 

function describing interfacial heat flux (Jslms) 

nk momentum exchange of phase k per unit volume and time (N/m3) 

a: interfacial force in phase k per unit length (N/m3) 

p thermodynamic pressure (N/m2) 

P k ,  

j heat flux (W/m2) 

interfacial pressure of phase k (N/mZ) 

GF turbulent enthalpy flux of phase k (Wlm2) 

Q power source (W) 

rb bubble radius (m) 

rk 

I time (s) 

mean energy source of phase k (Wkg) 

T thermodynamic tempenture (K) 

T stress tensor (N/mZ) 

Tk 

FF mean Reynolds stress of phase k (N/mZ) 

u velocity component (ds) 

6 

F velocity vector ( d s )  

Ft 

mean stress tensor of phase k (Nlmz) 

velocity component at previous iteration step ( d s )  

mean velocity of phase k ( d s )  

ijb mean vetocity associated to interfacial mothenturn flux of phase k ( d s )  

- 
auxiliary definition of mixture velocity (= a1vl+aBvg) (ds) 

slip velocity or velocity difference between vapor and liquid phases ( d s )  VT, 

g,, superficial velocity of phase k ( d s )  

X t  phase indicator function (-) 

z axial measuring position along the test channel (m) 

!&& 

at 

p 

r k  

A thermal conductivity (W/m K) 

u,, 

volume fraction of phase k (-) 

average volumetric gas fraction (= Jg I (Jg; JI ) ) (-) 

mean mass production rate of phase k (kg/m3s) 

turbulent kinematic viscosity of liquid (m2/s) 

Pk density (kg/m3) 

f shear stress (N/m*) 

.. -- 

rk mean shear strc'ss o f  ph;ise k (Nlm2) 

rki interfaciid shear sfrcss of pli:iae k ( N l d )  

slrcific power source (W/in3) 

mean entropy flux of phase k (W/rnzK) 

LlKh5.B 

f fluid 

g vapor 

i interface 

j general coordinate direction 

k phaseindex 

1 tiquid/laminar 

Re Reynolds 

s entropy/saturation 

r turbulent 

T transpose 
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