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Abstract

Random vibration is the phenomenon wherein random excitation applied to a mechanical system induces
random response. We summarize the state of the art in random vibration analysis and testing, commenting
on histoxy, linear and nonlinear analysis, the analysis of large-scale systems, and probabilistic structural
testing.

Introduction

Random vibrations deals with the probabilistic analysis of the response of structures with potentially
random parameters and initial conditions and with random excitation and potentially random boundary
conditions, and it deals with the simulation of random environments in the laborato~ for the testing of real
structures. Both random vibration analysis and testing are used for the design, optimization, and reliability
assessment of structures and for other purposes.

The activities undertaken in analysis and testing in random vibrations can be succinctly described using a
simple, representative dynamic equation of equilibrium. Consider the following (scalar or vector)

representation.

i = g(x, y,(r) X(o)=xo,f>o (1)

The quantity x represents system response; y represents system excitation; a represents system parameters;
the dot denotes differentiation with respect to time; and g(.) is the deterministic functional form that relates

the former quantities to the response derivative.

Traditional random vibrations specifies the form of g(.), takes a as a scalar or vector of constants, specifies

y as a random process, and analyzes the probabilistic character of the response random process x. Many
aspects of this problem have been solved for the case where g(.) is a linear function of the excitation, and

the excitation is a stationary, Gaussian random process. When the excitation is nonstationary, the
expression for the response can be written, but it cannot always be solved easily in closed form for the
desired response characteristics. For the case where g(.) is not a linear function of the excitation, many

means have been developed for characterizing the response random process. None is completely general,
and practically all involve some form of approximation.

Many large-scale structural analysis computer codes implement the Gaussian excitationlhnear response
solution mentioned above. However, not much else is typically analyzed in commercial finite element
codes. One can always resort to a Monte Carlo approach for the analysis of practically any system
including nonlinear systems and systems with random structural parameters, a. However, depending on the
information desired and the complexity of the structure, the number of random quantities or the number of
simulations may be significantly limited.
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Two techniques for the analysis of large-scale structures with random parameters have been developed:
reliability-based techniques and stochastic finite element techniques. The former takes the parameters, a, to
be random variables with known joint probability distributions and uses this tiormation to characterize the
probabilistic response of structural systems. It provides solutions that are not traditional random vibration
solutions. Stochastic finite element analysis is a relatively new technique. It permits system parameters, a,

to be represented approximately as random fields and approximates the response, x, as a random field.

The laboratory testing of structural systems is the link between random vibration theory and the practical

excitation of structures in the field. Stationary random vibration testingin thelaboratory operates in two
phases, with the assumption that the electromechanical testing system and the structure under test have
parameters, a, that are either constant or slowly varying functions of time. In the frost phase of operation,
the random vibration test seeks a preliminary identification of the system parameters, a, in the linear
framework. Having performed this identification, the second phase seeks a random input, y, to excite a
response, x, with a preestablished spectral density. As the test progresses, the system parameters, a, are
periodically updated, and the spectral density of the input, y, is modified. Though satisfactory algorithms
for the control of single-shaker, stationa~ random vibration tests have been developed, more development
is required, particularly in the control of nonstationary tests, the generation of non-Gaussian environments,
the testing of nonlinear systems, and the operation of multi-shaker tests.

In this paper we will briefly summarize the history of analytical technique development in random
vibrations; then we will discuss the random vibrations of linear systems, the topic on which the great
majority of research and development effort has historically been placed. Next we will discuss the random
vibration of nonlinear systems. Following this the state of the art in the random vibration analysis of large-
scale structures using numerical codes will be described. Finally, the state of the art in probabilistic
experimental structural dynamics will be described. The paper concludes with a summary.

History

It is difficult to identify precisely the paper or the event that marked the beginning of the field of random

vibrations analysis. Lord Rayleigh wrote a paper in the late 1800s (see Rayleigh, 1880) considering a

problem that is a very much idealized and specialized case of random structural response. Two later papers
(see Rayleigh, 1919a, 1919b) were extensions of the earlier one and treated more practical random
vibration subjects, but by that time several other papers that must be considered treatments of random
vibrations had been published.

Around the turn of the century, Einstein (1905) constructed a framework for analyzing the Brownian
movement, the random oscillation of particles suspended in a fluid medium and caused by the molecular
motion postulated by the kinetic theory of matter. His framework is a special form of what was later to
become known as the Fokker-Planck equation governing the probability density fiction (PDF) of particle
motion and relating it to mechanical system parameters. Einstein augmented his initial study with more,
related investigations (all reprinted in Einstein, 1956) considering, among other things, the problem of
parameter identification.

According to Gnedenko (1997), Smoluchowski (1916) generalized Einstein’s analysis and performed
Brownian motion experiments to veri~ the predictions of the theory. Smoluchowski was fust to write the
Fokker-Planck equation for systems in which a displacement-related force restrains the mass. The single-
degree-of-freedom system in which linear damping and stiffness are present was called the case of the
“harmonically bound” particle. Planck (1927) and Fokker (1913) started with the discrete space/discrete
time framework of the random walk and offered arguments regarding the relative and limiting values of
various parameters in the model. They found that a limiting form of the random walk model is the partial
differential equation developed by Einstein to characterize the Brownian motion.



,

In a paper written a few years later, Wiener (1923) overcame a problem with previous analyses - namely,
that the solution of a differential equation excited by ideal white noise does not normally possess as many
derivatives as appear in the equation of dynamic equilibrium. He did this by rewriting the governing
equation in stochastic differential form. Doob (1942) later formalized this procedure.

An important paper written in 1930 by Wiener (1930) defined the concept of the spectral density fiction,
and he attributed the fundamental idea to Schuster (1906). He showed that the Fourier transform of the
correlation finction exists when the underlying random process is stationary and called that quantity the
spectral density. These, of course, are concepts that are essential to the theory of random vibration today.

Numerous other investigators extended the theme introduced by Einstein in the following decades.
Uhlenbeck and Omstein (1930) developed the probability distribution of white noise-excited response at
small times. Wang and Uhlenbeck (1945) provided a general derivation of the Fokker-Planck equation

tlom the Chapman, Kohnogorov, Smoluchowski equation.

Some papers by S. O. Rice (1944, 1945) appear to be the f~st to introduce ideas on how to develop
probabilistic measures of some special and important characteristics of system response. He developed (1)
equations governing the rate of zero crossings and crossings of a preestablished level by a random process;
(2) the probability distribution of maxima of a Gaussian random process; (3) the probabili~ distribution of
the envelope of a stationa~, narrowband Gaussian random process; (4) the probability distribution of the
output of many (zero memory) nordinear devices; and many other subjects.

Analysis of Linear Systems

Linear system analysis is the single area in random vibrations where a substantial number of problems has
been solved and the solutions used in a wide variety of practical applications. In fac$ outside of research
and development projects where new techniques for solving random vibrations problems are being sought,
perhaps 95 percent or more of cument efforts in random vibration problem solution involve the analysis of
linear systems excited by stationary inputs. The fundamental techniques for analyzing the response of
linear systems with constant coefficients to stationary random excitation were given in Crandall (1958).
His paper appears to be the first to express structural response moments in the time and frequency domains,
in the form used widely today. He cites Laning and Battin (1956), a text on control systems, as the source
of the tlmdamental statistical input/output relations that he presents. They, in turn, refer to an article by
Phillips (1947), dealing with servomechanisms. He refers to the classical paper of Wiener (1930) as the
source of the fimdamental mathematics (autoconelation/spectral density relation) in his paper, though it

appears to be Phillips who derived the spectral input/output relation. Many authors rederived and

generalized these results. Among them are Crandall (1963); Crandall and Mark (1963); Robson (1964); Lin
(1967); Elishakoff (1983); Nigam (1983); Newland (1984); Bolotin (1984); Augusti, Baratta and Casciati
(1984); Ibrahirn (1985); Yang (1986); Schueller and Shinozuka (1987); Roberts and Spanos (1990); Soong
and Grigoriu (1993); and Wirsching, Paez, and Ortiz (1995).

To summarize these results, consider a stable, linear system that is discretely modeled with n degrees-of-
freedom. Let the system excitation be a stationary, Gaussian, vector random process denoted
{Y(t),-co <t <co}. There are n elements in the vector random process, each a scalar random process that

represents the excitation at a degree of freedom. Because the excitation is assumed stationary, it possesses a
spectral density; denote this flyy (~ ),- coc OJ< co. The iti row j* column element of this matrix is the cross-

spectral density fimction between the excitation random processes at the iti and jti degrees of freedom. The
matrix is Hermitian at every frequency, OJ. The diagonal elements of the matrix are the autospectral
density functions of the excitations. These are real, symmetric, non-negative fimctions of the frequency,
6).



Becausethe system is linear, it possesses a frequency response function. Let l@),-co <0< co, denote

the matrix frequency response function of the system under consideration this matrix has dimension n x n.
The i“ row~ column element of this matrix is the frequency response function of motion at the i“ degree of
freedom excited by input at the j* degree of freedom.

Let the response be the vector random process denoted {X(t),– m < t< CO},and let the response have the

spectral density flm (o),– coc co<m. The vector random process contains n elements, and its spectral

density has dimension n x n. Then the spectral density of the response can be expressed:

s~ (0)= H(cd)syy(O@(a)) -Ca<cf) <ccl, (2)

where the prime denotes the operations of transposition and complex conjugation. The response vector
random process is Gaussian distributed because the system was assumed linear, and a linear fimction of a
Gaussian random process is also Gaussian. If the excitation has a nonzero mean, then the mean of the
response can be easiIy established. The response mean and the second order statistics provided in Eq. (2)
are sufficient to completely speci~ the response random process.

In the special case where the input excitation is a stationary random process but the initial conditions of the
system are specified at a particular time, the system response is nonstationa~ from the time of initiation to
the time when the system achieves the stationary state. The responses at all degrees of freedom approach
the stationary state at an exponential rate that is a function of the system damping. The responses to initial
and boundary conditions that are random processes can also be written directly.

The moments and probability distributions of many important measures of structural response were derived
by Rice (1944, 1945). Among them are the average rate at which a random process crosses a barrier, the

probability distribution of the maxima of a random process, and the probability distribution of the envelope
of a narrowband random process. The fust of these, in combination with a Poisson process assumption, is
used to approximate the fust passage probabili~ distribution, even now. (See Coleman, 1959,)

When the system under consideration is modeled as continuous, we can write an integral expression
equivalent to Eq. (2) for the response spectral density. However, it is typically more difficult to use because
it requires knowledge of the system’s Green’s function and yields information about the response spectral
density only through integration of what maybe complicated fimctions. The continuous approach is used
infrequently in this age when spatially discrete finite element models are available and widely used.

All real random excitations are nonstationary in nature. The stationarity assumption is an idealization that
is used frequently and sometimes quite accurately. When the duration of an input is short with respect to
the fundamental period of the structure being excited, then it is appropriate to treat the input and the
response it excites as nonstationary. It is relatively simple to write the expression for the random response
of a linear system excited by a nonstationary excitation. It is

x(f) = J’h(t -T)Y(7)A x(o) = x(o)= O,t20, (3)

where the excitation and response random processes are assumed to exist in some well-defined sense, and
the initial time and initial conditions have arbitrarily been assumed zero. The quantity h(t) is the system

impulse response finctior, {X(t),t 2 O} is the response random process; and {Y(t),f20] is the excitation

random process. It is usually a matter of interest to establish the mean and autocomelation function of the
response, and one would hope to be able to do this for realistic excitation random processes. Because of
our preoccupation with white noise excitation in the stationary excitation case, we might hope to speci@



the input as a filtered and modulated white noise or as a sum of filtered and modulated, band-limited white
noise components. For example, we might hope to define a scalar excitation random process as

Y(t)= nz(f)qw(t)] t20, (4)

where m(f) is an appropriately specified modulating function, w(t) is an ideal or band-limited white noise,

and L[] is a filter operating on the white noise. However, it turns out to be vexy difficult to evaluate the

required integrals to make this approach work. We can evaluate the integrals numerically, of course, but
then we lose the advantage of relating changes in the input parametric model to the effects they cause in the
response statistics.

To overcome this problew an approach has been developed over the past decade, or so, that simplifies (in
some sense) the computation of nonstationary response moments. It has been recently summarized by
Masn, Smyth, and Traina (1998). They first establish a representation for the excitation nonstationary
random process using a truncated Karhunen-Loeve expansion (Karhunen, 1947, Loeve, 1948). This
expresses the excitation random process, {Y(t),~2 0}, as a finite sum of terms involving the eigenvalues

and eigenvectors of the excitation autocomelation fimction and a sequence of uncorrelated random
variables. Each eigenvector is then represented as a series in Chebychev polynomials. The resulting
expression for the excitation random process is used in Eq. (3), and an expression for the response random
process can be developed because of the simple form of the Chebychev polynomials. Moments of the
response can be computed, and if the probability distribution of the underlying uncorrelated random
variables (from the Karhunen-Loeve expansion) has been derived, then the probability distribution of the
response and its measures can be established. However, when the probability distribution of the excitation
is non-Gaussian, this maybe a difficult problem.

An important problem related to both the stationary and nonstationary response of linear systems is the fust
passage/peak response problem. It is ~ically treated by modeling a system response (or envelope of the
response) crossing process as a Poisson random process. The approach is accurate at high barrier levels but
less so at low Ievels. More work is required in this area. Pandey and Ariaratnam (1996) is an example of a
recent paper in this area.

An interesting method for bounding the peak response probabili~ distribution (and, therefore, the fust
passage probabili~ distribution) of a linear system was introduced by Koopmans, Quails, and Yao (1973).
It is based on an inequality described by Drenick (1970), which relates peak response to input energy and
system impulse response finction. They use this relation to derive an upper bound on the probability
distribution of peak response of a linear system and they specialize the analysis to the Gaussian excitation
case. Their bound on the peak response probability distribution has the advantage that it does not rely upon
any assumptions regarding the probability distribution of response random process peaks. A tighter bound
on the response of a linear system was proposed by Shinozuka (1970) soon after the one described above.
This bound can also be used to establish a bound on the peak response probability distribution (see
Rojwithya, 1980).

The techniques described in the previous paragraph can be used in several other contexts. For example,
they can be used to bound the peak response probability distribution of large-scale systems, they can be
used in the experimental context, and they can be extended to the nonlinear case. Some of these will be
discussed later.

The problem of non-Gaussian excitation and response is also important because many real excitations are
non-Gaussian, and ahnost all real structural responses are nonlinear and non-Gaussian, to some extent. The
problem of non-Gaussian excitations has not been treated to near the depth of the Gaussian problem. The
problem of nonlinear response will be treated in the following section.



Nonlinear System Analysis and Chaotic Vibrations

Practically all real structural systems display some degree of nonlinear behavior when subjected to realistic
environments. When the types of nonlinearities that a system displays are continuous with input level or
when the level of response is mostly below the threshold at which nonlinear behavior commences, then,
under many circumstances, it maybe reasonable to model the system as linear, ignoring the nonlinearity in
the system response behavior. However, when it is necessary to understand detailed structural response
behavior at fill level or near a failure threshold, then a nonlinear analysis of the system must be performed.
There are several approaches available for dealing with nonlinear systems. Some of them are summarized
in the following.

The response quantities of interest in a random vibration analysis vary according to the application. When

only quantities such as the root-mean-square (RMS) structural response levels are required from an

analysis, then equivalent linearization approaches might be used to investigate structural behavior. The
subject of equivalent linearization has been widely investigated and is discussed, for example, in Roberts
and Spanos (1990) and Lin (1967). Another linearization technique that accounts for the potential for non-
Gaussian response is given by Iyengar and Roy (1996). The fundamental objective of equivalent
linearization techniques is to establish the “best” linear approximation to a nonlinear mathematical model
of a system or to an actual physical nonlinear system.

When the critical characteristics of nonlinear structural response are not preserved in a linearized system,
then a nonlinear model is required for random vibration analysis. The techniques available for constructing
a framework, identifying a nonlinear model, and analyzing its behavior depend on whether data are
available for use in the system identification.

When data are available for the identification of a nonlinear model, then random vibration analyses can be
performed by, fust, identifying the parameters of the nonlinear model, second, generating realizations of
excitation from the desired random source, then third, using the model to compute the response to arbitrary
random excitation. This is a Monte Carlo approach. Several models have been used in this framework. For
example, Hunter (1997, 1998) and Hunter and Theiler (1992) have utilized a local linear modeling
approach to predict the response of a system known only through measured realizations of its excitation
and response. They assume that finite length excitation vectors and their associated response vectors,
grouped by a measure of excitation level, can be used to establish a local linear, state space model of the
system. When an excitation vector is near the group of vectors used to create the linear model, then the
model can be used to predict response. Of course, the modeling technique needs to be efficient because it is
essential to identify the system with minimal data. They have chosen to use the canonical variate analysis
technique (Larirnore, 1983) for state space analysis. An implicit assumption is that the system under

consideration is time invariant. Further, it is required that the lmown inputs and responses occupy regions
of the hyperspace to be visited by the fiture, predicted excitations and responses of the system.

A similar approach identities the parameters of an artificial neural network (ANN) to model system
behavior. The ANN can be trained directly using measured input and response data, or it can be trained
using transformed data. For example, data obtained in the process of training a local linear model, as the
one mentioned above, can be used to train an ANN. Urbina, Hunter, and Paez (1998) and Paez and Hunter
(1997) are examples of this type of analysis. The reason for using an ANN when the model that produces
the training data is available is that the ANN is typically much more efficient than the former model,
sometimes up to a few orders of magnitude more efficient. Chance, Worden, and Tomlinson (1998) and
Bailer-Jones, MacKay, and Withers (1998) describe other ANNs that are suitable for random vibration
analysis.

A very general model for nonlinear structural system behavior is the Volterra series model (see Volterra,
1959, Marmarelis and Marmarelis, 1978, Schetzen, 1980, Roy and Spanos, 1989). It is a generalization of
the convolution model for linear structural response, and it is particularly good at representing harmonic



distortion phenomena. (Harmonic distortion phenomena are comected to nonlinear response behavior, and
occur frequently in real structural systems under test.) The Volterra modeI has the form

(’x(f) = ho + Al(t- r)y(~)h

+&% @2~2(t-%f-.2)Y(.l)Y(.2)

+p., p.,p., 47,J-.2J-.JY(4Y( 72)4J

+ ...

(5)

where x(t) is the system response, y(t) is the system input excitation, and the

ho,h*(t,),)?,((*,r,),h@,,tJ,..., are the system kernels. The quantity ho is a constant; hl (t) is

analogous to the linear system impulse response function; and the hi (tI,..., /i ), i = 2,3,... , are the higher-

order kernels that encapsulate the nonlinear system behavior. Volterra argued that the inputioutput relation
of a nonlinear, time-invariant, finite memory, analytic system can be expressed as in Eq. (5).

Identification of the kernels can, in principle, be done in the time or frequency domain. Identification is
discussed in Marmarelis and Marmarelis (1978) and Schetzen (1980). When the objective is to identi~ the
truncated Volterra series for a system known, for example, by its differential equation, then one set of
identification procedures might be followed. For exampIe, realizations of the input and response might be
generated from the differential equation, then used to identi~ the system kernels. When data from an
experimental system are available to. identify the system kernels, then system identification can be done,
especially directly in the frequency domain. However, the higher-order kernels require a particularly large
amount of data to identify (Hunter and Paez, 1987).

The Weiner series model for nonlinear structural system behavior is a generalization of the Volterra series
to the case where the system inputs are wide-band, Gaussian random processes (see Wiener, 1942, 1958;
Marmarelis and Marmarelis, 1978; Schetzen, 1980). Specifically, Wiener created a fi.mctional series model
for nordinear system response to random excitation, where each functional in the series is orthogonal to all
lower-order functional in the series. The functional appear like the ones in Eq. (5), except that each term
has added terms involving the same order kernel whose purpose is to enforce the orthogonality.

In the same way that a general, nonlinear model for system behavior can be specified, as above, a specific,

parametric nonlinear model can also be specified. In fact, when some characteristic or characteristics of a
system are known through observation of the physical system or through knowledge of the form of its
differential equation, that information can often be used to speciQ a parametric form. The problem then
becomes one of identifying the parameters of the model, and this is ahnost always easier than identi~ing
system kernels of a Volterra model. For example, Zhu and Lei (1997) discuss the identification of
nonlinear models. Ghanbari and Dunne (1998) consider a parametric model for damping

A class of models that appears to be a speciaI case of the VoIterra series is that suggested by Bendat (1982,
1990, 1998) and Bendat and Piersol (1983). These comprise a set of robust and easy-to-use techniques,
requiring response data. Bendat suggests that nonlinear structural models can be constructed by combining
series of elements like those shown in Figure 1. In the diagram the fust and final computational elements,
denoted ZMNL, are zero memory, nonlinear operators. A ZMNL operator computes a function of its input
at time r, to establish the output at time t. For example, some simple ZMNL operations on the signal
y = y(t) are:



f?lb)=Y) g2(Y)=Y2J g3(Y)= YIYI) &’4b’)= Y3 . (6)

ZM-NL
Y Operator

Linear Filter

I+x

Figure 1. A series of operations on the signal y = y(t), yielding x = x(t).

The middle element in Figure 1 is linear filter operating on its input to yield a filtered output. For example,
if we denote the Fourier transform of the filter input as q (f),– @< f c co, and the Fourier transform of the

filter output as ~(f),- co< f c co,then the filtering operation can be expressed as:

?(f)= @.O?(f) -@<f Cm, (7)

where H(f) is the filter transfer tlmction. Bendat suggests that only one ZMNL operation normally be

used in a series like the one shown in Figure 1 (though two such operations can be used).

Multiple series elements, as the ones shown in Figure 1, are used to model a structure inputioutput relation.
For example, Figure 2 shows a three-element model that seeks to express the output as a fimchon of linear,
quadratic, and cubic terms.

Y–
Iq(f)= Hl(f)q(f) I

U2 = y2 Vz(f) = H2(f)u2~)

U3 = ys Y3(J) = ~3(fP3(f)

Figure 2. A nonlinear input/output model, expressing the response as a

fimction of linear, quadratic, and cubic terms.

A model like the one shown in Figure 2 can be identified using a sequential application of the principles
used in linear system identification.

The treatment developed above is simply a special use of the multiple input/single output system
identification procedure f~st outlined in the mechanical system literature by Bendat and Piersol (1986) and
based on a partial coherence estimation procedure developed by Dodds and Robson (1975). The nonlinear
multiple inputkngle output problem can be treated simply by adding more inputs and nonlinear functions
of them to the input set in Figure 2. The model shown in Figure 2 can also be augmented and modified via
the inclusion of other nonlinear input forms.

In addition to models like the one shown in Figure 2, other types of models can be specified. For example,
the ZMNL operation might follow the filtering operation. System identification follows the same general
sequential procedure described above, in this case, except that the signal must be run from right to left



through the ZMNL operators to infer the filter outputs for Zf2~) and beyond. Richards and Singh (1998)

and Zeldin andSpanos(1998a) consider the modeling of nonlinear systems with this type of model.

We showed in the previous section that there are techniques that can be used to bound the response of a
linear system - the so-called least favorable response techniques - and, therefore, be used to fmd probability
distributions that bound the peak response probability distribution. It so happens that Drenick (1977)

published a paper showing that an analogous bound can be developed for nonlinear systems and that the

bound on nonlinear system response is related to the behavior of a linearized version of the system. It
appears that this result has never been used to establish a peak response probability distribution for
nonlinear systems, though it could be.

A collection of methods known as reliability-based techniques have been used to solve problems not
normally associated with random vibrations. However, recent investigations and the development of a
finite element code called NESSUS have demonstrated that some problems connected with random
vibrations, including nonlinear response problems, can be solved by these techniques. The subject of
reliability-based techniques and the NESSUS code are discussed in the following section.

Researchers in the fields of random vibrations and chaotic vibrations appear, at least until recently, to have
religiously avoided commenting on one anothers’ fields in the frameworks of their own studies. This is an
interesting omission in view of the fact that there appear to be many strong similarities between system
behaviors in the two fields. Of course, the generation of pseudo-random numbers on digital computers
during Monte Carlo analyses and random vibration tests uses carefilly cratled procedures to generate
numeric sequences that are simply chaotic realizations. Therefore, computed and experimental responses
are, in these cases, simply functions of chaotic inputs. Still a few texts, including the onesbyRuelle(1991)
and Schroeder (199 1), have discussed these relations. The latter text discusses, among many other
interesting subjects, the fractal character of Brownian motion. Among the many invariants used to
characterize chaotic systems is the PDF. The PDF of a chaotic process can be estimated based on
experimental data. Sums of chaotic processes obey the Central Limit Theorem. Further, many low-order

chaotic processes transform into high-order chaotic, or random, processes with the variation of a
fimdamental parameter. These and many other related subjects are discussed by Eubank and Farmer
(1990). Some other papers that discuss the relations between chaos and random vibrations are the ones by
Lin and Yirn (1996a, 1996b) and Feng and Pfeiffer (1998). Gregory and Paez (1990) and Paez and
Gregory (1990) consider a chaotic system for its potential use in generating high frequencylhigh-level
random environments.

Finally, we mention that a frequently used tool for the analysis of nonlinear random vibrations is the
Fokker-Planck equation. The Fokker-Planck equation can be written for the transition probabilities of
many structural systems. However, a closed form solution for system behavior, in the most general form,
cannot always be practically obtained. Measures of system behavior, as the stationary state response
probability distribution or moments of the response, can be obtained more easily. An early study in this
area is that of Caughey (1963). Other examples of studies that involve the use of the Fokker-Planck
equation are those by Parssinen (1998) and Jing and Young (1990).

Analysis of Large-Scale Systems in Numerical Analysis Codes/Stochastic System
Analysis

One of the areas of study in random vibrations that connects theoretical analysis techniques to the common
application of random vibration in analysis, design, and diagnosis is the assessment of response character
with computer codes meant to accommodate models of large systems. Many practical systems are analyzed
using finite element codes today. Most commercial codes include the capability to perform the analysis
symbolized in Eq. (2) for linear systems. Beyond this commercial ftite element codes can be used to



perform Monte Carlo analyses where the excitation, initial conditions, boundary conditions, and material
properties are varied randomly, but such analyses must usually be performed simply by using the code as a
deterministic function analyzer, and this may be difficult. Engelhardt (1999) shows how one code is being
automated to permit Monte Carlo analysis. Other tools could be directly incorporated into existing finite
element codes. For example, capability to analyze response of structures excited by nonstationary random
excitations (Masri, Smyth, Traina, 1998). In fact, though, this would require very substantial augmentation
of existing codes.

The material andor geometric properties of many systems must be treated as random when they affect
structural response at the same level as inputs, initial conditions,and boundary conditions.The analysisof
such systems is more complex than the analysis of systems whose random response is caused only by
randomexcitation.As noted above, deterministicfinite element tools can be used to perform probabilistic
analysis of systems with both random excitations and random struch.ual properties using a Monte Carlo
approach. However, as the random character of excitation and system properties becomes more complex,
the number of Monte Carlo simulations required for convergence of statistical measures of the response
increases and may become prohibitive.

In view of this, there has been a continuing interest in the development of nonsampling techniques. An
early approach to the analysis of complex structures was the perturbation method. The use of this method
requires that coefficients in the system governing equations be separated into two parts: a mean, or
deterministic part, and a random part. The random part of the governing equation is taken as a perturbation
to the mean part; components of the response are matched to like-ordered components of the excitation, in
the traditional way; and the equations of motion are solved. Some problems are that, fust, only the fust
term in the perturbation can usually be maintained for reasons of computational complexity, thereby
limiting potential accuracy of the series representation of the response, and second, convergence cannot
typically be proven. Therefore, other techniques are required.

In the 1980’s an entire class of techniques became available with the development of the reliability-based
techniques, and these can be used for the analysis of large-scale probabilistic structural dynamics problems.
Among these are fust and second order reliability methods (FORIWSORM) (see Madsen, Krenk and Lind,
1986); fast probability integration (FPI) techniques (see Wu and Wirsching, 1987a); and the advanced
mean value (AMV) technique (see Wu and Wirsching, 1987b).

The FORM is typicalof other reliability-basedtechniques,and it seeks to approximatelyevaluatepoints on
the cumulative probability distribution function (CDF) of a measure of the output of an arbitrary,
deterministic function of a set of random variables. The fi.mctionneed not be explicitly defme~ it maybe a
mathematical analysis computer code - e.g., a finite element code. The capability to approximately evaluate
the CDF of a function of several random variables implies that we can characterize a measure of the
response of a system excited by a dynamic excitation and, perhaps, with random system characteristics.
The problem is posed in the following way. Let Y be an n-vector of random variables with known joint

PDF, /y(y); and let Xbe a scalar, deterministic function of K

x = g(Y).

We seek the CDF of X, Fx (x), at a set of points Xj, j = 1,..., N. The CDF is defined

Fx (x)= F’(X S X)

= @*...J@kfY(Y)

dY)-

(8)

(9)



The n-fold integral on the right of Eq. (9) is typically difficult to evaluate for arbitrary joint PDF, ~Y(y).

To simplify the approximation of the integral, we define a compound Rosenblatt transform (see Rosenblatt,
1952) from the domain of the PDF of the n-vector Y to the domain of the PDF of n uncozrelated, standard
normal random variables denoted by the vector Z. We denote the transformation

Z= T(Y), (lo)

and note that it is based on the marginal CDF of Y1,and the conditional CDFS of the Yj given Yj_l,..., Y1,

for j=2,..., n. The transformation is monotone increasing in each variable when the random variables in

the vector Y are continuous valued; therefore, the transformation is invertible. Based on this, Eq. (9) can be
rewritten

F~(x)= J& I...J&nf=(z).
g(z’-’(z))x

(11)

The integrand is much simpler in this expression than Eq. (9). To permit the approximate evacuation of the

integral, we fmd the location, z●, on the constraint

(12)

where the norm of Z, IIz[l,isminimum. This is the so-called design point, and we denote this distance to the

origin as z” = ~ . At this point we approximate the constraint, g(T-l (z))< x, with a version that is

linearized in z, y ~ (z) <x; replace the integration limit in Eq. (11) with this approximate one; and evaluate

the integral.

F~(x)= J&l...p. j-z (z)= @(tp), (13)

YL(Zkx

where ~(.) is the CDF of a standard normal random variable. The plus sign is taken on ~ when x is

greater than the mean of g(Y), and the minus sign is taken otherwise. The integral can be evaluated
because it is the CDF of a weighted sum of uncorrelated, standard normal random variables; and any
weighted sum of uncorrelated, standard normal random variables is simply a normal random variable. By
repeating the procedure described in Eqs. (8) through (13) for x = Xj, j = 1,...,n, we approximately

evaluate the CDF of the random variable, X, at these abscissa values.

Second order reliability methods work in precisely the same way as the FORM except that the linear
approximation to the integration limit in Eq. (13) is replaced by a quadratic approximation. The advanced
mean value technique works in the same way as the FORM except that we start the analysis with a linear
approximation to X = g(Y) , and after completing the analysis make a correction that renders the result

quite accurate. An iterative and more accurate, yet still very efficient, version of the AMV technique is
available. (See Red-Horse and Paez, 1998.)

Normally we consider the solution of a random vibrations problem to be a probabilistic characterization of
the temporal response. From this we nozmally derive the probabilistic character of critical response
measures, like peak values, RMS values, fwst passage times, etc. The approaches described above yield
results in a different form. Here we obtain directly the probabilistic character of response measures, and



normally we camot obtain the entire temporal response characterization. If the analyst requires the
probabilistic characterization of the entire response, then one of the techniques would need to be adapted
for that purpose. This appears not to have been done, though the Karhunen-Loeve approach for excitation
modeling, specified above, comected with nonstationary response analysis, may be useful in this

connection.

One example of a reliability-based finite element code is the computer code called NESSUS @Iumerical
Evaluation of stochastic structures under stress). It was developed at Southwest Research Institute (see
NESSUS, 1996). It is based on the AMV technique and has been implemented in connection with multiple
finite eIement codes including Sandia National Laboratories’ PRONTO code (See Taylor and Flanagan,
1987). The code is implemented as a “wrap-around” in the sense that the finite element code is only called
to perform evaluations like the ones in Eq. (8). The code has been used to solve nonlinear structural
response problems with up to one million elements and involving up to 36 random variable inputs. The
AMV technique is elucidated with example applications in Wu (1994) and Wu, Millwater and Cruse
(1990).

A class of stochastic finite element techniques that takes a different approach than the reliability-based
techniques is the one introduced by Ghanem and Spanos (1991). [See also Ghanem and BmlcaIa (1996)
and Ghanem (1999).] It is what might be termed a random field method. It casts the coefficient in the
equation of equilibrium as separable into deterministic and random parts. In addition, the excitation maybe
stochastic. The parameters that underlie the coefficient are assumed to be random fields with known
autocorrelation functions. The eigenproblem is solved for the autocorrelation function of the underlying
parameter; then the stochastic coefficient is replaced with its truncated Karhunen-Loeve expansion. Next,
the response variable (defined as a stochastic field over the system analyzed) is expressed as a truncated
Karhunen-Loeve expansion with unknown coefficients and unknown eigenvectors. The coefficients in this
expression are typically non-Gaussian distributed, and they are expanded in a homogeneous chaos - a
multivariate Hermite polynomial. Finally, the eigenvectors in the response expression are expanded using a
finite element basis. Both sides of the resulting expression are multiplied by an arbitrary term in the
homogeneous chaos, and expected values are taken. The resulting approximate governing equations are
collected into a block matrix equation. The dimension of one block in the set of block equations is the same
as the dimension of the equivalent deterministic problem. The block dimension of the equilibrium
equations is a finction of the number of terms retained in the truncated Karhunen-Loeve expansion
approximation to the coefficient random field and the order of the homogeneous chaos used in the
representation of the response coefficients.

The objective in solution of the bIock equations is to fmd the amplitudes of the finite eiement shape
functions associated with terms in the homogeneous chaos expansion for the response. Once these are
obtained, the random field expression for the system response can be expressed, and this can be used to
obtain arbitrary measures of the system response. For example, moments of any fimction of the response
can be compute~ iin-ther, marginal and joint probability distributions of the response can be obtained.

Other papers dealing with stochastic finite elements are those by Contreras (1980); Manohar and Adhikan
(1998); Elishakoff, Ren, and Shinozuka (1996); Saigal and Kaljevic (1996).

An important problem that arises in comection with the stochastic ftite element formulations is that of
specifying and identifying the random fields that are used to characterize system properties. Some papers
that deal with this issue are Zeldin and Spanos (1996, 1998b); Hoshiya and Yoshida (1996, 1998); and
Noda and Hoshiya (1998).

The general problem described here is very practical in the sense that both excitation and material
parameters often need to be considered as random. For this reason the field of stochastic finite elements
and the implementation of stochastic capabilities into existing codes merits great attention.



Experimental Probabilistic Structural Dynamics

Most of random vibration analysis is intended to realistically characterize the behavior of structural

systems excited byrandom inputs; however, the responses of actual systems are only known when they are

measured during the application of physical environments (and even then only approximately). The effects
caused by the use of simpIi@g assumptions in the process of numerical simulation of physical systems
are seldom evaluated. Most important, because of the depth and breadth of our capability to analyze linear
systems subjected to stationary environments, we often idealize real systems as linear and inputs as
stationary. Practically all real systems are nonhnear to a smalI or great extent; therefore, the response
characterization can only be approximate.

Real physical system responses are measured, then characterized, in NO frameworks. First, when real
structural systems are designed, then built (or, perhaps, placed) in the field, their responses can be
measured when subjected to natural or man-made environments. Second, when systems are of the
appropriate size, they can be experimentally excited in the laboratory. Most laboratory tests of physical
systems performed today are done on electrodynamics or electrohydraulic shakers and subject the system
tested to a quasi-stationary random vibration environment.

Quasi-stationary random vibration tests to be performed on a shaker are controlled today using digital,
closed loop control systems. The objective of a random vibration test is to maintain the autospectral density
of a single measure of motion on or near a test system within some preestablished limits for a
preestablished length of time. The algorithm used for control was derived in Tebbs and Hunter (1974).
Prior work leading to this development is summarized in Hunter and Helmuth (1968) and Otts and Hunter
(1970).

Before digital, closed loop control algorithms were available for the control of random vibration tests,
analog, quasi-closed loop control systems that were operated manually were used. The control scheme
employed during the 1950’s and 1960’s (and in some laboratories, the 1970’s and even 1980’s) is
described by Metzgar (1958). The system used manual equalization to achieve the desired test spectral
density. The purpose of the manual equalizer setting was to account for (a) the electro-mechanical
frequency response function between the drive signal and the control point and (b) the shape of the desired
spectral density at the control point. Because the electro-mechanical system, consisting of the signal
generation electronics, the transmission system, the power amplifier and shaker, and the test item, is
usually nonlinear, it was usually very difficult to establish and maintain the desired control. The control
algorithm developed for digital control of random vibration tests is an attempt to mimic the analog control
system.

With reference to Figure 3, the digital control algorithm consists of the following operations. Starting at top
left a digital computer generates finite duration realizations of a stationary, Gaussian random process.
Generated realizations are output to a digital-to-analog converter. The analog signal may then be filtered
and amplified and transmitted to a shaker system. The signal is fust amplified then used to drive the shaker.
Motion is generated in the shaker armature. The test item is attached to the shaker armature, perhaps via a
fixture or through a table that permits the testing of a much larger system. Control of the test is sought on
or near the test item - control that is gauged in terms of the autospectral density of motion. Motion at the
control point is measured, usually in terms of absolute acceleration. The motion is measured with a
transducer, the output of which is amplified and filtered, then transmitted to the control digital computer.
Before processing in the computer, the signal must be converted from analog to digital. The digitized
signal is read by the control system. The continuously arriving signal is used to estimate the running, or
real-time, spectral density (see Wirsching, Paez, and Ortiz, 1995).

A critical element permitting realization of the digital control system is the ability to combine finite
duration realizations of stationary random process into a continuous realization of stationary random



.

process of arbitrary length. This is accomplished using a procedure called overlap processing, described in
Gold and Rader (1969).

With the control system defined above, a random vibration testis performed following a two-step process.
The fwst step is the system identification phase. In this phase a band-limited white noise drive signal is
generated in the digital control computer and used to drive the shaker and the control point at a level that is
low relative to the fill level of the test to be performed. The drive signal and control point motion signals
are stored and used to estimate the autospectral density fimction of the drive and the cross-spectral density
finction between the drive and the control. The latter is ratioed to the former to create an estimate of the
electro-mechanical system frequency response functioq denote this quantity H(j” ),k = O,...,n / 2.

Control Computer

1
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Figure3. Elementsand operationsof the closed loop controlsystem.

The second phase involves the performance of the actual test. This is done in a sequence of steps where the
excitation level is gradually increased until the full level of the test is realized. Denote the autospectral
density desired at the control point with GH ~k ),k = 0,...,n/ 2; then the testis initiated by generating a

drive signal from a Gaussian source with zero mean and spectral density

GDD&k)=ao:;$) k= O,...,2/2. (14)

This signal is meant to drive the system so that the motion at the control point has the spectral density

aoGM & ),k = 0,..., n / 2. The constant a. is normally chosen so that the RMS motion is some number

of decibels (db) below the fbll level of the test. Data are gathered at this Ievel, and the drive autospectral
density and the drive to control cross-spectral density estimates are initiated and then updated using real-
time spectral density estimation. These are used to update the estimate of the electro-mechanical system



frequency response fimction. When the test either equalizes at the current level - i.e., the estimated control
autospectral density matches, within some limits, the target control autospectral density - or the test
operator is satisfied that the test has equalized as well is it can, then the test level is increased, and the next

step in the test is initiated. This is accomplished by changing the coefficient a. to al, where al is some

multiple of a.. The running estimates of the drive autospectral density and the drive to control cross-

spectral density are modified by the ratio a 1/a. , and the test continues. When the motion finally reaches

its fill level, the test is allowed to continue for a preestablished duration or until the test operator aborts the
test. Though there are many other detaik to the operation of a random vibration test, and there are many
potential pitfalls, the foregoing description characterizes the fundamental ideas behind random vibration
test operation.

The digital computers used today for random vibration control are many orders of magnitude faster than

the ones used when digital control was f~st introduced in the early 1970’s. Nevertheless, the algorithm
used in most commercial control systems is substantially the same as the one proposed decades ago and
described above. Because of limitations in the capabilities of the standard control system and because of
hardware limitations, the typical random vibration test performed in the laboratory is controlled in a single
axis. Because of the physical limitations associated with testing hardware on a shaker - i.e., one axis of
controlled-input motion, test item attached to a very stiff armature, etc. - there are many situations where it
is thought preferable to control not a single measure of motion in one axis and at one poin~ but rather a
single measure of many motions at multiple points and, perhaps, in multiple directions. In these situations
the test operator uses a control scheme known as average control or one known as extremal control (see
Smallwood and Gregory, 1977). As their names imply, the former seeks to control the average autospectral
density at a number of locations, and the latter seeks to control the maximal spectral density at a set of
locations. These control schemes are used when knowledge of the autospectral density in an actual system
is inaccurate, or when, because of physical testing limitations, a known autospectral density at a particular
critical location will be surpassed when motion is controlled to a particular level at another point.

More than 99 percent of “state-of-the-art” random vibration testing is performed on a single shaker, using
single-point control; therefore, it is fair to state that the limitations to this type of testing are reaI limitations
to the actual state of the art. The fundamental limitations are that testing is performed in a single axis, and
sometimes equalization cannot be achieved - i.e., motion with the desired autospectral density cannot be
excited at the control point. The limitation to single-axis testing arises from two sources - economics and
the difficulty of performing more realistic multi-axis/multi-shaker tests. The rationale underlying the fust

source is obvious as is its effect on testing realism. Few real random vibration environments are limited to

motion that occurs in a single axis. During a single-axis controlled random vibration test, only one measure
of motion is sought to be controlled, though motions in all axes occur. Sometimes, depending on the
system under test, the off-axis motions have greater RMS value than the controlled motions. The off-axis
motions that occur during performance of a single-axis random vibration test have autospectral densities
that practically never match the autospectral densities of the system motions in the field. Further, the cross-
spectral densities between motions realized during a single-axis test practically never match the cross-
spcctral densities between motions realized in the field.

The inability to generate motion at the control point with the desired autospectral density during a single-
axis controlled random vibrations test arises from the nonlinearity of the electromechanical test system and
the system under test. This occurs in, perhaps, half of all random vibration tests of complex systems. A
frequent side effect of nonlinear response is the occurrence of harmonic distortion - i.e., the generation of
response harmonics associated with strong motion response at a particular frequency, especially system
resonances. These harmonics occur because during strong motion, system response excited by a simple
harmonic signal is often not a simple sine, cosine, or combination of these. Because the algorithm used to
controI motion assumes that the system under test is linear, the response at the harmonic frequencies is
misinterpreted and cannot always be controlled. In particular when the response at a higher harmonic has
an autospectral density greater than the desired control autospectral density, then the motion at the control



point will have an autospectral density that is out of tolerance on the high side, since the drive signal is not
designed to diminish RMS motion at any frequency.

Clearly there are other limitations to random vibration testing in the laboratory. Among these are the force

limits to any shaker. A large electrodynamics shaker might generate up to 50,000-lb force in the frequency
range [5,5000] Hz; a large electrohydraulic actuator might produce the same force but in the frequency
range [0,500] Hz. It would appear, of course, that if economics permit, many shakers can be used in
parallel to overcome this limitation. Such appearance is not realized in real systems though. Multiple
shakers tied together via a slip table or other f~ture actually excite an elastic (or inelastic) system - the
system that connects the shakers. The system has modes starting at a frequency that is a fiction of the size
of the system and the acoustic velocity of the system materials (approximately the same for the materials
used to construct armatures and futures). Large seismic simulations can have fundamental resonances
below 100 Hz, and small component shakers can have fundamentals of 1000 to 2000 Hz. The control
system must account for these in order to generate stable motion in the fmture/test article system. Separate
control computers cannot, in general, be used to control the separate shakers; the system is sometimes
unstable.

There are software plus hardware solutions to some of the problems mentioned above, although they are
not widely applied, in practice, perhaps for economic reasons. One of these is the multi-axis/multi-shaker
testing capability. This capability was developed by Smallwood (1982a, 1982b, 1999). It operates
following the basic principles of Figure 3 except that multiple coherent drive signals are generated, these
are separately conditioned, and separate power amplifiers are used to drive multiple shakers. The shakers
comect to a test item or f~ture at multiple points and perhaps in multiple directions. When N shakers are

used to excite a system, then N 2 measures of system motion can, within certain constraints, be controlled
(see Paez, Smallwood and Buksa, 1987). For example, in a three-axis test the autospectral density of
motion in each of three axes can be controlled, as well as the real and imaginary parts of the cross-spectral
densities between the pairs of motions; these are nine quantities. Of course, motions at all the control points
are required, and the control computer must be capable of estimating the auto and cross-spectral densities
of the control point motions.

The fimdamental capabilities required to make the control algorithm work is the ability to generate multiple

signals with arbitrary auto and cross-spectraldensities and the ability to make the algorithm stable. The
former capability is achieved via Cholesky or eigenvalue decomposition of the cross-spectral density
matrix of the multiple drives. See Smallwood and Paez (1993) for details on the signal generation
algorithm.

There are many less obvious shortcomings of standard laboratory random vibration tests. Among the most
important is the high - effectively infinite - impedance of the shaker system. This means a shaker will exert
as much force as is required to match the control autospectral density. Overtesting problems can arise in
this comection, and force limiting must be imposed to achieve realistic tests. Scharton (1995), Chang and
Scharton (1998), and Smallwood and Coleman (1993) treat this issue.

There are many other aci~ities in probabilistic testing that merit our attention including the generation of
non-Gaussian environments (see Smallwood, 1996); nonstationary random vibration and random shock
testing (see Smallwood, 1973); and the control of nonlinear systems in random vibration testing.

Summary and Conclusions

Some recent and earlier activities in the area of random vibration analysis and testing have been
summarized in this paper. A brief history was given, and linear random vibration was discussed. Some
fimdamental areas that merit continued investigation are: robust and convenient frameworks and
algorithms for the analysis of nonstationary response of structures, general methods for the analysis of



structural response to non-Gaussian excitations, improved techniques for the analysis of fwst passage
probabilities of complex systems.

Some nonlinear models and computation of response measures for nonlinear systems were discussed. This

field is wide open in the sense that there is an extremely wide variety of types of nonlinear behavior in real
systems, and the modeling of almost all could stand improvement. Among many other things general
models and techniques for nonlinear analysis are required general techniques for analysis of large systems
are required.

Large system analysis is normally performed today using finite element codes. There are many commercial
and proprietary codes, most of which are limited to spectral densi~ analysis - i.e., the computation of
response spectral density, given input spectral density. The capabilities of these codes need to be
broadened. Further, reliability-based codes that yield a more traditional random vibration response
characterization need to be developed, and stochastic finite element codes need to be made practicaI.

Random vibration testing is the most practical of the areas discussed in this paper. There are many
investigations that could improve the state of the art in testing. Some areas requiring development work
are: random vibration control algorithms for nonlinear systems, procedures for nonstationary excitation
identification and nonstationary testing, means for making multi-shaker/multi-axis testing more robust and
economical, improved hardware and standard procedures for force controlled testing

These are a few of the areas, among many others, that require the attention of investigators in the field of
random vibrations.
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