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VARIATIONAL CORRECTION TO THE FERMI BEAM SOLUTION 

Bingjing Su 
Los Alamos National Laboratory 

G. C. Pomraning 
University of California, Los Angeles 

We consider the time-independent, monoenergetic searchlight problem for a purely scattering, 
homogeneous slab with a pencil beam of nuclear particles impinging upon one surface. The 
scattering process is assumed sufficiently peaked in the forward direction so that the Fokker- 
Planck differential scattering operator can be used. Further, the slab is assumed sufficiently thin 
so that backscattering is negligibly small. Generally, this problem is approximated by the classic 
Fermi solution. A number of modifications of Fermi theory, aiming at improved accuracy, have 
been proposed. Here, we show that the classic Fermi solution (or any approximate solution) can 
be improved via a variational formalism. 

The one-dimensional pencil beam problem, in standard neutronic notation, is given by 

p- - --(1- atr 8 p O S z l T ,  dz 2 dp 

q o ,  p )  = S(1 - p ) ,  p > 0; 9 ( T ,  p )  = 0, p < 0. (2) 
The quantity of interest for this problem is to compute an angular flux moment at the exit of 
the slab defined by 

G ( T )  = 1' 0 W ( P ) Q ( T ,  P)7 (3) 
where r ( p )  is an arbitrary function of p. Since no exact and symbolic solution exists, !P has 
to be approximated, say by the Fermi solution.' We can, however, improve the accuracy of any 
approximation for G by a variational calculus, with the transport equation and its boundary 
conditions as constrains. As usual, we need to specify the trial functions for the transport 
solution \I, and for the adjoint transport problem given by 

@ * ( T , p )  = -w, p > 0; 8 * ( O , p )  = 0, p < 0. 
P 

( 5 )  

The trial function for Q(z,  p )  is set to be the Fermi solution, which is a reasonable, perhaps 
the only known symbolic, approximate solution, i.e., 
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I Note that Fermi theory predicts + F ( z ,  p )  = 0 for p < 0 and the Fermi solution satisfies the both 
boundary conditions. Therefore, the variational calculus of approximating G is given by 

where G F  is the quantity evaluated by the Fermi solution and the double integral is the correction 
term. Changing variable according to z' = T - z in Eqs. (4) and (5)) we see that the adjoint 
transport problem is equivalent to the direct transport problem except that the pencil beam 
boundary condition is replaced with a distributed incidence boundary condition [ - r ( p > / p ] .  An 
approximate solution to this new transport problem, with a distributed incidence, can be con- 
structed by using the recently reported Fermi-like approximation to an obliquely incident beam.2 
Thus, for an arbitrary and smooth function I ' (p) ,  the adjoint trial function $* is given by2 

But when r ( p )  = 6(p - po), $* should be2 

Using these trial functions in Eq. (7)) we can compute the variationally corrected quantity G,, 
which is more accurate than GF. 

Specifically, we consider the scalar flux (denoted by p thereafter) by taking r ( p )  = 1. Direct 
evaluating p ( T )  with the Fermi solution gives 

Compared with the exact r e ~ u l t , ~  Eq. (10) is only accurate up to the linear terms. However, 
using the Fermi solution in Eq. (7) yields the variationally corrected scalar flux 

(11) 
25 p,(T) = 1 + (%T) + 2 ( g t , q 2  + -+q3 + O[(gt?q41, 

which is accurate up to the quadratic terms. To further improve the variational result, one could 
use more complex trial functions such as II, = K$F or + = $~[a+b( l -p )+ca tpz] .  However, there 
is a way to produce new trial functions by the variational calculus itself. Taking r ( p )  = S(p - po) 
and using +F in Eq. (7), we found that the variationally corrected angular flux +v equals to the 
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Fermi solution $F when p = 0 and 1, and when p is sufficiently bounded away from 0 and 1 the 
+w is given by 

This result can be shown to be more accurate than $F in the valid range. For the scalar flux or 
higher angular moments, we extend the validity of Eq. (12) to 0 < p < 1 and use +w as a new 
trial function. This gives us 

After twice variational corrections, we have the exact cubic term in Eq. (13). It is conjectured 
that correct higher order terms would be obtained if the above process is repeated [;.e., obtain 
a new trial function variationally based on the old one and use it in Eq. ( 7 ) ] .  Certainly, such 
analyses would soon become algebraically intensive. 

The above demonstrations show that the variational calculus improves the accuracy of the 
scalar flux estimation. We believe that is also true for other angular moments and for other 
approximate solutions. This formalism can be extended to three dimensions easily. However, the 
complexity of algebra in three-dimensions may prevent us from obtaining compact and symbolic 
results. Perhaps, numerical manipulations have to be used in dealing with the integrations. In 
one-dimension, we found that the same leading correction results can be obtained by simply using 
an adjoint trial function given by $* = - I ' ( p ) / p .  Physically, this function means that for the 
adjoint problem there is no particle spreading in the thin slab. Using this simpler trial function 
can, especially in three-dimensions, simplify the algebra dramatically. However, it remains to be 
seen whether this non-spreading trial function is as good in three dimensions as in one dimension. 
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