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Monitoring and controlling separate components of large complex systems without 
overburdening or even involving a central supervisor is an outstanding task of smart 
engineering. Typical situations are: adjusting the position of an axle, steering a wheel, 
or closing and opening a valve. Even such innocuously simple tasks require robust 
and efficient stand alone sensors and actuators. The range of application of these smart 
sensors and actuators is greatly enhanced when the monitoring and controlling functions 
are based on generic. nonparametric methods. 

In this paper, we propose a nonparametric method for monitoring and controlling 
nonlinear systems whose dynamics is, in general, unknown or only partially known. 
Our nonparametric method is based on the stochastic linearization of the underlying 
(unknown) nonlinear system. 

The information about the nonlinear system is collected from component obser- 
vations accumulated in sample covariance functions. A finite dimensional matrix rep- 
resentation of the linearized input/output operator is given by products of Choleski 
factors of discrete covariance of input and output processes. 

The smart component monitoring function reduces to  measuring the distance be- 
tween the linearization of the actual system (assumed to be slowly evolving in time) 
with that of a “reference” system. The smart component control function is exercised 
by updating the linear feedback components via a nonparametric version of the linear 
quadratic regulator (LQR) [5].  

The nonparametric method presented here will be compared with standard para- 
metric methods [4] that proceed by fitting the known nonlinear model with a linear 
model, and solving the LQR problem. 
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F I G .  1.  Parameter a us. The Distance from a Reference System 

To describe our method, consider the nonlinear system N 

dx = N(z)d t  = (Ax + F(x))dt  

where A and F are its linear and nonlinear parts, respectively. Since the system is, in 
principle, unknown, we perturb it by additive “white noise” 

dX = AXdt + F (  X ) d t  + dW( t )  

where Ct’ is the standard Wiener process fzl. We wilI use ‘X‘ for stocahastic systems 
and ’I’ for deterministic systems. The random perturbation would allow the system 
to explore larger regions of the phase space and provide more information about its 
dynamical behavior. 

Given observations or data from monitoring, 

(3) Y = C X  

over a sufficiently long period of time, we construct a covariance function R(s, t )  corre- 
sponding to the observation process, Y ( t )  

(4) R(s, t )  = E(Y(s)Y(t)) .  

For background related to this construction and the one to one correspondence between 
processes and covariances, we refer to Parzen [3]. The mean of Y and the covariance 
R(s, t )  will from now on, be supposed to contain all the available information about the 
nonlinear system. 

Using techniques based on the theory of reproducing kernels in Hilbert spaces [SI, 
an essentially unique linear system L 

( 5 )  X = L W  
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is derived, with R(s,t)  given by (4) as its covariance. 
For this linear system we consider now the control problem 

with control u and performance criterion 

(7) J ( u )  = E(X(oo))2  + cE(u(oo))? 

The optimal control u* that minimizes the functional J will then be applied as a 
feedback control to the original nonlinear system, in place of the stochastic disturbance 
dW; 

(8) dx = Axdt + F ( x ) d t  + du' 

The efficiency of the control procedure is measured by closeness to a "reference" 
system. 

To compute the covariances, it seems crucial that the nonlinear system have bounded 
trajectories. Since the Wiener process will make the trajectories wander over much of 
the phase space, simple boundedness does not seem to be sufficient. We conjecture 
that the more precise notion of "point dissipative system" (PDS) is needed for this 
construct ion. 

Definition: A system is point dissipative if there is a bounded region which every 
trajectory of the system eventually enters and remains within. 

A simple sufficient criterion that implies the point dissipative property for a rea- 
sonable class of 2 or 3-dimensional systems is: 

U*AU < o for all nontrivial solutions of the equation f(u) = o 111. 
We remark here that the point dissipative property may be destroyed using linear 

feedback controls. 

As an example consider the following nonlinear system perturbed by noise 

The system is point dissipative fot all values of a. For a 5 0 the origin is a global 
asymptotic stable point. For a > 0 the origin is unstable and the system develops two 
point attractors. 

Using a metric for measuring the distance between the linearization of a given 
system and the linearization of the reference system u = -1 we obtain Figure 1 plotting 
a vs. distance. The graph shows something is happening at a = 0 and we can flag it 
using a metric measuring the distance between nonparametric linearizations. 
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FIG. 2 .  Responses of the Uncontrolled and Controlled Systems 

Figure 2 presents a comparison of a response for this system with a = 1 and response 
for the system modified by a linear feedback obtained by solving the optimal control 
problem for a linearization of the system. 

In conclusion we have shown that by using a nonparametric stochastic lineariza- 
tion of the underlying nonlinear system we can efficiently and economically carry out 
monitoring and control functions for a general class of nonlinear systems. 
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