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Abstract 

Languages with a solvable implication problem but 
without complete and consistence systems of inference 
rules (‘poor‘ languages) are considered. The problem of 
existence of finite complete and consistent inference rule 
system for a “poor” language is stated independently of the 
language or rules syntax. Several properties of the 
problem are proved. An application of results to the 
language of join dependencies is given. 

1. Introduction 

Specially designed languags have been widely used in 
systems to create more efficient knowledge processing 

software (e.g., an inference engine) and to guarantee an 
interpretation of any statement in the object field. 
Examples of specially designed languages for AI systems 
include languages of expert system shells and formal 
means of integrity constraint definitions in databases. The 
language of ‘Naive Physics” invented to avoid unnecessary 
computations and to model a common sense approach to 
technical problems may serve as a different examplc ot the 
same approach. Most of these languages are “poor”: their 
expressive power is limited to the object field issues by a 
restricted syntax. In particular, the “poorness” of a 
language leads to the solvability of its implication 
problem. 

Commonly, the implementation of a language includes 
the use of an inference engine and, therefore, the creation 
of an inference rule system. Besides the pragmatic 
usefulness of inference systems, their form and properties 
give more insight into the relationship between a language 
syntax and semantics. 

It is well known [1,2], that the solvability of the 
implication problem in a language does not imply the 
existence of a finite complete and consistent inference rule 
system in it. Sometimes [3], it is not easy to construct one 
or to prove its nonexistence [4]. 

On a small scale, the situation of inference in “poor” 
languages resembles computations with oracles and 
degrees of unsoivability. For any “poor” language L l ,  
there exists an embracing language L2 with a finite 

deductive system that is complete and consistent in L f  . If 
agents A and B of a multi agent system can use only 
languages L1 and L2, respectively, agent B may serve as 
an oracle for agent A: it can prove any theorem stated in 
L1 and communicate the result to A. At the same time, A 
is not able grasp the proof. It is supposed that A and B 
have limited reasoning power (cannot process more than 
k statements at a time). 

In the next section, the problem of existence of finite 
complete and consistent inference rule system for a “poor” 
language is considered independently of the language and 
the rules syntax. Partial solutions in the form of either 
necessary or sufficient conditions are presented. 

The formulation of the problem and the results are 
based on the discrimination between an inference rule and 
an arbitrary inference algorithm based on the length or 
complexity of their input. “Poor” languages are supposed 
to be not closed under conjunction (as, for example, the 
language of functional dependencies). Thus, the number 
of input statements (assumptions) may serve as a measure 
of the input complexity. Implication corresponds to the 
inclusion on the family of model sets expressible in the 
language and their intersections, and the problem is stated 
as an equivalence of transitive closures of the inclusion 
and its restricted version. Several properties of transitive 
closures are stated in the next section. 

Further, two special languages are compared: the 
language of functional join dependencies. Both of them 
originated from database theory, are used to express 
integrity constraints, and strongly related to logical 
properties of a database. They have a solvable implication 
problem and are unclosed under conjunction. While, there 
exist several finite axiomatizations (finite complete and 
consistent rule systems) for the first one and there is no 
finite axiomatization for the second one. The problem of 
complete, consistent, and finite inference rule system for 
the language was stated in [3] and open until 1985. The 
solution was first published in [4]. 

2. k-closure under inclusion 

Intuitively, an infererxe rule is supposed to be 
‘simpler’ than an inference as a whole or an arbitrary 
algorithm solving the implication problem. A rule is 
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applied in a step of the inference chain. It is easy to check The definition is correct because F is countable. B' is 
that computational complexity of the step (e.g., the image of A under Galois correspondence. (Compare 
substitution of premises into the rule and drawing of a 
conclusion) depends on input length and could be quite 
high. A formal criterion to discriminate rules from Statements 2.1 - 2.6 below establish simple 
arbitrary algorithms used here is: a rule uses a predefined 
number of premises. The criterion does not exhaust 
differences between rules and arbitrary algorithms. In 
particular, it does not work in case of languages closed 
under conjunction. Still, it allows to state the problem in 
algebraic and syntax-independent terms for languages with 
limited expressive power: if a finite UiOmatiZatiOn (a 
complete, consistent, and finite system of inference rules) 
exists, there is an integer k that (Ik)* = (I)*, where I is 
implication relation, lk is implication limited to no more 
than k premises, and R* is the transitive closure of the 
relation R. If (Ik)* = ( I )*  for a finite k and for f there is 
an algorithm expressed in a syntax accepted to express 
inference rules, then a finite axiomatization exists. 

To skip syntactic considerations, inclusion between 
sets of models cxpressible in a language L is considered 
instead of implication. For a given language L, a 
countable set LJ and a countable family F of its subsets are 
considered. There is a Galois correspondence between F 
and L: each eiement of F is a set of models where a 
corresponding statement from L is true. All definitions 
and statements below are based on the Galois corresponding to elements of B. 
correspondence between models and separate statements 
of L. The statements are simple; short outlines of a proof 
are included in the text. 

with definition 2.2.) 

relationships between B, B', and g: 

Statement 2.1. For any F and R from F, 
B r B ' r B Z s B '  s . . . c B * .  

It is sufficient to show that for any F, B, k, E' c BIk+/'. 
Evidently, Bt is the subset OfB*+') defined according to 
the definition 2.1 with condition s, = sfk+/,. 

Statement 2.2. For any F, B from F, and k, B' = (Elk)' 
and (B*)* = €3'. 

From 2.1: for any n there exists m: B" c (@p and for 
any n there exists m: Bn 2 (B')". 

Statement 23. For any F and B from F, B' = S(B")nF, 
where S(M) is the family of all supersets of M. 

Any element of B' contains B  ̂and, therefore, belongs 
to S(B^)nF. On the other hand, each element of S(k )OF 
corresponds to a statement implied by statements 

Statement 2.4. For any F and B, C from F, if B 2 C, then 
B' 2C 

Definition 2.1. For a subset B of F and a positive integer 
k, a k-closure of B is 

Bk = (s cFI (s E B )  V(3s ,,..., sk €Ek:  mi CS)]. 

If A is a set of L expressions corresponding to B 
elements, the set B' is the family of model sets where a 
statement from A or a statement following from no more 
then k expressions from A is true, recursively. 
(Expressions s,, ..., sk are not necessarily different.) 

Definition 2.2. For a subset B of F, a closure of B is B' 
= B uB' uB2 uB' u84 .... 

If B corresponds to A fiom L, B' evidently corresponds 
to all consequences ofA. 

Definition 23. B is k-closed iff B' = B'. F is k-closed iff 
any subset B of F is k-closed. 

It means that for B (for F) using k-inference to infer all 
consequences is sufficient. 

Definition 2.4. A base of B is a set B  ̂= nbeB b. 

B 2 C implies B" 2 c implies S(8 }ZJ S(C ). From 
statement 2.3, B' 2 C' . 
Statement 2.5. For any F and B, C from F, if B' 2 C, 
then B' 2 C. 

B' ;7 C implies @) s'C. Evidently, *@ k B , 
therefore, B'E; C' and B' 2 d 

Statement 2.6. For any F and B, C fiom F, if B' = C, 
then (B u C)' = B'. 

B' = c" implies B*z (B u C) and, from statement 2.5, 
B'z (B u C)'. Opposite inclusion is evident. 

Giving examples of k-closed families is much easier 
than of unclosed ones. Below, are examples of k-closed 
families. An example of the unclosed one is given further. 

Example 2.1. Any family F closed under intersection is 
2-closed. 

A family of model sets closed under intersection 
corresponds to a language closed under conjunction. For 



. 
a language closed under conjunction with solvable 
implication problem, an axiomatization with just one 
inference rule requiring two premises always exists. 

Example 2.2. If F is a partition of A (all intersections are 
empty), F is 2-closed. 

For any B, B' = F iEB contains more then one element 
of F and B2 = B' = B iff B contains just one element of F. 

Example 2.3. If the condition "mi *0" is added to the 
definition 2.1: 
s' = {s cF1 (s E B )  V(3s ,,..., sk E B': mi cs & mi fa), 

then in example 2.2, E' = B for all B and F is 1 -closed: for 
any sI, s, from any E ,  s,n s2 c sI and B' = B'. Change of 
the definition 2.1 switch from classic logic implication to 
one where the principle "contradiction implies all" is 
false. 

Statements 2.1-2.6 and examples 2.1-2.3 give no more 
than a hint on how to establish k-closeness of a family F: 
Below, this hint is applied to a language widely used in 
Database Theory. 

3. Languages of functional and join 
dependencies 

Below, two poor languages used in the same area for 
the same purpose are compared. First of them, the well- 
known language of functional dependencies, has several 
finite complete and consistent inference systems. Second 
one, the language of join dependencies, has no finite 
complete and consistent inference system. 

For an alphabet A, the language of func:ional 
&pendencies L, is defined over Au("-", I ' , ' ' }  and 
consists of expressions 

where a,b,c,d, ... belong to A and any character from A 
appears no more than once to the left of "-". The 
language of join dependencies L, is defined over A u("( ", 

a,b,c, ... - d (3.1) 

" I ,  " t f  , , } and consists of expressions 
(u,b,c ,...) ,..., (d,e S,...) (3.2) 

where a,b,c,d,eS,g ... belong to A and every character fiom 
A appears exactly once. 

Expressions (3.1) represent functions with arguments 
names a,b,c ,... and the value name d are taken fiom A. 
There is no place for the function name, therefore, only 
one function for given arguments and value names is 
expressible. Expressions (3.2) represent covers of the set 
A or hypergraphs defined on A. There are many 
equivalent syntactic representations of functional [5 ]  and 
join 161 dependencies. 

relation R is a model of (3.1) iff in R there are no two 
tuples with the same values of attributes a,b,c, ... and 
different values of d or, equivalently, values of a,b,c, ... 
unambiguously idenhfy the value of d in a tuple. The 
relation R is a model of (3.2) iff 

P(a,b,c, ...) 5 &x...P(a,b,c,...) &... 

hold for the predicate P corresponding to the relation R. 
In (3.3), elements ofA (attributes ofR) used as variables 
of P and 3 y z  stands for 3+k.  Every conjunct of (3.3) 
corresponds to a group of characters in parentheses in 
(3.2) and quantor 3 in the conjunct is applied to every 
variable that does not appear in parentheses. 

The formda (3.2) expresses a way to restore R 
unambiguously using the set of its projections defined in 
(3.2). 

Both functional and join dependencies are widely used 
in database design to express general properties of stored 
data: integrity constraints. Any state of a database (its 
content at a particular moment of time) is a finite model of 
a theory(ies) expressed as functional, join and other types 
of dependencies. Integrity constraints are formulated in 
special languages with syntactically restricted expressive 
power and usually constitute several first order theories'. 

Thus, integrity constraints are closed under implication. 
In addition, integrity constxaints of one type can imply 
ones of another type, for example, every functional 
dependency implies some join dependencies but not vice 
versa [3]. 

Several 6nite axiomatizations are known for functional 
dependencies [SI. Attempts to find one for join 
dependencies were based on the language extensions [6] 
or topological properties of corresponding hypergraphs 

It was shown in [4] that there is no finite 
axiomatization for join dependencies and for extensions of 
the language defined according to [6], though each 
extension has complete and consistent rules system for the 
extended language. 

Implication of join dependencies was studied in [ 81. Its 
solvability was proven and an algorithm ("chase") 
applicable to wide class of dependencies was found. 
Algebraic properties of the chase were studied in 191. 

... & 3 w u  ... P(a,b,c ,...) (3.3) 

171. 

'One ofthe exceptions are integity constraints 
ex ressin relahonsh s between &rent states of a 
dakbase:%me depen&ncia: They are often expressed 
as theones in a temporal logc. 

A model for an expression (3.1) and (3.2) is a 
multiplaced relation R with the set of attributes A. The 



4. Conclusion References 

The term “language” below denotes any syntactically 
defined set of symbolic expressions used for information 
storage and exchange. More often the term is used in a 
restricted sense: only certain sets are accepted as and 
called “languages”; for example, “programming 
languages.” 

Languages, sometimes called “protocols” or “formats,” 
became a common part of client-server and network 
applications. Their syntax is a part of the application 
specification and their interpretation is supported by 
software agents. Therefore, implication is also (usually, 
implicitly) defined and used by agents. Frequently, the 
usage is hidden under terms very far from logic. 

The simple and degenerated example is “cut and paste” 
operation: merging of two texts stored in a certain format 
into one text of the same format. The resulting text is 
implied by the conjunction of the first two (considered as 
statements) but not necessary vice versa. 

To distinguish between “good” and “bad” languages, 
some criteria are needed. Besides syntax, these criteria 
should somehow reflect semantics and properties of 
interpretation. One can expect that in a well-designed 
language, reasonable consequences of any statements are 
expressible. The question is: what is reasonable? 
Existence of finite axiomatization or k-closeness of a 
language can be a possible answer to the question. 

The paragraph above make sense only if there is more 
than one the language within a framework otherwise there 
are no statements except expressible in the language. A 
“multi language situation”: presence of many, usually 
poor, languages within one framework or an application is 
common in AI and software development. Networking and 
client-server architecture farther promotes the usage of 
several languages for the information exchange between 
parts of one application. 

The conversion of texts between different formats gives 
a simple example of a multi language situation within the 
area of word processing. The messy results of the 
conversion illustrate the need for more clear and, may be, 
explicit specification of the interpretation. 

Interpretation of one language in (another) language 
mates a kind of “modelless semantics” for all involved 
languages: representation properties of models become 
more important than their algebraic properties. 
Interpretation procedure itself also should be expressed in 
at least one of the languages. Relationship between 
inference and interpretation helps to do it using an 
inference engine and provides another reason to build 
finite axiomatization for a language. 
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