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ABSTRACT 

We describe an iterative optimisation algorithm that has been deve'dped for continuous 
contour phase plate design. With the help of this algorithm a kinoform plate was desighed to 
transform the square supergaussian beam into round supergaussian one.. The phase function 
derived by proposed method is smooth, has analytical representation and has no singularities. 
The drawback is that this function does not provide smoothing of the incoming intensity 
distribution like random phase plates do and output intensity should be sensitive to variations 
of the illuminating light amplitude. 
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1. INTRODUCTION. 

Up to the recent time a number of approaches for phase plate (kinoform) design have been 
developed The general problem is connected to the solution of a nonlinear integral equation 
111 

where r j  is the desired phase hnction 
to be found, I(x,y,z) is the required intensity distribution that should be formed at distance z, 
and H is the pulse response of fi-ee space 

(5,q) is the amplitude of incoming light wave, 

1 H(x,y,z)  = -exp(ikr) 
i;ir 

where r = (x2 +? +& )1’2 , A. is the wavelength of illuminating light and k = 2 d A  is 
wavenumber. It is supposed, that the illuminating light is monochromatic and its wavefront is 
plane. Tilt factor in (1) is neglected. 

The problem of phase plate design is ill-conditioned and reversed, so we have to use some 
regularisation procedure, that usually leads to different iterative algorithms. For solving Eq( 1) 
Gerchberg - Saxton [ZJ iterative algorithm or its modifications are often [3,4] used. An 
iterative algorithm using more than one known output intensity distribution for different output 
planes is discussed in [5 ] .  It demonstrates better convergence than algorithms, using only one 
intensity plane. Some other iterative algorithms are reviewed in [6J. 

In many cases geometric optics approach was successhlly used for phase plates design 
[7,8]. After kinoform is designed in geometric optics approximation, diffraction approach can 
be used to determine limitations of the theory or to calculate difiction corrections [9, IO]. 

Some useful methods of solving phase retrieval problem are based on minimisation 
technique applied for finding a desired number of Zernike coefficients [ll]. These methods 
provide a smooth phase fbnction without phase jumps. This idea can be also used to develop 
adaptive optical systems for solving the phase problem [12,13]. In [I41 an iterative design 
technique for phase plates was developed. In this report an alternative approach to kinoform 
design is considered. 
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2. KINOFORM DESIGN ALGORITHM. 

To find an approximate solution of Eq(1) we shell represent the phase fbnction by a series 
N 

i = O  
( 3 )  

where sinfig terms are omitted because of the symmetry of the task. Functionsfi(r) are 
supposed to be polinomials of order M, which coefficients are to be found by minimisation 
procedure making 

j[~(;.~y,z) - f(s,y)] 'ds + min ( 4 )  
S 

where ?(x,y) is the desired intensity distribution in the focal plane, I ( q g , z )  the calculated 
intensity, S - is a selected area in focal plane. 

On the first stage fbnctions fi(r) are found in geometric optics approximation. As the 

diffiactive parameter - w 400 is great enough the accuracy of this approximation should be 

not bad. Here D = 40 cm is the size of input beam, r = 250 p is radius of focal region, F = 

70 cm is the focal length, R = 0 . 3 5 1 ~  ). 

Dr 
RF 

To make the minimisation procedure rapidly convergent, the number of terms in (3) and 
structure of fhctions fi should be properIy chosen. That is why some preliminary analysis is 
required. Mer the first stage is completed, diffraction corrections of coefficients may be done 
if needed. 

3. PRELIMrNARY ANALYSIS. 

Let us consider an optical scheme displayed in fig.1. A phase plate P is placed in plane I 
together with an ideal lens, focusing incoming light in a focus in plane 2. Due to phase plate 
the rays are deflected and illuminate a focal region a in the same plane. Knowing the local tilt, 
provided by the phase plate one can calculate co-ordinates x,y of a ray in plane 2 if it crosses 
plane I in a point (4 d. 

Intensity in the focal plane can be found by multiplying input intensity Io(& qJ by a factor 
ILK, where K is Gaussian curvative of the wave fiont in plane I: 

4 

. 
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1 2 

P 

Fig 1. 

Analysis of (5 )  for phase fbnctions f;(r)cos(ie) shows that to avoid strong angular 
oscillations in output intensity one should put fi(r) = r', and thus decomposition (3) turns to 

N 

~(r ,8)=f , ( r )+Ccir 'cor( ie )  ( 6 )  
i=l 

As the input intensity distribution has angular period equal to d2,  only the terms with i 
multiple 4 should be presented in (6). 
From those we save terms dcos48and @cos88, but d6cos168and so on are omitted. That 
means N <= 15. Forfdr) we examined polynomials of 10-th order. 

IS 

&(r) =Cuir2' ( 7 )  

Only even powers of r are used to avoid singularities at r = 0. Calculations showed, that a5 
becomes negligible while the phase hnction is optimised, so really we used polynomials up to 
the 8-th power: 9. 

It was found to be convenient to use (6), (7) in a form: 

Q, ( r )  = u,r2 + u,r4 +u2r6 +b,r4( CO&?-- 1) +b2r8( COW- 1) 

A term a3r8 could be present in (8) but it was also found to be negligible. The a0 coefficient 
mostly has effect on scaling, and its initial value can be easily calculated analytically. The main 
part of a1 appears because of the paraxial approximation is not good enough in our case and 
should be corrected. This part also can be calculated. 

Finally, we have the following representation of phase fbnction, normalised by wavelength 
@ = p l k  
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where 3 =(g)2+(q@ , cosS=yp, sin&q/p, I = 20 cm, F = 70 cm, initial value for a 
(calculated) is a = 0.0012, initial values for b,c,dfare zeroes. All coefficients in (9) are found 
by the minimisation procedure. 

4. GEOMETRIC OPTICS APPROXIMATION. 

The co-ordmates in focal plane (x, y) can be expressed through co-ordinates (c q) of 
the input plane using derivatives of normalised phase function @(& rl). corresponding point 

In paraxial approximation 

~ 

Unfortunately, those formulas are not valid in our case because of the rather large ratio W. 

~ 

The errors, connected with paraxial approximation are demonstrated by fig 2. Here the 
transversal - fig.2qc and longitudinal - fig.2b,d cross-sections of focal intensity destribution .. 

for two large aperture lenses are shown. The first is a simple spherical and the second is 
aspherical and optimised to obtain a diffraction-limited focal spot. Both lenses have DLF = 112 
ratio. In paraxial approximation both lenses do not’differ, but really we can see a great 
difference in the structure of focal point. In our case D/r is even greater then 1/2. That is why 
we did not use paraxial theory neither for geometric optics, nor for diffraction approach. 

~ 

In such a case one should write 

L = (c’+ q2+ F2)”2 

instead of (10). 

The input intensity distibution in plane 1 (see fig 3) is “square“ supergaussian 



8 

where p = Zn(l/A), d is the boundary intensity in points A,C. For calculations it was taken p 
= 4.605 and r n = l O ,  A = 0.01. In this case more then 0.999 of total energy of the beam falls 
within the square input aperture. 

Because of symmetry of both input and required intensity distributions, calculation were 
made for one quadrant OABC, that should be transformed into a sector OABC in focal plane 2. 
This quadrant was represented on a grid 32x32, and co-ordinates of each element were 
transformed by (8b) to the focal plane co-ordinates. 
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The intensity in focal plane was taken 

where AS and AS0 are corresponding areas in planes 2 and 1. 

The etalon function f (x ,y )  for optimisation procedure was taken a supergaussian 20-th 
order with 95% energy inside a circle of radius ‘0 = 250 pm: 

where r = (x2 + 9 )1’2, p = 0.5822, Io is determined so that total energies of incoming 
and output beams are equal. 

Coefficients a,b,c,dJin (9) were optimised to make j ( I - # d d y =  min. For that purpose 

the hill-climbing optimisation method has been used. The resulting normalised intensity 
distribution I(x,y)&0 is displayed in fig.3,4. 

In fig 4 one can see the topogram of the output intensity in focal plane and in fig 5 - 
crossection of that distribution along the radii 1,2,3 shown in fig 3. 
The intensity distribution for optimised values of coefficients: 

a=0.00122 , b = 0.072617 c = 0.00077 

is rather smooth and meets following conditions: 

Energy in a circle ‘0 = 250 pm: 
Energy in a circle r = 300 mkp 

d = 0.017524 f= 0.070203 

95,8% of total 
> 99%. 

I 1 2 

Fig 3. 
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5. DIFFRACTION APPROXIMATION. 

Though a good accuracy of geometric optics approach is expected due the large value of 
difftaction parameter, the result obtained should be verified. Some effects, such as speckles, 
could not be described without dBaction. Unfortunately, as paraxial approximation does not 
work in our case, such effective methods like FFT are of little use. That is why direct 
calculation of integral (1) was performed. As fixnction is rapidly oscillating, a large number of 
grid points in input plane is required. We used 800x800 grid. Calculation of each point in focal 
plane needed about 3 min on PC-486DX2-66, so it is diflicult to optimise parameters of phase 
plate by iterative methods usiig d&ction approximation. The output intensity distribution 
with dfiaction was calculated for parameters, estimated before. 

- - 

In fig.6 one can see relative intensity versus radius, for three direction mentioned before, 
(17 points on each curve have been calculated). There is some difference between curves 
displayed in fig 5 and 6, but it does not exceed 10% near the edge of the focal region and is 
significantly smaller near its centre. 
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6.  INTENSITY OSCILLATION AND SPECKLE. 
- 

The intensity distribution represented in fig.4 demonstrates some quasi periodical angle 
oscillations especially in the outer part of focal region. In diffraction approximation this effect 
is not seen because of little number of calculated points. Oscillations of other kind, due to 
diffraction on abrupt boundaries can also appear in the focal plane. To demonstrate this effect a 
number of calculations was made with different input intensity distributions. In that case input 
intensity was supposed to be axially symmetric, because it allows to save a lot of-computer 
time. We believe that qualitatively those effects in axial symmetric and assymmetric cases 
should be similar, except of the symmetry. 

In fig.7 some examples are shown. Fig.7a displays the output intensity distribution for 
uniform illuminating intensity. Strong random like oscillations are very sensitive to the range of 
region illuminated. 

Fig.7b demonstrates the same distribution if the input is supergassian with m = 200. One 
can see, that oscillations in the inner part of focal region are suppressed, and only near the 
outer boundary they are strong enough. 

In fig.7c,d intensity distributions for supergaussian beams with m = 100 and m = 20 are 
presented. We can conclude that if m < 20 no oscillations near the outer edge of the 
illuminated circle are observed. In fig.8 output intensity for 20-th order circular supergaussian 
beam (m=lO) is represented. The output intensity distribution for 20-th order circular 
supergaussian beam (m=lO) is shown in fig.8. We suppose that in assymmetric case 
considered before (m=lO) there should be no oscillations due to the outer boundaxy condition, 
though this fact cannot be estimated directly because of insufficient number of points 
calculated. 

1/10  

r cm 
Fig 8.The output  intensity distribution for 20-th order circular supergaussian beam ( r n = I O ) .  
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7. CONCLUSION. 

In this report we describe iterative optimisation algorithm for continuous contour phase plate 
design. A kinoform plate converting the square supergaussian beam into round supergaussian 
one was designed. The phase fhction designed by proposed method is smooth, can be 
represented analytically and has no singularities. On the other hand, being regular such phase 
plates do not provide smoothing of the incoming intensity distribution like random phase plates 
do and output intensity should be sensitive to variations of the iIluminating light amplitude. 

The possible area of the fiture activity may include optimisation of phase finction in 
difEaction approximation analysis using more powerful1 computer and more detailed 
investigation of the influence of the phase and amplitude modulation on the output intensity 
distribution. 
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