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Abstract 

With statistical analysis of global data from one, two and four steuarators, it is possible to 
draw limited conclusions whether Gyro-Bohm or Bohm scaling prevails. Either scaling 
may be favored, depending on whether corrections are included for possible p and v+ 
corrections and whether all data are taken, or selected cases with low collisionality, or 
low net toroidal current, or with ECH heating applied, and so on. 
Monte-Carlo-like simulations are used to test reliability of inferences about power-law 
scaling exponents made from data having substantial statistical variance and collinearity 
of control parameters. These show that for reliable conclusions, statistical studies should 
be augmented; more directed experimental studies are needed, with well controlled 
discharges and radially resolved data-such as those already begun on ATF and W7-AS. 

In t r o duct i on 
It has been observed that the global energy confinement time scaling in tokamaks 
may be dominated by turbulence phenomena with radial wave-lengths of order of 
the plasma minor radiusl~2-Bohm-scaling with x = (T/B). Confinement time 
scaling in stelIarator~3~ has been interpreted as more nearly that expected on the 
basis of turbulence at radial scale lengths of order of gyroradius -Gyro-Bohm 
scaling with x = (TIB) @/a). 

A simple dependence on Gyro-Bohm or Bohm turbulence phenomena would lead 
res ectively to confinement scaling of energy confinement time TE as 

in stellarators is not far from either form: the power law dependence on toroidal 
field and absorbed power are roughly BO.8 and P-0-6, as in Gyro-Bohm scaling, 
while the density dependence is nO.5, and is close to Bohm scaling. The size 
scaling is near Gyro-Bohm, with exponents for a and R adding to 3.1 k0.1. The 
dependence on n is stronger than that seen in tokamaks. 

120. ? BO.8 p-O.6 a2-4 R0.6 or as nos5 Bo-5 p-0-5 a2-o R0.5. The dependence of ZE = Wdia / P 

Let us assume that the plasma thermal diffusivity x depends as XB v ,p /p  a, where xB is the Bohm coefficient scaling as T/B, and beta and collisionality corrections 
are included. Because good temperature measurements are not always available in 
the databases, we use a traditional standard estimate (with some reservation 
because Te = Ti is not a good assumption for beam heated cases) T =  W/na2R = 
P Z E  /na2R where a and R are mean (circularized) torus radii. 
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Since the estimated mean T depends on ZE, the response variable for regression 
studies, one must treat T dependent terms carefully. The JET Team2 suggests use 
of the control variables YI - Y4, which depend on machine variables and have the 
necessary factors ZE removed: 

In the table at right, three statistics 
suggest that the Gyro-Bohm fit is 

Bohm time variable 
gyroradius variable 
collisionality variable 
beta-like variable 

ATF & W7AS: Y1, Y2, A,  b, Mi R2 F S 

Gyro-Bohm 82.5% 479 23.07% 

The four variables Yi are not independent, since Y3 wY14Y22Y4. Other 
dimensionless parameters which do not depend’on T, such as aspect ratio A = R/a, 
ion mass number Mi, rotation number+ at the magnetic axis, and normalized 
current, say IlaB, and are added straightforwardly. 

Simple Bohm scaling should appear as ZE = YlOs, and Gyro-Bohm scaling would 
give ZE = (Y~IY&~. More generally, if ZE = YlYl Y 2 ~ 2 Y 3 ~ 3  Y4~4, then in the so-called 
high$ collisional theory model, the ‘Kadomtsev constraint’ calls for 
2 y1- 112 y2 + 2 y3 - 2 y4 = 1. This is the condition for dimensional correctness, with 
the assumption that displacement current effects (Deb ye length scale physics) are 
negligible5 . 

Statistical study of experimental data from ATF and W7-AS 
Combined data from ATF and W7AS are available from the International 
S tellarator Database, allowing fairly detailed study. Among the parameters 
included for about 200 cases for each machine are experimentally measured, 
inferred or estimated values for all the parameters needed for the variables Yi. 

A regression study for the dependence of the estimate for the value of ZE based on 
diamagnetic measurements yields: (The errors are lo as determined by a standard 
analysis program (JW@ from the SAS Institute). 

zE = y10.56H.01 y40.68kO.07 +00.1010.07 MiO.02kO.04 

Gyro-Bohm ATF & WFAS 

Bohm ATF & W7-AS 
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Inspection of the usual plot in Erg. 1 of the natural logarithms (Ln) of measured vs 
predicted ZE values, shows the goodness of the two fits as nearly identical. 

ATF & W7AS No constraints Gyro-Bohm Bohm 
Y i , Y 2 , A t  h R2 F s R2 F s R2 F s 

all shots 82.5% 482 23.02% 82.4% 640 23.05% 81.2% 589 23.85% 
ATF8rseIectedW7AS 82.7% 411 22.90% 82.7% 547 22.91% 81.4% 502 23.72% 

low nu* (LnY3 eo) 82.6% 374 21.14% 82.6% 501 21.17% 81.9% 474 21.61% 

Pech > 0 86.0% 365 20.84% 85.9% 483 20.88% 85.8% 481 20.95% 
low I (I < 2000 A) 83.0% 433 23.36% 82.9% 575 23.39% 81.72 529 24.20%. 

3.5- 

3 .O- 

2.5- 

2 .O- 

1.5- 

1 .O- 

- 
- 
- 
- 

. ,  
> x  

0.0 V I  I I 1 I I 1 1 I 1 I 1 ' I 
0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 

Ln tauE Predicted 
Fig. la. Gyro-Bohm fit: ZE vs ZE(Y1. Y2. A,+,,, Mi) 
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Fig. lb. Bohm fit: ZE vs ZE(Y1. Y2.A,+,,,. Mi) 

The dependence of 7E in these fits on the plasma ion mass number Mi has poor 
statistical significance. It is not clear that there is any dependence; the null 
hypothesis-no Mi dependence at all-has probability exceeding 50%. The 
estimated error in the exponent is larger than the value itself and the value of F is 
increased significantly (cf Table 11) by dropping variable Mi, so this is done in 
subsequent studies here. On the other hand, dependence on .to is retained, although 
the estimate for its exponent is marginally well determined. The null hypothesis 
here has probability of 30% and there would be a small increase in F on dropping 
to from fits; however, +o will be retained for the rest of this study. 

Using dimensionally correct variables, Gyro-Bohm vs Bohm comparisons lead to 
different conclusions depending on whether all data are used, or pre-selection is 
made to shots with low collisionality, low net toroidal current, nonzero ECH, etc. 
Table I1 shows that the simple Gyro-Bohm fit without p and v* corrections is 
closer than Bohm, but the margin is variable. 
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In assessing these data, note that adding a constraint to a fit is statistically 
supported (ie, not untenable) if the resulting increase in s is small. In Ref. 2, it was 
suggested that the threshold of significance may be as low as As2 = s2/N, where N 
is the number of data points. This has quite a small value As = 0.0004 in the 
present study, explaining the recording of s to a seeming overabundance of 
‘significant’ figures. The change in s on applying the Gyro-Bohm constraint over 
and above the Kadomtsev constraint, is the same order of magnitude as that 
threshold, while the change with the Bohm constraint is ten or more times larger. 

Y1-Y4.A, rO 
all shots 

A second sequence of regressions. which included p and v* corrections to simple 
scaling, is summarized in Table III. The balance is shifted toward Bohm scaling, 
but for iow v* and ECH heated cases it remains on the side of Gyro-Bohm. 

R2 F s R2 F s R2 F s 1 R 2 F  s 
83.3% 2053 22.41% 83.3% 2053 22.41% 82.7% 1960 22.85%( 83.1% 2023 22.54% 

Table IIk Comparison with constrained Gyro-Bohm and Bohm scalings 
I ATF& W7AS I No constraints I Kadomtsev constrain4 Gyro-Bohm I Bohm 1 

\OW V“ ( L ~ Y ~ < o . s )  
low I (e 2000 A) 

Pech > 0 

81.8% 1050 20.38% 81.8% 1050 20.38% 81.4% 1023 20.60% 81.2% 1009 20.72% 
83.7% 1846 22.74% 83.7% 1837 22.79% 82.2% 1660 23.77% 82.6% 1700 23.54% 
86.0% 1482 20.68% 86.0% 1489 20.69% 85.8% 1450 20.88% 85.5% 1419 21.09% 

The variations for the s statistic are summarized in graphic form in the following 
figures for Table I1 and Table 111. These may help put the numbers into better 
perspective, especially when viewed in light of the significance (of constraint 
assumption) threshold As = 0.0004 discussed above. 

Simple Gyro-Bohm & Bohm 
....--..-- 

-ATF & W7-AS Std 

20% 1 L ~ 

None Gyro 

25% 

24% 

E 
22% 

21% 

20% . - -  

Bohm 

I I Gyro-Bohm & Bohm with p, v* corrections 

~ ~~ 

None Kadomtsev Gyro 
1 

Bohm 

Fig. 2. Change in rmse on application of various Constraint conditions, a summary of data from 
Table I1 and Table 111. The changes in rmse should be viewed in terms of the estimate 
(and its uncertainty) for the threshold value As = 0.04% mentioned in the text. 
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Statistical study of artificial data from simulation 

In order to understand better the uncertainty in the Gyro-Bohm-Bohm tests, and 
the reliability of estimates of exponents for p and v* corrections, sequences of 
artificial data were generated by postulating confinement dependence and 
simulating the experimental process through introduction of ‘error’ and collinearity 
of control parameters. 

Fig. 4. Monte-Carlo 
study using artificial 
data to test sensitiv- 
ity of the exponents 
from linear least 
square regression on 
logarithms of data. 

Jagged lines connect 
resulting exponents 
of B ,  P andn from 
independent trials. 
Solid: Gyro-Bohm; 
dashed: Bohm. 

Data points labelled 
‘Gyro’ and ‘Bohm’ 
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Results are shown in the figure above for a case where the rmse values had mean 
values of 22% and correlations between n and P were 80%. Those between n and 
B and n and B were 20%, not unrepresentative of real data from the database. The 
data were generated by formulas giving Gyro-Bohm confinement timz scaling with 
factor pOJvi0.04 and Bohm scaling with factor @0-4v* 0.1, each based on best fits 
using the Kadomtsev constraint and real experimental data. 

The simulation showed that both the postulates gave results within a k2arange of 
that expected if the confinement were gyro-Bohm or Bohm. We conclude that we 
cannot, through simple regression, distinguish with great certainty which-if 
either-onfinement scaling prevails, when p and v* corrections are included. 

v 1.0 p 5 9Lh IAEA Workshop on Stellarators May 5.1993 

- - -  - 



A second study with the data simulation evaluated the reliability of regression 
estimates for exponents in fits of the type x = ( T B )  (p/a)yG V* / p a. Given 
exponents in a n m B f l P  fit for ZE, one finds YG = (4.m+Sxp+3x~-1)/(~~2), 
a = (4xn+7~+x~+1)/(4x&), and p = (3xp+.q1+1)/(4-~p+4). The YG values were 
found in the study to be reliable for telling Gyro-Bohm QG = 1)  from Bohm 
(YG = 0) confinement. However, with typical variance in ZE (= 22%), the variance 
in a and p values exceeded the values themselves so their determination is likely to 
be unreliable. As a result, no a and p results have been quoted in this paper. - 

Summary. 

Energy confinement in stellarators is probably governed by Gyro-Bohm physics, 
but one should not ascribe great certainty to this from statistics alone. Bohm-like 
physics is sufficiently well supported by the data that it cannot be ruled out. One 
must look to dimensionally-similar experiments with carefully controlled density 
and power (Le., controlled collisionality and beta) to make a more reliable 
determination. Care is clearly needed to ensure that profile factors, edge effects 
and energy deposition processes are adequately well held fixed. 

Long-pulse modulation techniques applied on ATF and dimensional similarity 
techniques applied on W7-AS seem to be the best approaches begun so far. 

There remains one statistical approach which could shed further light: identify sets 
of discharges which are nearly dimensionally correct and use the empirical scaling 
formulas to make small corrections (carefully!) and then apply the discrimination 
techniques. This can be tested in the future using the data simulation technique. 
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DISCLAIMER 

This report was prepared as an account of work sponsored by an agency of the 
United States Government. Neither the United States Government nor any agency 
thereof, nor any of their employees, makes any warranty, expnss or implied, or 
assumes any legal liability or responsibility for the accuracy, completeness, or use- 
fulness of any information, apparatus, product, or process disclosed, or represents 
that its use would not infringe privately owned rights. Reference herein to any spe- 
cific commercial product, process, or service by trade name, trademark, manufac- 
turer, or otherwise does not necessarily constitute or imply its endorsement. recorn- 
mendation, or favoring by the United States Government or any agency thereof. 
The views and opinions of authors expressed herein do not necessarily state or 
reflect those of the United States Government or any agency thereof. 


