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ABSTRACT 

Angular distributions of ejecta from unorientated atoms and molecules 
depend upon the polarization state of the incident x-rays as well as upon 

. the dynamics of the physical systems being studied. I recommend a 
simple geometrical way of looking at the polarization and its effects 
upon angular distributions. The polarization is represented as a vector 
in a parameter space that faithfully represents the polarization of the 
beam. The simple dependence of the angular distributions on the 
polarization vector enables easy extraction of the dynamical information 
contained in those angular distributions. No new physical results 
emerge from this geometrical approach, but known consequences of the 
symmetries appear in an easily visualized form that I find pleasing and 
that has proved to be useful for planning experiments and for anlyzing 
data. 

This work was motivated by the opportunity to make quantitative measurements of 
cross sections and angular distributions at synchrotron-light-source energies, where non- 
dipolar terms in the angular distributions of scattered x-rays and ejected electrons are 
significant [l]. Angular distributions depend upon dynamical parameters of the target 
atoms and upon the polarization of the x-ray beam. The goal is to get at the dynamical 
parameters with minim= confusion due to the possibly incompletely known polarization, 
which at worst may depend upon energy, time, and position in the target. 

In principle, nothing new can be said about the connection between photon beam 
polarization and angular distributions of final-state x-rays or electrons. Poincare knew how 
to treat that classically [2]. In quantum mechanics, especially in the absence of multi- 
photon coherence, it’s a matter of standard angular-momentum coupling. Anyone who 
carries out a dynamical calculation automatically includes it [3]. A systematic analysis of 
the restrictions imposed by symmetry also exists [4]. Nevertheless, there are practical as 
well as esthetic advantages in having some added geometrical insights into the symmetries. 

The geometric description of polarization that I give here has the advantage that it is 
easily visualized, and it has been useful to some of my colleagues for data analysis and for 
planning future experiments involving non-dipolar angular distributions of scattered x-rays 
or ejected electrons. 

I will start by describing the polarization state of the beam by a geometrical 
parameterization of the spin density matrix of the photons. Following that, I’ll give some 
practical results for angular distributions. Throughout, I will assume no multi-photon 
coherence effects. All interactions are initiated by one photon at a time and all processes are 
proportional to the beam intensity. I will confine the discussion to situations where the 
incident x-rays strike spherically symmetric targets, spinless or unorientated atoms or 
molecules. Extensions are possible but the results will be less attractive. - 
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THE SPIN DENSITY MATRE AND THE POLAFSZATION SPHERE 

Of the many ways of representing the polarization state of an x-ray beam, the spin 
density matrix most directly shares the physical symmetries of the polarization state. A 
photon is a particle with unit spin and odd inlrinsic parity, like any other except that one of 
the three spin states is missing because of the transversality condition. Take the incident 
beam to be a plane wave moving in the +z direction. In the helicity representation, the spin 
wave function for any pure state can be written as 

where Ic1f + lc-lf = 1 and the helicity eigenstates obey 

S being the spin operator for unit spin. The missing state is the one with Sz 4. 

The helicity eigenstates, y~ = 1+1) and YR = 1-1) , are called states of left-circular 
and right-circular polarization, rsp. The plane polarized pure states1 are given by Eq.(l) 
with 

(3) c1 = -c-l* = $exp[-i6Iy 

where 6 is the angle between the polarization direction and the x axis. Thus, 6=0 
corresponds to plane polarization in the x direction, 6--n/2 corresponds to plane polarization 
in they direction, and the polarization direction for small 6 lies in the first and third 
quadrants of the xy plane. All other choices of cl and c-1, namely those for which IC112 is 
neither 0 nor 1 nor 1/2, correspond to elliptically polarized pure states. The wave function 
is in every case periodic in 6 with period n, except for an overall change of sign. 

In matrix notation, the general, circular and plane polarized pure states are given by 

A pure state is one that has a wave function, in contrast to a mixed state, which is a statistical, or 
incoherent ensemble of pure states. 

and the helicity operator for a beam in the z direction is Sz, given by 
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The other two components of the spin operator are 

Sx=$[l 0 1 0  0 11 and S =-fi 0 -i 0 -i]: 0 

O i O  y a  0 1 0  

The density matrix for the general pure state is given by is 

For pure circular or pure plane polarization, that becomes 

0 0 0  

P R = k  p) 

(7) 

(9) 

A photon beam is most often a mixed state. That is represented by an average of 
individual pure state density matrices pi , with non-negative weights wi whose sum equals 
unity, 

The individual pure-state density matrices pi have the form given in Eq.(8). They are not 
necessarily all plane or circular. 

Any average density matrix (1 1) can be expressed as 

-2iq 1+P, 0 -Pie 
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where P, , and PL, and 7 are real numbers obeying 

-1SP, I 1  
05P,51  

osq<n. 

OSP, 2 2  +PIS1 

Since the middle row and column always vanish because of the transversality 
condition, the density matrix can be condensed to the form 

1 I+P, -Ple-2'q = -(1+ B - P), 
1- Pz P=-( 2 -PLe +2iq 

where the components of B are the usual Pauli matrices, 

1 0  0 1  0 -i 

and 

Px = -PI cos(x) Py = -PI sin(x), 
with x=2q. 

The conditions (13) are equivalent to 

OSP 2 51, 

with p2 = 1 for the pure states only. 

(13) 

The vector P defines the parameter space of the density matrix2, values of P being 
one-to-one with the density matrices p. P-space is an ordinary three-dimensional Euclidean 
space. The condition (17) restricts possible density matrices to the unit sphere in 
P-spac6,With the pure states lying on the surface of the sphere and mixed states in the 
interior. Averaging pure or mixed states Pk with weights wk is accomplished by taking 

P = CkWkPk. 

In particular, an average of two states is represented by a point on the line between the two, 
at distances from the two inversely proportional to their weights. 

This kind of parameterization of the density matrix is not new. For instance, the components of P are 
the same as the parameters used by Huang [3]. What's new here, as far as I know, is the emphasis on the 
geometry/topology of the parameter space. 

This sphere is different from the Poincar6 sphere [2]. Here, the magnitude of P measures the purity of 
the state. In the Poincare sphere, the magnitude of P measures the intensity of the beam. 
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Figure 1. The polarization sphere. The azimuth x vanishes in the xz plane shown here. 

Figure 1 shows the intersection of the polarization sphere with the xz plane. The 
unit circle contains pure states, as follows: L represents left-circular polarization (positive 
helicity, i.e. o,=+l). Points on the unit circle between L and X represent pure states of 
elliptical polarization with narrowing ellipses converging to plane polarization in the x 
direction at point X. Points on the circle from X to R represent states of widening elliptical 
polarization, reaching right circular at R. Points on the top half of the circle go through 
elliptical polarizations to plane polarization in they direction at Y, and finally back to L. 
Points within the circle represent statistical mixtures of pure states. The point U at the 
origin represents "unpolarized" x-rays. It can be thought of as an equal mixture of R and 
L, or of X and Y, or any pair of opposite points. The differences between those 
descriptions are only words. Physically, they are indistinguishable from each other. Any 
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interior point (mixed state) can be obtained as an average of other states, pure or mixed, in 
an infinity of ways. For example, C is an equal mixture of the pure elliptical states A and 
E, or an unequal mixture of B and E, or a mixture of the two pure circular states R and L 
with some of the plane polarized pure state X. C cannot be obtained from R, L, and Y 
because that would require negative weights. The general state P can be obtained as a 
mixture of the unpolarized state U and a pure elliptical state F, or in countless other ways. 

The polarization sphere is completed by rotating the circle around the z axis 
through angle x,  counter-clockwise in the xy plane. All ure states of plane polarization 

polarized states lie on lines of constant latitudes, with 0 < z2 < 1, x2 + y2 = 1 - z2. Mixed 
states within the volume obtained by rotating the square LYRXL around the z axis can be 
obtained as mixtures of pure circular polarization states with pure plane polarization states. 
Mixed states outside that volume cannot be so obtained; they are intrinsically elliptical. 

appear, one-to-one, as points on the equator at z = 0, x 3 + y2  = 1. Pure elliptically 

The topology of P-space is simple because the polarization is periodic in x with 
period 2n. In real space, by contrast, rotations of an ellipse around the z axis have period 
n . The quantities cs and P are vectors in P-space but not in real space, and cs generates the 
P-space rotations in the usual way. The rotations about the z axis are generated by o2 and 
they correspond to rotations in real space through half the angle. Rotations about other 
axes in P-space exist and they carry polarization states into polarization states, but not 
generally into states obtained by any rotation in real space. 

ANGULAR DISTRIBUTIONS: GENERAL 

The most general consequences of symmetry for angular distributions are widely 
known. I include them here both for completeness and to demonstrate how the polarization 
vector expresses the unity between the geometrical symmetries of the polarization and those 
of the angular distributions. 

The angular distribution of anything ejected from an atom by the x-ray beam has the 
form 

For unorientated targets, the coefficients b m  are equal to some invariant quantities that 
include all the dynamics multiplied by the coefficients of a tensor operator TLM in the 
photon spin density matrix, with the same M but not necessarily the same L . The photon’s 
full density matrix also contains an orbital part which contains all values of L. However, 
the plane wave contributes only M=O, so the M of the entire density matrix is that of the 
spin density matrix alone. In particular, any b m  vanishes in the absence of a tensor with 
the same M in the density matrix. All this applies when (19) represents the distribution of 
any vector or axial vector, as long as no selection of other quantities spoils the invariance 
under rotation. The angular distribution may, for instance, be that of an elastically or 
inelastically scattered x-ray, of an electron, or of the difference p1- p2 or the product 
p1 x p2 of the momenta of a photon and an electron. Selection may be made by energy, by 
time as in the case of an Auger electron, or by helicity, but not by any angle. 
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The only tensor operators in p are the three components of O. Of those, O, is the 
same as S,, so it is a tensor component with L=l and M=O. The other two, ox and or, are 
part of a second-rank tensor T2 in real space. Sx and Sy are not represented because of the 
transversality; they would mix in the forbidden state with S A ,  as is apparent from Eq.(7). 
In real space, 

= T22 + T2,-2 

Similarly, 

1. The values of M in the angular distributions (19) are limited to 0 and&. 

Pro03 This follows immediately from the previous paragraph. The only M values found 
in p are 0 andrt-2. 

Because the angular distribution1 is real, there is a further restriction that b~,-2 = (b1;2) *. 
Therefore, there are only three real parameters for each L. 

2. All angular distribution coeficients are linear in P. 

Proofi All measurement results are linear in the density matrix, and therefore in P. 

3. Ifparity is conserved, angular distributions of vector quantities may depend upon Px 
and Py, but not upon Pz. 

Proofi Consider a left-circular polarized incident photon and the measurement of some 
final-state vector p. Under space inversion followed by 180" rotation around the axis 
normal to both p and the z axis, p and the incident momentum are preserved but the photon 
spin is reversed and the polarization becomes right circular. If the reaction is invariant 
under rotation and space inversion, the cross section must be unchanged, so for states of 
pure circular polarization, the angular distribution is independent of the helicity. For the 
general case, consider states on the line segment BD in Figure 1. Points on that segment 
can be obtained from point C by adding and subtracting equal amounts of right-circular and 
left-circular polarization. Therefore all points on BD have the same angular distribution. 
However, a l l  points on BD are linear mixtures of A and E, so angular distributions at A and 
E must be equal, and then the same applies to all points on the line connecting A and E. 
These results have the consequence that any vector's angular distribution has only to be 
calculated for pure plane polarization in the x direction. For any other polarization state P: 
a) Obtain the angular distribution for polarization in they direction by a 90" rotation about 
the z axis in real space. b) Average X and Y to obtain the angular distribution for the 
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unpolarized point U. c) Average U and X with appropriate weights to get the right PLand 
rotate to the azimuth of P. 
Conversely, no set of angular distribution measurements for any vectors can fully 
determine the polarization of the beam. Pz will always be unknown unless some axial 
vector, such as some p1 x p2 or a spin variable is also measured. In particular, a state of 
pure elliptical polarization cannot be distinguished fiom a state of partial plane polarization 
except by measuring an axial vector in addition to a vector (always assuming spherically 
symmetric targets). 
If parity is not conserved, or if one is studying the angular distribution of an axial vector, 
the projection of P on the z=O plane is not enough. In those cases, the angular distribution 
may contain a term proportional to Pz, so complete infixmation requires known angular 
distribution for some non-vanishing value of Pz. 

4. If I(  6,q)  for any vector quantity is averaged with I ( 6 ,  q + go'), the resulting angular 
distribution is independent of the polarization state of the beam. 

Proo$ Rotating 90" in real space is equivalent to counter-rotating the polarization by 90" in 
real space or 180" in P-space. Averaging the original P with the rotated one gives a point 
on the diameter RL in Figure 1, and that leads to the same angular distributions as the 
unpolarized state U. 
It will be seen below that no dynamical coefficient is lost in the averaging process, although 
statistical errors may be increased. 

These general results are, as I said above, widely known. One did not need the 
geometry of the polarization vector to get them, although it is at least pleasant to have a 
proof which is both intuitive and rigorous. 

It is also pertinent to invert the question and ask whether there are any other general 
symmetries, independent of the dynamics. Any such symmetry of the angular distribution 
would have to be reflected in a corresponding symmetry in the polarization space, where it 
should be quite obvious. I do not see one that is valid in all cases. 

The famous symmetry of the electric dipole approximation, that all angular 
disrtributions are symmetric under rotations about the plane polarization axis (x), is 
obvious for pure plane polarization because the electric field direction is the only one 
represented in the Hamiltonian or the photon's wave function when exp(ikz) is replaced by 
unity. It can of course be formulated in terms of the spin density matrix, although little is 
gained thereby except completeness. One quick way to do that is rotate pp(0) of Eq.(lO) 
90" about the y axis and note that it then contains only tensors with M=O mth respect to the 
x axis. For more general elliptical polarization, the same remains true with respect to the 
projection of the polarization vector P on the xy plane, provided the quantity being 
measured is a vector, not an axial vector. 
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ANGULAR DISTRIBUTIONS: THE LOWEST MULTIPOLES 

The full wave function of the photon consists of a spin wave function times a plane 
wave exp(ikz). That product can then be expanded in multipole states I,V& with definite 
angular momentum and parity, and the angular distribution coefficients b m  can be 
obtained as invariant quantities that contain all the dynamics times angular momentum 
coupling coefficients. That has been done quite generally elsewhere [4]. Here, I will 
simply make use of those results in the case where the electric dipole amplitude dominates, 
magnetic dipole and electric quadrupole enter only through their inter6erence with electric 
dipole, and all other contributions are negligible. My purpose is to emphasize certain 
practical consequences of the symmetries for analyzing data and for designing experiments. 
I'm sure these things have long been known to many experimenters, but I think it will be 
useful to have them in one place and as part of a systematic treatment. 

Under the stated conditions, keeping only El2, El-M1, and ElE2, the angular 
distribution with plane polarization in the x direction contains L values from 0 through 3. 
Writing out the YLM as polynomials in (x,y,z) on the unit sphere gives 

The angles 29, q are the usual polar angles with respect to the z axis4. Eq.(22) was 
obtained from Table IJI of Ref.[4]5. 

The invariant dynamical coefficient B2 is proportional to the squarc of the E l  
amplitude for creating the final state. B3 is proportional to the EleE2 interference, andB1 
receives contributions both from E1.E2 and from ElaM1. Those dynamical coefficients are 
independent of the polarization state and depend only upon the dynamical model. There are 
two famous special cases: for elastic x-ray scattering from a spinless target, B2=1/2 
independently of other specifics, and if an electron is ejected from an atom with L=O, 
leaving a final atomic state with L=, B2=l. 

To return to the polarization dependence and the extraction of the dynamical 
parameters from data, the intensity Iy for pure plane polarization in they direction is 
obtained from Eq.(22) by substituting y for x, or for the general rotation by substituting 
xcos( 7)  + y sin( 7)  for x. For unpolarized x-rays, averaging IxandIy gives 

In principle, when one is measuring a vector quantity and parity is conserved, all the 
available dynamical information can be obtained from Eq.(23) by measuring the cross 
section at two azimuthal angles, ninety-degrees apart, for each of four values of z. In the 

41t has been conventional in the absence of non-dipolar terms to refer angles to the polarization axis, which 
offered greater symmetry. However, in the general case, the the beam axis is more convenient. 
51n terms of spherical harmonics, the coefficient of B2 is 
d m [ Y z o  - m ( Y z  + Y2,-2)], that of B1 is &%Y~o. and that of 233 

is w [ y 3 0  - m ( y 3 2  + y3,-2)] - 
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best case, with known pure plane polarization, the same information can be obtained from 
Eq422) by measuring at four points instead of eight. The sensitivity of the angular 
distribution to B1 and B3 is improved in the pure case by a factor two, but no coefficient is 
washed out by going from Ix to Iu. 

In practice, for experimental reasons, eight points related in pairs by a 90” rotation 
may not be available. For instance, in the experiment reported by B. Kr&sig in this 
workshop, the polarization was approximately pure plane in approximately the x direction 
and the-cross sections were measured around the circle at the “magic angle” x = 
where the pure dipole term in Eq.(22) vanishes. Then 

I = P,I ,  + (1 - P l ) I u  

with some uncertainties due to the imperfectly known polarization. One interesting way to 
analyze data of that sort is to fit the measured cross sections, corrected for counting 
efficiencies and other experimental asymmetries, with the help of Eq.(22) and thereby to 
deduce the cross sections at the four angles defined by a square with comers at the “doubly 
magic” angIes6, 

rl: x = m  y = z = + m  

‘2: x = + m  - y = z = + m  

5: x = + m  - y = z = - m  

r4: x = m  y = z = m .  

Then, exactly and independently of the true polarization, 

and 

Eqs.(26) and (27) require only that two comers of the square have z = +m and 
two have z = -m , but the square can otherwise be rotated about the z axis. That is, x 
does not have to be the polarization direction. By measuring at four “doubly magic” angles 
which have projections equal to k m  on three axes, the polarization question has been 
eliminated. 

The quantities B1 and B3 can be determined separately for known polarization by 
fitting the data on the circle at the magic angle with Eq.(22). To measure those parameters 
independently of the polarization requires leaving that circle. For example, 231 can be 

angles are magic with respect to two axes, and perforce to the third. Their merit in this application 
is that they lie on the measured magic circle but sti l l  appear in pairs related by a 90” rotation about the z 
axis. 
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found by measuring the cross sections at four additional points si chosen so that si and s2 
have z = my s2 and s4 have z = 
about the z axis. Then, 

and each pair is separated by a 90" rotation 

The pure dipole parameter Bz can never be found h m  data taken at the magic angle 
with respect to the direction of plane polarization, but B2 can be determined independently 
of the polarization by adding the intensity at any value of z to that at -2, with z2 # 1 / 3 and 
using &e + 90" hick. To avoid near cancellation, z2 should be as far as possible from 
the magic-angle value, 1/3. 

Finally, if the polarization is reliably known and has non-vanishing PI, all the 
dynamical parameters can be obtained by measuring the intensity on any magic circle 
whose axis lies in the xy plane but is not the direction of the plane polarization. The 
polarization-independent results in Eqs.(26) and (27) also remain valid. 
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