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An approximate, electron energy distribution function, 
f (E, x, t) , is obtained for the case of a slightly ionized gas 
with inelastic electron-molecule collisions, and for an 
external electric field with both spatial and temporal 
variation, E(x, t). This analysis yields an approximate 
solution for the isotropic leading term of the spherical 
harmonic expansion of the Boltzmann equation. This 
result is considered valid when the electric field has a 
characteristic frequency 101 < Vm, and a characteristic 
length scale > L, where these parameters are defined 
as: 

O(X, t) = (312) (a/& h [ ~ ~ ( x , t ) I  + 
1 &(x, t) = (1/4) (a/&) In[lE(x,t)l + kT/eL] 

and where Vm and 
molecule elastic collision frequency and mean free path 
at thermal energy. There are no other limiting 
assumptions made about gas mixture composition, cross- 
section shapes, or electric field space and time behavior. 
An interesting feature of this analytical distribution 
function is its explicit dependence on both the magnitude 
of the field, E(x, t), and its gradients, o(x, t) and L(x, t). 
Example distribution functions are shown for an idealized 
Nz-like gas. These examples include electric fields with 
ramp or sinusoidal temporal variations, or an exponential 
spatial decay. An application of the model shows the 
variation in both space and time of the average electron 
energy, &(x, t) , in the N2-like gas at 1 Torr when E/N is a 
100 Td, 500 kHz oscillation with an exponential decay 
along X/AE where %E is chosen equal to A,. 

are respectively the electron- 



Introduction 
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The desire for improved control over electric discharge 
phenomena in a wide variety of scientific, technological, 
manufacturing, and waste processing activities spurs the 
development of non-equilibrium, non-uniform, and time dependent 
models. This paper addresses the situation of a slightly ionized, 
uniform gas with a space and time varying electric field, and in 
which inelastic collisions occur. The purpose here is to present a 
reasonably consistent, and reasonably accessible analytical result for 
the electron kinetics in a gas discharge regime of technological 
interest. 

result for the logarithmic derivative in energy of the electron 
distribution function is stated. Then, a discussion of the derivation is 
given. Examples of the solution are shown for an idealized nitrogen- 
like gas where a uniform electric field ramps in time between static 
conditions, and then for sinusoidal behavior. Further examples show 
the effect of a static electric field that decays exponentially with 
distance. Finally, the combined effect of field gradients in space and 
time is demonstrated by mapping out the average electron energy in 
the model gas for a field with sinusoidal temporal variation and 
exponential spatial decay. 

This paper will be structured as follows. First, the analytical 

Analytical Result 

The distribution function of electron energies is denoted as 
f(E,x,t), where electron kinetic energy E is expressed in units of eV, 
and where the distribution function is normalized as: 

. 
f(&,x,t) -\le d& = 1 

The function B(&,x,t) is defined as: 

B(E,x.t) = -(a/&) In[ f(&.x,t) 1 

and the distribution function is then given by: 

2 



c 

-Iz, 
e 

f (E, x, t ) = 

- E, B(E, x, t )& 

& de 

The logarithmic slope B(E, X, t) is given by: 

(3) 

The terms used in B(E, X, t) are as follows: 

L(& , x , t )  - -[2;m+ - 6 (3 (3y@+$j - )uh$ (+J*. 

U(E ,x , t )  = , x , t )  +-- 
3 Qm 
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( E , x t ) = H( Em(E,x,t) - E ) 

H = Heaviside Unit Step Function, 

and the following: 

0 ( X ,  t )  = 3/2 * l /[E/N] * [ E N  

E ( x , t ) = electric field over space & time, in the form: 

E(x,t) = I E(x,t) I + kT/e * Qm(kT/e) * N 

E(x,t) = any imposed external field, 
i 
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Qm( E ) = electron-molecule momentum transfer cross section 

(14) Qi( E ) = electron-molecule net inelastic cross section 

p = 2m/M _ -  m = electron mass 
M = molecule mass 

kT/, = gas temperature in eV 

N = gas mixture number density, a constant 

For a gas mixture: 

& = fractional concentration of species s 

m = momentum transfer 

S i j 
i 3: inelastic process (sum) with transition indices: 

i = index of initial energy level 
j = index of final energy level 

= 1  

s i 

M =x6 - M  
S S 

S 
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Analytical Procedure 

This analysis begins with a two term expansion of the electron 
velocity distribution function in a Boltzmann equation with three 
collisional effects: recoil and therrnal agitation during elastic 
electron-molecule encounters, and inelastic collisions. 1 

-- 

3 

(:); 
N 

The two term expansion is 

f = f , + C O S ( 0 )  * f l  
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where 8 is the angle between the electron velocity vector and the 
field. Coordinate x is aligned with the field, which is noted by a 
subscript x on E, and v, is the relative electron-molecule velocity. 
SI ( v) is the inelastic collision term, shown in equation (2 1) as a 
function of energy. 

The fo term of the expansion describes the bulk heating of the 
electrons by the electric field in an environment dominated by 
collisions, while the f l  term describes the net drift of this electronic 
swarm along the field and represents the macroscopic current. 

The recoil and thermal agitation collision te rm transmit a 
small fraction of an electron's energy to a molecule, this fraction 
being given by the ratio of the electron to molecule masses. The 
inelastic term involves the transfer of sufficient energy to initiate 
rotational, vibrational, electronic, dissociation, and ionization 
phenomena. 

The zeroth and first order velocity distribution equations are 
transformed to a dependence on electron kinetic energy in units of 
eV. During this change of parameters the relative velocity between 
electrons and molecules is ascribed entirely to electron speed. 
Specifically: 

Equations (19), (20), and (2 1) are combined into a single 
expression for fo. This equation is divided by N and integrated over 
energy from 0 to E.  An inelastic cross section is zero below a 
threshold energy which is at least as large as the energy extracted 
from the electron during the encounter. For example the cross section 
for excitation from the 0 to 1 vibrational level in N2 is zero below 
about 1.4 eV, while the energy transferred is about 0.3 eV. This fact 
about the cross sections proves useful in the manipulation of the 
inelastic collision integrals. The resulting equation is: 
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l a  - -  
N at f 0  d& 

t 1 + -  
3 N  

E fo  Qsij de 

- 1  
3 N  

+ -  
J o  

The relationship between fo and fl is: 
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The essence of the solution procedure employed here is to 
make the exponential transform from f(E, X, t) to B(E, X, t), and then to 
argue as in the WKB method that the equation for B(E, X, t) has a 
stationary solution.2~3~4 B is like a local inverse electron temperature 
and its rate of change is assumed to be negligible over a collision 
time and mean free path, specifically: _-  

+ o  

The resulting equation for B includes the effect of space and time 
variation of the normalization integral of the distribution function, 
which is how these variations of the electric field exert their 
influence. 

substituting equation (3) into equations (24) and (25) in place of fo, 
and then dividing equation (24) by fo as defined by equation (3). A 
convenient label for the normalization integral is C ( X ,  t). The result 
from equation (24) is: 

The mechanics of deriving the equation for B(E, X, t) involve: 

& I 0 
+ 
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E Vmt 

dr 
E -Vmt fl (E ,x ,O) afl (5 ,x ,o> - € e  
3 N  fo ( E ' , x  , t )  ax 
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The analysis of this equation now proceeds by a sequence of 
approximations. The basic assumptions are: 

i) B is a weak function of E, 
ii) B is invariant within a collision time and distance, 
iii) C(x, t) can be approximated as: 

The approximation used for C(x, t) is based on an energy 
averaged B(E) found in an earlier analysis for uniform conditions in 
steady state, and for m/M taken as zero.2~3.5 These assumptions lead 
to a sequence of manipulations: 

a) B de is approximated as (B*E), 

b) the term in equation (27) which contains time derivatives is 
expressed as two integrals in the form of incomplete gamma 
functions, and each in turn is approximated by a two point trapezoid 
rule, 

c) the time integral term of equation (27) is simplified to: 

as suggested by the conditions expressed as equations (26), also the 
limit of this integral at t = 0 identically cancels the f l  term in 
equation (27), 

B * J e-v,*(t-T) dT, 

d) from (28): 
and similarly for a/, , 

e) the inelastic collision integrals in equation (27) are 
approximated by E * Qi/B(E, x, t), as was done in an earlier analy~is.~ 
The resulting equation for B(E, x, t) is: 
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1 
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+ -  a 
(E B -  3) - 2  h m -  In (C) ax 

a 
ax h m -  (E B) 

(E B) -t - A m -  
a 

ax a 
ax 

I a 2  
ax + hm2 (E B) - B hm- (hmE) 

E a a 2  
ax ax + - hm2 (E B - 2) - In (C) + hm2 7 In (C) 

0 

A quadratic equation for B( E, x, t )  results from (29) given the 
two conditions shown as equations (26), and utilizing the definitions 
o = a/& ln(C), and = 116 a/& ln(C). The positive solution of 
this quadratic is given by equation (4), with terms as described by 
(5) through ( 18), but with this important exception: function 
@ ( E , x , t ), which appears in equations (3, (6), and (7), is an ad hoc 
modification. 

The addition of factor (I? ( E , x ,It ) is justified on the following 
grounds. The B of equation (4) becomes infinite when (U + p kT/d  
equals zero, and then f becomes infinitely steep. This occurs when E 
equals 
( x, t ) with energy higher than em( E, x, t ) simply do not sense the 
electric field, they gain less energy from the field between collisions 
than they do by purely thermal effects. As a result electrons above 
Em( E,  x, t ) are distributed in what would be a Maxwellian at the gas 
temperature (kT/, in eV) if Qi were absent. The factor @ effects this 
transition. Note that for a uniform field l/h, = 0, E~ = 00, @ = 1.  

which is defined in (7). Electrons in the neighborhood of 
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Model Gas 

Examples are shown for a model gas with molecular weight 
2 = 29 (like air), a constant Qm = 10-15 cmz, at temperature T = 300°K, 
and at number density N = 3.54 X 1016 cm-3 (1 Torr). An inelastic 
cross section similar to vibrational excitation in Nz and with a peak of 
Qi(l.7 eV) = 3 X 10-16 cmz was chosen and is shown below. 

-16 
3 x  IO 

Qi 

0 
0 E 4 

Figure 1: Model Inelastic Cross Section 

Examples of Time Variation 

The first three examples are linear E/N ramps up to 100 
Townsends (1 Td = 10-17 Volts-cm2), particulars are noted by each 
figure (Figures 2 through 5). The next three examples are for linear 
field collapse from an initially steady 100 Td (Figures 6 through 12). 
Then follow two examples for E/N a sine wave with phase angle @ 
after t = 0. E/N prior to t = 0 is steady at 100 sin(@) Td. These 
examples have @ = z/4, and are displayed as Figures 13 through 17. 
All these examples are uniform in space. 
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10 

- 2  
1 -  10 

100 

LOG[f(&,t)] vs. E (ev), 
_ -  

E/N = 0 to 100 Td 
in 20 p, 

labeled by time step, 
At = 0.625 p, 
2 10  collisons/A t, 
o/v < .009 

0 E 3 
Figure 2: 100 Td, 20 ps ramp 

LOG[f(&,t)] vs. E (ev), 
E/N = 0 to 100 Td 

in 2 p, 
labeled by time step, 
At = 62.5 ns, 
21 collisions/A t, 
d v  < .09 

- 2  
1 -  10 

0 E 3 
Figure 3: 100 Td, 2 ps ramp 

14 



100 

- 2  
1- 10 

0 

1 LOG[f(&,t)] vs. E (eV), 
- -  

E/N = 0 to 100 Td 
in 0.2 p, 

labeled by time step, 
At = 6.25 ns, 
2 collisions/A t, 
O I V  < 0.9 

E '3 
Figure 4: 100 Td, 0.2 ~s ramp 

0 . 9  

0 

V 
m 

U 

O t  3e-007 

Figure 5: m/vm for example of Figure 4 
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Figure 6: Field Collapse from 100 Td in 20 ps 

Figure 7: Log representation of Figure 6 
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Figure 8: Field Collapse from 100 Td in 2 ps 
(&,t) from (0 ,O)  to (4 eV, 2.5 ps), 

Figure 9: Log representation of Figure 8 
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Figure 10:  Field Collapse from 100 Td in 0.2 ps 
(&,t) from ( 0 , O )  to (4 eV, 0.25 ps) 

Figure 11:  Log representation of Figure 10 
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0 

0 - 
V 

m 

-0 .4  
O t  3e-007 

Figure 12: o/v, for example of Figure 10 

The collision frequency referred to, both as v and vm, in Figs. 2, 3, 4, 
5, 12, and 1 7, is the electron-molecule elastic collision frequency at 
w,. 
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f k t )  

Figure 13:  100 Td, 50 kHz sine wave to (&,t) = (4 eV, 25 ps) 

Log [ f k d  1 

Figure 14: Log representation of Figure 13 
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Figure 15: 100 Td, 500 kHz sine to (&,t) = (4 eV, 2.5 ps) 

Figure 16: Log representation of Figure 15 
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0 . 1  

-0 .6  

V 
m 

O t  3e-006 

Figure 17: o/v, for example of Figure 15 

Examples of Spatial Variation 

The following examples have electric fields that decay 
exponentially with scaled distance x&, where coordinate x and 
parameter h~ are expressed in cm. These examples have h~ equal to 
0.0282 and 0.282 cm respectively. The electron-molecule mean-free- 
path, L, is 0.0282 cm. Both examples display results for a total 
distance of 3 &. 

effect, which is negligible in the second case. For each case the results 
are calculated twice: with E( x, t )  and its gradients, and then again for 
E( x, t ) but with its spatial and temporal derivatives, equations (9) 
and (1 1), set to zero. The "zero gradient" results are labeled by a 
letter z in their names. Figures 18 through 2 1 show the first example, 
Figures 22 and 23 are for the second. These examples are in steady 
state. 

The first example has = and exhibits a strong gradient 
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.521 

0 

log( f 1 

Figure 18: f( E, x )  to ( E, x )  = ( 4 eV, 0.0846 cm. ), h~ = 0.0282 
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- 10 3.113 10 F 
f ( & , X ) @  l / h e = o = O *  fz 

-9.507 

Figure 19: fz( E, x ) to ( E, x ) = ( 4 eV, 0.0846 cm. ), h~ = 0.0282 
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Em 
2 

1 I I I 

0 
0 X - 1  

Figure 20: em( x ) ,  maximum energy sensing E( x ) ,  h~ = 0.0282 

1 

E 

€2 

f = - -  0.5 

0 
0 .1  X 

I I I I 
0 X .1 

Figure 21: Comparison of E and EZ shows the field gradient 
effect, h~ = 0.0282 

25 



I f  the previous example is recalculated with h~ = 0.282 cm, or 
ten times larger than the previous scale length and mean free path, 
then f ( E, x ) = fz( E, x ) , and it appears very similar to Figure 19 
though on the longer length scale. Here the gradient effect is 
negligible, as is evident from Figures 22 and 23. 

40 

Em 
20 

0 
0 X 1 

Figure 22: E ~ (  x ), maximum energy sensing E( x ), h~ = 0.282 

1.06 

1.04 
r 

1.02 

I 1 1 1 1 
0 .  x 1 

c 

c 
2 

& 1 . 5  

1 Ez 

0.5 
0 X 1 

Figure 23: Negligible field gradient effect, h~ = 0.282 
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Example of Variation in Space and Time 

The last example is for E/N a 500 kHz, 100 Td sine with 
@ = W 4 ,  and an exponential decay along x / b  for h~ = 0.0282. 

E/N (x ,  t )  

-15 Ar26 ' l o  
I Volts-cm 

2 

-17 2.585 10 

-17 -5.907 '10 

-0.244 

Am( kT/e)/he( X, t ) 

Figure 24a: E/N and the functions dependent on it. 

27 



0 ( X ,  t )  / 2 Vrn(kT/e) 

4.202 
I 

A(djusted)&m ( X, t ) 

Figure 24b: E/N and the functions dependent on it. 
(A&, is ern adjusted by removing large values at node lines of 

temporal sine) 

0.413 
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1.336 

eV 

0.194 

1.336 

eV 

0.194 

AE ( x, t ), (adjustment along node lines) 
Figure 25: E ( x, t ) to ( x, t ) = ( 0.0846 cm., 2.5 ps ) 
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1.882 
L 

eV 

0.596 

71 

2 14 

Figure 
Ratio E/EZ ( x, t ), using E adjusted along the node lines 
26: EZ and E/EZ to ( x, t ) = ( 0.0846 cm, 2.5 ps ) 
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The large excursions that occur in & and other functions for 
large ~ / Z V ,  at low E/N (as in the sine nodes) arise from the basic 
discrepancy between the actual form of B(E,x,t) and the very 
approximate form for B utilized within the normalization integral, 
equation (28), during the derivation of equation (4). Basically, the 
approximations used between equations (27) and (29) are not 
sufficiently accurate for E/N comparable to Qm x kT/,. In physical 
terms, the time dependent model breaks down when the energy 

thermal energy. 
gained per mean free path from the field becomes comparable to 

L 

Conclusion 

This analytical model of inelastic electron kinetics with space 
and time dependent external electric fields is centered on B( E, x, t )  
as defined in equation (4). The model distribution function collapses 
to appropriate limiting behavior for uniform-static electric fields. In 
addition, the model distribution function along with its velocity and 
energy moments compare very favorably with calculated and 
measured properties of real gases in the uniform-static limit, as 
demonstrated in Ref. (5). 

in which the influence of the field magnitude along with its spatial 
and temporal gradients at (x, t ) are individually accounted for in 
separate parameters. As few assumptions were made about the 
nature of E( x, t ) and the cross sections, a wide variety of electrically 
excited gases can be modeled. The examples here clearly show how a 
time, or space, dependent solution can be quite different from a 
sequence of static, or uniform, solutions each at the local, 
instantaneous E( x, t )/N. 

This model is convenient in that B is an explicit analytical form 

% 
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