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1 Introduction 
Numerical analysis is an important part of Engineering. Computers have facilitated 
complex and accurate models in most areas, for example, mechanical structures, 
biomechanics and environmental fluid dynamics. Frequently relationships are not 
adequately understood, or too complicated to be represented by theoretical formulae. 
Instead, empirical approximations based on observed relationships can be used for simple 
fast and accurate evaluations. 

Historically, storage of data has been a large constraint on approximation methods. So the 
challenge is to find a sufficiently accurate representation of data which is valid over as large 
a range as possible while requiring the storage of only a few numerical values. 

Polynomials, popular as approximation functions because of their simplicity, can be used 
to represent simple data. Equation 1.1 shows a simple 3rd order polynomial 
approximation. 

f ( x )  = Ax3 + Bx’ + Cx + D.......................................................... (1.1) 

However just increasing the order and number of terms included in a polynomial 
approximation does not improve the overall result. Although the function may fit exactly to 
observed data, between these points it is likely that the approximation is increasingly less 
smooth and probably inadequate. 

An alternative to adding further terms to the approximation is to make the approximation 
rational. Equation 1.2 shows a rational polynomial, 3rd order in the numerator and 
denominator. 

......................................................... ( 1 .a An3 + Bx2 + Cx + D 
Ex3 + Fx2 + Gx + H f(x) = 

A rational polynomial approximation allows poles and this can greatly enhance an 
approximation. In Sections 2. and 3. two different methods for fitting rational 
polynomials to a given data set are detailed. In Section4. consideration is given to 
different rational polynomials used on adjacent regions. Section 5. shows the performance 
of the rational polynomial algorithms. Conclusions are presented in Section 6. 



2. Differential 
Correction 
Algorithm 

The Differential Correction Algorithm (DCA) was first described by 
Cheney and Loeb (1961) and much work was subsequently done in deriving 
mathematical results proving convergence and in making modifications to this algorithm. 
Barrodale (1972) showed that the original method is quadraticly convergent and is the best 
known form of the differential correction algorithm. 

The differential correction algorithm minimises the norm, which is the maximum error 
between the data points and the fitted approximation. When a polynomial approximation is 
required the minimisation problem can be expressed as a linear program. A whole set of 
constraints restrict the possible values of the coefficients. The objective is to find the 
values which satisfy those constraints but minimises the OQ norm. The revised simplex 
method is used. 

To enable the revised simplex method to be used on the non-linear rational approximation 
problem, a whole sequence of linear polynomial approximations are calculated and the 
denominator terms updated iteratively between each optimisation. It has been shown that 
this method always converges (Barrodale 1972). 
2.1. RSM Method 

The Revised Simplex Method (RSM) is a method for finding a set of variables that 
minimises a given linear combination of those variables (the costing function) subject to a 
series of linear constraints. This is mathematically expressed in equation 2.1 

A 2  = 4 ..................................................................................... (2.1) 

The RSM method starts by finding an initial solution which satisfies the constraints but 
does not minimis the costing function. This initial solution is on the boundary of the valid 
region, at a vertex where several constraints intersect. Once in the valid space, we examine 
all the edges that leave this vertex and move along the one that decreases the objective 
function most rapidly until we reach another vertex. This process is continued until we 
reach a vertex where there are no edges that would decrease the objective function and 
because the problem is linear and therefore convex, this point has the optimal value of the 
costing function. (This values of the variables at this point is not necessarily unique.) 

Each step of this process requires the solution of several sets of linear equations, the 
preferred method for doing this is LU factorisation. In RSM a whole sequence of matrix 
operations are also stored and used in the solution of these equations so that the LU 
factorisation need not be recalculated at each step. 
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To solve the rational polynomial problem using RSM it needs to be expressed in the form 
given in equation 2.1. 
2.2. Linear Polynomial Problem 

The minimax problem, minimising the norm of the error between a given data set and a 
linear combination of approximating tenns, is ideally suited to the RSM method. For each 
data value constraints in the form of equation 2.2 can be written. These equations state 
that the maximum difference between g(x) and the sum of the approximating terms is k. 

Afl(x)t Bf2(x) + Cf3(x )+  ....+ c 2 g(x) 
...................................... (2.2) Afl (x)t Bf2 ( X) + Cf3 ( x)+. ... -C I g(X) 

where x is the value of the independent variable, g(x) the value of the independent variable 
at the data point andfi(x),f2(x),f3(x) .... are the terms which are being fitted to the data 
set. c is the maximum error which will be minimised for all the data points. 

Each of these constraints is an inequality constraint. These are easily converted to equality 
constraints by the addition of a 'slack variable, i.e. a variable with no cost and that can 
have any positive value. When using RSM to solve a linear program it is advantageous to 
have few constraints, whereas in the problem formulated so far, there are many constraints 
(2 for each data point) and only a few variables (the coefficients for each function term). It 
is possible to reformulate the problem as a 'dual' linear program where each Variable 
corresponds to a constraint and each constraint becomes a variable. The optimal value 
occurs at the same point and for a minimax problem this method is very much faster. 
Equation 2.3 expresses the minimax problem in the RSM standard form. 

-1 ... 

... 

... 

... 

... 

... 

... 

............................. (2.3) 
2.3. Non-Linear Iterations 

To solve for a 'best-fit' rational polynomial the solution of more than one linear program is 
required. During each linear program optimisation the denominator coefficients are kept 
constant. When the optimisation is completed, new values of the denominator coefficients 
are generated, creating a new linear program to solve. This process converges to the 
optimal rational polynomial solution. 

Following Barrodale (1972) the linear program solved at each step is formulated in the 
following manner. The problem is to find a rational function, given m and n, 



2. Differential Correction Algorithm 4 
,-. 

/ -  

......................................... R(x) = P(x)/Q(x) = pix ' /$  qjx' (2.4) 
j=O 

which approximates a real valued function f(x) on a discrete point set, 
x = {x~,x*,-*,xN}. 

The objective is to minimise the - norm by calculating the values of the coefficients pi and 
qj that subject to 

................................................................ Q(x,) > 0, t = 1 ,2 , . **N (2.5) 

minimise the quantity 

...................................................... m a  If( X,  ) - R( x,)( = llf - Z?Il- (2.6) 
1StSN 

At each step k, the current maximum error is defmed to be Ak, 

................................................. Ak = m=If(xt)  - P,(X,)/Q~(X,)I (2.7) 
r 

which converges to the minimax error 

A* = inf rnaxlf(x,) - ~ ( x ,  ) / ~ ( x ,  11 ................................................ (2.8) 
P.Q t 

The coefficients Pk+l(x) and Qk+,(x) are chosen to minimise the expression 

Unless Ak=A*, P(x) and Q(x) can be found so that equation 2.9 is negative, ensuring that 
Ak Will  decrease. 

To see how this expression is derived, A is defined for all t by equation 2.10 for any 
choice of P(x) and Q(x) satisfying equations 2.5 and 2.14 

lf(x,) - P(x,)/Q(x,)I I A ............................................................ (2.10) 

This can be rewritten as equation 2.1 1 for each value of t. 

Cancelling the first and last products on the right hand side and rearranging produces 
equation 2.12. 



2. Differential Correction Algorithm 5 

Therefore, if the quantity in equation 2.9 is minimised then smallest value for delta is also 
approximately minimised. 

A linear program constraint cannot include an absolute value function and so instead two 
constraints are generated, one for the positive value of the term in the absolute value 
brackets and one for the negative value as in equation 2.13. 

i=O ........................ (2.13) 
m n 

[ - f ( ~ t )  + Ak]C pi xi  + Cqj xi + Q ~ ( x ~ ) w  2 0 
1=0 j=O 

Barrodale (1972) proceeds to show that Ak+l<bk and Qk+l(x)>O for all t, that Ak 
converges to A* and that if the best approximation is "normal" then the rate of convergence 
is quadratic. The statement that the best approximation is "normal" means that P*(x) and 
Q*(x) have no roots in common and the coefficients p,,, and 4, are both not zero. 

* * 

Finally, because the functions P(x) and Q(x) could be scaled arbitrarily without affecting 
R(x) ,  a normalisation condition is required. This is usually defined according to 
equation 2.14. 

mgclqjI = 1, j = O,l ,  ..., n ........................................................... (2.14) 
J 

However, as the constraints in equations 2.13 and 2.14 are homogenous in the variables 
(w, p ,  and qj) it is equivalent to use the more convenient expression given in equation 2.15. 

-1 5 qj I 1, j = O,l, .... n ........................................................... (2.15) 

The linear program can now be stated as in equation 2.16. 

min w 
m n 

[ f ( ~ ~ ) + A , ] C p ~ x ' - C q i x ' + Q , ( ~ ~ ) w  20, t = 1,2, .... N 
i=O J =o 
m n 

.... N 

-qj 2 -1, j = 0,1, .... n 
qj 2 -1, j = 0,1, .... n 
pi E 3, i = O,l ,  ... rn 
qj E '3, j = O,l ,  ... n 

w E %. 
................................. 2.16) 
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2.4. DCA in RSM Standard Form 

As in the h e a r  minimax problem it is much more efficient to solve the dual problem rather 
than the formulation such as equation 2.16. 

The dual problem expressed in RSM standard form is given in equation 2.17. 

2N+2n+2 

m i n t =  C y i  
i=2N+2 

N 

. .  
2N+1 

+2T+i 
i = 2 N + 2  

i=N+I 
2N+I 

+ C Q k ( x k  ) Y i  
i = N + l  

y20, i=O,1 ,2  ,..., 2 N + 2 n + 2  

................................ (2.17) 

The method used to solve this problem was described in Section 2.1 

= O  

= o  

= O  

Once each h e a r  program is optimised the new value of Ak is calculated. When this value 
converges then the minimax rational polynomial has been found and the iterations stop. 
2.5. Multiple Dimensions 

The use of polynomial functions for the terms in the diferentiul correction algorithm is not 
necessary. Many other functions can be used, such as exponentials, so long as they are 
independent with respect to the given data space. This allows the procedure to be easily 
generalised to include functions of more than one variable. The xi terms are replaced by 
Pi(xf,yf) and Qi(xtlyr! functions for the numerator and denominator respectively. So long 
as each function is independent from the others with respect to the given data space the 
solution can be calculated. 
2.6. Scaling 

To minimise the effect of numerical rounding in these equations'it is very beneficial to scale 
the values. The independent variables are scaled so that the domain is between - 1 and 1. 
The data set the rational polynomial is fitted to is scaled so the maximum value has 
magnitude of 1. Once the minimax solution has been found then the coefficients are scaled 
back to the original space. This requires that a constant factor can be factored out from any 
function included in the calculation. This is trivial for polynomial terms. 



. 
3. Non-Iterative 

N on-Li near So Ive r 
Papamarkos (1988) describes an alternative method for finding the minimax approximation 
of a real rational function to a prescribed data set. 

Papamarkos defines the error function at every point t as in equation 3.1. 

............................................................... 4; 3 f ( ~ , > Q ( x , )  - P(x,) (3.1) 

Then the maximum error is ' as defined in equation 3.2. 

.......................................................... 5' = rnaxlg$ t = O,l, ..., N (3.2) 
t 

Finally is defined as in equation 3.3. 

(3.3) S=min{l;-). Q(xr 1 t = 0 , 1  )..., N .................................................. 

Taking these definitions into consideration the problem can be formulated as in 
equation 3.4. 

max S 
.................................... l f (x , )Q(~ , )  - P(x,)) S e', t = 0,1, ..., N (3.4) 

2 8 ,  t = 0 , 1 ,  N Q ( X J  

5' .... 

The maximum error is constrained to be less than l/c and therefore if could be maximised 
then the minimax error will be found. 

By scaling the variables 5=1/6', pi'=pi/&, qi'=qi/t' and using two constraints to represent 
the absolute value function the problem can be formulated as a linear program. This 
formulation is expressed in equation 3.5. ' 



3. Non-Iterative Non-Linear Solver 8 

- 4  

5 1  
....... (3.5) s 5 0  

Converted to the dual problem there are n+m+4 constraints and 3N+3 variables. The dual 
problem is expressed in equation 3.6 

2N+I N 

1-0 r=N+I 

1-0 

3N+2 - C Y t  2 0  
t=2N+2 t=N+I 

2N+1 3N+2 
- f(x,)  Qi ('1 )Yr - ~ Q i ( x I ) y r  = 0 i = 0,1, .... n 
- 

r=N+I r =2N+2 

t=N+I 
= 0 j = O , l ,  .... m 

1=2N+2 

yt 2 0, t = 0,1, .... 3N+2 
.................................. (3.6) 

This formulation of the minimax approximation of a rational real function requires no 
iteration, only one linear program is solved. However despite confirming the results 
quoted by Papamarkos (1988) the performance of the algorithm is, in this implementation, 
poor. This is due to the fact that the true minimax solution is not necessarily found. The 
inequalities given above are satisfied, 1 6  is minimised and equivalent to a minimax type 
error. However due to the fact that 5' is a single variable for the entire solution space and 
is constmined to be less than Q(xk)l for every xk the ARRF algorithm effectively minimises e, finding the minimalr value of 6:. Therefore the form of the Q(xk) functions are very 
important in determining how well the ARRF solution approximates the true minimax 
solution. See Sections 5.1 and 5.2 

This method will subsequently be referred to ARRF, an acronym made from the title of the 
Papamarkos ( 1988) paper, Approximation of Real Rational Functions. 



4. Matching 
Between 
Regions 

When approximating a large amount of data it is often necessary to use more than one 
approximating function. Consideration must be given to the transition between adjacent 
approximations. Two methods are considered in this section. 
4.1. Constraints 
As the methods use linear programs, additional constraints and variables can be added into 
the problems. By solving the equations for more than one rational function approximation 
within a single linear program constraints can be added that connect the two problems 
together. Unfortunately this approach ruins the theorems that guaranteed convergence, 
places a large penalty on the minimax error and greatly increases the size of the computation 
required. This is further explained in the discussion of results in Section 5. 
4.2. Overlapping Regions 

A much simpler method is to ensure that the regions for which a rational function 
approximation is valid overlaps those that are adjacent. This will help promote a smooth 
transition, at least to a similar accuracy as the minimax error. 



5. Results and 
Discussion 

5.1. Comparison with published results 

The published results of Banodale (1972) for the Differential Correction Algorithm (DCA) 
and Papamarkos { 1988) for the Non Iterative solver {ARRF) were verified. 

Barrodale (1972) publishes, amongst other results, fits to the one dimensional function, 
f(x) = &, Twenty-one data point:: are used over the domain x d . 0  to 1.0. Four 
different rational polynomials were fitted and equivalent functions obtained in each case. 
(The only difference being a constant scaling factor through all the coefficients which has 
no effect on the solution). The coefficients of one of the fitted rationd polynomials is 
shown in table 5.1 

c 

Table 5.1 Comparison of Differential Correction Algorithm with Barrodale (1972). 

Papamarkos (1988) includes results for the same function over the same data range as 
Barrodale (1972). These results were verified using the ARRF algorithm as shown in 
table 5.2. The numerator constant (qo=l) is implicitly included in the calculation. The A* 
term is calculated for direct comparison with the DCA approximation. 

Table 5.2 Comparison of ARRF algorithm with Papamarkos (1988). 

Although table 5.2 confirms the correct results from the ARRF algorithm, comparison 
with table 5.1 obviously demonstrates that a true minimax answer has not been obtained, 
the value of A* is an order of magnitude larger. The advantage of the ARRF algorithm is 
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that its solution was calculated in approximately half the time of the DCA algorithm. This 
suggests that it may be beneficial to use the ARRF algorithm to provide an initial 
approximate solution and then to converge to the optimum solution from this point using 
the DCA algorithm. 

Papamarkos (1988) also presents some results for f (  x )  = ex calculated at 21 points over 
the domain x=-1.0 to 1.0. The comparable results using both the DCA and ARRF 
algorithms are shown in table 5.3. 

Table 5.3 Comparison of dr with Papamarkos (1988). 

While the results for lower order approximations are identical to the precision published, 
the ARRF results in table 5.3 differ. This is due to the scaling of the input functions q d  
results in a significant improvement in the solution. This demonstrates the advantages of 
scaling even though the number of data points is few and the magnitude of the maximum 
value eX included in the calculations is not particularly large. Once again the minimax 
solution was not found using the ARRF algorithm, although it is very close. 
5.2. Performance of Algorithms 

Both the DCA and ARRF algorithms are easily extended to two dimensions. All the rest of 
the results discussed are for two-dimensional problems. 

W e  the ARFW algorithm has in the previous examples produced solutions relatively close 
to the true minimax approximation, this is not always the case. When fitting to the function 
f ( x )  = c 0 s ( 8 4 % 7 ) e - ~  (hereafter called "Adrian's" function) the results in 

table 5.4 were obtained. The domain of the independent variables is 0 9 5 1 ,  olyll. 
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1 
A* 0.65464462 0.423596575 1 

0.34533538 

q 2 9  Q ~ ( ~ , Y ) = Y  I O.oo00 I -0.2604959957 
a,. O,(x.v)=x' I O.oo00 0.5056085122 I 

Table 5.4 "Adrian's'' function. 

Clearly the ARRF algorithm is ineffective and defaulted to calculating the minimax ncm- 
rational polynomial. 

Multiple segments were used to improve the approximation of "Adrian's" function. 
Individual rational polynomials were fitted over different domains, all  using complete 3rd 
order polynomial terms in the numerator and denominator. Additionally two different 
approximations are fitted simultaneously over the domains -0.5, OSySO.5 and 
0.5911, 0.5SySl. A constraint forcing continuity was applied at (0.5,0.5). These 
results are summarised in table 5.5. 
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Table 5.5 Simultaneous rational approximation. 

The simultaneous solution method resulted in a minimax error only slightly greater than the 
OS60.5, oIy10.5 rational polynomial alone and a significant improvement on the full 
O<xll.O, 0SylI.O fit. This calculation takes a order of magnitude longer and the 
convergence is not guaranteed. Additional constraints would be required to ensure a 
smooth transition all along a boundary and derivative constraints would also be required. 
Furthermore the use of constraints to connect the regions makes the calculation global, a 
region that is difficult to fit to is able to have a very detrimental effect on simpler regions 
where otherwise a very accurate fit would be obtained. When further constraints were 
added or more sections included then convergence was not achieved at all. 

It is simpler and more effective to use a combination of overlapping sections. If the 
01~10.5, OSy10.5 section is used to represent values OSx10.45, OSyY10.45 and the 
0 . 4 1 ~ 1 1  .O, 0 .41~5  1 .O section from 0.45% 1.0, 0.45!SyI 1 .O then the maximum 
discontinuity is less than 0.0451+0.0108=0.0559. In general, assuming a satisfactory fit 
has been obtained to the data then the discontinuity will be small. The overlap provides 
some derivative compatibility. 
5.3. Thermodynamic Data 

The thermodynamic data provided by Los Alamos National Laboratory (LANL) was used 
to generate rational polynomials in direct comparison with those currently used. 

Table 5.6 shows the minimax rational polynomial generated for the enthalpy of liquid 
water from 0.001MPa to 1 lOMPa and 15°C to 360°C. The LANL calculations fits the 
rational polynomials within a maximum percentage error, the DCA algorithm finds the 
minimax absolute error. 
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4.1769866e-03 4.1503658 e-03 
2.255497oe65 

Table 5.6 Enthalpy of liquid water. 

The form of the two rational polynomials is similar. The maximum percentage error of 
0.060 converts to an absolute error ranging from 5.086e-05kJkg at the minimum enthalpy 
of O.O847W/kg to 1.044e-03kJkg at the maximum enthalpy of 1.740kJkg. The 
percentage error of the minimax rational polynomial ranges from about five times smaller 
than the LANL polynomial to four times larger. This is due to the extremely small  values 
of the function at the low end of the temperature range. 

A more dramatic improvement is seen when the minimax polynomial is calculated for the 
water vapour viscosity. The functions are fit over a range 0.001MPa to 1SMPa and 1S0C 
to 360°C. The polynomial coefficients are shown in table 5.7. 
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Table 5.7 Viscosity of water vapour. 

The minimax rational polynomial is several orders of magnitude more accurate over the 
entire domain of the rational polynomial fit. 



6. Conclusions 
In conclusion, the DCA (Cheney 1961) provides an efficient method for calculating the 
minimax rational polynomial of a given function with respect to a given data space. 

The ARRF (Papamarkos 1988) algorithm does not calculate the minimax approximation 
but depending on the data set can produce a close approximation with relatively little 
computation. 

It is numerically beneficial to scale the independent variable domains and of the dependent 
variable range so that the greatest magnitude is 1. 

Including constraints such as matching continuity between adjacent rational polynomials 
and fitting these polynomials simultaneously is inefficient and destroys the convergence 
properties of the original DCA algorithm. 

Overlapping the domains for which the functions are fitted ensures some compatibility 
between adjacent rational polynomials. This is simple and effective. 

In comparison with the functions used by LANL in fitting thermodynamic data the DCA 
algorithm has significant benefit without increasing calculation. However in the present 
computing environment where memory is no longer such a constraint the use of single 
functions to represent a large variable domain is not necessary. See Blackett (1W6b). 
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