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SUMMARY 

Various requirements will be imposed on the feed material and glass produced by 
the high:level waste (HLW) vitrification plant at the Hanford Site. A statistical 
process/product control system will be used to control the melter feed composition and 
to check and document product quality. Two general types of uncertainty are important 
in HLW vitrification process/product control: model wzceTtcuju)1 and composition 
uncertainty. Model uncertainty is discussed by Hrma, Piepel, et aL (1994). Composition 
uncertainty incfudg the uncertainties inherent in estimates of feed composition and 
other process measurements. Because feed composition is a multivariate quantity, 
multivariate estimates of composition uncertainty (i.e., covariance matrices) are required. 

Three components of composition uncertainty will play a role in estimating and 
checking batch and glass attributes: batch-to-batch variability, within-batch uncertainty, 
and analytical uncertainty. This document reviews the techniques to be used in 
estimating and updating composition uncertainties and in combining these composition 
uncertainties with model uncertainty to yield estimates of (univariate) uncertainties 
associated with estimates of batch and glass properties. 

Although data accumulated during HLW vitrification operations will be used to 

estimate and update composition uncertainties, uncertainty estimates are required for 
developing, testing, and initializing the process/product control system. Therefore, it is 
desirable to obtain data from similar vitrification operations, such as the Defense Waste 
Processing Facility (DWPF) at the Savannah River Site and the West Valley 
Demonstration Project (WVDP). This document identifies the type, extent, and possible 
sources of data required for estimating uncertainties. It is recommended that all 
composition variance and covariance estimates be based on samples of size 20. Due to 
the hierarchical nature of the variance and covariance components, the smallest set of 
data satisfying this condition for each component of uncertainty would be one with 80 
observations: 20 batches, with two samples drawn from each batch, and two analyses 
performed for each sample. Different allocations of sampling effort are possible. Of 
course, the larger the data set, the better the resulting uncertainty estimates. 

... 
I11 



GLOSSARY 

AcceDtable-A batch or composition for which all applicable requirements Will be met 
(with some degree of statistical confidence, as discussed in the body of the document). 

Accuracy-Closeness of agreement between an estimated or measured value of a quantity 
and the true value (or an accepted reference value) of the quantity. 

Analvtical uncertaintv--Uncertainty among analytical results from the same sample. This 
is a composite form of uncertainty, made up of vmizbiZity induced during sample 
preparation and the inherent error of the measurement process itself. 

Batch--A discrete quantity of material (waste, frit, recycle, or a combination of the three) 
to be processed by the Hanford high-level waste (HLW) vitrification plant. 

Batch-to-batch variabilitv-Heterogeneity between batches made from the same waste 
VPe- 

---Consistent departures of measured 'or estimated quantities from the true value (see 
also error.). 

Components of covariance--Covariance inutrices representing hierarchical levels of 
uncertainty for multivariate data. 

Components of variance--Variaizces representing hierarchical levels of uncertainty in 
univariate data. 

Composition--The'proportions of each chemical species in a batch of material to be 
processed by the HLW vitrification plant; usually expressed as mass fractions of nine 
major oxides (SO,  B,O,, Na,O, Li,O, CaO, MgO, Fe,03, Al,O,, Zr0,) and a catchall 
tenth category, Others. In some cases, .individual species normally included in "Others" 
may be segregated. 

Composition uncertaintyUncertainty in measured or estimated quantities stemming 
from variability in material and/or sampling and analytical error. 

compositional data--A type of multivariate data in which the numerical values in each 
datum are the proportions (or percentages) of the individual components of the material 
or characteristic being represented by the datum. From their nature as proportions 
(percentages), these numerical values must lie between 0 and 1 (0 and lQO%), inclusive, 
and they must sum to 1 (100%). 
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Confidence--A measure of the long-run performance of a statistical procedure, expressed 
as the probabilitjr that the procedure produces the advertised result. For example, the 
procedure for producing a 95% confidence interval for the mean of a population has a 
95% chance of producing an interval that traps the mean. Note that conwence pertains 
to the procedure and not to any particular result. 

Confidence interval-A type of statistical interval designed to trap, With specified 
confidence, a single fixed true value, such as the mean of a random variable. 

Correlation-A standardized covariance which must lie between -1 and 1. Correlation 
is computed by dividing the covariance between two random variables by the product of 
the standard deviations of the two variables. 

Correlation matrix-A standardized representation of the interrelationships between 
individual quantities that make up a multivariate datum. The correlation matrix is a 
symmetric matrix with 1’s on the diagonal and the pairwise correlations in the off- 
diagonal positions. 

Covariance-A measure of the tendency of two random quantities to vary together. 
Covariance is defined as the erpected value of the product of the deviations of the two 
random quantities from their respective means, i.e., Covariance(X,Y) = E(X - px)(Y - 
pY). Positive covariance indicates that the two quantities tend to increase or decrease 
together. Negative covariance indicates that one quantity tends to increase while the 
other decreases (or vice versa). Covariance can be estimated from a sample of n pairs 
(Xi,Yi), i = 1, ..., n, with the formula 

n 

Covariance componen ts--See components of covariance. 

Covariance matrix--A representation of the uncertainties and interrelationships between 
individual quantities that make up a multivariate datum. The covariance mark is a 
symmetric matrix with the variances of the individual quantities on the diagonal and the 
pairwise covaricuLces in the off-diagonal positions. 

Direct constraints--Requirements and constraints on HLW material (feed composition, 
melt, and glass) that pertain directly to measured quantities (e.g., oxide mass fractions) 
or to known functions of these measured quantities. 

EJ-J--See expected value. 
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- Error--The random deviation of a measured or estimated quantity from the true value, 
related to the imperfection of the sampling or analytical procedure. 

Exuec t a t i on--See expected value. 

Expected value--The average value of a random quantity; in general, given's function, 
h(X), of a random variable X, the expected value (or expectation) of h(X) is defined as 

Feed--A generic term used to refer to any material being processed in the HLW 
vitrification plant, upstream of the melter itself (see also melt). 

Long-term variability-Heterogeneity in material over waste types. 

Mean--A statistical measure of the average or central tendency of a random quantity. 
The mean, p, of a random variable X is simply the expected value of X ,  Le., ,LL = E(X) .  
The mean can be estimated from a sample, Xi, i = 1, ..., n, with the formula' 

Xi 

- Melt--Material being processed by the HLW vitrification plant in the rnelter before it has 
cooled and solidified into glass. Before reaching the melier, this material will be 
referred to asfeed. 

M o d 4  uncertainty--Uncertainty in an estimated property value stemming from 
imperfection of the model used to relate feed composition to the property. 

Modelled properties-Properties of feed, melt, 
being developed to relate feed composition to 

or glass for which statistical models are 
the property values. 

Momentg-The expected values of powers of a random variable, X. The first moment, 
E(X), is the  mean, p. Central moments are expected values of powers of the difference 
between X and its mean; the second central moment, E(X-P)~ ,  is the variance. 

Multiple-batch requirement or constraint--A requirement or constraint imposed over a 
set of batches to be processed by the HLW vitrification plant (e.g., a property for which 
the requirement is imposed on an entire waste type, rather than on the individual batches 
constituting the waste type). See also single-batch requirement or constraint. 
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Prediction interval-A type of statistical interval designed to trap, with specified 
confidence, a'single random true value, such as a new observation of a random variable. 

Relative standard deviation-The ratio of the standard deviation to the mean, estimated 
by SIX. 

- S--See standard deviation. 

- S2--See variance. 

SamDling uncertainty-See wirlzin-batch uncertainty. 

Single-batch reauirement or constraint-A requirement or constraint imposed on each 
individual batch to be processed by the HLW vitrification plant, with no reference to the 
characteristics of preceding or succeeding batches. See also multiple-batch requirement or 
constraint. 

I 

--Defined as the square root of the v h c e ,  the standard deviation is a 
measure of uncertainty on the same scale as the original quantity. Roughly, the standard 
deviation is the average distance of an observed value from the mean. 

Tolerance interval-A statistical procedure designed to trap, with specified confidence, a 
specified proportion of the distribution of a random variable. The- proportion of the 
distribution to be trapped is termed the content of the tolerance interval. For example, a 
95%/99% tolerance interval traps 99% of the distribution with 95% confidence. 

Uncertainty-A general term used to refer to any of several measures of the random 
behavior of some quantity; for example, see composition uncertainty, model uncertainty, 
variabiliry, and error. 

Variabili tv--Uncertainty related to heterogeneity in material under examination; for 
example, see batch-to-batch vanabiliq. 

Variance--A statistical measure of the random behavior of some quantity. Variance is 
defined as the expected value of the s uared deviation of a random variable, X, from its 

i = 1, ..., n, with the formula 
mean, p, Le., Variance(X) = E(X - p) 9 . Variance can be estimated from a sample, 5, 

Variance components--See components of variance. I 
vii 



Variance-covariance matrix--See covariance mat&. 

WAPS proDerties and requirements-Properties of and requirements on glass produced 
by the HLW vitrification plant, as detailed in the Waste Acceptance Product Specijicutions 
(USDOE 1993). These properties and requirements are related to the performance of 
the glass in the repository. 

Waste tpe--A relatively homogeneous stream of waste to be processed by the HLW 
vitrification plant, Several to many batches will be made from a single waste stream. 

Wi thin-batch uncertainty-Uncertainty among samples from the same process batch; this 
is a composite form of uncertainty, made up of variabiZity (heterogeneity) in the process 
batch and the inherent error of the sampling process itself. 

- X-See mean. 

... 
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ACRONYMS 

ANOVA--Analysis of Variance 

CVS--Composition Variation Study 

DWPF--Defense Waste Processing Facility 

HLW-High-Level Waste 

IID-Independent and identically distributed 

PCCS-Product Composition Control System 

PCT-Product Consistency Test 

PNL-Pacific Northwest Laboratory 

PVTD--PNL Vitrification Technology Development 

PPMD--Process/Product Model Development 

RSD--Relative standard deviation 

WAPS--Waste Acceptance Product Specifications 

WCP-Waste Form Compliance Plan 

WQR-Waste Form Qualification Report 

WVDP-- Wes t Valley Demonstration Project 
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1.0 INTRODUCTION 

A high-level waste (HLW) vitrification plant at the Hanford Site is planned to 
immobilize transuranic and high-level radioactive waste In borosilicate glass. Each batch 
of plant feed material will have to meet certain requirements related to plant 
performance, and the resulting glass must meet requirements imposed by the Waste 
Acceptance Product Specifications (WAPS, USDOE 1993). Similar vitrification 
operations will be performed in the Defense Waste Processing Facility (DWPF) at the 
Savannah River Site. DWPF has developed a Product Composition Control System 
(PCCS) for controlling melter feed composition and for checking and documenting 
product quality (Postles and Brown 1991, WSRC 1993). The Hwvp Project Ware F o m  
QuaZification Prograin Plan (Randklev 1993) calls for the development of a product 
composition control-type system to perform these functions for the Hanford HLW 
vitrification plant. 

The objectives of the Process/Product Model Development (PPMD) cost account 
of the Pacific Northwest Laboratory Vitrification Technology Development (PVTD) 
Project includes developing and testing methods and algorithms for the Hanford HL7N 
vitrification process/product control system. Various aspects of these methods and 
aIgorithms are discussed by Bryan and Piepel (1993), Bryan and Piepel (1994), and 

Bryan, Piepel, and Simpson (1994a and 1994b). Due to uncertainties in the data and 
models to be used in controlling HLW vitrification operations and product quality, these 
methods and algorithms must be statistical in nature. For each process batch, the 
algorithms will: 1) choose a target melter feed composition, 2) estimate the actual 
melter feed composition by reconciling various process measurements, 3) use the 
estimated melter feed composition to estimate, check, and document various batch and 

product characteristics, and 4) recommend remediation strategies for process batches 
that do not meet requirements. 
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Attributeda) of a process batch and the resulting glass are largely determined by 

the composition of the feed material. In addition, remediation options are limited once 
material reaches the melter. Therefore, the relationships between "upstream" feed 
composition and "downstream" batch and glass properties will be exploited to ensure 
acceptable batch and glass properties and to perform any required remediation before 

material enters the melter. 

Development of empirical models relating melter feed composition to important 
batch and glass properties is one objective of the ongoing Composition Variation Study 
(CVS) (Hrma, Piepel, et ai. 1994).@) The Hanford HLW process/product control 
system will use these models to estimate batch and glass properties as functions of feed' 
composition. 

Two general types of uncertainty are important in HLW vitrification . 

process/product control: model uncertainty and composition uncertaing.(c) Model 
uncertainty derives from the use of empirical models to calculate batch and glass 
properties. This uncertainty must be taken into account when estimating and checking 
modelled properties. Estimating this type of uncertainty is another objective of the CVS 

and therefore is not discussed in this document. 

Established usage reserves the word property for characteristics of the melt and 
glass (which will usually be estimated via models based on feed composition), but 
requirements and constraints will also be imposed on feed composition (oxide mass 
fractions and functions thereof). To avoid confusion, the word attribute is used 
here to refer to any characteristic of HLW vitrification material (feed, melt, and 
glass). 

The form of these empirical models is given in Section A5 of Appendix A. In most 
cases, the CVS models actually relate feed composition to the natural logarithm of 
property value. 

Composition uncertainty might also be called data uncertainq, since it exists to 
some degree in virtually any process used to collect data. However, the main +ype 
of data to be used in HLW vitrification process/product control will be 
compositional data, so the more specific term is used here. This term should be 
understood to include uncertainties in other types of data (e-g., tank level 
measurements) employed in HLW vitrification process/product control. 

- 2  



Composition uncertainty is the uncertainty inherent in estimates of feed 
composition. This type of uncertainty may stem from heterogeneity in material, 

I imperfection of measurement processes, or both. Composition uncertainty must be taken 
into account when estimating and checking any batch or glass attribute. Three 
components of composition uncertainty will play a role in estimating and checking batch 
and glass attributes: 

B- - Heterogeneity between process batches made 
from the same waste type and frit. This type of heterogeneity might also be 
called between-batch variability or within-waste type Variability. 

Within-batch uncertainR - A combination of heterogeneity within a single 
process batch and any imperfections in the sampling process. This type of 
uncertainty might also be called sampling uncertainty. 

A m  -- A combination of heterogeneity within a sample, 
variability induced during sample preparation, and any imperfections in the 
analytical process. 

Data accumulated during HLW vitrification operations will be used to estimate and 
update these composition uncertainties. However, in order to develop and test the HLW 
vitrification process/product control system, estimates of these various uncertainties must 
be available. In addition, during the early phases of vitrification operations, the data 
available may be insufficient to adequately estimate these uncertainties. Therefore, 
other sources of uncertainty estimates must be found. Although it may be possible to 
construct reasonable uncertainty estimates from process knowledge (e.g., via simulation), 
a more desirable approach would be to use uncertainty estimates from vitrification 
operations similar to those to be employed at Hanford. The obvious candidates are the 
DWPFand the vitrification operations to be carried out in the West Valley 
Demonstration Project (WVDP). In fact, the main purpose of this document is to 

facilitate acquisition of data from other vitrification projects by briefly explaining the 
methods to be used in Hanford's HLW vitrification process/product control system and 
outlining the types of data required to test and initialize this system. Accordingly, the 

I 
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main topics addressed by this docunlent are 

briefly reviewing the techniques to be used to estimate and manipulate 
composition uncertainties (Section 2); 

establishing the type and extent of data required for estimating uncertainties 
(Section 3); and 

identifying possible sources of such information (Section 4). 

Basic statistical notation, concepts, and techniques appear in Appendix A. Technical 
details of estimating and manipulating uncertainties appear in Appendix B. 

4 



2.0 E a  

The HLW vitrification process/product control system will use confidence and 
tolerance intervals to identify acceptable feed compositions and to check the various 
requirements imposed on the feed material. Lower 'and upper confidence or' tolerance 
limits will be compared to lower and upper limits on attribute values. The proper use of 
confidence, and tolerance intervals is discussed in more detail by Bryan and Piepel (1994) 
and Bryan, Piepel, and Simpson (1994a). Three points are important for this discussion: 
1) the confidence or tolerance intervals will be constructed on an attribute-by-attribute 
basis, Le., univariate confidence/tolerance intervals will be employed, 2) inferences are 
required for two types of means (batch means and multiple-batch, or waste type, means), 
and 3) each con€idence/tolerance interval requires an estimate of the uncertainty about 
the estimated attribute value.@) These points give rise to technical difficulties, which are 
discussed briefly below. Technical details of the procedures appear in Appendix B. 

As mentioned in Section 1, many glass property values will be estimated from 
empirically derived models relating feed composition to the resulting property values. 
Other attributes may be expressed as functions of feed composition. Feed composition 
will usually be expressed as mass fractions of nine individual oxides ( S O ,  B203, N%0, 
Li20, CaO, MgO, Fe203, Al2O3, and ZrOd and a catchall tenth category, Others. Since 
these mass fractions must sum to one,@) they are obviously not independent of one 
another; hence their simultaneous behavior is of interest. Thus, feed composition is a 

(a) In HLW vitrification process/product control, confidence intervals will be used to 
draw inference about the means of the attributes of interest and therefore require 
estimates of the standard deviations of the sample means (often called standard 
errors). Tolerance intervals will be used to draw inference about some proportion 
(or percentile) of the distribution of attribute values and therefore require 
estimates of the standard deviation of the underlying distribution of attribute values 
in the batches under consideration. 

(b) This 'restriction is the defining feature of compositional data, which is discussed in 
detail by Aitchison (1986). 
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multivariate quantity and requires a multivariate estimate of uncertainty (Le., a 
covariance matrix). On the other hand, each inference pertains to a single attribute, and 
therefore requires a univariate estimate of the uncertainty associated with this attribute. 
Therefore, methods are required for combining multivariate estimates of composition 
uncertainty to yield a univariate uncertainty estimate for each attribute. The HLW 
vitrification prosess/product control system wil l  use error propagation (Section B.5 of 
Appendix B) to derive these univariate uncertainty estimates for each attribute of 
interest. 

As discussed in Section 1, each measured or estimate quantity is subject to at least 
three sources of uncertainty: batch-to-batch variability, within-batch uncertainty, and 
analytical uncertainty. Proper estimation of the uncertainty associated with batch means 
and multiple-batch means requires proper combination of these separate, hierarchicaIly 
structured variance components.(a) The uncertainties associated with batch means and 
multiple-batch means are discussed in Appendix B Sections B.2 and B.3, respectively. 
Methods for estimating and combining variance components (both univariate and 
multivariate) are discussed in Appendix B Sections B.4 and B.6, respectively.@) It 
also be necessary to combine composition and model uncertainties; the method discussed 

in Section 13.6 of Appendix B will be used here as well. Finally, as data accumulate 
during HLW vitrification operations, it will be necessary to update uncertainty estimates. 
One possible method for updating uncertainty estimates appears in Section B.7 of 
Appendix B. Other methods are discussed by Adams (1994) and by Bryan, Piepel, and 
Simpson (1994b). 

(a) Once available, estimates of variance components will also be useful in allocating 
sampling effort (Cochran 1977) and in process monitoring. 

(b) Estimating variance components is a complicated process, heavily dependent upon 
the type and extent of available data. More complete treatment of variance 
component estimation is given by Searle, Casella, and McCulloch (1992). 
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3.0 SAMPLE SIZES 

The sample size required for estimating a variance (or its square root, the standard 
deviation) is relatively easy to calculate when the underlying population follows a normal 
distribution. In this case, the usual estimator of variance, S2, follows a multiple of a 
chi-square distribution with n-1 degrees of freedom (Lindgren, 1976, p. 334, Theorem 4); 
specifically, 

This fact can be used to compute sample sizes (Le., the number of samples) required for 
estimating a variance or standard deviation with specified accuracy.(a) Table 1 presents 
the sample sizes (n) required for estimating a standard deviation with specified levels of 
precision and confidence. For example, to estimate a standard deviation with 20% 
precision and 90% confidence, a sample of size 20 is required. 

In a multivariate situation, interest lies in an entire covariance matrix, not just in a 

single variance. When feed composition is estimated in terms of nine oxide mass 
fractions and Others, 10 variances and 45 covariances@) must be estimated, AlthQugh 
the sample size calculations above hold for each variance (and, as indicated by 

(a) The method used here for estimating sample size is detailed by Bryan, Piepel, and 
Simpson (1994b). This method is an adaptation of methods described by Hahn and 
Meeker (1991, pp. 141-144). 

(b) Although a 10 x 10 matrix has 100 elements, the symmetric nature of covariance 
and correlation matrices reduces the number of distinct elements that must be 
estimated to 45. In fact, as long as the measured compositions sum to one, only 35 
covariances must be estimated -- the remaining 10 covariances can be estimated 
from the fact that any row or column of the covariance matrix must sum to zero. 
This is related to the inherent singularity of the covariance matrix for compositional 
data (see Aitchison 1986). However, this technical point is of little importance 
here. 
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TABLE 1. Sample Sizes Required for Estimating Standard Deviation 
with Specified Levels of Precision and Confidence 

Precision 

1% 

5% 

10% 

20% 

30% 

40% 

50% 

Sample Sizes Required for Confidence = 
80% 90% 95% 99% 

3488 8174 13507 27084 

132 322 538 1088 

31 79 134 274 

7 20 34 70 

2 9 16 32 

2 5 .  9 19 

2 4 6 12 

simulation results, each covariance) individually, the problem of simuZtaneous inference 
arises in estimating the entire composition covariance matrix. When desired levels of 
precision and confidence must be obtained for several quantities simultaneously, the 
sample size required is larger than that required for a single quantity, and this required 
sample size increases rapidly as the number of estimated quantities increases. 
Simulation results presented by Bryan, Piepel, and Simpson (1994b) indicate that 
reasonably precise simultaneous estimation of a single 10 x 10 composition covariance 
matrix requires a very large sample (on the order of hundreds of observations). This 
problem is aggravated by the need to estimate composition covariance components (i.e., 

several 10 x 10 covariance matrices) for HLW vitrification process/product control. 

Fortunately, in HLW vitrification process/product control, interest lies not in the 
multivariate composition uncertainties (covariance matrices and components of 
covariance) per se, but only in their effects on the uncertainties in estimated attribute 
values. As part of the simulation study mentioned above, each empirical composition 
covariance matrix was propagated through five first-order CVS property models (the 
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models for viscosity and electrical conductivity at 1150°C, and the models for Product 
Consistency Test ( P o  results for boron, lithium, and sodium).(a) The univariate 
relative precision (as measured by the RSD) of each property improves much more 
quickly with increasing sample size than does that associated with multivariate 
composition uncertainty estimation.@) Even with a sample size of only 10 compositions 
to estimate a composition covariance matrix, the individual univariate property 
uncertainty estimates have relative precisions of about 23%. Thus, even though fairly 
small samples yield relatively poor estimates of composition covariance matrices, these 
covariance matrices (when propagated through property models) yield relatively good 
estimates of univariate property uncertainties. 

- 

For adequate precision and confidence in estimates of property uncertainties due to 
composition uncertainties, it is recommended that composition variance and covariance 
estimates be based on samples of size 20 (which, according to Table 1, corresponds to a 
90% confidence and 20% precision in univariate uncertainty estimation) or greater. 
Estimation of variance (and covariance) components is usually based on observations 
replicated at each of the levels of the variance hierarchy. In the HLW vitrification 
process, there are three levels in this variance hierarchy (and hence three variance 
components): batch-to-batch variability, within-batch uncertainty, and analytical 

(a) As mentioned in Section 1, the CVS models actually predict the natural logarithm 
of these properties. Since the standard deviation of ln(Y) can be shown to be 
approximately equal to the relative standard deviation (RSD) of Y, error 
propagation using models that predict ln(property) yields estimates of RSDs on the 
original property scales. 

(b) Basic statistical theory for simple estimation problems suggests that the standard 
deviation of an estimator should decrease (ie., precision should increase) at a rate 
proportional to the square root of sample size. In other words, the standard 
deviation of an estimator based on n1 samples should be approximately J(n2/nl) 
times the standard deviation df an estimator based on n2 samples. This pattern 
appeared in the simulation results. 
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uncertainty.(a) Estimates of each of these uncertainties should be based on samples of 
size 20 or greater. For example, the smallest set of data satisfyrng this condition for each 
component of uncertainty would be one wjth 80 observations: 20 batches, with two 
samples drawn from each batch, and two analyses (estimates of feed composition) 
performed for each sample.@) Different allocations of sampling effort are possible 
(especially if it is decided that some precision can be sacrificed in estimation of batch-to- 
batch variability). Of course, the larger the data set, the better the resulting uncertainty 
estimates. 

(a) Each attribute measured as part of the HLW-vitrification process will be modelled 
with a two-way nested random model. This model and the associated sample sizes 
and degrees of freedom are discussed in Sections B.l and B.4 of Appendix B, and 
by Searle, Casella, and McCulloch (1992). 

(b) Because of the nested structure of the three main sources of composition variation 
in the recommended 20 x 2 x 2 data set, two samples per batch for each of 20 
batches will yield 20 degrees of freedom for estimating within-batch uncertainty, 
and two analyses per sample will yield 40 degrees of freedom for estimating 
analytical uncertainty. 
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4.0 POSSIBLE SOUR CES OF DATA 

Previous statistical investigations performed as part of PVTD work have used 
several sources of data on composition uncertainties, e.g., the Corning RR6 and other 
data sets described by Anderson and Piepel (1993), and an analytical covariance. matrix 
constructed from simulation of a hypothetical analytical process (Bryan, Piepel, and 
Simpson 1994b). However, none of these data sources has been completely satisfactory. 
Each has been inadequate for proper uncertainty estimation, not clearly tied to the 
sampling and analytical processes to be used in the H d o r d  HLW vitrification process, 
or both. Data meeting both of these criteria will be required in developing and testing 
the Hanford HLW vitrification process/product control system. Such data should 
become available during design, testing and construction of the Hanford HLW 
vitrification plant. However, in the interim, it is desirable to obtain reasonable 
"substitute" data to be used in developing and testing the Hanford HLW vitrification 
process/product control system. 

The obvious sources of such "substitute" data are the data generated during 
development and testing of the Savannah River and West Valley vitrification processes 
(DWPF and WVDP, respectively). DWPF has generated bench and prototypic test data 
from which composition covariance matrices and variance components have been 
estimated (Reeve 1992% 1992b, and 1993): Unfortunately, the data from these studies 
were not included in Reeve's reports, so the data would have to be obtained from 
DWPF for use at Hanford. Data from the DWPF Startup Test Program (including 
Waste Form Qualification Runs) and a statistical measurement error model similar to 
that discussed in Section B.1 of Appendix B will be used to estimate variance 
components related to within-canister variation in glass properties (Edwards 1994). 
Much of these data could be valuable in providing initial estimates of at least within- 
batch and analytical uncertainties expected in the Hanford HLW vitrification process 
(since the sampling and analytical processes should be similar). The batch-to-batch 
variance component depends on heterogeneity of the feed stream. Therefore, some 
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information on the relative heterogeneity of the DWPF and Hanford feed streams must 
be used to judge the value of DWPFs batch-to-batch covariance (matrix) component as 
an initial estimate of the batch-to-batch variability in the Hanford HLW vitrification 
process. 
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APPENDIX A 

For precision and brevity in much of the body of this document, it is necessary to 
employ some statistical terminology and notation. This appendix introduces the required 
terminology and notation. Full exposition and explanation of this material is beyond the 
scope of this appendix, but can be found in most texts on probability and mathematical 
statistics (e.g., Lindgren 1976). This document also uses the concepts and notation of 
linear algebra, vectors, and matrices. Some of these concepts and notation are defined 
below; fuller coverage of this material can be found in books on linear algebra (e.g 
Searle 1982). 

Statistics is the art and Science of making decisions in the face of uncertainty. 
Accordingly, a major task of statistics is the modelling and characterization of 
uncertainty. The most common statistical method of modelling uncertainty employs the 
concept of a random variable. Intuitively, a random variable is a quantity that cannot be 

measured exactly (either because its value is not fixed or because the measurement 
process is imperfect). Therefore, the behavior of a random variable is described in terms 
of the probabi5ty that the true value of the random variable exists in some set of 
possible values. Random variables are often denoted by capital letters, e.g., X, while 
individual values or realizations of a random variable are often denoted by lower case 
letters, with a subscript to indicate which observation is being represented. For example, 
n observations of the random variable X might be denoted xl, x2, ..., K, or, equivalently, 
xi, i = 1, ..., n. A group of n observations may also be represented by a vector, g. 

I 

Two basic types of random variables exist. A discrete random variable is one for 
which the number of possible values is finite or countably infinite. In many cases, 
discrete random variables are counts of the number of occurrences of certain events. 

For example, the number of defective items produced by a manufacturing process can 
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range from zero to the number of items produced. A continuous random van'able is one 
for which the number of possible values is uncountably infinite. In many cases, 
continuous random variables take on values in an interval of possible values. For 
example, the value of many measured characteristics (leng'th, weight, concentration, 
viscosity) must lie between some more or less well known lower and upper bounds, but, 
at least theoretically, the individual measurements may take on any value in the interval. 
Although many of the concepts discussed below apply to both discrete and continuous 
random variables, most of the quantities involved in HLW vitrification process/product 
control are best modelled by continuous random variables; therefore, this presentation 
focuses on continuous random variables. 

A.l DISTRIBUTION AND DENSITY FUNCTIONS 

Two mathematical functions are useful in describing the behavior of a 
(continuous) random variable: the distribution (or distribution function), and the densify 
(or density function). To each random variable X, there corresponds a distribution 
function, F(x) 3 Pr{X I x},(~) the probability that the random variable X is less than or 

equal to the fixed value x. As a function, F(x) is monotonic and nondecreasing. Since 
for each fixed x, F(x) is a probability, F(x) must lie in the interval [0,1]. 

The density function, f(x), exists for most of the common statistical distributions. 
When it exists, the density function is simply the first derivative of the distribution 
function, Le., f(x) = F'(x). The density function characterizes the local behavior of the 
random variable. By its nature, f(x) 2 0 for all x, and 

"f(x)& = 1. 
--oo 

(a) The symbol "z" should be read as "is defined to be equal to." 
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In brder to achieve this unit integral, a density function incorporates a normalizing 
constant (usually a function of the parameters of the distribution, which are discussed 
below). 

Many families of random variables (and the corresponding distributions and 
densities) have been found useful in statistical applications. For example; the most 
commonly encountered family of statistical distributions is the family of noma2 (or 
Gaussian) distributions. The density function for a normally-distributed random variable 
X is 

0. and dL are the parameters of the normal distribution and are discussed further 
below). 

Another important family of random variables is the gamma family. The density 
function for a random variable X that follows a gamma distribution is 

where a and p are the parameters of the gamma distribution (discussed below) and 
I(o,a)(x) is zero if x I 0 and one otherwise (indicating that a gamma random variable 
takes on only positive values). 

The members of a family of random variables are distinguished by the values of 
the associatedparameters. The parameters of a random variable appear in the density 
function and are often denoted by lower-case Greek letters. For example, the 
parameters of the normal density given above are p and 2, while the parameters of the 
gamma density given above are a and p. Often, the dependence of the behavior of a 
random variable on the associated parameters is shown by a slight modification of 
notation: for example, the density of a random variable following a normal distribution 
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with parameters p and c? may be denoted f(xfp,d), and the density of a gamma 
distribution with parameters CY and p may be denoted f(x I CY, p). 

A common statistical shorthand for the phrase "the random variable X follows a 
normal distribution with parameters p and 3 is "X - N(p,c?)." The shorthand for "the 
random variable X follows a gamma distribution with parameters CY and p" is "X - 
w, PI." 

An important special case of the gamma distribution is the chi-square distribution. 
This distribution has a single parameter, f, known as the degrees offreedom. A chi- 

square distribution with f degrees of freedom [x2(f)] is simply a gamma distribution with 

parameters f/2 and 2, i.e., the r(f/2,2) distribution. 

A.2 MEAN AND VARIANCE 

The expectation of a function, h(X), of the random variable X is defined as: 

E(h(X)) 3 I --oo Oa h(x)dF(x) = I - I h  (x)f (x)dx 

(the last expression makes sense only if the density function exists). Several such 
functions are important enough to warrant specific names. The mean of a random 
variable X is defined as: 

z E(X) = cox dF(x). 
-a PX 

04-41 

The mean of a random variable is a measure of the central value (or central tendency) 
of the random variable. The most common measures of dispersion about this central 
value are the variance: 

and the closely related standard deviation: 
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(When the meaning is clear from context, the subscripts on px, ax2, and ax may be 
omitted.) Due to the simple relationship between variance and standard deviation, much 
of the discussion (though not, of course, the equations) in this appendix could be framed 
in te rm of either quantity, and shifts between variance and standard deviation go 
unrernarked henceforth. 

The mean and variance are examples of moments of a distribution. Moments are 
simply expectations of powers of the random variable (often centered by subtracting the 
mean). The moments of a distribution convey information on the location and shape of 
the distribution and hence on the behavior of the random variable. The first moment of 
a distribution is the mean and, as mentioned above, is a measure of the central value 
(location) of the distribution. The second (central) moment is the variance and hence is 
a measure of the spread (scale) of the distribution. The third moment measures the 
skewness of the distribution, and the fourth moment measures kurtosis (how "heavy- 
tailed" and peaked the distribution is). 

The moments of a distribution are not usually the parameters of the distribution. 
The exception is the normal distribution, for which the parameters p and 2 are indeed 
the mean and variance, respectively. The mean and variance of many distributions are 
simple functions of the parameters. For example, the mean and variance of a r(cr,p) 
distribution are ap and ap2, respectively; the mean and variance of a chi-square 
distribution with f degrees of freedom are f and 2f, respectively. 

In some cases, it is useful to specify only the mean and variance of a random 
variable, without ascribing to it a distributional form (such as normal or gamma). In this 
case, an adaptation of the shorthand above is employed -- "X - @,c?>" means that X is a 

random variable with mean p and variance 2. 



A.3 MULTIVARIATE DATA. COVARIANCE. AND CORRELATION 

The discussion of random variables above concentrated on the univariate situation, 
i.e., the modelling of a single quanti& (even though many measurements or observations 
of that quantity may be available). However, in many situations, ‘he simultaneous 
behavior of several different quantities is of interest. This is the multivariate situation. 
The obvious example here is the composition of a vitrification process batch. For use in 

melt/glass property models, batch composition is usually expressed as mass fractions 
(proportions or percentages) of nine individual oxides (SO, B,O,, N%0, Li,O, CaO, 

MgO, Fe;?03, A1203, ZrOd and a catchall tenth category, ‘Others. Since these mass 
fractions must sum to one, they are obviously not independent of one another; hence 
their simultaneous behavior is of interest. 

In multivariate statistics, subscripts are used to distinguish between different 
random variables. For exqmple, the 10 components of a vitrification process batch can 
be denoted by XI, q, ..., XI@ Individual observations of a single random variable are 
usuallyindicated by a second subscript; for example, xij is the j-th observation of the i-tb 

random variable. 

Most of the standard univariate distributions and densities have multivariate 
generalizations. When modelling several random variables simultaneously, joint 
dktdmtions and joint densities, which are functions that model the simultaneous 
probabilistic behavior of the variables, must be considered. In addition, when examining 
the effects of one variable on another, conditional distributions and condirionaz densities, 
which model the probabilistic behavior of one or more variables given the values of 
other variables, become important. The notation can get quite complex, so, rather than 

attempting a general treatment, notation is introduced below only as necessary. 

In multivariate statistics, the tendency of several quantities to vary together (“co- 
vary”) is of interest. The statistical covariance between two random variables y and X, 
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is defmed as: 

where the expectation is taken with respect to the joint distribution of X; and 3 (i.e., 
this is a double integral). Whereas the variance of a random variable must be 
nonnegative (by definition), the covariance between two random variables can be 
positive, negative, or zero. Positive covariance indicates that the two variables tend to 

vary together, Le., if one is large (relative to its mean), the other tends also to be large, 
and if one is small, the other tends to be small. (The repetitive use of the word "tend" is 
necessitated by the probabilistic nature of the behavior of random variables.) Negative 
covariance indicates that the two variables tend to vary "in opposite directions;" Le., if 
one is large (relative to its mean), the other tends to be small (relative to its mean), and 
vice versa. Zero covariance indicates that the behavior of one variable does not affect 
the behavior of the other.(=) 

Covariances are not scale-invariant, and their magnitudes are affected by the 
variances of the random variables involved. These characteristics complicate 
interpretation and comparison of covariances. Statistical corelation is essentially a 
standardized, unitless covariance. The correlation between 5 and X, is defined as: 

Correlations must lie in the interval [-1,1]. Interpretation of the sign of a correlation is 
similar to that for a covariance. In addition, the doser the correlation is to 1 (or -l), the 

This is not strictly true. Statistical covariance is actually a measure of linear 
covariance, so a strongly curved relation between two random variables is not 
necessarily reflected in the standard definition of covariance. It is in fact possible 
to construct two random variables with zero covariance, even though one is an 
exact function of the other. 
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nearer the relationship between the two variables is to perfect linearity. The correlation 
between two random variables is zero if and only if the covariance between these two 

variables is zero. Two variables that have zero correlation (covariance) are said to be 
uncomlated; if the correlation (covariance) is non-zero, the two variables are said to be 
correlated. Correlated observations are not independent. 

Matrix notation is quite useful in multivariate statistics. In this document, 
matrices are denoted by upper case letters (e.g., X or S), and symbols for vectors are 
underlined (e.g., E). The random vector, & is a vector of random variables, Xi, i = 1, ..., 
p. The associated mean vector (the vector of means of the individual random variables) 
is denoted by E. A convenient method for summarizing the variances and pairwise 
covariances of the elements of the random vector'x is the van'mce-covm'ance mat& (for 
brevity, called the covan'ance matrix below): 

2 
*21 *2 *23 O2p 

O31 *32 O3 **' *3p 
2 

o p 2  *p3 ... 
/ /  

(A. 10) 

The covariance matrix contains the variances of the individual random variables in the 
diagonal positions and the pairwise covariances in the off-diagonal positions. As a 
consequence of the definition of covariance, the covariance matrix is symmetric (Le., 
0.. = u$. If the underlying random vector has p elements, the covariance matrix has p 
rows and p columns; i.e., its dimension is p x p. 

1J 
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Correlations can also be represented in matrix form; the correlation matrix is 
defined as: 

I P12 P13 ". Plp 

P21 P23 '.* P2p 

p P31 P32 P3p 
f i . .  

,pp1 p p 2  p p 3  .-- 

(A. l l )  

The diagonal elements of a correlation matrix are always one (since, by definition, the 
correlation of a random variable with itself is one); the pairwise correlations appear in 
the off-diagonal positions. Like the covariance matrix, the correlation matrix is 
symmetric (pij = pji). 

Multivariate generalizations of many common statistical distributions exist. The 
notation used to specify the (joint) distribution associated with a random vector X 
parallels that used for a univariate random variable. For example, "X - MVN&,C)" 
indicates that the random vector X follows a multivariate normal distribution with 
parameters E and X. "X - 04JC)" indicates that X follows a (multivariate) distribution 
with mean vector E and covariance matrix I;. 

A4 ESTIMATING POPULA "ION PARAMETERS WITH SAMPLE STATISTICS 

Up to this point, various statistical distributions, parameters, and other theoretical 
constructs used to model the behavior of random variables have been defined and 
discussed. In much of statistics, such models for some population (real or abstract) of 
items are postulated or hypothesized, and information is collected about a sample drawn 
from this population. The objectives of this activity include checking the models, 
estimating parameters, and drawing inferences about the population, based on the 
sample. Estimation often involves calculating sample analogues to population 
parameters, moments, and other characteristics. Some of these estimation procedures, 
and the associated notation, are discussed below. 
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The usual assumption about a sample is that it is drawn at random from the 
underlying population. The technical definition of a random sample is somewhat 
involved, but essentially a random sample is one in which each item in the population 
has an equal chance of being selected. A related concept is that of independent and 

identical& dktributed (IID) observations. Given a sample of size n, 3, i = 1, ..., n, the 
assumption might be that each x; is a realization of a single random variable X, or, 

equivalently, that the distribution of & is the same for all i. This is the concept of 
identically distributed observations. The concept of independence is essentially that the 

value of X, is unaffected by the values of any of the other 5 ' s  (j * i). The statistical 
shorthand used to describe this situation is "q, i = 1, ..., n - IID D@," where D is the 
assumed distribution and p is the vector of parameters of D. One link between random 
sampling and IID observations is this: if D(g) is the statistical distribution for a given 
population, and xi, i = 1, ..., n, is a random sample from the population, then X;, i = 1, 

..., n - IID Db). 
Assume that a random sample of size n is available from a population with mean 

p and variance 2; i.e., Xi, i = 1, ..., n, - ID (p,~?). The sample-based estimate of the 

population mean, p ,  is the sample mean: 

The sample-based estimate of the population variance, 2, is the sample variance: 
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The sample-based estimate of the population standard deviation, a, is the sample standard 
deviation: 

- 

s, = i s ;  . (A. 14) 

The sample mean, )T, is a point estimator of the population mean, p .  In many 
situations, both a point estimate of the population mean and some idea of the quality of 
this estimate are required. To address this issue, it must be recognized that the sampIe 
mean is a random variable, since it is a function of the random variables q, i = 1, ..., n. 
Therefore, the sampIe mean has an associated mean and variance. It can be shown that 
the sample mean is unbiased, Le., that E(X) = p ,  so the question of the quality of the 
sample mean as an estimator of the population mean comes down to the uncertainty in 
the sample mean. This uncertainty is measured by the standard deviation (or the 
variance) of In a wide range of cases, the standard deviation of x is well estimated 

by 

SX s z = - - .  
r- 

(A. 15) 

This quantity, also known the standard 
confidence intervals for the population mean. 

of the mean, is used to construct 

The preceding discussion of the standard error of the mean is important to 
inference for the population mean, but it also serves to illustrate that statistical 
estimators, such as the sample mean, variance, and standard deviation, are random 
variables and thus have associated uncertainty: This uncertainty must be quantified in 
order to judge the quality of the estimators and to draw inferences about true 

~~ ~ 

(a) The term “standard error” is often used to refer to the standard deviation of an 
estimator, as opposed to the standard deviation associated with individual 
observations. 

A11 



(population) values. The HLW vitrification process/product control algorithms must 
deal with uncertainties in statistical estimators, as well as with uncertainties in data. 

- In the multivariate case, each observation is a vector (rather than a single 
number). For example, if interest focuses on p characteristics of each item and n items 
are examined, the data comprise n vectors, each of length p. Denote the observed value 
for the j-th characteristic of the i-th item as %j, where j = 1, ..., p, and i = 1, ..., n, and 
assume that the observations are ID. The sample-based estimate of the population 
covariance between characteristics j and k, ajkt is the sample covariance: 

(A. 1 6) 

where y- and sz;( are the sample means of the j-th and k-th characteristics, respectively. 
The sample-based estimate of the population covariance ma&, 2, is the sampZe 
covariance matrix: 

J 

1 
2 

s12 s13 *-* 

2 
s21 s2 s23 *'* s2p I n  

I =  2 
s31 s32 '3 .** s3p " - I i = ,  

(A. 1 7)  

. .  . .  . .  

sp1 sp2 s p 3  -.* sp 2 1  

where is the i-th observation (a column vector containing the observed values of the p 
Characteristics for the i-th item), is the column vector containing the sample means for 
the p characteristics, and the superscript 'T indicates vector transpose. Since there are 
p characteristics, the sample covariance matrix is a p x p matrix, and, like the population 
covariance matrix, it is symmetric. The elements of the sample covariance matrix may 
be computed individually [using the formula for single sample covariances given in 

A +* 
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Equation (A16)], or the whole matrix may be computed using the vector formula given 
in Equation (A.17). These methods are equivalent (unless there are missing data). 

The sample-based estimate of the population correlation between characteristics i 
and j, pij, is the sample correlation: 

(A. 18) 

The sample-based estimate of thepopulation correlation matrix, P, is the p x p symmetric 
sample correlation matrix: 

(A. 19) 

A5 PROPERTY MODEL NOTATION 

Several property models being developed by CVS are second-order mirture models, 
the general form of which is 

(A. 20) 

where $k is the k-th rnelt/glass property (or, in some cases, a simple mathematical 
transformation thereof), 3 and 5 are the mass fractions of the i-th and j-th oxides, and 
b, and bijk are the coefficients of the relation between the oxide mass fractions and g5k 
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(to be estimated from the CVS database). The oxide mass fractions used in a mixture 

model must sum to one, that is, 

10 

i=1 
c x ; = 1 .  (A.21) 

Some of the models developed by CVS arefhtt-order, meaning that, for some properties 
(k), bijk = 0 for all i and j. The form of a first-order model is 

form: 
Both the first-order model and the second-order 

(A. 22) 

model can be written in the 

(A.23) 

where I I .  is the vector containing the oxide mass fractions (and cross-products thereof, if 
the model is second-order), and bk is the vector of estimated coefficients relating these 
composition data to the k-th property. Such models are linear in the estimated 
coefficients, bk First-order models are also linear in the data, x_. 
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APPENDIX B 

ESTIMATING AND MANIPULATING UNCEkTAINTES 

Data from the high-level waste (HLW) vitrification process will be multivariate 
(e.g., feed compositions) and will be subject to several sources of uncertainty. 
Requirements and specifications imposed on HLW vitrification material apply to 
univariate attributes, many of which will be calculated from (multivariate) feed 
compositions using empirical models developed as part of the Composition Variabiiiry 
Study (CVS; Hrma, Piepel, et al. 1994). Therefore, proper inference in HLW 
vitrification process/product control requires 

estimating univariate and multivariate uncertainties and components 
thereof (e.g., variances, variance components, covariance matrices, 
covariance components) ; 

0 propagating multivariate uncertainties to yield univariate uncertainties; 

combining univariate uncertainties to yield an estimate of overall 
uncertainty in an estimated attribute value, and assigning a measure of 
strength of belief to this overall uncertainty estimate; and 

updating existing uncertainty estimates to reflect both prior and &ment 
information. 

These topics are discussed in the following sections. This appendix supplies the technical 
details that do not appear in Section 4. Expanded treatments of these subjects appear in 
Bryan and Piepel (1994), Bryan, Piepel, and Simpson (1994), and Searle, Casella, and 
McCulloch (1992). Basic statistical concepts and notation are covered in Appendix A. 
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B.1 THE MODEL FOR COMPOSITION UNCERTAINTY 
IN HLW VITRIFICATION DATA 

Let Yijk represent the value of some attribute estimated from the k-th analysis of 
the j-th sample from the i-th batch of HLW vl^trification process material.(a) Yijk is 

subject to model uncertainty and to three sources of composition uncertainty (batch-to- 
batch variability, within-batch uncertainty, and analytical uncertainty). Model uncertainty 
will be estimated separately and then combined with composition uncertainty (see 
Sections B.5 and B.6). Composition uncertainty (and its components) will be estimated 
using the following model: 

where pi - (0,0p2), oij - (0,~" 2 ), q j k  - (0,02),.and all the random variables are 

uncorrelated. In this model, op2 represents batch-to-batch variability, oo2 represents 
within-batch uncertainty, and aa2 represents andyticd uncertainty. The pi, oij, and cqjk 

are known as random effects. The quantities oB2, oU2, and ua2 (and estimates of these 
quantities) are known as variance components (or components of variance). 

The number of batches in a single waste type is denoted by b, the number of 
samples taken from the i-th batch is denoted by wi,@) and the number of analyses 
performed on the j-th sample from the i-th batch is denoted by aij. If wi = w for all i, 

and aij = a for all i and j, the data are said to be balanced. Otherwise, the data are said 
to be unbalanced. 

(a) Waste to be processed by the.HLW vitrification plant will be classified into waste. 
types. However, all requirements apply within a single waste type; no inferences 
are required across waste types. For this reason, the model and methods 
discussed here should be applied separately to each waste type. Therefore, the 
notation is simplified by not accounting for waste type. 

(b) It may seem more intuitive to use si for the number of samples taken from the i- 
th batch. However, the letter s (and subscripted versions thereof) is reserved in 
this document for denoting a standard deviation. Therefore, wi is used to denote 
the number of samples  thin a batch. 
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Several of the equations and methods discussed below rely on the within-sample 
mean, Yij. , The within-sample mean is the mean over the aij analyses performed on the 
j-th sample from the i-th batch: 

B.2 THE BATCH MEAN AND ASSOCIATED UNCERTAINTIES 

Under the model given in Equation (BJ), the true attribute value for the i-th 
batch is p + pp To check a single-batch requirement on-this attribute, ,u + pi will be 
estimated with the batch mean.(a) In general, the i-th batch mean is 

r 1 

that is, the batch mean is a mean of wi within-sample means from the i-th batch. By 
substituting for Yijk from Equation (B.l) and simplifying, it can be shown that 

(B.4) . 

(a) Since the batch effect is assumed to be random rather than fixed, an argument 
can be made that the best estimator for the quantity p + pi is not the batch mean 
value, but a "shrunken" version of this value. Searle et al. (1992, Chapter 7, esp. 
pp. 258-260) discuss this problem. The preliminary Feed Test Algorithm (Bryan 
and Piepel 1994) +ignores-this complication. 
process/product control algorithms with the 
problems, this issue should be re-examined. 

B .3 
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For balanced data, these expressions simplify as follows: 

Since the target of inference for a single-batch requirement is p + pi (the true 
attribute value in the i-th batch), inference should be conditional on (i.e., taking as fixed) 

the true value of .pi. Thm, for testing a single-batch requirement, the estimate of 
composition uncertainty in the batch mean must account for uncertainties due to oij and 

(Yijk (the within-batch and andyticd uncertainties, respectively), but uncertainty in pi (the 
batch-to-batch uncertainty) is irrelevant. 

Since the batch mean is a mean of within-sample means, each within-sample 
mean can be viewed as an observation contributing to the batch mean. In other words, 
the population underlying the batch mean is the population of within-sample means, yij.. 
Therefore, the uncertainty in the within-sample means is important in making inferences 
about the batch mean. In general, the (conditional) composition uncertainty associated 
with the j-th within-sample mean from the i-th batch is 

2 vizr(i$Ipi) =(Tu+-. 2 UiY 

av 

For balanced data, this composition uncertainty is 

2 

a 
v+$lpi) =uO+- .  2 ucY 

In general, the (conditional) composition uncertkty in the i-th batch mean is 

2 2 

wi wiai  
UiY Vi&..] pi) = - +-, 
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where 

- a i s  p i  -E- . 
W i j = l  aq 

I 

I 2 2  
% (3.10) 
w wa 

For balanced data, the (conditional) composition uncertainty in the i-th batch mean is 

J4iy.J pi) = - +- D 

Estimating these uncertainties is discussed in Section B.4. 

Recognizing the batch mean as a mean of within-sample means assists in 
identifying the proper sample size to be associated with the batch mean when 
constructing confidence and/or tolerance limits. For example, in the balanced case, the 

number of individual Yijk involved in calculating the batch mean is wa, but this is not the 

proper sample size for statistical inference. The proper sample size is equal to the 

number of within-sample means involved in constructing the batch mean. 'This sample 
size is w, in the balanced case, or wp in the unbalanced case. 

Model uncertainty must also be accounted for by the statistical inference 
procedure. Estimating model uncertainv is discussed in Section B.5. Combining model 
and composition uncertainties is discussed in Section B.6. 

B.3 THE MULTIPLE-BATCH MEAN AND ASSOCIATED UNCERTAINTIES 

The target of inference for a multiple-batch requirement is a percentile of the 
distribution of batch means. Under the model given in Equation (B.1) and the 
assumptions pertaining thereto, the true batch means, p + pi, follow a distribution with 
mean I.L and variance up2. Therefore, estimates of p and up2 are required for statistical 
inference. 
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The procedure for checking multiple-batch requirements will use the multiple- 
bar& mean, y-, as an estimate of y. The multiple-batch mean is defined as 

(13.11) 

The multiple-batch mean is a mean of the b individual batch means. By substituting for 
Yijk from Equation (B.1) and simplifymg, it can be shown that 

For balanced data, these expressions simplify as follows: 

(3.12) 

(B.13) 

As stated above, the statistical procedure for checking multiple-batch 
requirements requires an estimate of up2. Estimating up2 is discussed in Section B.4. It 
is instructive to consider the uncertainty in the empirical batch means. In general, the 
composition uncertainty in the i-th batch mean is 

2 uLY VdE..) = ap + - + F , 
wi wiai 
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where 

(B.15) 

For balanced data, the composition uncertahty in the i-th batch mean is 

(B.16) 

Thus, the empirical batch means, yi.., have a larger variance than do the true batch 
means, p + pi. This variance can also be estimated using the methods discussed in 
Section B.4. 

The proper estimate of composition variability to be used in the inferential 
procedure may require more investigation. This issue is related to the issue of removal 
of nuisance uncertainties, which is discussed in Section 5. The WAPS 1.3 compliance 
strategy to be used by the HLW vitrification process/product control system will employ 
an estimate of the variance that appears in Equation (B.16). This uncertainty is larger 
thai up2 alone; hence, inference based on this uncertainty is conservative relative to 

inference based on an estimate of as2. If testing of the WAPS 1.3 compliance strategy 
(e.g., using the Plant Simulation Code, as discussed by Bryan and Piepel 1993) indicates 
that this conservatism is likely to hinder verification of WAPS 1.3 compliance, this issue 
should be revisited. 

Recognizing the multiple-batch mean as a mean of individual batch means assists 
in identifying the proper sample size to be associated with the multiple-batch mean when 
constructing confidence and/or tolerance limits. For example, in the balanced case, the 
number of individual Yijk involved in calculating the multiple-batch mean is bwa, but this 
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is not the proper sample size for statistical inference. The proper sample size is equal to 
the number of batch means involved in constructing the. multiple-batch mean, b. ' 

Model uncertainty must also be accounted for by the statistical inference 
procedure. Estimating model uncertainty is discussed in Section B.5. Combining model 

and composition uncertainties is discussed in Section B.6. 

B.4 ESTIMATING VARLANCE COMPONENTS 

The model given in Equation (B.1) is an example of a two-way nested random 
model. The term "nested" is applied because the random effects are hierarchical; for 
example, uncertainty exists among analyses within a single sample, among samples within 
a single batch, and among batches within a waste type. Each observed, measured, or 
estimated attribute value includes uncertainty introduced at each level of this hierarchy. 
The uncertainty at each level in this hierarchy can be represented by a variance. These 
hierarchical representations of uncertainty are the variance components. 

Methods for estimating variance components are discussed in great detail by 
Searle et al. (1992). The discussion below focuses on general principles, applicability to 
HLW vitrification process/product control, and special features of the HLW vitrification 
process. 

Assume that the data available for estimating variance components are balanced. 
As in Section B.l, the number of batches is denoted by b, the number of samples taken 
from each batch is denoted by w, and the number of analyses run on each sample is 
denoted by a. The total number of observations is then bwa. These data may be 
analyzed with the.analysis of variance as in Table B.l. The estimates of 

(a) The analysis of variance, or ANOVA, is a well-known and widely-used statistical 
procedure. ANOVA is discussed in most books on basic applied statistics (e.g., 
Snedecor and Cochran 1980); Graybill (1976) and Searle (1971) present extensive 
theoretical treatments of ANOVA. 
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TABLE B.l. Analysis of Variance Table for the Two-way Nested Random Model, 
Yijk = /b .1- pi + 0.. + aijk 'J 

I Degrees of I Freedom 
Source of 
Variation Sum of Squares 

Batch-to-Batch b- 1 

II I I 



the individual variance components are 

, c?a2 = MSA , MSB-MSW ,2 - MSW-MSA 
9 U" - = 

P wa a 
(B.17) 

. 
where the symbols used above are d e h e d  in Table 1. These ANOVA-based estimators 
are derived by setting the sample-based mean squares MSA, MSW, and MSB equal to 
their expectations (the "Expected Mean Squares" of Table 1) and solving for aa , , 
and c r ~ ~ . ( ~ )  The degrees of freedom associated with the estimates of oU2 and up2 can be 
calculated from the Satterthwaite approximation (Section B.6). 

2 2  

Once these estimates of variance components have been calculated, they can be 
used to estimate composition uncertainties (and the associated degrees of freedom) for 
within-sample means and batch means [Equations (B.6), (B.7), (B.14), and (B.16)]. Note 
that the required variances are linear functions of the variance components, and that the 
variance component estimators given in Equation (B.17) are linear functions of the mean 
squares. Therefore, for balanced data, the required variances can be estimated with 

linear functions of the mean squares (skipping the intermediate estimation of variance 
components). Such a simplification of the estimation process should be used when 
available, since a single-step Satterthwaite approximation to the associated degrees of 

freedom will be more accurate than a two-step approximation. In fact, for balanced data, 

the estimated variances collapse to simple functions of the mean squares in Table 1: 

(€3.18) 

(a) The method of moments is a technique for deriving statistical estimators in which 
sample-based quantities are set equal to their expectations and the resulting 
equations are solved for the parameters in terms of the sampleLbased quantities 
(Lindgren 1976). Thus, the ANOVA-based estimators discussed here are 
examples of method of moments estimators. 
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The degrees of freedom associated with these estimated variances are simply those 
associated with the corresponding mean squares, b(w-1) and b-1, respectively. 

The estimators of variance components given in Equation (B.17) belong to the 
class of ANOVA Searle et al. (1992) discuss other methods for estimating 
variance components, including maximum likelihood estimation, restricted maximum 
likelihood estimation, and Bayes procedures. Complete enumeration and elucidation of 
the wide variety of techniques for variance component estimation are beyond the scope 
of this document. The choice of estimation technique must depend on the structure of 
the available data and the assumptions about the process that ate considered realistic at 
the time. Therefore, this choice should be made when data become available, as part of 
the data analysis process. Some considerations in the choice of specific technique are 
discussed below. 

It is common to assume that random effects in a linear model follow a normal 
distribution. In fact, some distributional assumption is required for several of the 
variance component estimation techniques mentioned above (e.g., maximum likelihood 
and Bayes procedures). The ANOVA estimators are exceptions -- they are derived 
simply by equating mean squares to their expected values and therefore depend only on 
the moments of the underlying distribution(s). 

The assumption of balanced data greatly simplifies the form of the ANOVA 

estimators. In fact, with balanced data, several methods for variance component 
estimation yield estimates identical or closely related to the ANOVA estimates. 
Unfortunately,. this is not the case if the data are unbalanced; in fact, for unbalanced 
data, several reasonable types of ANOVA estimators exist. Other estimation techniques 

~ 

(a) This document follows the convention of Searle et al. (1992) in applying the term 
"ANOVA estimators" to any estimators derived by applying the method of 
moments to quantities involved in an ANOVA In some cases (e.g., when the 
data are not balanced), different types of ANOVA may be legitimately applied to 
the same data. Different method of moments may result from these different 
ANOVAs. Therefore, ANOVA estimators are not necessarily unique. 
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yield unique estimators, but these techniques are iterative in nature and can impose a 
significant computational burden. If imbalance in the available data is not too large, the 
ANOVA estimators of Equation (B.17) (possibly modified to account for the imbalance) 
should provide reasonable approximations to the variance components. 

ANOVA estimates of variance components can be negative. This is troubling, 
since the true values of variance components, by their nature as variances, must be 
nonnegative. Searle et al. (1992, pp. 129-131) discuss various options for dealing with 
this problem. One is simply to set a negative estimate to zero (thereby concluding that 
the related random effect contributes no uncertainty to the observed value); a second is 
to use one of the methods that guarantee nonnegative estimates (e.g., maximum 
likelihood and Bayes procedures). 

Estimating multivariate composition uncertainties may be required as part of 
HLW vitrification process/product control. Like univariate uncertainties, multivariate 
uncertainties .may derive from various sources, so methods for estimating components of 
multivariate uncertainties may be required. Just as for univariate variance components, 
the importance of multivariate components of uncertainty lies in their crucial role in 
estimating uncertainty in values (e.g., means) calculated from a set of observations,.Xijk. 

The model given in Equation (B.1) can be generalized to apply to the multivariate 
situation, e.g., to vectors of measured feed composition: 

(B.19) 

where s j k  is the vector of individual oxide mass fractions (X;j,, 1 = 1, ..., lo), and Qi, a+, 
and !z$ are vectors of random effects. In this multivariate generalization of Equation 
@.I), it is assumed that 
ai, “;j and S j k  are uncorrelated. In analogy to the univariate case, the covariance 
matrices Cp, C,, and 2, are known as covariance Components (or components of 
covariance). 

- (Q,Zp), 41ij - (Q,C,), 3 j k  - (Q&), and the random vectors 
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Searle et al. (1992) discuss estimation of covariance components. The method to' 
be used in HLW vitrification process/product control is based on the methods for 
univariate variance component estimation discussed above and on the well-known 
formula for the variance of a sum of two random variables (see, for example, Lindgren 
1976, p. 137): 

Vb(Xi+Xj) = Var(Xi) + Vm(Xi> + 2 C U V ( X i ; Y i > ,  

from which is easily derived: 

C,V(Xi;Yi) = - 1 { YiZr(Xj 'Xj) - [Var(XJ i- VW(Xj)] } . 
2 

(B.20) 

(3.21) 

To obtain estimates of the components of covariance between X, and 3, the three 
univariate variance components (op2, oa2, ua2) will be estimated for each of 5, X,, and 
the sum, 3 + 3, and the above formula will be applied. Performing this estimation for 
each pair (i,j), j > i, "fills in" the upper half of each of the matrices of covariance 
components; the lower half of each matrix is derived from the symmetricity of covariance 
matrices. 

B.5 PROPAGATING UNCERTAINTIES 

Many of the batch and glass attributes that must be estimated and checked as part 
of HLW vitrification process/product control will be calculated as functions of more than 

one uncertain quantity (e.g., oxide mass fractions, other process measurements, empirical 
model coefficients). In order to check compliance of these attributes with process and 
product specifications, the total (univariate) uncertainty associated with each attribute 
must be estimated. Therefore, a procedure for combining multivariate uncertainties 
(e.g., covariance matrices, covariance components) to yield univariate uncertainties is 

required. 

For HLW process/product control, the multivariate uncertain quantities fall into 
two categories: 1) composition and other process measurements, and 2) empirical model 
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coefficients. As discussed in Section 4.1, composition uncertainty and components 
thereof will be estimated by using the CVS models to convert individual measurements 
of feed composition to property values (e.g., PCT results), and then performing 
univariate variance component estimation for these results (using the methods discussed 
in Section B.4). However, future developments and investigations may indicate that 
efficiency could be increased by estimating (multivariate) covariance components for 
composition and propagating these covariance components into property (PCT) units. If 

this is the case, the methods discussed in this section can be used to estimate the 

contribution of composition uncertainty (and the components thereof) to uncertainty in 
property values. In any case, the methods discussed here will be used to estimate the 
contribution of model uncertainty to uncertainty in property values. 

The procedure described below is one form of erorpropagation (or propagation of 
eror). This procedure can be used to estimate uncertainty for a wide variety of functions 
of multivariate uncertain quantities. 

The basis for the error propagation method to be used in HLW vitrification 
process/product control is as follows. Let y represent the characteristic of interest, ana 

assume that y = f(z), where z is a random vector with mean gz and covariance matrix 2,. 
Then, using a Taylor series expansion about ,uZ to approximate f(iz), an approximation to 

the variance of y, cr can be derived: Y ’  

(B.22) 

where dz is the gradient of f (Le., the vector of partial derivatives with respect to z), 
evaluated at the observed value of z. 

The uncertainty associated with a. modelled batch or glass property (y) derives 
from two distinct sources: 1) uncertainty associated with the estimated coefficients (b) of 

B. 14 



the empirical model, and 2)  uncertainty associated with the estimated composition (x).'") 
Model uncertainty will be represented by the covariance matrix, &,, for the vector of 
estimated model coefficients (which will be obtained from CVS, Hrma, Piepel, et al. 
1994). For simplicity of presentation, it is assumed here that a single covariance matrix 
representing composition uncertainty, C, is available. The case of several covariance 
components for feed composition is discussed at the end of this section. 

The general method of error propagation discussed above can be applied to the 
case in which the random vector z consists of two distinct subvectors, e.g., the case in 
which y = f(&). Denote the gradients of f(sh) with respect to x_ and b by & and db, 
respectively. If x_ and b are uncorrelated random vectors (a reasonable assumption 
d e s s  x_ is part of the data used to estimate b), the approximate variance of y divides 
neatly into two parts, one attributable to composition uncertainty, the other attributable 
to model uncertainty: 

a2 = dTX d + d T Z  d y -X X-x -b b-6'  
(B.23) 

For the special case where the function f(r,b) is linear in both the data, x, and the 

estimated coefficients, B this formula takes on an even simpler form. For this case, y = 

b, & = and 

The HLW vitrification process/product control system will estimate the two types 
of uncertainty (composition uncertainty and model uncertainty) separately. The method 
of Section B.6 will be used to combine these two types of uncertainty and to assign 
degrees of freedom to the resulting estimate of overaIl uncertainty. 

(a) If the property model is second-order, the vector x_ contains not only the individual 
mass fractions, but also some cross-products. 
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As currently envisioned, HLW vitrification process/product control will use error 
propagation only to estimate model uncertainty. However, if the decision is made later 
to estimate and propagate (multivariate) covariance components for composition, the 
error propagation methods discussed in this section can be used to estimate the 
contribution of composition uncertainty (and the components thereof) to uncertainty in 
property values. The composition covariance components can be propagated separately. 
Using the method of Section B.6, the resulting univariate variance components can be 
combined with the estimated model uncertainty to form a univariate estimate of overail 

P 

uncertainty in property units and to assign an associated number of degrees of freedom. 

B.6 COMBINING UNCERTAIWS 

When observed data are subject to more than one source of uncertainty, proper 
estimation of the uncertainty in a function (e.g., the mean) of these observations requires 
combining variance components. In addition, estimating variance components often 
requires combining mean squares, and the HLW processJproduct control algorithms 
must combine model uncertainty with composition uncertainty. In many cases (including 
all so far identified for HLW vitrification process/product control), the required 
combination of mean squares or variance components is a weighted sum, where the 
weights are related to the distribution of sampling effort (e.g., the number of samples per 
batch and the number of analyses per sample) or strength of belief in the individual 
variance components. In general, such weighted sums take the form: 

(B.25) 

where s: is the required combination of the individual variance components, sj2, with 
weights cj. 

Some measure of the quality of s: must be available in order to use this estimate 
to draw inferences. The quality of a variance estimate is often quantified by the 
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associated degrees of freedom. The weighted sum above incorporates several variance 

estimates, each with an associate number of degrees of freedom, fj. What number of 
degrees of freedom should be associated with the combined'variance estimate, s:? 
HLW process/product control will use the answer Gven by Satterthwaite (1946). The 
degrees of freedom to be associated with s: is 

fc = (3.26) 

Satterthwaite's approximation, as the above formula is known, was derived under 
the assumption of normality. Caution should be exercised in applying this formula when 
some of the cj are negative (which is often the case when estimating variance 
components). Methods and additional requirements in this case are discussed by Gayior 
and Hopper (1969), who show that the approximation is adequate when the component 
(or the sum of the several components) being subtracted is relatively small. 

B .7 UPDATING UNCERTAINTIES 

In some cases, an uncertainty estimate may be available from a source external to 

the actual Hanford HLW vitrification process data. For example, an uncertainty 
estimate may be available from operations at other sites (e.g.? DWPF, WVDP) or from 
simulations of the HLW vitrification process. It may be desirable to combine this 
external uncertainty estimate with data from the Hanford HLW vitrification process. 
Combining an external uncertainty estimate with current data is here referred to as 
updating the uncertainty estimate. 
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If the external uncertaintj estimate can be expressed as a variance, s2, with an 
associated number of degrees of freedom, f, the method described in Section B.6 can be 
used to combine this information with variance estimates derived using the methods of 
Sections B.4 and B.5. However, if the external uncertainty estimate appears in some 
other form, another method of combining this estimate with Hanford HLW vitrification 
process data must be employed. For example, the external uncertainty estimate may 
appear as an estimated variance, s2, with an associated standard deviation, e.(a) This 
section describes two methods for combining such an external uncertainty estimate with 

HLW vitrification process data. 

The first method is an adaptation of the method in Section B.6. This method 
relies on the properties of the chi-square distribution to calculate a number of degrees of 

freedom associated with s2. If s2 is estimated from a random sample of size n from a 

normal distribution, the associated random variable S2 follows (a multiple of) a chi- 
square distribution with f = n-1 degrees of freedom (Lindgren 1976, p. 334, Theorem 4). 
Since the mean and variance of a chi-square distribution are f and 2f, respectively, the 

relative standard deviation (RSD) of S2 is 

Therefore, 

f =  2L 2)2 I .  -. 
2 e 

(B.28) 

(a) This e is a measure of the uncertainty in s", Le., an "uncertainty of the 
uncertainty." 
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This approximate f can be used with s2 and the method of Section B.6 to combine the 
external uncertainty estimate with uncertainty estimates derived from HLW vitrification 
prbcess data. 

To update an uncertainty estimate, prior information must be combined with 
information contained in a current data set. Combining prior and current information is 
one application of the branch of statistics known as Bayesian statktzix. The second 
method of updating an external uncertainty estimate utilizes a Bayesian approach. 
Assume that n current observations, 3, i = 1, ..., n, are available, where the 
random sample from a normal distribution with mean zero and variance 2. As above, 
assume that both a prior estimate of 2, denoted s2, and a prior estimate of the standard 
deviation of 2, denoted e, are available. Define 

are a 

(B.29) G 2)2 s4  y s - + 2 = - + 2  
e 2  e 2  

(B.30) 

Based on these definitions, an updated estimate of 2 (one incorporating both the 
data and the prior information) can be constructed from one possible Bayes estimator: 

where 

(B.32) 
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and 

n 
Yu = Y +? (B.33) 

(in each case, the subscript "ut' is used to denote an updated estimate). In addition, an 
updated estimate of the standard deviation of c?- can be constructed: 

(B.34) 

More discussion of this Bayesian updating method, including derivation of the 
updated estimators in Equations (B.31) and (B.34), appears in Section 9 and the 
Appendix of Bryan, Piepel, and Simpson (1994). A multivariate version of this updating 
scheme appears in Anderson (1984, p. 272). 
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