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ABSTRACT

Numerical computation is used to 5<mw=mm6 resistive magnetohydrodynamic
(MHD) fluctuations in the reversed-field pinch (RFP) and in tokamak-like
configurations driven solely by direct current (DC) helicity injection. A Lundquist
number (S) scan of RFP turbulence without plasma pressure produces the weak
scaling of §-0-18 for the root-mean-square magnetic fluctuation level for
2.5x103<S<4x104. The temporal behavior of fluctuations and the reversal
parameter becomes more regular as S is increased, acquiring a ‘sawtooth’ shape
at the largest value of S. Simulations with plasma pressure and anisotropic
thermal conduction demonstrate energy transport resulting from parallel heat
fluctuations.

To investigate means of improving RFP energy confinement, three forms of
current profile modification are tested. Radio frequency (RF) current drive is

modeled with an auxiliary electron force, and linear stability calculations are used
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1. INTRODUCTION

In recent years, magnetically confined plasmas produced in the conventional
tokamak configuration have approached fusion reactor conditions, and the first
experimental reactors will likely be tokamaks. However, the large toroidal
magnetic field implies large construction and maintenance costs, which hamper
economic competitiveness for commercial applications. Other magnetic
configurations have relatively smalt fields, which may lead & a more practical
reactor design. The reversed-field pinch (RFP) is among this group. With smaller
fields, the discharge is more susceptible to relaxation via fluid-like motions. This
relaxation is an inherent feature of ordinary RFPs. it permits reliable operation and
is worth study on a scientific basis. However, the associated magnetic turbulence
reduces particle and energy confinement, which are critical for achieving fusion
conditions.

The issue of steady-state current drive is also imponrtant for fusion reactors, and
it has not been settled for any toroidal configuration. Recent experiments have
investigated an electrostatic approach for tokamaks, which is based on the same
type of relaxation as that observed in RFPs (see Ono, 1987; Darrow, 1990; and
Nelson, 1994). If this concept is successful, it will be a major advance towards the
fusion reactor goal.

In this dissertation, | describe numerical simulations that investigate relaxation
in RFPs and in tokamak configurations driven by an electrostatic potential. My
objective for the RFP study is to demonstrate practical methods for improving
confinement. The tokamak study is more basic; relaxation with this form of current
drive has not been previously studied from first principles. ‘Helicity injection’ refers
to a popular method of analysis for plasmas subject to relaxation. It is based on an

energy minimization principle that has been adapted to describe continuous

operation. Magnetic helicity (defined below) is a constraint on the minimization,
and this constraint becomes a balance for rates of helicity dissipation and injection
in the steady-state description. RFPs and electrostatically-driven configurations are
often analyzed in this context, so | devote the first section of this chapter to a brief
review of helicity and helicity injection. Some of my results show that the helicity
rate balance is not an adequate description, so | shall return to this topic while

discussing simulation results and in the concluding chapter.

1.1 Magnetic Helicity and Helicity Injection

The notion of magnetic helicity as a useful concept for plasma physics probably
originated with an astrophysical paper by Woltjer in the late 1950s (Woltjer, 1958).
The objective of the paper is to justify a then frequently-assumed class of
magnetohydrodynamic (MHD) equilibria where the current density is proportional
to the magnetic field with a uniform constant of proportionality throughout (J=AB).
Woltjer found that the volume integral .—> -Bdx, where A is the vector potential, is a
conserved quantity in perfectly conducting plasmas within closed conducting
containers. He used this as an invariant while minimizing the magnetic energy to
find the state with the lowest possible potential energy. This results in the desired
configuration, and the invariant integral later became known as Bmuz_wmo helicity.
In physical terms it is a measure of the linkage of magnetic flux tubes in a given
configuration (Turner, 1987). The significance of the minimization principle lies in
the stability properties of the resulting equilibrium. It has been shown that under
certain conditions, this minimization implies a necessary and sufficient condition for
stability to ideal, i.e. nonresistive, MHD perturbations (Finn, 1981). In general, it is

sufficient but not necessary for ideal stability within a conducting container.
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5
the poloidal integrations are carried out, the result is 2V|®, with & being the toroidal
flux. Other configurations allow the application of electrostatic fields parallel to
magnetic field. In these cases, E, =—Vy, where g is the electrostatic potential.
Gauss’ law gives 2B, - Vxdx = -2[ V- (xB, Jdx or ~2]xB-ndS after using the
divergence theorem. Configurations such as spheromaks have used this form of
helicity injection for decades (see Jarboe, 1994, for a review).

The dissipation of helicity from a small amount of resistivity provides support for
Taylor's hypothesis. As Taylor himself points out in a later paper (Taylor, 1986), the
decay of helicity and the decay of magnetic energy may be compared after

transforming to spatial eigenfunctions. Ignoring any possible injection,

Ko _on3kB2,and
dt < :
dw 202
LA -1 3
dt m nen

where W is the magnetic energy, and Bp and knBn are the transformed
components of magnetic field and current density, respectively. At wavenumbers
(kn) of order 112, the magnetic energy dissipation rate is of order unity while the
helicity decay rate is of order n1/2—small when 7 is very small. Thus, fine-scale
relaxation tends to dissipate magnetic energy at a larger rate than helicity.
However, for driven/damped systems considered over time scales on the order of
the global energy and helicity turnover rates, relaxation arguments are not

appropriate.

1.2 Reversed-field Pinch and Tokamak

The RFP and tokamak are toroidal magnetic configurations, and the difference
between them lies primarily in the magnitude of the toroidal field component. In the
RFP, the small toroidal component aliows plasma current to shear the field in the
azimuthal direction, so that it is purely azimuthal at the point denoted the reversal
surface. Between this point and the wall, the direction of the axial component is
reversed. In contrast, the large toroidal component in the tokamak shears the field
in the opposite direction. These features are evident in the comparison of typical
safety factor profiles shown in Fig. 1.1. The safety factor is the number of toroidal
passes that a magnetic field line makes within the torus for each poloidal pass that
it completes. Using a geometric approximation where the totus is treated as a
periodic cylinder, the m&mc\ factor reduces to q(r)=rBz(r)/RBg(r) (R is the axial
period length over 2r). [Fundamentals for the RFP and tokamak are reviewed in
Bodin, 1980 and Mukhovatov, 1971, respectively.]

MHD dynamics in the two configurations are remarkably different. Potentially
unstable MHD modes arise at resonance surfaces where the perturbation does not
bend the equilibrium field and thereby avoids a restoring force. Using the periodic

cylinder approximation allows a Fourier series representation:

S.puuM*a.,_sm-xaos%f ‘ :.e
mn .

where f.p, n(r)= *r.ss. and the resonance surface (rg) for a particular mode

occurs where g{rg)=-m/n. In general, as the poloidal mode number, m, is

increased, ideal perturbations become more stable (Newcomb, 1960). Therefore,

the most dangerous modes are usually those with small m-numbers. [Localized

‘ballooning’ modes in tokamaks are an exception that result from toroidal effects.]
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9
provides existing experiments with a method of testing the impact of noninductive
helicity injection without hardware modifications. Nonlinear MHD simulations
presented here do indeed show beneficial effects on the fluctuation level as the
pulse propagates across the cylinder radius. These numerical results compare
favorably with experimental results.

Helicity injection in tokamaks is intended to serve the purpose of toroidal cutrent
drive. The concept is currently under experimental investigation in the Current
Drive Experiment (CDX) at Princeton University (Ono, 1987), the Continuous
Current Tokamak at the University of California, Los Angeles (Darrow, 1990) and
the Helicity injected Tokamak at the University of Washington (Nelson, 1994). The
MHD simulations presented here are the first solutions from basic equations for this
concept. An axisymmetric injection system, similar to the HIT configuration, is
modeled in a periodic cylinder. The simulations reproduce the important
experimental features of axial (toroidal) current without ‘loop’ voltage and poloidal
fiux amplification resulting from an MHD dynamo. However, the current profile
relaxation is'weak, and the magnetic fluctuation level is large.

This work is organized in the following manner: Chapter 2 is devoted to
describing the two numerical tools that are used throughout. Chapter 3 presents
information on MHD activity in RFPs, including a review of power flow, modeling of
energy transport, and a pressureless Lundquist number scaling of the fluctuation
level. Chapter 4 addresses the helicity injection concept for RFPs, covering the
approaches discussed above. The tokamak injection study is presented in Chapter

5, and Chapter 6 provides a summary and concluding remarks.

10
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2. NUMERICAL TOOLS

Modeling a plasma with the MHD equations treats the plasma as a single,
conducting fluid. This approach is strictly valid when electron inertia, kinetic effects,
particle orbit effects, and high frequency phenomena are not important (Krall,
1986), but it is often applied to plasmas where these conditions are not satisfied.
The philosophy behind the MHD studies presented here is not to provide a
comprehensive model for all phenomena in the RFP and tokamak. Rather, itis to
examine one class of phenomena—long wavelength, fow frequency modes, which
are important in both devices and are weli-described by the equations of MHD.

When plasma pressure is small, the equations in MKS units are

%Z.GSuo 2.1
.w«+n<.<<u._xm (22)
=-VxB+nd (2.3)

auP<xm.

o (2.4)
where V is the fluid velocity, and p is the mass density. Equation 2.1 is a statement
of mass continuity, Eq. 2.2 is Newton's law with a Lorentz force, Eq. 2.3 is the
generalized Ohm'’s law, and Eq. 2.4 is Ampere’s law in the absence of
displacement current,

In both the RFP and the tokamak, MHD activity is usually characterized as small

perturbations or fluctuations about an equilibrium configuration. The activity is then

14
classified as nonlinear or linear depending on the significance of interactions
among the perturbations. In all of the topics addressed here, nonlinear interactions
are important. To obtain numerical solutions for the nonlinear MHD system, the 3-
dimensional DEBS code is used; it is described in Section 2.1. To discem the
impact of current profile modification on the linear stability of the fluctuations, a
linear eigenvalue approach is used. This approach is embodied in the RESTER

code, which is described in Section 2.2.

2.1 DEBS

The DEBS code solves initial value problems with a prescribed set of boundary
conditions in the geometry of a periodic cylinder (Schnack, 1987). The aigorithm
uses the _umm_._ao-mvmo:m_.mvnama? where linear operators such as spatial and
temporal derivatives are treated in the Fourier representation of Eq. 1.4. Nonlinear
products, such as the Lorentz force in the momentum equation, are generated with
a discrete representation of physical space to avoid summing over a large number
of modes. An efficient Fast Fourier Transform (FFT) transiates from the physical
space representation to the Fourier space representation and vice versa. A
discrete mesh is also used for the radia! dependencies; radial derivatives are
approximated by finite differences.

DEBS has been applied to many different nonlinear plasma problems over the
past decade, and users constantly modify the algorithrs and equations as new
applications or new phenomena are studied. Presently, there are several distinct
codes. Among them is a pressureless code that | have used for most of the DC
helicity injection studies and all of the PPCD simulations. The version with which |
started was previously modified by Yung-Lung Ho to model a resistive wall (Ho,

1991a) and DC helicity injection (Ho, 1991b). The essential aspects of DEBS and
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dependent inertia to the fluid and slows the propagation of the large wavenumber
waves. The emphasis here is on resistive fluctuations that act on a hybrid time-
scale between 1r and 13. The constant o and the time-step are chosen such that
the semi-implicit term has little effect on resistive modes. In fact, for all but the
smallest spatial scales, Alfven waves are also modeled accurately.

On the right side of Eqg. 2.5, an isotropic viscous term has also been added for
numerical purposes. The leapfrog scheme introduces dispersive errors but not
dissipative errors for linear waves, and it requires some viscosity to keep nonlinear
waves numerically stable (Anderson, 1984). The magnitude of the normalized
viscosity that is used (v = 1) is typically larger than realistic values of cross-field
viscosity coefficients (Sidikman, 1990). However, power dissipated by the viscous
term is monitored and is c.m:m__< much less than ohmic dissipation. If this is not the
case, a detailed investigation is warranted.

The boundary conditions on the vector potential allow the DEBS code to
simulate a wide variety of helicity injection schemes. For a normal RFP
configuration, the temporal derivative of (A} at the wall (r=1 after normalization)
applies an axial electric field to drive current, and the derivative of (Ag(r =1)) is
zero to conserve axial flux. [The { } symbol indicates the (m=0, n=0) or ‘mean’
Fourier component, and small case letters are used to denote nonsymmetric
components or modes.] For the PPCD simulations, a transient poloidal electric
field is applied with nonzero (Eg(r = 1)) = -3(Ag(r =1))/0t. Simulations of tokamak
helicity injection use the nonsymmetric components of A to apply a divertor field
and an electrostatic potential at the plasma surface. This generates the
electrostatic helicity injection, sm.— xB-ndS, where y is the electrostatic potential in
the Coulomb gauge. For the RFP simulations with DC helicity injection, by and jr

are specified at the wall, and the latter indirectly enforces an electrostatic potential.

18

The plasma behavior is insensitive to the velocity boundary conditions when the
resistivity near the wall is large. When such a profile is chosen, all components of
V(r=1) are usually set to zero for RFP simulations. In fact, a sharply rising qmmw\m=<=<
profile is not unrealistic. Impurities and wall fueling tend to make the exterior a
relatively resistive region in RFP experiments. For these simulations, the
normalized profile n(r)=(1+9r30)2 is a common choice.

The tokamak helicity injection simulations require different boundary conditions.
The applied electrostatic fields are mostly perpendicular to the magnetic field, and
specifying jr in these simulations produces unresolved gradients in A. Instead,
electrostatic fields are applied directly through the nonsymmetric part of
9A(r=1)/ot. The resulting hollow current profiles are strongly dependent on the
resistivity near the wall (see Section 5.3.2), and most cases have n(r)=1. Without
large edge resistivity, the plasma is sensitive to the velocity boundary conditions.
The radial and axial components of V(r=1) are set to the local E xB drift from the
applied electric field and the local magnetic field. The azimuthal component is then
adjusted so that (V xV), =0. The radial and axial components prevent the
formation of a surface current which would dominate other behavior, and the
azimuthal part avoids a large viscous decay that is generated when all components
are set to ExB. This particular combination injects parallel current without
inducing perpendicular surface current for the vertical E configuration described in
Chapter 5. It may not be applicable to other field configurations.

A series of simulations is usually initiated as an equilibrium configuration with
small amplitude perturbations. Equilibria without plasma pressure have current
density that is strictly parallel to the magnetic field, (J(r))x (B(r)) =0, and one may

freely choose a ‘parallel current’ profile,
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Figure 2.2 Time histories-of modal magnetic energy (radial contributions only) for a
selected group of modes from the sample RFP simulation. At t=0, the mean fields

are the paramagnetic equilibrium shown in Fig. 2.1. The traces shown are missing

a factor of 210 due to a programming error.

(F = (B, (r =1))/®, where & is the axial magnetic flux), shown in Fig. 2.3a. The
applied axial electric field is constant, and the net axial current varies only slightly
(Fig 2.3b shows the pinch parameter © =1,/2® vs. time). The simulation is
continued for an additional 0.15 1y to obtain time-averaged information on the
quasi-steady configuration. The average parallel current and safety factor profiles
are shown in Fig. 2.4, and the level of temporal fluctuation is shown by the dotted
traces. The action of the MHD dynamo flattens the parallel current in the interior
(compare Fig 2.1c and Fig 2.4a), and a reversed state is maintained (Fig. 2.4b).

Details of the MHD dynamo are discussed in Chapter 3.
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Figure 2.3 Time histories of (a) reversal parameter and (b) pinch parameter from

the sample RFP simulation.
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Figure 2.4 Radial profiles of (a) parallel current and (b) safety factor in the quasi-
steady RFP state. The solid traces show the time average for 0.15<t<0.30, and the
dotted lines indicate a standard deviation above and below the average. These

results are from a continuation of the simulation shown in Figs. 2.2 and 2.3.
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varied levels of temporal and spatial resolution. There is sufficient agreement to
consider case A converged in both =im and space. The next three simulations
have half the spatial resolution of A with varied levels of hyper-dissipation. The
root-mean-square (rms) magnetic fluctuation levels are all within 3% of case A, and
the pinch parameters are within 0.4%. The average reversal parameters are within
8%. The larger discrepancy on F is not surprising, because the hyper-dissipation
does affect the temporal behavior, and F oscillates by half its average value for

these physical parameters. With different values of ¢, the 0.2 1; does not cover

Table 2.1, Time-averaged results from RFP simulations with and without hyper-
dissipation. The reversal and pinch parameters also indicate the standard

deviation of the temporal fluctuations. The time-step for all but case B is 0.1/S, and

case 9 Ar F o rms(b)
A 0 8x10-3 -0.095+0.049 1.62510.005 0.0341
Ba 0 8x10-3 -0.09010.048 1.625£0.005 0.0338

c 0 4x10-3  .0.096£0.043  1.626+0.004  0.0341
D 5.5x104  1.6x102  -0.079+0.044  1.620£0.005  0.0335
E 2.8x104  1.6x102  -0.094t0.044  1.623:0.005  0.0345
F 1.1x10"4  1.6x102  .0.088:0.044  1.623:0.005  0.0351
G 2.2x103  3.4x102  .0.061£0.026  1.612t0.003  0.0314
Hb 1.1x10-4  1.6x10"2  -0.109+0.043  1.623:0.004  0.0346

aThe time step (At) reduced by a factor of two in this case.
bNo normal viscosity, v=0.

26
the exact same number of oscillations. A simulation <<=:.os hyper-dissipation that
is not listed in the table also has Ar=1.6x10-2, and it suffers from obvious radial
aliasing errors. Therefore, hyper-dissipation maintains numerical stability in cases
D-F. Case G has one-fourth of the spatial resolution of A m:a._.cm. enough hyper-
dissipation to avoid aliasing errors. The general behavior remains similar, but
there are substantial discrepancies in F and rms(b), relative to the other cases.
From this | conclude that the hyper-dissipation allows a factor of two reduction of
radial resolution while preserving accuracy for average, global information.

The hyper-dissipation may be viewed as a means of modifying the numerical
behavior of the normal dissipation algorithms. To show this, consider the decay of
a flow-field under the influence of viscosity and hyper-viscosity. The coefficient of
the j-th eigenfunction of the spatial operator V2 evolves according to

W,”l_ =—(vpf +Lof}v;.
where ..v_.m is the j-th eigenvalue of V2. The fully-implicit, finite difference form of -

this equation is

n+1 n
Vit

! - s n+l
A m%_ +p; v<_ :

where the superscripts on velocity indicate the temporal index, and ..m_m is the

numerical approximation of nvw. The amplification factor (Gn) is

<3 - A -2 -4 )
j + VAtp; +n>§

which reduces to the well-known amplification factor for implicit diffusion when {=0.
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Dividing the latter by the former gives a fluctuation energy turnover time of 5x1 0-3.

With the resistivity normalization, this implies that all wavenumbers larger than 14
are highly damped. Thus, the physical dissipation begins in the low wavenumber
region of Fig. 2.3, where the numerical schemes are accurate. This is also
confirmed by the fact that in case E, the power dissipated by hyper-resistivity and
hyper-viscosity is approximately 2, while in F it is approximately 1. These are small
relative to the net power going into the fluctuations and much smaller than the total
input power, which is approximately 100. .

An additional simulation, case H in Table 2.1, has the normal viscosity set to
zero, so that stabilization of small-scale velocity oscillations depends on the hyper-
viscosity alone. There are only modest changes in the global performance
parameters, so the normal viscosity also does not affect the MHD solutions
significantly. .

The three cases with hyper-dissipation and half the resolution of case A ran in
approximately half of the CPU time with much less memory, so there is a
substantial net savings in computational resources. This approach has made

possible the largest S simulations of the scaling study presented in Chapter 3.

2.1.3 Finite Pressure

The pressureless versions of DEBS produce accurate information on MHD
tearing mode behavior for low-B plasmas (B = 2j10P/B? ), but they do not produce
guantitative information on the important issue of thermal energy transport. To
examine this issue, the finite-pressure code solves the pressure evolution equation

daP

c-kﬂmm,.qvﬁn-m<.av<vum:|¢_u<.<+w_w|l¢imuq.._ , ﬁ;:
0
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where P is normalized by its initial value on axis, and Bg is the initial § on axis, The
first two terms on the right side are advective and compressive terms from .
hydrodynamics. The third term is the ohmic heating from electron-ion colfisions,
which is transferred from magnetic energy. The resistivity is again a function of

radius, but it is based on the Spitzer formula such that n ~ A._.vua\m

, where T is the
temperature. [Without density evolution, T=P in the normalized units.] The fourth
term is the divergence of heat flux from anisotropic thermal conduction, q=~x-VT,
and x is the local conductivity matrix. For the RFP simulations discussed later, the
boundary conditions are selected to fix the pressure at »:.m wall to be 1/10 of the
initial pressure on axis. This aliows thermal conduction out of the system, so that a
quasi-steady state can be achieved. The momentum equation (Eq. 2.5) is also
modified to include the pressure force,

av

(1- cAtV? Munm<.<<+m._xm|mm%<v+<<~<. ﬁ.@

Dissipative heating from the viscous term in Eq. 2.12 is not included in Eq. 2.11,
because it is not an accurate representation of the viscous damping in real
plasmas, which is very anisotropic.

With two minor exceptions, the transport of energy through the system is
modeled self-consistently. It enters through the applied electric field and resulting
currents and is eventually transferred from the magnetic field to intemal energy
through ohmic dissipation. The intemal energy then escapes to the wall with the
aid of the magnetic fluctuations—details of this transport process are discussed in
Chapter 3. One inconsistency is the viscous damping, mentioned above. The

other stems from the lack of a continuity equation, which implies that the kinetic

energy density evolution effectively has an extra factor of (V- <v—w<N [2-P/(v- s_.
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eigenfunctions, {Ek} and {{)}, respectively. In analogy to Eq. 20 of Schnack, the

coefficients of the K eigenfunctions then evolve according to

Ja
ofa, +xat Y, ;umBM.. ofbmibry
9By _ mek " | (2.14)
wﬁ 1]

T+xaty q_m_c_n__N
i

where -ok2 is the eigenvalue associated with E for the operator K, -oi2 is the
eigenvalue associated with {) for the operator G, and by is the inner product of {j
and &k.

As pointed out by Schnack, the semi-implicit modification leads to two sources
of error. First, if G and K do not commute, the sum in the numerator on the right
side of the Eq. 2.14 leads to unphysical coupling of the K eigenfunctions. The
prescription for minimizing this error is to choose an operator G that closely
approximates K; however, it must be more easily inverted than K to realize any
benefit over implicit methods. The choice that is currently in DEBS is V-x;-V,
where the elements of K.; are the 8-z averages of the diagonal elements and the 6-
z off-diagonal element of the real conductivity matrix at each radial position. The
semi-implicit conductivity elements are therefore functions of r, but the operator
does not couple different Fourier modes. This is a reasonable choice in terms of
the first type of error; as the magnetic field perturbations go to zero, G and K
become identical. The second type of error results from the second term in the
denominator of Eq. 2.14. This can be minimized only by ensuring that yAtc|2<<1
for the modes of interest.

The finite difference form of the modified thermal conduction equation is

34
(1-2AtG)(T™ - T") = AKT" .

If we again resort to the use of the eigenfunctions of K and make the further

approximation that G and K commute, the amplification factor becomes

al*!  1- Aof + xAtoh

af) 1+ yAtof

The basic stability requirement is that -1<(ag"+1/axM<1 for all k, because any error
may be expanded in terms of the eigenfunctions of K, and a coefficient of error will
grow in time if this condition is not met. The requirement is satisfied if

sm 1

m .n
—% —— ,and 20, 2.
X0k 2 24—~ 1 and xok 20 (2.15)

forall k. As At becomes small with respect to 2/wk2, x may be reduced to zero, and
the finite difference equation reverts to a simple explicit scheme. This ensures
consistency with the original partial differential equation for T. In practice the actual
eigenvalues are not found for either operator. The largest eigenvalues are
approximated by multiplying (/Ar)2, (mmax/r)2, and (nmax/R)2 by the corresponding
diagonal conductivity-matrix elements at each radius and then finding the
maximum product over the entire radius. This approximation is then used to
determine y.

The algorithm has been tested in problems that compute only thermal
conduction and in full-scale RFP simulations. Among the first group is a qualitative

test that provides motivation for using the semi-implicit method. In this test, the

perpendicular conduction coefficient is set to zero, so that heat should only flow
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direction, and y is the vertical coordinate. The steady-state temperature for a

particular horizontal position x is
T="To+T(2x%-1),
where Tg is the initial temperature and T is the perturbation magnitude, or
T[ro+ {2 1)+ H%m-_s oo, (2.16)

in polar coordinates, where c.c. refers to the complex conjugate of the previous

term. The time-dependent solution for a given x has the series form,

=T +T@x2 1= 3 (<o~ 4 @ty 217
T=To+T(@x2-1){1 _WQA ye @i+ | 21 || =

where o; u.wsmga___wm_éa\ 21-x® ﬁ.

To verify the spatial accuracy of the algorithm, three simulations were run for
200 time-steps with varied levels of radial and poloidal resolution. The parallel
conductivity is 1x104 and the time-steps are large, At=1, so the final temperature is
in steady state and may be compared with Eq. 2,16, Figure 2.7 shows the errors
associated with the (0,0}, (2,0), and (4,0) modes for the different cases. Errors in
other modes are much smaller. The largest error is five orders of magnitude
smaller than the temperature ua;:&mzo,:. and this is improved with increased
radial resolution. Increasing the poloidal resolution has little effect. This test shows
that the spatial part of the algorithm—the seemingly complex procedure for finding

V- q—is quite accurate for typical resolution levels used in the simulations.
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Fig 2.7 Temperature errors in the steady-state solutions of three test cases
(labeled A, B and C) with varied spatial resolution. The separate plots show the
errors in the (0,0), (2,0), and (4,0) Fourier components. The magnitude of the

imposed temperature perturbation is 0.1.
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Full RFP simulations use time-steps that are based on the MHD activity which is
slow relative to parallel conduction along magnetic fluctuations, so the thermal
transport process is quasi-steady on this time scale, As the magnetic fluctuations
change over hundreds of time-steps, the computed paralle! conduction has no
problem with temporal accuracy. In this sense, the thermal transport at any given
time is essentially an elliptic problem. The simulations in Chapter 3 conserve
power to within 1%, and the heat fiux results from parallel conduction along the

fluctuations.

2.2 RESTER

While RFPs are best described by a nonlinear treatment, linear stability is an
important component of the MHD model. It determines which modes access ‘free’
energy from the equilibrium field configuration, and these modes are large in the
saturated state. Helicity injection for fluctuation suppression changes the mean-
field distribution, and if successful, reduces available free energy. [ therefore use ‘
linear om_o:_.w:o:m to guide current profile modification efforts.

The original analytic theory of .qmm,mzé MHD stability is due to Furth, Killeen and
Rosenbluth and uses planar geometry (Furth, 1963). Coppi, Greene and Johnson
later revised this theory for the periodic cylinder (Coppi, 1966). A scalar equation is
derived for the perturbed flux function that is associated with an individual Fourier
mode. The radial domain is divided into a small ‘inner region at rg and adjacent
‘outer’ regions. The resistivity is used as a small parameter, so that the resistive
term in Eq. 2.3 is negligible everywhere except in the inner region, where large
u_,m.&mam exist. In the outer regions, neither resistivity nor inertia are important, and
the displacement is essentially force-free and ideal. The solutions in the different

regions are solved separately and matched at the interfaces, which defines an

42
eigenvalue problem. A positive growth rate results in the pressureless case if the
eigenfunction has a positive jump in slope at rs. Therefore, to determine stability,
one needs to find the eigenfunction by solving the outer region equation.

In configurations without plasma pressure, the perturbed ‘flux’ associated with
the (m,n) mode satisfies
d2

av._. 2,18
a2 =AY (2.18)

_ 12
in the outer regions, where v = r'?, \ Asm +_Am_,mv ,

“A= E& a2 dr (m(B)- _A_.Amovv __2Mmk
r2 dr m(Bg)+kr(B;) m?+k3r2
(m* + 10m%3r2 - 3Kk%4) . (2.19)
.:n?am +k3r2 vm

and k=n/R (Robinson, 1978). This is derived from

jx(B)+(J)xb=0 and wﬂun<xA<xAmvv.

the linear versions of Eq. 2.2 and Faraday’s law with the ideal part Eq. 2.3. There is
no resistivity, no inertia, (V) is negligible, and V-v =0 is used to give the least-
stable displacement (Newcomb, 1960). Equation 2.18 is a linear, homogeneous,
ordinary differential equation, but it is singular at the origin and at rs. [For now it is
assumed that there is only one resonance surface for a given mode. The problem

of multiple resonance surfaces is discussed fater in this section.] A simple
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This is Robinson’s Eq. 13. Note that the denominator on the right side of Eq. 2.24 is
the Wronskian of the two linearly independent solutions, so it is never zero.

The singular term at rg in Eq. 2.19 is expanded in x in the following manner,

(A +A"x+... TJTF y+(B; v x+...v —k(rg+ vamov +(Bg v\ x+.:z

”. N
(rs +x) _u\x+_..|mx|+.:

where the mean fields are evaluated at rs, F =m(Bg)+kr(B,), primes indicate d/dx,

and it is assumed that F'#0 at rs. To order x0, this expression is

V(m(B,)-krg(Bo)) _A"(m(B,)-krs(Bo)) »ABAmN y nzwcv:ximavq

xF'rg Frg Frg
. A'(m(B, ) -krs(Bg)) . A(m(B ) —krs(Bg))F”
F're? 2F'rg :

The first term of this varies as 1/x, and the coefficient is Robinson’s G. The

remaining terms plus other terms in Eq. 2.19 evaluated at rs are his G1. The
function Q(x) is then set to o\x+9+33. with

R(x) = _xﬁmmm ~16ab) +x(4a* - 142 - 2a%)
+x3(8a% - 14ab? )+ x*(4a%? - ch_

+AA+ ax +bx? vm
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where a=G/2, b=(G2+G1)/6, and published typographical errors have been
corrected in the expressions for Q(x) and R(x).

Robinson’s choice of Q(x) means that Q-A (which appears in Eq. 2.24) is of

order x, and the solutions of the comparison equation have the closed forms,

X
2
1+ax+bx

uy(x) =

2.3
up(x) = ty(x) |m+mm_s_x_+ﬁmm +mcvx+muxm +_|u|mm1 .

Neither solution is singular at x=0; however, the denominator of u1 may be zero
elsewhere. This is not a serious problem, because the comparison equation is
only needed near the Emm:m:om surface. One may integrate Eq. 2.18 to a point
between the u1 singularity and rg in an ordinary manner, transition to Eq. 2.24 to
get across rs, then integrate to the wall or to a point before the next u1 singularity
and transition again if necessary.

For the second linearly independent solution in rg<r<1, it is convenient to
choose one that behaves like u1 near rs, so that a linear combination of this
solution and yo changes A’ without creating a discontinuity in y. In fact, when the
second solution () is found by marching from rg with B(x=0) set to zero and o(x=0)
set to unity, the ideaf stability is determined. This solution is Newcomb's ‘small’
solution in this region, after a change of variables from the perturbed displacement
to the perturbed flux (Furth, 1973). To paraphrase Newcomb’s theorems, ideal
stability is determined by finding the solution that is small on the left side of each
independent region. These regions are bounded by the origin, the resonance

surface, and the conducting wall. The proper small solution in O<r<rg is the
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Q .-mv

v (arbitrary units)

(1,-22)

Vo

v (arbitrary units)

Vo

0 2 A4 .6 .8 1. 0 2 4 .6 .8 1.
r r

Figure 2.9 Periurbed flux solutions for the paramagnetic equilibrium with E2=3.95
and Bz(0)=1. The four plots show the solutions for the Fourier modes indicated,

and the vertical lines indicate rg for the modes that have resonance surfaces.

When there are two resonance surfaces, the ideal stability determination only
requires the consideration of an additional independent region; however, the
resistive stability determination is slightly more complicated than it was with one

resonance surface. There are two inner regions and three outer regions. The

50
outer region bounded on the left by the origin again has only one possible solution,
but the other outer regions have two possible solutions each. The boundary
condition at the wall determines the linear combination in the region between the
second resonance surface and the wall, and an additional condition is needed to
determine the eigenfunction. That condition is the matching of the temporal
behavior at the two resonance surfaces. For the problems considered here, the
modes are purely growing. Thus, the eigenfunction must produce the same growth
rate in the two inner regions. The derivation that follows has this physical basis, but
its form otherwise follows the ‘double-tearing’ analysis in Dewar, 1993. [Dewar
uses this situation as an example for a general mathematical formalism for modes
that couple multiple resonance surfaces.]

In the limit of <m:mm:5.c pressure, the inner region analysis yields the following
relation between the growth rate (y) and the nommalized change of the fiux

function’s slope across the inner region (A):

115
: .2
y o AY57 /5 mm. (2.26)

with the physical quantities evaluated at a particular resonance surface (Furth,
1963 and Robinson, 1978). It is convenient to use the general relation A; = _Aﬁm.
where the subscript j is the surface index and ¢ is a fraction. A physically
meaningful eigenfunction then results when the outer solutions are matched to the
inner solutions, Aj=Aqand Aj = Ag, and the temporal behavior in the two inner
layers match, A¢/K4=Ap/K,. Note that the eigenfunction discontinuities, A} and

A, are not necessarily the same.
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il D21

Bz _-mm

DW = D.NN +

Setting Ajto K{y° gives B in terms of y5. Substituting this in the expression for A3

produces a dispersion relation for y:
(S 2 , ’ (4 ’ oAl ’ ’
KiKa(y ) —(KaA11+KiAbp J¥S + A1 iAbp ~ AlpAby =0 (.27

The solutions are

r I N I4 , I +
(KpA31+K4ah) £ )\ (K2A%1+K1A% ) —4KKo(A1AD — AjAb1)

ﬂ =
i 2KK, ’

(228)

which may be compared with Dewar's Eqgs. 61-63 where the viscous :E: of the
inner layer solution is used, including differential rotation between the rational
surfaces.

A configuration is unstabie when either of the solutions in Eq. 2.28 is positive.
This is the case when either A}y or Aj, is positive (Dewar, 1993). To demonstrate
this, the discriminant of Eq. 2.28 is rewritten as (KoA%1~ KA vm +4KK2A304%1.
By definition, Ky and K2 are positive. The quantities Aj, and A3, are also positive
when the configuration is ideally stable (Manickam, 1983). In the region rg{<r<rs2,
Y2 is Newcomb's small solution with a positive slope on the left and a positive
value at rg2 if ideally stable, so Ab1>0. A similar argument can be made for Ajp,
except the small solution starts from the right side of the interval at rg2, which is
equally valid (Newcomb, 1960). The Qmo.:..:_:m_,: is therefore positive, and its root

is large enough to make the numerator of Eq. 2.28 positive.
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Having Ajq and A both negative is not a sufficient condition for stability,
however. From the form of the discriminant in Eq. 2.28, it is apparent that a positive
solution still exists unless AjsA5q < Aj1A5o (Dewar, 1993). Both of these conditions
are checked in RESTER to determine the resistive stability of a mode with two
resonance surfaces.

The procedure carried out in RESTER begins by numerically solving for the
equilibrium fields and safety factor from a model specified by the user. The code
then cycles through the desired Fourier modes, and determines the ideal and
resistive stability for each in the following five steps: 1) The radial domain is
searched to determine the number of resonance surfaces for the current mode. 2)
The grid is adjusted so that grid points do not coincide with resonance surface
locations, and the equilibrium quantities are recalculated on the new grid.
Functions such as F(r), A(r) and A'(r) are also determined, and the singular
functions A(r) and Q(x) are computed separately and subtracted, so the grid
rescaling prevents floating point errors. 3) For each resonance surface, the roots of
the ui denominator are determined. The code then creates of set of instructions
that tell the integration procedures where to make transitions from the use of one
ooaumzmo: equation to another or to a straightforward integration without a

comparison equation. This is probably the most complicated part of the code due

to all of the possibilities when there are two resonance surfaces. -4) The ‘ideal’
solutions are computed in each region, and ideal stability is determined. 5) If the
mode is ideally stable, yo is computed to determine resistive stability.

The code has been applied to many equilibria, and it produces reliable results.
To verify accuracy, | have compared output with a paramagnetic equilibrium
discussed by Robinson. The resistivity profile is flat, and the most unstable mode is

the m=1, k=-0.60 mode. In Robinson’s units, the normalized current density on axis
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3. MHD ACTIVITY AND ENERGY CONFINEMENT IN THE RFP

The MHD equations form a fairly complete model of the RFP, and the solutions
to these equations capture many—if not most—of the important features of
experiments. The model is a driven/damped system of interacting Fourier modes,
and the rich, dynamic behavior can be explained in terms of the power flow. To lay
the foundation for this discussion, | will begin with the power flow through the
paramagnetic equilibrium. This is a simple system, but it is not realistic because it
is unstable. Considering the instabiiities then leads to the RFP configuration.

It has already been shown in Chapter 2 that the parallel current and safety
factor profiles of the paramagnetic equilibrium are similar to those in an RFP. The
current density is everywhere parallel to the magnetic field in the limit of vanishing
plasma pressure, and it satisfies the parallel component of Ohm’s law. The
perpendicular component is satisfied through a mean, inward drift:

(Vr) = —(E, )Bo)/S(B)? in'the normalized units with time in terms of 7, (where the
magnitude of E; for a given configuration is independent of 10). The simple vector
addition is illustrated in Fig. 3.1, showing that the applied axial electric field
sustains azimuthal current when the magnetic field is not purely axial or azimuthal.
Since both components of Ohm's law are satisfied, the paramagnetic equilibrium
does not resistively decay.

The energy in this system is predominantly magnetic energy. Poynting’s
theorem in steady state simplifies to

12 {s(ve)BR) =n(9?, (3.1)

60
using the radial velocity and the parallel component of Ohm’s law (from Eq. 2.6). A
volume integral of Eq. 3.1 over the region within some radius r’<1 shows that the
inward pinching flow is feeding magnetic energy across the r=r" surface to balance

the resistive dissipation in this volume:
r
~Sr(v)BY?| _, = () ?rar.
= o

In the RFP, the majority of the power has the same fate, but the remaining 10% is

redistributed by the fluctuations.
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Figure 3.1 Sketch of electric and magnetic fields in a constant-r plane in the
paramagnetic equilibrium. The radius illustrated is approximately halfway between
the axis and the wall. At smaller r the magnetic field is more axial, while at largerr,

it is more azimuthal.
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aspect is considered in Section 3.2 with results from the finite-pressure DEBS

code. In Section 3.3, | revert to the pressureless system to mxm:.::m the S-scaling

of the magnetic fluctuation level.

3.1 RFP Power Flow

There are two important features of the quasi-steady RFP configuration, which
were given brief mention in Section 2.1. The first is the sustainment of mean
azimuthal current at the reversal surface, where on average nsm magnetic field is
perpendicular to the applied electric field. The second is that the MHD modes
saturate and do not grow so large as to disrupt the discharge. These features are
related; sustaining the poloidal current requires power which comes from the
fluctuations. if the fluctuations could not transfer this power to the mean fields, they
would grow to a larger leve, possibly leading to disruption.

When there are Fourier modes other than the mean field, the mean magnetic

energy density is

1/n2\ _ 12 1
5(B8%)=5®) +mam.vua_=.uy.=.
#(0,0)

There is magnetic energy density associated with each mode, which evolves

according to a modal Poynting equation:
i8R0 = =75 1(emn xbinn), ~€ma-fn +c.c.. (3.2)

except for the mean-field energy which does not have complex conjugate terms, of

course:

64
19212 (E)x(B)), - (E)-(4) - (3.3)

The system does not reach a true steady-state for most cases, but when averaged
over a sufficiently long period of time (a substantial fraction of 1y), the left sides of
Egs. 3.2 and 3.3 become zero.

The idea! part of the electric field transfers energy from one Fourier component
to another, coupling the system of modes. The most dramatic realization of this

stems from the dynamo electric field that is induced by the fluctuations,

E = M<3.: xwwz.: )
mn
#(0,0)

which is part of (E) despite the lack of brackets. Fig. 3.2 shows the linear power
density from E; -(J) for the R/a=3, S=104 simulation whose A profile is shown in
Fig. 2.4a. Considering the sign of the last term on the right side of Eq. 3.3,
the positive region of Ef in the interior extracts energy from the mean field, and the
:mumﬂ,Zm region in the exterior adds energy. At the reversal surface (r=0.82 in this
case), Ef balances nJ to sustain the poloidal current and therefore the reversed
axial field between the reversal surface and the wall. The significance of Ef in RFP
simulations is well established (Schnack, 1985; Nebel, 1989; Kusano, 1990; and
Ho, 1991).

What is less established is how the power gets from the interior to the exterior.
Previous papers emphasize the nonlinear interactions that transfer energy from

modes resonant in the interior to modes resonant near or at the reversal surface

- {Kusano, 1987, Holmes, 1988; and Ho, 1991). This is certainly an important part of

the power flow, but from Eqs. 3.2 and 3.3, it is clear that a Poynting flux is
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Figure 3.4 (a) Radial Poynting flux and (b) dynamo power density for the largest

m=1 modes that remain resonant. The information is the average of eight data

sets.
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Another characteristic of fluctuation-induced Poynting flux is that it results from
quasi-linear or self-interaction terms. To illustrate this point, consider that the

electric field for a given mode may be written as
emn = ~SVmp x(B) = S(V)xbpyn - S(v x 53.: +%mn » (3.4)

where the third term on the right side represents the sum of ali nonlinear products
that match the (m,n) spatial dependence. The second term is usually small,
because it represents the contribution from the mean pinch. [Most other drift
mechanisms that would lead to mean flow in the azimuthal and axial directions are
not represented in the simulations.] Fig. 3.5 shows the total Poynting flux and that
from =._.m first term alone for the m=0 and m=1 groups. Clearly, this is the dominant
term, and its radial component, Svy Acm_.: .Amvv_ represents the net advection of
nonuniform magnetic energy density.

The significance of the quasilinear terms does not detract from the importance of
nonlinear interactions. These interactions sustain modes that would otherwise be
linearly stable, especially m=0 modes and m=1 modes that are resonant near the
reversal surface (Holmes, 1988 and Ho, 1991). In addition, nonlinear interactions
can modify the shapes of the radial distributions of v and b, which affects the
quasilinear terms (Ho, 1991). :oim<mn the nonlinear power necessary to sustain
stable modes is often much smaller than the power transported by their Poynting
fluxes. The behavior of these modes is somewhat analogous to a transistor—a
small change in base current (nonlinear input) can lead to a large change in
collector current (quasilinear transport). Since there are many of these modes that
are coupled directly by nonlinear interactions and indirectly through the mean

current, the temporal behavior of the system is quite dynamic. The nonlinear
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3.9), and the temporal oscillations &wmvumm_. without the m=0 interactions—
consistent with Ho, 1991. The quasilinear power transpott is still active in the

interior, however, and this flattens the A profile around the resonance surfaces of

the surviving m=1 modes (Fig. 3.10).
2nR
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- Figure 3.7 Magnetic field-line puncture plot in the r-z plane ot the simulation.
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Figure 3.6 Magnetic energy spectra for the S=104, R/a=3 simulation. The solid

and dotted lines show the temporal average and standard deviation, respectively.
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the pressure gradient term in Eq. 2.12. According to linear theory in cylindrical
geometry, tearing modes are always unstable whenever 3(P)/dr < 0, regardiess of
mode number or A’ (Coppi, 1966). However, the largest modes are unstable
without the pressure gradient, so the relevant question is, “How significant is the
pressure gradient relative to the current gradient for the sustainment of the
fluctuations?” This can be answered quantitatively with the simulations.

In pressureless simulations, only three dimensionless parameters are needed
to specify the physical conditions: S, R/a, and the ratio (v/m). With pressure
evolution and thermal conduction, the initial § and Prandil numbers (v/x) for both
parallel and perpendicular conductivities are also needed. A complete set of
physical parameters are selected to self-consistently simulate real plasma
conditions, but the selection is limited by the numerical implications of the
Lundquist number. The parameter that appears in the normalized equation is

based on the initial conditions,

] HoaBo

" Tohop |

and it is a constant along with v. However, the temperature is a dependent
variable, and with Spitzer resistivity, the actual Lundquist number is proportional to
T2, Of the three parameters a, Bo, and p, the density seems to be the most
tractable for controlling the final result. As p is increased, S is reduced, and the
specific heat capacity increases, which keeps T from becoming large. The
simulation described here has p=8x10-2 kg/m3, a=0.1 m, Bg=0.05 T, and v=0.5.
The initial temperature on axis (Tp) is 10 eV, so Bo=1.6% and x; JXL= 1.4x10° at
B and Tp.
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The aspect ratio is given a small vaiue of 1.25. In pressureless simulations, the
fluctuation spectrum narrows as R/a is decreased, but the total fluctuation level
remains fairly constant (Ho, 1995). Including pressure should not change these
properties at low B, so the small aspect ratio allows less toroidal resolution. The
computer resources are instead used for better poloidal resolution, ensuring
accuracy for the mode coupling produced by the anisotropic thermal conduction.
The simulation discussed here resolves modes with 0sm<5 and -21<n<21. The
safety factor is large on axis, so the resonance surfaces of the internal m=1 modes
are well-separated relative to cases with larger R/a values.

The simulation is initiated from a paramagnetic equilibrium with nonzero

pressure:

(yx(@)=Lo 20,

(E2)(Bo)+n 0 X2

= 2 9
(V)= - P

and the parallel current profile is determined by the parallel component of Ohm’s

taw. The initial pressure distribution is arbitrary, and | have used (P)=1-0.9r3.
Once the simulation is started, perturbations grow linearly Sm.: saturate while

generating reversal, like the pressureless cases. The pinch parameter (©) is 1.8,

which produces f=4% on axis, and Bp=22%, where

2[(P)rdr
Amko = ._vvm '

ﬁu =B
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Figure 3.14 Decomposition of internal energy transport at the time shown in Fig.

3.13: Q; =2x2RPy(y-1)""h,, where hr is (g,) for conduction and S(PV,) for

convection. The parallel conduction is the sum of ali modal contributions to

AaAmchvAva. and the fluctuation-induced convection is the sum of S{pv,).
Figure 3.13 Typical profiles of radial heat conduction resulting from magnetic

fluctuations for the indicated modes, An::.z V = ?@3 553.3 + o.o.vAva.
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DB:U# m__U_,S.s_ DN 7

3‘ (B,) da/dr

=Imn

(Rechester, 1976). Using the simutation results for the (1,-3) and (1,-4) modes that
are resonant at r=0.45 and 0.55, gives Lg=2a. Since this is much smaller than Ae,
the step-size in a random-walk diffusion process is determined by magnetic
fluctuations and not particle collisions.

The thermal diffusivity in plasmas with collisional mean free paths that are much
longer than the magnetic field correlation length remains an area of active -
research. Krommes reviews several theories for test particle diffusion in stochastic
field configurations, where the field is assumed to be independent of particle
motion (Krommes, 1983). In the collisionless limit, the mmosmmﬁm?m%m:gs:
diffusivity is appropriate: ¥ =Dgtvie, Where vie is the electron thermal velocity, and
Dyt = am_ULm \ vam with by determined by the locally resonant modes (Rechester,
1978). Experimental results show that the effective particle diffusivity just inside the
reversal surface in MST can be related to y; when the ion thermal velocity is used
in place of vie (Stoneking, 1994a). Since the convective heat flux is consistent with
the total heat flux, the effective thermal diffusivity is much smaller than the
prediction—assuming the scale lengths for temperature and density are the same.
Terry has recently developed an analytic turbulence theory that self-consistently
models the heat flux and the response of the fields due to particle motion. He
shows that there are ambipolar constraints on the electron heat flux, resulting in
smaller effective diffusivities that are consistent with experiment (Terry, 1995).
While it is possible to use an effective diffusivity from analytic theory in DEBS, it

would be inconsistent with the local nature of the MHD equations. Thus, the fluid

84
thermal conductivities are applied for lack of a better approach at present, and
results must be viewed in light of this simplification.

A comparison of e from the simulation and the Rechester-Rosenbluth xr puts
the simulation result into context. For the parameters and numerical fluctuation
level in the vicinity of the (1,-3) resonance sutface, ¥, = 90 a2/ Fig. 3.15 shows
that ye, which involves the fluid parallel conductivity, exceeds this by a factor of
seven. Thus, to the degree of accuracy in all of the estimates, xe ~ %rhe/Lc- Ifthis
holds at MST parameters, then the fluid model produces an effective diffusivity that
is a factor of \jm, /mg (Ae/Lc) larger than what has been observed. A more
detailed numerical model with kinetic effects is likely necessary to accurately
reproduce the experimental results. However, to the extent that the :w:mvo: is
related to by, the MHD simulations are valuable. They allow us to study the relative
change in transport and other behavior that results when current profile
modifications are applied (see Chapter 4).

Including thermal energy transport completes the flow of power through the
MHD system. The Poynting vector from the applied potential and the mean
magnetic field brings electromagnetic energy to the interior, though some is
reflected by the fluctuations. It sustains current against Ohmic dissipation,
generating plasma intemal energy. The fluctuations allow heat to escape to the
reversal surface, and near the wall a large temperature gradient maintains the

conduction. The energy transit {ime for a cylindrical volume of radius ris

mheucxvv_.d_\
(COERGZDN

1e(r)=
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Figure 3.17 Comparison of power flowing into poloidal mode groups from the

magnetic field and from pressure.

88
3.3 Nonlinear S-scaling for RFPs

Since the magnetic fuctuations play such an important role in energy transport,
any attempt to improve RFP confinement must address the MHD activity. Using
additional current drive is one possible approach (see Chapter 4), but the
fluctuation level may also decrease naturally as the plasma temperature is
increased. The linear growth rate of the tearing mode scales as a fractional power
of resistivity, so less resistive plasmas are more stable, suggesting smaller
saturation levels. However, other factors also change as the resistivity is
decreased. Nonlinear coupling becomes more important as the scale-length for
dissipation decreases. In addition, the parallel current profile depends on the
dynamo, so mean-field profile effects are coupled with fluctuation level changes.

To examine the scaling of the nonlinear system, | have used the DEBS code to
run a series of simulations with S from 2.5x103 to 4x104. Pressure is not evolved,
so the results are applicable to low- plasmas, where fluctuations are driven by the
current gradient and not the pressure gradient. To reduce the required CPU time,
the :<vm_..&.wm€m:o= terms have been employed with a reduction in radial
resolution. | have shown that the resolution may be halved with the hyper-
dissipation terms, while preserving fluctuation level accuracy to within 3% (see
Section 2.1.2). Here, a conservative reduction of one-fourth is used. The radial
mesh spacing ranges from 2.2x10-2 for the lowest-S case to 5.3x10"3 for the
largest S. The normalized coefficient { has the same value of 1x104 forall S. In
physical units, it scales with the actual resistivity and viscosity, and this prevents
disproportionate changes in the significance of the hyper-dissipation as S is varied.

Other parameters are typical of RFP simulations. In all cases R/a=2.5, and the

axial flux (®) is conserved. The normalized resistivity profile is n(r)=(1+9r30)2, and
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Figure 3.18 S-dependence of (a) the total magnetic fluctuation lavel and (b)-(d) the

magnetic energy grouped by poloidal mode number; E, mw : cm_
n
The crosses are the time-averaged simulation results, and the solid lines show

ndx + o.n.v.

least-squares fits to InC+alnS, where o and C are the fitted parameters. The
positive m=0 energy scaling cannot continue indefinitely, and the best fit—shown in

(b)—is poor.
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Figure 3.19 Time-averaged magnetic energy spectra grouped by poloidal mode
number; Enp = WA.— cw:.:ax + o.o.v. except for m=0 where the complex conjugate

energies are displayed separately.
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Table 3.1 Time-averaged powers from the simulations in the S-scaling study.

b 2
S vl JnYdx JE-(ddx o Jrfdx ‘— V-vWEVAX hyper-

(x103) anom. dissip.
25 145 135 96 . 6.9 7.6 1.9 0.47
5 142 131 11.2 7.8 7.6 3.0 0.61
10 143 131 11.9 8.4 7.7 3.0 0.85
20 144 131 13.2 9.0 8.1 3.4 1.33
40 146 131 15.0 10.3 8.0 3.8 2.14

The large-S limit s;.__ likely have a stronger scaling than what has been
observed in the simulations, due to stronger linear scaling and quasilinear profile
effects. The significance of the latter is inferred from Fig. 3.20a. The average
parallel nc_‘_,,ma within r=0.5 is fairly uniform at S=4x104, so the profile effects are
approaching saturation for the intemally resonant, m=1 modes. In contrast, the
m=0 modes are producing great changes in the current profile over this range.
This should saturate when the average profile is flattened through the reversal
surface. Extemally resonant m=1 modes, i.e., n>0, may be excited at this point, but
any further profile flattening will oppose the applied axial field, so it should be
weak. In this scenario, the m=0 and m=1 energies both decay at large S, and the
total fluctuation energy scales at a rate closer to what has been observed for the
m=1 modes.

The temporal behavior of the simulations also changes over the range of S that

has been scanned. Atlow S, there are weak oscillations in the reversal parameter
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(see Fig. 3.22), but at large S, the oscillations are strong and regular with the sharp
drop and gradual recovery of the ‘sawteeth’ observed in MST (Beckstead, 1990)
and elsewhere. The oscillation period is approximately 0.03 for all of the
simulations. This likely results from the diffusion of a mean current gradient,
because the profiles all have the same general shape, so the diffusion rate is
independent of S for time in units of 1. The evolution of the modes for the largest-
and smallest-S cases is shown in Fig. 3.23. At S=2.5x103, the temporal behavior
is random with different m=1 modes being largest at different times. At S=4x104,
the largest m=1 modes drop as F is reduced and begin growing 0.01 1 later. The

=0 modes decay for a longer period of time and do not grow until the largest m=1
modes have nearly peaked. The (1,-4) mode is only resonant when the dynamo is
most active and Fis near its minimum value. This mode and the m=2 modes (not
shown) follow the m=0 behavior also.

The 3<m_.m.m_ parameter for a comparable © =1.64 discharge in MST is shown
in Fig. 3.24. The plot covers slightly more than two sawtooth periods, and the
defining drops are evident. Shortly after recovery begins, there is a noticeable
decrease in slope, which is not ocmmlmn in the simulations. The time between
sawteeth is also shorter on a resistive time-scale; in MST 1,~0.5 s, so the period is
less than 0.011,. This may result from the external electrical circuit that controls the
toroidal field at the wall. There is a 1-10ms L/R decay time for induced shell current
as toroidal flux is exchanged between the plasma and extemal inductance. This is
not modeled in the simulations, where boundary conditions represent a perfectly
conducting wall. In addition, energy transport increases during each crash, which

may produce resistivity changes. Capturing this effect would require the finite-

pressure code.
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Figure 3.24 Time history of experimental reversal parameter near peak toroidal
current in a © = 1.64 MST discharge (shot #50, October 20, 1995). [Data courtesy
of John Sarff.]

Despite the complications existing in the experiment, the temporal behavior of
the fluctuations compare quite well. In MST, the poloidal component of magnetic
fluctuations is measured with a set of 32 coils, and six of the toroidal modes are
plotted in Fig. 3.25. With R/a=3, the (1,-5) mode is either not resonant or resonant
near the axis, like the (1,-4) mode in R/a=2.5 simulations. Experimental signals for
Inl<5 result from m=0 modes (Sarff, 1995). In comparison with the mﬂax:ua plotin
Fig. 3.23, both experiment and simulation show that the resonant m=1 modes rise
prior to the drop in F. The explosive generation of m=0 modes and the ‘axis mode’
at the time of the crash is also consistent. All fluctuations are suppressed
afterwards. The prolonged decay of m=0 modes—if it exists—cannot be observed
on the linear experimental scale (the signals would probably be below the noise

level, anyway).
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Over a ‘sawtooth’ cycle in the 8=4x1 04 simulation, the current profile evolves in
a manner that reflects the modal activity. Fig. 3.26 shows the evolution of the
parallel current profile for one cycle, beginning and ending at sharp drops in F,
The paralle! current is enhanced inside the reversal surface when the m=1 energy
peaks and Fis dropping. Shortly thereafter, the increased current gradient near
the reversal surface and nonlinear power from m=1 modes drive the m=0 modes to

a large level. They induce current outside the reversal surface, and suppress it

be (G)

be (G)

by (G)

|
12 15 18 21 12 16 18 21
t (ms) t (ms)

Figure 3.25 Fourier decomposition of mxnmz:._m:ﬁ_ magnetic fluctuation signals (6-

oo.auo:m:c from the same discharge and time period displayed in Fig. 3.24. All
are measured near the wall, and those with Inl<5 are dominated by m=0 modes,

while those with Inl25 are dominated by m=1. [Data courtesy of John Sarff.]
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smalter modes that must be computed with the pseudo-spectral algorithm but keep

some modes with m as large as four. Another numerical difference is the hyper-
dissipation, which is only employed in DEBS.

Aithough the fluctuation level scaling is similar, other results differ. Cappello
and Biskamp do not observe an increase in the m=0 energy with S, and their
reversal parameter decreases with S. These issues and the difference in regularity
of the F oscillations are probably related. The &moaumsnmmm may result from the
different aspect ratios (4 for Cappello and Biskamp vs. 2.5 here), but they may also
result from the modal resolution, which is limited in different ways in the two

studies. The pinch parameters are close (1.7 vs. 1.657), so this is not an issue.
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4, HELICITY INJECTION FOR IMPROVING CONFINEMENT
IN THE RFP

The fluctuation-level scaling discussed in Section 3.3 does not provide strong
support for the RFP reactor concept. But, the nature of the MHD fluctuations is well-
understood, and that knowledge can be used to improve confinement at any S.
The drive of the largest modes results from an excessively-peaked parallel current
distribution, and this can be modified by noninductive current drive. The modal
contributions to the dynamo power density, shown in Fig. 3.4b, suggests how this
may be done. The sign of the fluctuation-induced electric field is such that power is
removed from the modes in the region 0.6<r<0.8. If the mean current density in this
region can be enhanced g auxiliary means, more power may be extracted from
the fluctuations. The modes will then decay, resulting in better confinement. All
terms involved are quasilinear, so linear stability resulting from current profile
modification the same effect.

With fixed resistivity, enhancing the paraliel current locally increases n({J)-(B),
i.e., helicity dissipation (discussed in Chapter 1). Thus, there must be more helicity
delivered to this region to sustain the improved state. Note that if the resistivity
were locally reduced, or if some scheme generates collisionless charge carriers,
there will be a reduction in helicity dissipation, which may be an effective substitute
for helicity injection. The generation of fast paricles is beyond the scope of MHD,
but their impact on stability results from the current profile modification and not
kinetic effects. Therefore, MHD analysis has an important role that is independent
of the current drive mechanism,

The first two sections of this chapter are devoted to the stabilizing influence of

current profile modification. The assumed current drive may best represent the
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effects of RF waves, where the process does not otherwise influence MHD
dynamics. [Wave propagation and energy deposition issues have been addressed
elsewhere (see Shiina, 1992 and Uchimoto, 1994).] Linear stability calculations
with varied auxiliary current drive parameters are discussed in Section 4.1.

Related nonlinear simulations are presented in Section 4.2, and they confirm the
implications of fluctuation suppression from the linear study. Quantitative
information on the change in energy transport is also demonstrated with a finite-
pressure simulation. In Section 4.3, | present DC helicity injection simulations that
consider the complete injection/fluctuation-suppression problem. My results on this
approach extend Ho’s published work (Ho, 1991) and show that geometric effects
are quite important. To complete the RFP fluctuation topic, Section 4.4 describes a
simulation of an Encoz<m_.<-%<m: current pulse that yields transport reduction

when applied in MST.

4.1 Linear Results

Since the source of MHD activity in RFPs is the instability of internally resonant
modes, linear calculations are valuable for guiding the current profile modification
efforts. | have used the RESTER code, described in Section 2.2, to determine the
stability of many different configurations. The effect of plasma pressure on the
modes and on the equilibrium fields is not considered, however. -

The configurations used for this study have (J)x(B) =0 with a modified paralle!
Ohm’s law, (E;}+(Ea)=n(4), where (E,) is an assumed auxiliary electric field. It

may represent RF or other forms of current drive. With this modification, the parallel

current profile is
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transport will result from exterior modes, but some care is obviously necessary
when applying the additional current.

A related study by Antoni, has proven that some parallel current profiles of the
form A = yo?l_hv are stable for all modes (Antoni, 1986). The auxiliary drive
needed to sustain such configurations is found by subtracting E,(B,)/(B) from
s?__v. For these ‘alpha model’ profiles, the Eg distribution is broad and large near
the wall. For example, with A9=3.95, the configuration is linearly stable for a=3.
With E;=3.95 to sustain the parallel current on axis, the necessary distribution is as
shown in Fig. 4.2. The simple Ej distributions that are analyzed here are meant to
guide proposed RF experiments on MST. | do not search for complete stability but
instead try to determine what parameters are best for improving confinement with a

limited current-drive capability.

-.20

-25
0.1 2 3 45 6 .7 8 91
r

Figure 4.2 Auxiliary drive necessary to sustain the stable paraliel current

distribution, A = m.om:lmv. The safety factor is also plotted to show the region of
reversed field (q<0).

112

A parameter study completed with the RESTER code determines the stability of
intermally resonant modes while varying Eg, Ez, ra, Ga, and the resistivity profile. in
linear calculations, axial mode numbers only appear through the wavenumber, k,
but | have chosen to use integer n numbers with R=3 for consistency with MST.
The group of modes under consideration is m=1, -9sn<-3, which includes the
largest contributors to the fluctuation level. The resistivity profile has the form,
n(N=1+31r®, and w is set to 15 when ry and o, are varied. For each (ra, 0a, ©) set, a
16x16 matrix of equilibria span the parameter space of 0<E,<6 and 2<Ez<5. For
each of these cases, the equilibrium solver—which marches from the axis to the
wall—finds the value of (B,(r = 0)) that produces an axial flux of 0.66. Three
sample equilibria are plotted in Fig. 4.3 to illustrate general features of the profiles.
The first two are the low m.:a high E; limits with E4=0, and the third has Ez=3.5 with
Ea=1.5, 12=0.7, and 05=0.15. The last of these is stable for all modes in the limited
group.

Contour plots of A’ show that the large Inl modes are the most sensitive to the
parameters of the auxiliary current drive. The m=1, -8<n<-5 modes are plotted
separately for (r3=0.7, 65=0.15, w=15) in Fig. 4.4, and the (1,-8) mode has the
smallest region of stability (A’ <0). The -8<n<-6 modes have similarly shaped
bands of stability that are oriented on a diagonal. in general, moving to the left or
above the band indicates that the auxiliary drive is insufficient or that the current
profile is excessively peaked. In contrast, moving to the right or below the band
indicates an excessive auxiliary drive or that the resonance surface is at a radius
which is too large for the mode to benefit from the added current. The stable region
for large Inl is displaced upward relative to small Inl, because a larger E; is
necessary to bring the resonance surtace inside ry. Within the region that is stable

for all modes in the group, configurations at small values of Ez and Ey are
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preferable to those at large values, because the bump in the A profile at ry is
smaller and therefore less destabilizing for exterior modes. In addition, small
values of Eg imply small auxiliary power input; thus, the lower tip of the diagonal
region is the most desirable condition. However, the location of the tip depends on
the range of n considered, so it is important to evaluate only the modes that are
most responsible for the transport.

To investigate the influence of the Ej, profile shape, stability calculations have
been performed for 0.6<r,<0.8 and 0.1<0,<0.2. Figs. 4.5-4.7 show the maximum
A’ (least stable) of all modes in the m=1, -9<n<-3 group, and different values of 6,
are plotted in separate figures. For each value of 6,, the stable region moves to
lower values of E; as ry is increased. Comparing the different values of o, for the
same ra shows that the mﬁc_m region is larger as 6, increases. Thus, a stable Ez-E;
combination is relatively easy to find if the auxiliary drive profile is broad. The tip of
the stable region also moves to the left, so the auxiliary power does not necessarily
increase as o, is increased.

The resistivity profile has been varied in a set of calculations with r;=0.7 and
02=0.15, and the results for 7.550<20 are shown in Fig. 4.8. The largest effect is
that the stable region moves to smaller values of E, as the resistivity profile is
broadened. This is attributed to the change in resistivity at ra that results when the
profile shape is changed—inducing the same current density requires more electric
field as the local resistivity is increased. The stable region also moves downward
as o is increased. Small values of ® implies a larger exterior resistivity, so a large
Ez is necessary to move the group’s resonance surfaces within ra.

A final scan has R/a=1.25 with stability calculated for the m=1, -4<n<-1 modes
and (ra=0.8, 6a=0.2, w=15), and the A’ contours are shown in Fig. 4.9. It is very

similar to one of the previous scans, but k=-3.2 (now n=-4) is included. This mode

Figure 4.5 Contours of maximum A’ (over m=1, -9<ns-3) for 6a=0.1 and the

different values of ra as indicated. The resistivity profile is 7(r) = 1+ 31r'S,
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4.8
4.4
4.0
.36

Figure 4.8 Contours of maximum A’ {(over m=1, -9<n<-3) for (r3=0.7, 63=0.15), with

the resistivity profile parameters indicated: n(r)=1+3%%.
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is important in a finite pressure mmac_mzo.: with R/a=1.25 that is discussed in
Section 4.2. The heavy line indicates @=1.8, which the simulation maintains as
auxiliary drive is applied.

The most important lesson from these parameter studies is that stabilization
requires a balance between E; and E; to put the modes’ resonance surfaces inside
of, but not too far from the location of the auxiliary drive. For optimization with u_<m:
rz and o5, the tip of the stable region for the intemal modes in Eg-E; space is best,
because the auxiliary drive and the A bump are minimized. Large values of ry help
stabilize more of the radial domain, and large 63 makes the stable E4-E; region

broad.

4.8

4.4

4.0

Figure 4.9 Contours of maximum A’ (over m=1, -4gn<-1) for (rg=0.8, 6a=0.2, @=15),
for the reduced aspect ratio R/a=1.25. The heavy line indicates equilibria with
©=1.8.
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disappearing completely. Here | shall discuss three representative cases. All have
azimuthal modes 0sm<2 resolved, and R/a=3.

The first simulation is an example of successful fluctuation suppression. The
parameters are $=0.967, E;=3.15, Ez=1.4, r3=0.8, and c,=0.1, and the electron
force is included in the (0,0) momentum equation. At the end of the simulation, the
auxiliary electric field supplies 14% of the total power, while the auxiliary, single-
fluid force supplies 6%. Parallel current and safety factor profiles with and without
the auxiliary drive are compared in Fig. 4.10 and show that the auxiliary drive
generates reversal in this case. The profiles resulting from Eq. 4.1 with the same
parameters are also displayed. This equation is derived from the parallel
component Ohm’s law without dynamo electric field, so the similarity between its
prediction and the simulation result confirms a reduction in dynamo activity. The
nonlinear simulation has a smaller peak at the location of the auxiliary drive,
because it is reduced by locally resonant modes.

Fluctuation spectra are compared in Fig 4.11 and display the benefit of applying
auxiliary drive. The largest internal modes are reduced by nearly two orders of
magnitude. Modes with n<-11, which are resonant at r20.7, are not reduced, but
they are also not significantly enhanced. The m=0 modes are resonant at r=0.86,
which is in the center of the large A gradient outside ra. The largest mode is smaller
than the maximum without auxiliary drive, but the spectrum becomes very broad.
This simulation would benefit from more axial resolution, but the relative change
induced by the auxiliary drive is meaningful. The reduction of internal modes leads
to the annealing of flux surfaces for r<0.6, as shown in Fig 4.12.

A RESTER calculation with the same parameters and resistivity profile (which
produces the current profile in Fig. 4.10), predicts stability for the m=1, -10sn<-6

modes. They are stabilized by the auxiliary drive, since all resonant m=1 modes
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4

r

Figure 4.10 Profiles of (a) parallel current and (b) safety factor from the simulations

with and without auxiliary drive and based on Eq. 4.1 with the same parameters.

.m.mo -10 0 10 20 -:.wwo -10 0 10 20
n n
Figure 4.11 Magnetic energy spectra for the poloidal modes indicated on the plots,

where Epp = WA | _uma..._ax +o.o.v. The information is taken from the end of the

simulations and is not averaged in time.
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Figure 4.13 Magnetic energy spectra of simulations with auxiliary drive applied at
different radii. The ry=0.8 information is from the end of the simulation, the other

two are time-averaged.

reduction in .»:m small ra case leads to closed flux surfaces for r<0.35, but there are
no closed flux surfaces for the large r, case (see Fig 4.14).

Considering all three simulations, the low © case produces the best results with
flux surfaces out to r=0.6. Therefore, a small E, large ry combination is preferable
to a large Ez, small ry combination. Retaining some degree of reversal is important,
because the nonlinear coupling provided by the m=0 modes :m_vm saturate those
that are unstable. But with auxiliary current drive, large axial electric fields are not
necessary. With reiatively small Ez, the interior has less than normal shear for an
RFP, and this portion of the discharge has the properties of a stable paramagnetic
equilibrium. The auxiliary drive substitutes for the dynamo to sustain reversal.

In summary, there is very good agreement between the linear predictions of

stability and nonlinear results of fluctuation reduction for the internal modes. An

128
integral part of this is reducing the dynamo, so that simulated current profiles agree
with those from Eq. 4.1. Also, the residual fluctuation level is not so great that it
precludes flux surface formation. Most of the external modes are no larger with the
auxiliary drive than they are without it. These modes are usually sustained by
nonlinear coupling, which is reduced when the interior modes are suppressed.
Finally, the nonlinear results also confirm the benefit of choosing large ra and small
E; (small ©); it produces a large region of closed flux surfaces across the minor

radius.
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Figure 4.14 Comparison of magnaetic field-line puncture plots in the r-z plane for

simulations with E;=3.8. The centering of the auxiliary drive is indicated.
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Figure 4.16 Comparison of time-averaged magnetic fluctuation spectra for the

finite-pressure simulations with and without auxiliary drive.
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Figure 4.17 Radial profiles of mean temperature and effective thermal diffusivity for

the quasi-steady condition with auxiliary drive. The temperature is averaged over

0.6 tr, and the diffusivity is based on the average temperature gradient and total

heat flux. The diffusivity is not computed near the axis, where the gradient is nearly

zero.
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Figure 4.19 Energy transit time as a function of radius for the simulation with

auxiliary drive.
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Figure 4.20 Radial profiles of (a) parallel current and (b) dynamo power density

from the simulation with 10% more auxiliary drive.
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Figure 4.21 Comparison of the powers flowing into poloidal mode groups for the

simulation with auxiliary drive.
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Figure 4.23 Radial profiles of mean temperature and effective diffusivity over the

time 1.85st<2.25 for the simulation without pressure terms.
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Figure 4.24 Radial profile of energy transit time for the simulation with auxiliary

drive with the pressure terms removed.

4.3 DC Helicity Injection in RFPs

When the m::ma profile is modified with an electrostatic potential, MHD
equations can model the coupled issues of helicity injection and fluctuation
suppression. The injection does not depend on high-frequency effects, and the
length scales of the induced perturbations are macroscopic. In fact, MHD effects
associated with DC helicity injection cannot be ignored. While some configurations
reduce fluctuations, others sustain them through nonlinear coupling. The MHD
model is not complete, however. Electrodes force current across plasma-solid
interfaces, where sheaths will exist in experiment. Charge separation effects in

these regions are outside the scope of a single-fiuid treatment, so electrode
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Figure 4.26 Electrode pattems on the plasma surface (r=1 plane) for the

geometries discussed in this section. Ho considered the axially symmetric and

localized configurations.
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144
potential are specified such that j/b,=3 at the electrode surface (see Section 2.1.1).
The applied E; is adjusted to keep the total input power at its initial value. This
reduces © from 1.46 to 1.20, and the final configuration has very weak reversal
(F =-0.03). The divertor draws approximately 25% of the poloidal filux through the
electrodes, and the injected current is large. At the end of the simulation, it is 70%
greater than the .mxmm_ current. In addition, the m_mo:omnmzo injection supplies 70%
of the total power.

The parallel current profiles with and without injection are shown in Fig. 4.27.

Penetration of the injected current depends on the resistivity profile, which has the

2
usual ?+o«wov distribution. Most of the injected current therefore remains near

4.5 ey

E with ]
without injection  injection :/

35} /\
/

4.0

3.0
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2.0
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1ok equilibrium
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0.0 PU—
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Figure 4.27 Comparison of parallel current profiles with and without axially

symmetric helicity injection. Also plotted is a paramagnetic equilibrium based on

the Ez and (B,(r = 0)) from the simulation with injection.
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fluctuations become larger. The parallel current profiles are similar to the small
aspect ratio cases (compare Figs. 4.28 and 4.30), so linear stability properties are
similar. The difference lies in the nonlinear properties. For a relatively large aspect
ratio, the safety factor is small on axis, and there are more m=1 resonance surfaces
nearby. Closely spaced modes interact readily, which ieads to problems for this
configuration.

The injection system delivers power by inducing m=0 perturbations that extend
into the interior. [The axial electrostatic field cannot drive significant current in the
exterior, because the magnetic field is azimuthal.] Most of the power sustains

mean current or is dissipated directly, but approximately 10% couples with
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Figure 4.29 Magnetic energy spectra (radial component contribution) for m=1

modes with and without poloidally symmetric helicity injection from an R/a=2.5

simulation. This plot shows the largest reduction obtained.
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Figure 4.30 Parallel current profiles with and without poloidally symmetric helicity

injection from R/a=2.5 simulations.

resonant modes. The (0,1) perturbation is the largest, and it couples fluctuations
with the same poloidal mode number and consecutive axial mode numbers. This
is evident in a comparison of the quasilinear power, - A<3_= xbmn +o.o.v.2vnx_
with the total input power for the m=1 modes, which is shown in Fig. 4.31. The
simulation is virtually steady, so the difference between the powers results from
nonlinear interactions. For the (1,-4) and (1,-6) modes, the quasilinear input is less
than the total, and nonlinear coupling sustains them. Furthermore, the alternating
pattern of quasilinear-nonlinear sustainment implicates the (0,1) perturbation as

the source of power.
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The internally resonant m=1 fluctuations are reduced by two orders of
magnitude, with the exception of the (1,-6) mode (see Fig. 4.33). Harmonics of the
injector periodicity are apparent across the spectrum, but most are small with the
exception of the {1,0) and (0,£ng) fundamentals, which deliver power. The (1,-6)
mode is reduced from its original level, but the injection does not allow further
decay. It leaves an island near its resonance surface, r=0.58, but there are closed
flux surfaces in the plasma center (the field-line puncture plot is not shown). This
configuration can be improved by increasing ng. The internal mode perturbed by
the injection would then be resonant at a larger radius, producing a larger region of
closed flux surfaces.

This configuration is being developed for experiment in MST (Craig, 1995). The
current injectors are 35586 plasma guns that are mounted on probes and
inserted into the edge of the plasma. The magnetic field topology is the same as
described here; field that diffuses into a probe is equivalent to the field diverted
through the wall in the simulations. There will be twenty to thirty of these guns, so
they should not induce large internal islands. They also minimize the thermal
conduction loss, which destroyed confinement in the finite-pressure simulation with
axisymmetric injection. The guns are no larger than other probes that are
commonly inserted, and their presence does not reduce confinement.

The simulations in this section show that the electrode geometry used for DC
helicity injection determines much of the resulting behavior. When power is’
delivered by modes that couple to large internally resonant fluctuations,
stabilization is precluded. However, the injection system can be designed to avoid
these couplings, and the segmented configuration is one that meets these

requirements.
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Figure 4.33 Magnetic fluctuation spectra for the m=0 and m=1 poloidal mode

groups with and without the segmented injection.
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qualitatively similar over the first 60% of the pulse. The oscillations are attributed to
m=0 activity (Sarff, 1994), which may be suppressed at the S-value of this
simulation (see Section 3.3). There is violent activity near the end of the pulse in
both experiment and simulation. In MST, the targe sawtooth recovers the extracted
flux from external inductance, while in the simulation, recovery is prevented.

The pulse has a dramatic effect on the magnetic fluctuations. For the first 0.005 1,
modal evolution is unchanged, but thereafter the resonant modes decay steadily
(see Fig. 4.37). The (1,-5) mode is strongly suppressed because it does not regain
resonance, unlike the simulation without PPCD (see Fig. 4.38). For all m=1 modes,
the simulated behavior compares very well with the MST data shown in Fig. 4.39.
Suppression of the ‘axis mode’ appears identical, and the first resonant mode
remains largest. With ammma to MST results from a similar discharge without
PPCD (Fig. 3.25), there is an effective reduction in fluctuation amplitude by more
than 50% relative to the periodic maximums. The numerical result in Fig. 4.37 is
similar, though the simulation without PPCD does not have clear sawteeth.

The mechanism behind the fluctuation suppression is the change in quasilinear
power that results from the parallel current modification. The A profile and dynamo
power density from m=1 modes are plotted in Fig. 4.40 at four different times during
the simulation. When the modes are decaying, A{r=0.7) is sustained a standard
deviation above average, relative to normal temporal fluctuations (compare with
Fig. 2.4a). This makes the dynamo power relatively large in the region where
energy is extracted from the fluctuations. The pulse continues to propagate inward,
however, leading to a narrow current profile at 1=3.68x10-2. ‘Additional power is
then supplied to the modes, enhancing their growth rates until a violent crash in F

occurs at t=4.2x10-2 (see Figs. 4.35 and 4.37).
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Figure 4.35 Evolution of reversal and pinch parameters for the simulations with

and without the PPCD pulse, where both are started from the same conditions.
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Figure 4.40 Four sets of radial profiles showing parallel current and dynamo power
density from m=1 modes during the simulated PPCD pulse. The fluctuations are

decaying at the time of the first two sets, beginning growth at the third, and growing
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Figure 4.39 Poloidal components of magnetic fluctuations from the MST
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experiment with PPCD applied at t=13.5ms (shot #73, October 20, 1995). [Data
courtesy of John Sarff.)
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5. DC HELICITY INJECTION FOR TOKAMAKS

Nearly all toroidal plasma devices use an inductive electric field to drive toroidal
current. A changing magnetic flux is imposed through the center of the ‘doughnut
hole’ until an engineering limit on the flux is reached. This works well for
experiments, where pulsed operation is acceptable; however, it is not very
attractive for future commercial power generation. Over the past two decades, RF
and neutral beam techniques have been developed with a great deal of success,
but both have limitations. A recently proposed innovation for tokamaks is to use
DC helicity injection to drive the toroidal current (Jensen, 1984 and Jarboe, 1988).
The helicity injection itself is similar to the injection discussed in Chapter 4, but the
intended result is quite different. Here the injected current creates an unstable
current profile, and MHD ‘_coamzo:m are expected to relax the configuration into
one that resembles a tokamak.

This concept is very similar to the spheromak, where DC helicity injection alone
sustains the discharge (Jarboe, 1994). The Taylor hypothesis (Taylor, 1974; aiso
see Chapter 1) has been used as a justification for expectations of complete
relaxation to a tokamak-like configuration. However, uniike RFPs and spheromaks,
tokamaks have a large toroidal field which is stabilizing by design. Ordinary,
inductively-driven tokamaks run with peaked current profiles, and the same
hypothesis can be applied to argue that these profiles should relax. They don't.
Therefore, the question of how much relaxation can be expected when DC
injection is applied on a large toroidal field needs to be addressed. In addition,
magnetic fluctuations have the same deleterious effect on energy confinement in
tokamaks that they do in RFPs. An assessment of the extent of this effect requires a

Lundquist number scaling to extrapolate beyond present-day experiments.
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DC helicity injection has been explored experimentally on the Current Drive
Experiment (CDX; Ono, 1987 and Darrow, 1990), the Continuous Current Tokamak
(CCT; Darrow, 1990), and the Helicity Injected Tokamak (HIT; Nelson, 1994). The
CDX and CCT configurations use a toroidally local cathode that is mounted near
the surface of the chamber. The cathode emits an electron beam in one toroidal
direction, and a vertical magnetic field deflects the beam toward the center of the
chamber, Probe measurements indicate that the current is peaked within a
poloidal cross-section of 3 cm minor radius (Ono, 1987). The discharge is adjacent
to the cathode and does not occupy the entire 10 cm minor radius chamber. In HIT,
a magnetized coaxial plasma gun is used as a source of plasma and for toroidally
symmetric helicity injection. Profile information—reconstructed from surface probe
data by an equilibrium oo.amli&omﬁom substantial relaxation (Nelson, 1994).
According to this reconstruction, the discharge fills the chamber and generates
closed poloidal flux contours.

With the usual limitations on Lundquist number and geometry, the DEBS code
is a suitable tool for a numerical investigation of this concept. Except for the
modifications to the boundary conditions discussed in Chapter 2 and below, the
helicity injection is simulated in the same fashion as it is in the RFP simulations.
One may set the mean axial electric field to zero to produce a discharge with no
‘loop voltage,” and current is therefore induced by DC injection alone. When the
profile becomes unstable, MHD fluctuations grow, interact and affect the mean
current distribution. This entire process is modeled self-consistently with DEBS.

It is convenient to classify the simulations by the level of applied electric field. In
the weak-drive limit, the parallel current profile is flat, and there are no MHD modes
and no flux surfaces. This amounts to the generation of a magnetically-guided,

diffuse electron beam. This limit is relatively uninteresting, but it demonstrates the




peydde sy} ‘suoneinwis eyl Jo Aiepunoq auy) e 019z o} AID0eA ayj 1S O} lam

ouo Jj ‘uoiBas jusweuljuod, sy} ojul ewseld ey ojeis|esde 0} JuaLnd Jendtpusdiad
e sujeisns pue seb seziuol unb eyl ‘(y661 ‘UosieN) swwuoy ebieyosip ulew

ey} e1aym ‘uoiBas JusWsULLOD, By} 0} Juedelpe si Jey) unb ewsed pazieubew

B 51 810U1 {|H U} ‘peleis|eode s ewse|d aieum ucifies ay) j9pow jou op suojenwis

8y} pue ‘A UC UoIPUOD Alepunoq & se pasn §i AJI00IeA Jup gx3 eyl

‘uomuyep {Uly eu) 1oy uMOYS S} 0=0 JO UoHEIELO oYL -ulewop wajqoid sy}
ur 1 pue ewseld surejuod Jopullks sipored ay) uiyym uoibes ey) Alup “(perensnyjl

aays |epiojod) uonoslul OQ Joj spiey patidde sy jo onewsayog |G aInbly

\

S91

‘2'€°G UOI0aS Ul PesSNOS|P S| 8SED SIYJ “19puljAd
oy} OpISING JUSLIND JO BUY| B WO UOHNGIISIP P|sY oljleubew wWNNoeA ay) Uim
A3 [eoiion oy} sesh juewobuesre ajdwis ey} 0) uondeoxa auo ey) ‘ezAjeue 0} Ases
S| )1 pue ‘uolyse} oleusb e ul Jdeouoo ey sjuesaidal alojalayl §| uswpadxe LIH
ey} se ABojodo) piey onjeubew swes ey} sey Jjey; uoiteinBiyuod eiqissod jsejdwis
ey} si uoleINBYU0D Pidl) [BOIMEA By} ‘JeAsmoH “ Jeydey) Ul suolienwis d4y
©U) Ul 8UOP S| SB ‘WIoMUN JOU o1k JBL) Spjel WNNoBA asn O} edissod s1 )| "ouewWAs
Ajjeixe pue [eoiuen ase ‘g’L ‘b3 jo Ag pue Ag ‘spiay winnoea paydde ayy *1'g "Bi4 wl
LMOYS SI UOIIEINWIS BUO N {[E 10} pasn uasq Sey jey; uogeinBlyuoo ay) “payndus
aq jsnw swa)shs sojoaful pajedydwod pue ‘sjoeye |EpIoo} OU 81 aIay} ‘suoneju
supewoeb seydw urebe urewop JepulAo opoued eyl ‘suone|nwis esey)

1o} §g3Q o uojsian ssajaunssald ay) pash eaey | ‘g Jeydeys ul pauousw sy

uojlewdoju} pajejod-uoneinung pue Anewosy) |L'S

‘¥'g uonoeg

u) pejuasaid s| |9A8] UOENION)) PUE Uolexeles ey jo Buieas Jaquinu jsinbpun]

o) uo uoleunofu) ‘Ajjeulq -ssaoold uoliexelal ay} Jo ARANISUSS By} sujuLislap

0} payeA usaq eAeY jey) siejeweled [eiaAss Jo aoueoyiubls ayy sassnosip

£°G UOIIDaS "UCHEXE}aS PUB AUP Buol)S 10} UOIOESENS B PUB Jill| SALP-YESM

8y} Joj uonoasans e o paziuebiio si yolym ‘2'G UoNDag Ul PESSNOSIp ale s)nsal

[eieusn) ‘uoninjoses [eouawnu pue ‘ajoid AjAlsisal 9.: ‘suoipuod Arepunoq ey}
jo esueoyiubis ey ‘Anjawoel pajepow ey} o) pejoAep si uoljoas Buimoljo) syl

.wmuoE aHW

OAl]sISal 0] B|qeISun aIk ey sa|yold usalind mojjoy seonpoud sty “yied Jusund

2y} SHOISIP Wwin} U1 yoiym ‘piay [epiojod alj} SHOISIP JuaLN0 psonpul ay) ‘abiej si

piay suoels pandde ayp uaypn 'obejjoa dooj, Inoypm Juaund [eIXE jO JUSWIUIBISNS

ol




166
potential would drive a perpendicular current like the HIT gun. This would
accelerate plasma away from the boundary, but it would also create a large
divergence in V. If the number density were evolved with a source term from
jonization, the process would be modeled self-consistently. To concentrate on the
physics of the relaxation, the drift velocity is used, and the numerical domain is
strictly within the ‘confinement’ region. When By is set to zero, there is no helicity
injection, and applying the potential produces a drift across the entire domain
without inducing current.

The choice of the velocity boundary condition is also related to the choice of
resistivity profile. Hollow current profiles develop when large electrostatic
potentials are applied, and they are sensitive to the edge resistivity. Though it may
be unrealistic, a flat resistivity v«oz_.m is used for ali but one simulation. The
intention is to learn general information conceming the nature of the MHD activity,
and a simple configuration provides the most general results. The RFP simulations
in the previous chapters are not as sensitive to the velocity boundary conditions.
Current profiles peak on axis, and any perpendicular currents near the wall are
small because the edge resistivity is realistically large.

The simulations that have been completed for the nonlinear S-scaling in
Section 5.4.1 have Inl<5 axial modes and 0<ms10 azimuthal modes resolved.
This covers the dominant resonant modes and the important nonlinearly coupled
modes. Comparisons in Section 5.3 are obtained with a reduced resolution of
Inl<1 and 0sms5 or 0sm<10. This reduction has a moderate impact and does not
change the salient features of the solutions—details are given in Section 5.4.1. As
with the RFP simulations, the number of radial grid points needed for numerical
stability depends on S. However, steep current gradients are generated by the

tokamak injection and require better resolution than RFP simulations at the same
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value of S. Hyper-dissipation terms are not applied, and 509 radial cells are used

for the largest Lundquist number case, S=2x104.

5.2 General Results

The helicity injection simulations are initialized with a large uniform axial
magnetic field, a vertical magnetic field, and small random perturbations in the
vector potential. The normal component of magnetic field at the surface determines
By and is fixed for all time. The electrostatic potential is initially zero, and its level is
increased over the first 0.1 or 0.2 t;. After this ramp phase, the potential is held
constant to sustain the injected current against resistive loss. The current enters
the domain on the top of the cylinder in Fig. 5.1 and leaves when it reaches the
bottom. It is driven by the component of Ey, that is parallel to the magnetic field, as
sketched in Fig. 5.2. This also injects helicity through the m._‘ E, -B,dx term of Eq.
1.3. The current density vectors are primarily axial, but there is no net axial electric
field or loop voitage,’ because the axial component of VxB cancels nJz. If the

applied potential is reduced, the current decays.

5.2.1 Weak-drive Results

When the applied potential is small, the magnetic field remains essentially
unaltered from vacuum conditions, and current simply follows the field lines.
Results from a weakly driven simulation show a A profile that is rather flat (Fig.
5.3a), and the axially-symmetric poloidal flux contours are only slightly distorted
from their vacuum state (Fig. 5.3b). When the electrostatic field is nearly zero, the
magnetic fields are identical to the vacuum fields—the induced current is too small
to produce any distortion. In this limit, the parallel current has the uniform value of

EBy \ nB?, when the resistivity is uniform.
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When the applied electrostatic potential is increased to a large level, the
_induced axial current generates poloidal magnetic field that is larger than the
vertical field. This forces the poloidal flux toward the surface of the cylinder. The
evolution is clearly shown in frames (a)-(c) of Fig. 5.4, a time sequence of axially-
symmetric poloidal flux contours from a simulation with a large final potential. The
distortion of the poloidal flux is accompanied by a distortion of the current path, and
the A profile becomes quite hollow when the full potential is applied. The solid A
trace in Fig. 5.5 shows the unrelaxed state corresponding to the flux plot of Fig.
5.4c. Resistive MHD modes are unstable at this point but have not grown to an
appreciable level. The modes subsequentiy saturate and relax the A profile to the
dashed trace in Fig. 5.5. Relaxation also produces the closed flux contours in Fig.
5.4d. The change in the A profile is small, but the amplification of poloidal flux is
more than 30%.

The path length of the injected current changes during the evolution of the
oo:zccqmzo,:. As the poloidal field increases, the current density vectors become
less axial and more poloidal. This reduces the Iz/linj ratio, as illustrated in the first
0.25 1y of Fig. 5.6 for the same simulation shown Figs. 5.4 and 5.5. The very early
times are noisy when the injected current is small, and Alfven waves—generated
by the application of the potential—are wiggling the fields. [The temporal
resolution is better than it appears; the ratio is plotted every 50 time-steps.]
Relaxation occurs between t=1.25 and t=1.55, and this increases the _N\_i ratio
slightly, but the post-relaxation value is much smaller than the weak-drive limit. At
late times, the configuration settles into a true steady-state. This is an artifact of the

Ini<1 modal resolution, which is addressed later.
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Figure 5.4 Temporal evolution of ﬁ.sm axially-symmetric poloidal flux contours from
a strongly-driven 8=5000, R/a=6 simulation. The four plots show the (a) initial
conditions prior to the application of electrostatic potential, (b) the point of half
potential, (¢) full potential with growing instabilities, and (d) the final relaxed state

with saturated fluctuations.
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Figure 5.7 Relaxed-state distributions of (a) dynamo power density from n=1
modes and (b) radial Poynting fluxes induced by the applied fields (n=0 modes)

and the resonant fluctuations (n=1 modes) overlaid with different y-axis scales.
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The relaxation obviously falls short of producing a Taylor state. The fluctuations
transport only about 3% of the injected power, and this is small relative to the 10%
redistribution in the RFP (see Sect. 3.1), which also exhibits incomplete relaxation.
Unlike the RFP, these ‘tokamak’ configurations have large axial fields, or
equivalently, A is small. This is stabilizing according to Egs. 2.18 and 2.19;
decreasing A2 reduces negative curvature in the linear eigenfunctions, which
decreases A’.

Relaxation also comes with a price—the magnetic fluctuation level. The volume
average of the fluctuation level is on the order of 1% of the axial field. The
spectrum is broad and peaked at the n=1 mode which is resonant nearest the wall.
This can be observed in Figs. 5.8 and 5.9, the magnetic energy spectrum and
safety factor profile from the S=2x104 case, where full modal resolution is used.
The level of fluctuations is large enough to make the field lines stochastic in the
region where the dynamo drives current. A comparison of poloidal flux contours
with a field-line puncture plot, shown in Fig. 5.10, demonstrates that the flux
surfaces formed by relaxation are not truly closed. Thus, energy and particle

confinement would suffer from fast parallel transport mechanisms like the normal

RFP configuration.
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Figure 5,10 Comparison of (a) axially symmetric flux contours and (b) a field-line
puncture plot for the S=2x104, R/a=6 simulation.
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6.3 Parameter Scans

The simulations with large applied potentials from the previous section show
the two key features of the tokamak injection concept, axial current without loop
voltage and poloidal flux amplification. What they do not show is a tokamak-like
current profile, which—along with the safety factor profile—would be flat with the
uniform resistivity and cylindrical geometry. | have tried to improve the
performance, i.e., generate a flatter A profile while retaining the closed flux
contours, by varying the magnitudes of the applied fields, Ey and By. They are the
externally controlled parameters for a given configuration, and results of the
variations are discussed in Section 5.3.1. Other parameters such as viscosity, the
resistivity profile, and aspect ratio are considered in Section 5.3.2, where the

objective is to determine the sensitivity of the relaxation process and not

optimization.

A series of simulations with S=5000, R/a=6 and only Inl<1 modes resolved has
been conducted to explore the effects of varying the vertical field strength and the
applied voltage. The results listed in Table 5.1 indicate the following trends: First,
Iz predictably increases with sither Ey, or with By. Second, both the fluctuation level
(Inl0 modes only to exclude the applied perturbations) and the poloidal flux
amplification increase with Ey. Third, Iz/linj decreases with increasing Ey or By—
the increasing dynamo does not fully compensate the effect of the increasing
poloidal field. Since the Iz/linj ratio depends on both the applied fields and the
dynamo, it provides a measure of relaxation only among cases where the applied
fields are the same. Howaever, the absolute (as opposed to %) flux generation

always measures the level of dynamo-driven current.
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Figure 5.11. A profiles from simulations with different applied potentials.

2.6F

24

2.2f

2,0t

1.8F

1.6}

A 14}

1.2}
1.0f
o0.8f
0.6f
0.4

0.2

0.0

T

—-—case A, B,=0.00833
—case C, By=0.0125
——-—case F, B,=0.01875

0.

182

Figure 5.12. A profiles from simulations with different vertical field magnitudes.
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2 r Parameter.

Additional simulations have been performed to assess the significance of
parameters other than the magnitudes of the applied fields. In case G of Table 5.1,
the viscosity has been reduced by a factor of four from the value used for all other
simulations (the standard value is unity). In all other respects, case G is the same
as case E, and it is clear that the viscosity is small enough that it has little impact on
the results. Case H is the only exception to the flat resistivity prescript. The
normalized profile is Gim vm. and the effect is substantial. The large resistivity at
the wall inhibits the formation of an unstable current profile, so the dynamo is not
observed at the voltage level applied.

The distribution of the vacuum poloidal field over the surface of the cylinder has
also been considered. Case | is the exception to the vacuum magnetic field
configuration that is illustrated in Fig. 5.1. For this case the surface distribution of By
is that from a line of current, parallel to m:m cylinder axis and located in the plane of
zero potential at r=1.3 (outside the cylinder wall). The total poloidal flux passing
through the cylinder is equivalent to the By=0.0125 cases with the vertical field
configuration. The Ey, distribution is unchanged. This produces a current profile
that is less hollow than case D. The dynamo is relatively weak, but it exhibits the
same kind of behavior as it does in the other cases.

Another geometric parameter that affects the relaxation is the aspect ratio. Fora
given mean field profile, R/a affects the magnitude of the safety factor at all radii, so
it determines which modes are resonant. Case J, and another similar simulation
with S=104, have a reduced aspect ratio of R/a=2. The dominant n=1 modes have

poloidal mode numbers that are roughly three times larger than in the comparable
case C. The linear significance of this can be inferred from Eq. 2.19. For m=0, the

substitutions, m — 1 and k =n/R — n/mR can be made in all terms except the first
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The series of simulations that form the S-scan use the parameters of case C in
Table 5.1. The applied electric field and the viscosity are given the same values at
each S, but the normalization factors scale like 1, so the actual values decrease
with increasing S. To produce accurate fluctuation levels, full modal resolution
(0sm<10, Ini<5) is used. The results of this scan show that both the relaxation and
the magnetic fluctuation level increase with S over this range (see Table 5.2). The
change in relaxation is evident from the lz/linj ratios—the applied fields are the
same for all cases. It is also illustrated by the comparison of A profiles in Fig. 5.13.
The spike of current at the wall is reduced and the bump from relaxation is

increased as S is increased.

Table 5.2. S-scaling from simulations with Ini<5 modes resolved. All cases use the
usual conditions of vertical applied fields, Ey=20, By=0.0125, and R/a=6. Results

are averaged over 0.2 1y after saturation,

case ] linj Iz IZ/lin}  flux amp. rms(b)
alln / nz0
M 2,500 1.86 0.77 0.42 < 1% 2.81%/0.16%
N 5,000 1.47 0.76 0.51 22% 2.71%/ 1.23%
(0] 10,000 1.37 0.79 0.58 33% 2.50% / 1.33%
P 20,000 1.26 0.79 0.63 42% 2.39% / 1.39%
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Figure 5.13. A profiles from fully resolved simulations with different S. Each profile
is a time average over approximately 0.2 t;. This comparison shows that relaxation

increases with S.

These simulations also show the significance of the Inl>1 modes. The flux
amplification is smaller in case N than it is in case C of Table 5.1, where these
modes are not resolved. For the fully resolved cases, some fraction of the power
sustains a nonlinear cascade to n>1 modes. These modes generate dynamo
activity, like the n=1 modes, but they tend to produce a larger ohmic dissipation
rate. In addition, the cases with Inl>1 modes do not settle into a true steady-state.

The resonant modes fluctuate on a time-scale between the Alfven time and the
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results from quasilinear terms. | therefore expect that the quasilinear scaling is

driving the full nonlinear scaling in this range of S.

Equation 5.1 may be converted into a heuristic scaling for the quasilinear
fluctuation level. This serves two purposes. First, it illustrates the different
resistivity dependencies of the terms in Eq. 5.1, which lead to the scaling of the
fluctuation level and dynamo-driven current. Second, it may be used to extrapolate
results beyond the range of S that has been simulated.

Upon saturation, the radial profiles of the perturbed velocity and magnetic field
remain close to their linear forms, the eigenfunctions discussed in Section 2.2.
Furthermore, the eigenfunctions are independent of resistivity. 1 therefore assume
that changes in the radial profiles are not significant in the outer region integrals in
Eq. 5.1, and take

bnet = b(n)B(r) and Vieg = v(M)¥(r)

where b(r) and V(r) are the fixed vector profiles.

In the same spirit, Jo and Jj represent the mean axial current density outside
and inside rg, respectively. The former is essentially fixed by the-applied fields, but
the latter is sustained by the dynamo electric field, nJdj~vb. The magnitudes v and b
are related through Faraday’s taw in the ideal regions, and

ob

5= V x(vx(B)) becomes b ~ v
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using a linear growth rate. As discussed in Section 2.2, the growth rate scales as a
fractional power of resistivity, y~nY, so the dynamo electric field is proportional to
NVb2. Ohmic loss for the mode, the first term on the right side of Eq. 5.1, is
proportional to £(1j2), where j~b/e from Faraday’s law. For this range of S, | use the
resistive skin depth as the width of the tearing layer, e~(n/y)1/2. Incorporating

these simpilifications and scalings in Eqg. 5.1 produces
O:<UN - _U\_‘_?.Zv\MUN +5m<l,__uh , (5.2)

where C and D are positive constants.

The simplified power balance, Eq. 5.2, can be rearranged into a relation for the

fluctuation level as a function of S,
b2 ~cs~ (V) _pg=3(-v)/2 (5.3)

The domain of S, which is proportional to n-1, has a lower bound so that b2>0.
This restriction represents the point where the plasma is so diffusive that tearing
modes do not exist. Atlow S, the fluctuation level increases with S, which is
consistent with the simulation results. At high S, Eq. 5.3 suggests that the ohmic
contribution, the second term on the right, becomes negligible and that the

fluctuation level decreases with increasing S. Since Jj is proportional to b251-V,
§~C-ps~ (-2 . (5.4)

which is a monotonic, increasing function of S. This is also consistent with the

increasing relaxation observed in the simulations.
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6. SUMMARY AND CONCLUSIONS

In this dissertation, | have reported on a number of topics that are important for
understanding and improving the RFP configuration. The concept of using DC
helicity injection as a sole means of sustaining the tokamak has also been
investigated. Most of the results have been obtained with the nonlinear, three-
dimensional DEBS code (Schnack, 1987) that solves the MHD equations for initial
value problems in the geometry of a periodic cylinder. Information regarding the
linear stability properties of RFP configurations with auxiliary current drive has
been determined with a new code, RESTER. It uses Robinson’s approach for
solving the eigenvalue problem posed by the analytic theory of resistive tearing
modes (Robinson, 1978).

To facilitate the computation of RFPs at large Lundquist number, | have
developed and implemented hyper-dissipation terms in the pressureless version of
DEBS. The damping from these terms is proportional to the fourth power of
wavenumber, and it can be used to suppress scale lengths that are not physically
important to the global results. This allows a reduction of radial resolution, which
reduces the CPU time and memory requirements for a set of physical parameters. |
have found that the radial resolution may be halved, relative to normal DEBS
simulations, while retaining fluctuation level accuracy to within 3%.

For finite-pressure simulations, the anisotropic thermal conduction algorithm
has been improved with the implementation of a new semi-implicit operator.
Computing thermal conduction in MHD simulations of high temperature plasmas is
challenging, because the time-scale for parallel conduction is much smaller than
the time-scale of MHD activity, and the anisotropy makes standard implicit methods
impractical. The new semi-implicit algorithm has several attractive features. Itis

numerically stable for time steps that are orders of magnitude larger than the
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explicit stability limit, and it accurately cohducts heat along magnetic field lines
without inducing artificial perpendicular conduction. In addition, the DEBS
implementation requires only 30% more CPU time than finite-pressure simulations
run without thermal conduction.

Nonlinear simulation results from basic RFP configurations address power flow
through the system, including electromagnetic and »smzs.m_ energy transport
associated with the MHD fluctuations. The electromagnetic energy transport is an
average Poynting flux that is induced by fluctuating electric and magnetic fields,
and it reflects approximately 10% of the power delivered 5.\ the inductive electric
field. Itis an inherent part of the MHD dynamo and connects the plasma interior,
where the mean current loses power to the fluctuations, with the exterior, where it
gains power from them.

Most of the power drives mean current directly and becomes thermal energy via
ohmic dissipation. Simulations with finite pressure and anisotropic thermal
conduction show that the MHD fluctuations allow radial transport through the
correlation of fluctuating paralle! heat flow and the radial component of magnetic
perturbations, ?@FVAEL. This is consistent with experimental measurements on
MST which show the correlation accounts for energy transport within r/a=0.85
(Fiksel, 1994). The thermal conductivities used in the simulations are not formally
valid in the stochastic RFP magnetic field, and the effective thermal diffusivity over-
predicts the appropriate analytic relation for test particle diffusion (Rechester,
1978). However, the simulated transport has the proper dependence on the
magnetic fluctuation level, so the model is useful for making relative predictions of
confinement under different conditions.

The significance of plasma pressure for sustaining fluctuations is also assessed

with the simulations. [ have compared the powers, S(Bg \mv.—?.ﬁuvnx and
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With finite pressure E.a thermal conduction, the simulations provide
quantitative information on energy confinement improvement resulting from
auxiliary drive. An R/a=1.25 simulation shows that the effective thermal diffusivity at
some interior location is reduced proportionately with the energy in the locally
resonant fluctuations. In this case, . is reduced by two orders of magnitude in the
center of the radial domain. The temperature on axis increases, and the energy
confinement time triples. The auxiliary drive supplies a substantial fraction of the
total power and deposits it near the wall. This power is not well confined in the
simulation and prevents a more dramatic improvement in total confinement.
Though the interior transport is greatly reduced, it is still dominated by the same
fluctuation-induced conduction. With the reduction in the current-gradient drive
and the increased om_,_:m_.»maum_,waa. Em pressure-gradient drive becomes
equally important for sustaining the intemnally resonant modes.

DC helicity injection simulations extend the earlier investigation to larger aspect
ratios and Lundquist humbers, where nonlinear interactions are more important. |
have found that the axisymmetric configuration is no less effective, but when
electrodes have toroidal separation, nonlinear coupling with internally resonant
modes can negate the stabilizing influence of the current profile modification. A
compromise between the stability of the axisymmetric geometry and the practicality
of the local configuration led to a segmented version of the axisymmetric system.
When the number of electrodes is large, this configuration avoids harmful nonlinear
coupling and successfully reduces interior modes by two orders of magnitude in an
R/a=3, S=104 simulation.

The last form of current profile modification examined is the transient PPCD
technique developed on MST (Sarff, 1994). This is not a form of helicity injection,

so the additional current is not sustained, but it does reduce the fluctuations as it
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propagates inward. The reduction results from changes in the dynamo power
density, similar to changes induced with the other current drive schemes. The
behavior of the magnetic fluctuations in simulation and experiment compare very
well. Therefore, the increased confinement time observed in PPCD experiments
on MST provides proof that RFP confinement can be improved through current
profile modification.

The numerical study of sustaining tokamak configurations with DC helicity
injection alone is the first detailed theoretical study of this concept. The geometry is
greatly simplified, and other factors such as the resistivity profile are not optimized.
However, the simple configuration modeled with DEBS reproduces the
fundamental MHD aspects of injection and relaxation. The results show the two
important features of 1) sustained axial (toroidal) current without ‘loop’ voltage and
2) poloidal fiux amplification. Relaxation occurs through an MHD dynamo that is
similar to the RFP dynamo, but in this case the electromagnetic energy transport is
inward: The dynamo suppresses edge current driven by the injection and sustains
interior current that generates closed poloidal flux contours. However, the
relaxation is weak relative to what is observed in RFPs due to the stabilizing
influence of the large axial magnetic field. In addition, the magnetic fluctuation
level is large enough to make the magnetic field stochastic in the region where the
relaxation occurs. A Lundquist number scaling shows that relaxation and the
fiuctuation level increase with S in the range considered, 2.5x108<S<2x104. A
heuristic scaling is consistent with both of these properties at small values of S, and
at large S, it predicts that the fluctuation level decreases with S while the dynamo-
driven current approaches an asymptotic limit.

For all of the different configurations, the MHD model represents a driven-

damped system. | have considered times that are at least as long as the total
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