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SPECTRAL ANALYSIS OF THE TURBULENT MIXING 
OF TWO FLUIDS 

Michael James Steinkamp 

ABSTRACT 

We describe a spectral approach to the investigation of fluid instability, generalized 

turbulence, and the interpenetration of fluids across an interface. The technique also applies 

to a single fluid with large variations in density. Departures of fluctuating velocity 

components from the local mean are far subsonic, but the mean Mach number can be large. 

Validity of the description is demonstrated by comparisons with experiments on turbulent 

mixing due to the late stages of Rayleigh-Taylor instability, when the dynamics become 

approximately self-similar in response to a constant body force. Generic forms for 

anisotropic spectral structure are described and used as a basis for deriving spectrally 

integrated moment equations that can be incorporated into computer codes for scientific and 

engineering analyses. 
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1. Background and Motivations 

I .  I Introduction 

Turbulence, which occurs in many circumstances of fluid flow, is driven or sustained 

by the conversion of large-scale mean flow energy to intermediate-scale fluctuations and dissi- 

pated by the entropy-increasing process of cascade to small scales, ultimately to the molecular 

level where it is manifested in the form of heat. 

Our goal is to investigate the nature of turbulence by means of extended transport ap- 

proaches by using two-point (spectral) techniques. In particular, we seek “generic” spectral 

form functions by which to describe the turbulence structure, especially in circumstances of in- 

homogeneous, anisotropic drive. These functions may be exact or approximate, depending on 

circumstances to be described below. They are usually revealed in greatest clarity under cir- 

cumstances that are described by self-similar combinations of the physical and spectral vari- 

ables, but they may also occur to a significant level of approximation in localized regions that 

are continually approaching self-similarity despite the shifting nature of the mean-flow drive. 

This work is focused on flows with large variations in fluid density (e.g., two-field 

fluid interpenetration). The starting point for analysis is the set of Navier-Stokes equations, for 

which we assume relevance in our investigations, even in the presence of sharp density varia- 

tions between fluids. Models for two-field analysis with drag representations for momentum 

exchange can also be used and are discussed in Chapter 4. 

In this report departures from mean flow are included in the stochastic concept of turbu- 

lence. Reynolds decomposition into mean and fluctuating parts is carried out in the spirit of 

this generalized concept, which is meaningful despite arbitrariness as to which scales are iden- 

tified as mean flow and which are identified as fluctuations. (We actually derive much useful 

guidance by shifting our viewpoint in this regard as discussed in Section 5.2.) 

Insertion of Reynolds decomposition into the Navier-Stokes equations and ensemble 

averaging (using mass-weighted averages), leads to an unclosed hierarchy of transport equa- 

l 



tions for correlations at all orders. Written for a single point in space and supplemented by clo- 

sure derivations or postulates, the results have proved useful for describing numerous circum- 

stances of two-fluid turbulence (Andronov et aZ. 1982; Besnard, Harlow, and Rauenzahn, 

1987). [This single-point model proposed by Besnard et aZ. (1987) is hereafter referred to as 

the BHR model.] There are, however, some significant elements missing from this approach. 

A clue to these missing elements lies in considering the much better known turbulence 

transport equations for constant-density fluid flow. It has long been recognized that a single- 

point transport equation for Reynolds stress must be supplemented by a transport equation for 

an auxiliary quantity, often chosen to be the dissipation tensor, Eij, or its contraction, E. 

Previously identified (Daly and Harlow, 1970) as the Reynolds-stress sink caused by molecu- 

lar viscosity, E is more accurately associated with the cascade flux of energy from low to high 

wave numbers. Recognizing the necessity for a transport equation of this dissipation tensor 

provides motivation for considering a two-point generalization of the Reynolds stress, from 

which we can derive the spectral transport equations by Fourier transformation. This spectral 

representation does not require a supplemental transport equation for scale because it describes 

the continuously evolving distribution of Reynolds stress across all wave numbers. In particu- 

lar it confirms the interpretation of E as the flux from the dominant lower-wave-number parts of 

the spectrum through a more-or-less inertial (or Kolmogorov, 194 1) middle range to high wave 

numbers. Viscous dissipation may occur at even higher wave numbers at a rate that is not nec- 

essarily in equilibrium with the cascade flux. A transport equation for E can be derived as a 

moment of the full spectral equations provided that an appropriate spectral form can be discov- 

ered for the spectral tensor, as discussed in Appendix E. 

With large density differences in the fluid, the spectral analysis becomes much more 

complicated, especially because we include density variations that arise from the interpenetra- 

tion of two completely immiscible materials: bubbles in a liquid, solid grains in a gas, or two 

immiscible fluids interacting in a general configuration of swirling filaments and droplets. The 

Navier-Stokes equations are assumed to be relevant for all three of these cases. For the case of 
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solid grains dispersed in a gas, the regime of validity for this study is limited to the case where 

the grains of solids are small enough to treat the cloud of dispersed phase particles in the gas as 

a separate fluid. 

At this stage of theoretical development, the attainment of a rigorous formulation even 

for constant density flows is not possible. During the last three decades of constant-density 

turbulence-transport developments, the derivations have had to combine empiricism with rigor, 

and the same is true for the variable-density extensions. Constraints (dimensionality, preser- 

vation of conservation, tensor form, Galilean invariance, simplicity of form, and similar gen- 

eral considerations) serve to limit the choices for modeling. Comparisons with experiments 

likewise furnish guidance. 

In this report we describe a spectral turbulence transport formulation for variable-den- 

sity turbulence in circumstances of inhomogeneity and anisotropy. We show that moments of 

these equations introduce some auxiliary single-point variables. These are some of the ele- 

ments that are missing from previous single-point formulations for variable-density turbulence 

(e.g., the BHR model). We also describe some comparisons with experiments of the spectral 

formulation and indicate numerous directions for refinement, analogous to those that are re- 

quired for constant-density turbulence transport. 

The family of model-development work into which these variable-density turbulence 

activities fit is shown in the diagram of Fig. 1.1.1. The starting point for all directions is the 

set of Navier-Stokes equations. 

Guidance for this spectral model is taken from these three branches of transport model- 

ing, namely (1) the simple (local) closures describing transfers in k-space from the two-point 

branch pesnard, Harlow, Rauenzahn, and Zemach, 1990 (hereafter called the BHRZ model); 

Clark and Spitz, 19951, (2) the single-point, single fluid, turbulence transport models, and 

(3) the single-point, two-field models. Another branch from the two-point box which could 

be shown handles the transfers of energy in k-space with much detail, but no use is made of 
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that approach for this model so it is not shown. Likewise, other branches that exist are not 

shown, since the ancestry of this model is composed of only these three branches. 

Another branch that evolves directly from the Navier-Stokes equations leads to the two- 

field (or multifield) flow equations. Explicit modeling describes the principal interaction be- 

tween discrete entities and fluid in terms of drag. Within the two-field formulation, the fluid 

interpenetration is described by terms in the equations that contain no contributions from 

. Navier-S tokes 
Equations 

Figure 1.1.1. Flow chart defining the ancestry of the our spectral transport model . 

fluctuations away from the mean within each field. This interpenetration is an “ordered” pro- 

cess (see Appendix C). In addition, a “disordered” component of the interpenetration can be 

expected to arise as a result of fluctuations away from the mean flow. The turbulence transport 

equations are capable of representing this “disordered” component of interpenetration. The 

two-field equations are capable of exhibiting the origin of these fluctuations. They are unstable 

whenever there is relative motion between the two fluids. Thus, the two-field formulations 
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contain hints of a disordered component to interpenetrating flow but require further modeling 

for practical exploitation of this feature. As usually written, two-field models are incapable of 

representing crucial aspects of the general turbulent dynamics that we seek to describe. 

Directly descendent from the two-field models are those that have been extended to in- 

clude the missing processes. These modifications are derived through empirical and heuristic 

arguments. They include 

1. enhancement (by an order of magnitude with respect to a single sphere) of inter-field 

momentum exchange (drag) coefficients; 

2. incorporation of an evolution equation for the effective length scale, which repre- 

sents the effects of disperse phase clumping into larger and larger sizes during interpenetration; 

3. the addition of a disordered component, and the diffusive effects thereof, with en- 

ergy source proportional to the loss that results from drag. 

Another branch in the diagram of Fig. 1.1.1 shows the development of single-point 

turbulence transport equations, also directly from the Navier-S tokes equations. These repre- 

sentations of the fine-scale fluctuational behavior of the fluid bear a close analogy to the de- 

scriptions of molecular dynamics expressed by the Navier-Stokes equations themselves. Just 

as the equations for gas dynamics are obtained from moments of a Boltzmann equation, so also 

the turbulence transport equations are formulated by means of moments of the Navier-Stokes 

equations. The parallel is illustrated in Fig. 1.1.2. 

Much work has been directed over the last three or more decades towards development 

of the single-point turbulence transport branch for a single fluid with constant density. The 

two-point (spectral) branch, which represents the principal focus for this report, has its roots in 

the work of Heisenberg (1948), Kovasnay (1948), and Leith (1967, 1971), and more recently 

Cambon (1979), Cambon, Jeandel, and Mathieu (198 l), Bertoglio (1982), BHR (1987), and 

Clark and Spitz (1995). 

At the bottom of the chart of Fig. 1.1.2 we show one of the ultimate products to which 

this research can be directed, the generalized single-point transport equations with the 
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necessary additional features for realistic and practical problems solving over a wide scope of 

circumstances. Achievement of this goal requires extensive consideration of issues related to 

the spectral structure of "turbulence," in its most general sense. 

ordered and disordered components of the behavior; 

anisotropic structures in both physical space and wave-number space; 

self-similarity. 
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Figure 1.1.2. Diagram showing the "family tree" for turbulence models. 
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1.2 Research summary 
This section serves to summarize the motivations, goals, and contributions of the 

research herein. Coupled with Section 1.3 and the literature survey of Section 1.4, this 

section sets a perspective as to which issues of turbulence transport modeling we address, the 

strategies we use, and the technical contributions of this work. 

1.2.A Motivations 
Turbulent flows contain a wide range of length scales and time scales. The production 

of turbulent kinetic energy is identified with the relatively large scales of the flow. Turbulent 

kinetic energy is transferred from these relatively large scale structures, or eddies, to increas- 

ingly smaller and smaller structures until finally the molecular viscosity of the fluid dissipates 

the energy to heat at the smallest scales of the flow. This process by which energy cascades 

from the large eddies down through the intermediate scales (inertial range) to the fine (viscous 

dissipation range) scale structures is very complicated. This cascade process is identified as the 

primary physical mechanism by which turbulence is removed from the size scales of signifi- 

cance. 

As opposed to the single-point models, two-point models carry spectral information 

about each turbulence variable. The information provided in these spectral distributions repre- 

sents a vast enhancement over the amount of information provided by single-point models. 

Spectral models have been developed for constant density turbulence, and even variable density 

homogeneous turbulence, but never for the case of variable density inhomogeneous turbulence. 

Spectral self-similarity is a powerful concept. This allows for a turbulent flow field that 

is composed of eddies of many different length scales and different strengths to be represented 

by one length scale, one kinetic energy, and a tensor structure that is uniquely determined by 

the geometrical structure of the driver. Von Karman and Howarth (1938) were the first to sug- 

gest a self-similar form function for the turbulent kinetic energy spectrum of isotropic turbu- 

lence, Enn(k,t) = Knn(t)L(t)f(Q. In this expression Enn(k,t) is the turbulent kinetic energy 
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spectrum, Knn(t) is the turbulent kinetic energy, L(t) is the length scale, which is equal to the 

reciprocal of k,,, (the wave number at which Enn(k,t) attains a maximum), k is the Fourier 

wave number, f is a spectral form function, and 5 = kL(t) is the self-similarity variable. In 5- 
space, f(5) is independent of time. 

Given an entire spectrum of wave numbers, a distribution of the Reynolds stress tensor 

can be identified over this spectrum. We call this the spectral form of the Reynolds stress ten- 

sor. For a turbulent flow that has reached equilibrium, the spectral form of Rij remains un- 

changed. That is to say, a balance is established among the different production and cascade 

terms. In this case the turbulence might also be in a state of spectral self-similarity. After ap- 

propriate scaling, the evolution of the entire &j(k,t) spectrum can often be adequately repre- 

sented by one spectral form function (referred to here as a generic form function). The shape 

of the generic form function is constant in time. 

In order to approach spectral self-similarity (Besnard el al. 1990), three conditions must 

be satisfied: (1) the flow must contain turbulent Reynolds numbers large enough to 

accommodate a well defined inertial range in the wave number spectrum, (2) the characteristic 

time scales for distortions in the spectral form functions due to changes in the mean flow strain 

rates must be much greater than the eddy turnover times for the dominant scales in the 

turbulence, and (3) the mean flow must respond to the turbulence in a manner that is consistent 

with the self-similarity. 

The identification of self-similar form functions for the turbulence allows for the 

derivation of simpler one-point models from the two-point models, as discussed in 

Appendix E. The result is a single-point model that has been enhanced with physical insight 

not available through the conventional manner of derivation of single-point models. Single- 

point models are more appealing to the engineering community for reasons of computational 

efficiency, whereas two-point models require the resolution of the additional dimension in k- 

space. 

8 



Although spectral modeling has been developed for constant density turbulence as well 

as variable density homogeneous turbulence, a two-point model for variable density inhomo- 

geneous turbulence has not previously been developed. In this study we have developed such 

a spectral model. We consider this new formulation and the study of its consequences to be 

major contributions. The flavor of our model lies between the rigor of formal mathematical 

derivations on one side and the more simple engineering type single-point models on the other. 

We also derive from this spectral formulation a single-point model for inhomogeneous variable 

density turbulence. This is done through the identification of self-similar form functions and 

spectral integration of the two-point model equations. A single-point model developed in this 

fashion is strengthened by the physical enhancements because of its spectral ancestry. 

1.2.B Goals 
e 

e 

e 

e 

Use every relevant facet of previous developments in transport modeling as a basis 

for constructing a tractable two-point spectral model for inhomogeneous variable 

density turbulent mixing. 

Enhance the physics of the model by incorporating a nonlocal pressure source term 

into the Rij transport equation. 

Demonstrate validity of the spectral models by comparison with experiment. 

Identify spectral self-similarity in the mixing layer problem. 

Identify departures from self-similarity due to rapid transients in the flow. 

Show applicability of the model to circumstances with rapid transients in the exter- 

nal drive when the spectra are far from equilibrium. 

Identify a whole new class of generic self-similar form functions for inhomoge- 

neous anisotropic turbulence. 

Develop a new single-point model through spectral integration of the new spectral 

model. 
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1.2. C Strategy 

Come to grips with some troubling mixing issues in the single-point arena. 

Examine single-point modeling strategies for guidance in two-point closures. 

Review the effects of two-fluid modeling on single-point turbulence transport 

closures. 

Use a hybrid model which combines a single-point turbulence transport model with 

a two-fluid transport model to resolve some mixing problems of the single-point 

turbulence transport model. 

Examine and extract any possible guidance from single-point modeling strategies 

for two-point closures. 

Examine the exact unclosed two-point turbulence transport equations for variable 

density inhomogeneous flows. 

Realize that a rigorous theoretical derivation is impossible at this time. 

Identify all of the constraints imposed by nature that one must adhere to in con- 

structing a credible model of such a physical processes. 

Adopt the convention of simplicity when examining candidate model terms. 

The resulting model should represent the "bare bones" example of what will 

capture a majority of the physics. 

Collect and apply all relevant well-tested modeling strategies from previous 

investigators . 
Develop a formalism to handle the nonlocal effects of pressure for an incompress- 

ible flow. 

Validate the model by comparison to experiment. 

Identify self-similarity behavior from the model. 

Physical space. 

Spectral space. 

Use spectral moments to derive an improved single-point engineering model. 
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1.2.0 Contributions 
For the first time, a working tractable spectral model for variable density inhomo- 

geneous turbulent mixing. 

Provides a basis upon which to extend spectral investigations of nonlocal pro- 

cess in both wave number and physical space. Provides a direction for future 

theoretical work to bridge the gap between rigorous derivations and this model. 

New information on spectral self-similarity in the presence of inhomogenieties and 

strong anisotropies. 

We supply evidence that a principle exists to explain the phenomena we are ob- 

serving; self-similar form functions in anisotropic inhomogeneous flows in 

which the spectral forms of the different components of the anisotropic Rij are 

all roughly the same, independent of the position in the mixing layer. 

A new single-point model for variable density inhomogeneous turbulence that has 

inherited an enrichment of physical information from the spectral model. 

Previous single-point models have no previous basis for describing flows out 

of spectral equilibrium. The single-point model derived in this dissertation is an 

advancement over previous models due to the fact that our new single-point 

model transports a length scale for each variable that has been derived from 

spectral information. 

Formulation of an enhancement to the pressure gradient source term to the Rij 

transport equation. This model enables the pressure to influence the flow in a 

global fashion, a fact which accounts for the consequences of infinite signal propa- 

gation rate in an incompressible flow, and thereby, corrects a large error in previous 

spectral formulations and allows for proper representation of linear instability 

growth at small wave numbers (e.g., classical Rayleigh-Taylor instability). 
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Produced spectral data that can be used by experimentalists to guide data collection 

and interpretation, for example, in the new equipment used by researchers at 

Lawrence Livermore National Laboratory for material mix studies. 

1.3 Chapter summaries 
Chapter I introduces the topic of this dissertation. Section 1.2 discusses the motiva- 

tions behind the formulation of a spectral turbulence transport model for mixing. We discuss 

the assumption of spectral self-similarity which is implicit in the formulation of a single-point 

transport model and describe the circumstances in which a single-point model breaks down. In 

Section 1.2 we point out the advantages of a spectral model. The survey of Chapter 1 re- 

views the literature for the Rayleigh-Taylor instability and turbulence transport modeling. The 

literature survey serves to put the spectral model of this dissertation in the proper context with 

respect to the other turbulence transport models. The survey also introduces the experimental 

data that we compare to in this dissertation. 

In Chapter 2 we define the turbulence variables that are transported in the models dis- 

cussed in this dissertation. The single-point BHR turbulence transport model (described in 

Chapter 3) and the two-point spectral model formulated in Chapter 5. Both transport the same 

quantities. The variables are derived in their two-field equivalent forms. We call these the 

configurational form of the variables. We use the simple one-dimensional mixing layer to in- 

troduce and attach physical meaning to these variables. Hence, the configurational equivalent 

of each variable is derived for the case of two interpenetrating immiscible fluids. 

Chapter 3 is used to demonstrate the strategies behind single-point closures for variable 

density turbulence. This chapter is include because some of these strategies were consequently 

incorporated into the development of the spectral model of Chapter 5.- The single-point BHR 

model (1987) is used for this demonstration. As background investigation for this dissertation, 

much time was spent trying to improve single-point modeling by trying two-fluid model clo- 

sures for the transport model. Numerical solutions for the Rayleigh-Taylor mixing problem are 
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discussed. In Chapter 3 we also point out the assumptions that go into single-point modeling 

which present as motivation for a spectral model. 

As part of the background investigations, we attempted to improve the single-point tur- 

bulence transport model of Chapter 3. Diffusive closures are used to close the higher-order 

correlations in the BHR model. The closures of two-field flow equations are discussed in 

Chapter 4. We show that with certain modifications, the two-field flow equations can be made 

to give decent results and can properly describe demixing. We summarize by explaining that 

even though two-field results can be made to give good results for the mixing layer, the appeal 

of a density fluctuation as opposed to volume fractions used to identify parcels of fluid moti- 

vate use to stick with the turbulence transport equations for the basis of a spectral model. 

Chapter 5 is dedicated to the discussion of the formulation and origin of each term in 

our spectral model. We discuss the strategy we use in the formulation as well as the con- 

straints that must be followed in order to keep the model credible. 

Chapter 6 gives a discussion on the terms in the model, for both physical space as well 

as spectral space. 

Numerical results are given in Chapter 7 for the case of a Rayleigh-Taylor mixing 

layer. We also compare favorably to the experiments of Smeeton et al. at the British Atomic 

Weapons Establishment (AWE) and of Kucherenko et al at Chelyabinsk-70. 

Chapter 8 summarizes the work presented in this dissertation, 

The appendices are used to enhance the text with issues that would make reading the 

main text of this dissertation cumbersome if they were to be included. Appendix A demon- 

strates that the single-point BHR model conserves energy. Since the spectral model is devel- 

oped to be conservative in k-space and the same strategies are used for closure in both models 

than the conservative nature of the BHR model can be extended to the model developed in 

Chapter 5.  A discussion is given in Appendix B on the derivation of the of an enhanced 

source term to the single-point b-equation of the BHR model. Appendix C attempts to explain 

the concept of an ordered and a disordered component of an interpenetrating flow. 
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Appendix D demonstrates that by dimensional arguments we can formulate the self-similar 

form functions for our Reynolds stress tensor. This formulation is then used in Appendix E to 

take the spectral moments of the spectral equations to derive a single-point set of equations. 

The numerical schemes are given in Appendix F for the numerical solution of : (1) the BHR 

turbulence transport model discussed in Chapter 3, (2) the two-field flow model discussed in 

Chapter 4, and (3) the spectral model developed in Chapter 5. 

I .4 Literature survey 
In Chapter 5 of this report, we present a set of spectral turbulence transport equations 

used to describe the turbulent mixing of two incompressible fluids. In Chapter 6 we discuss 

the properties of these equations. As a benchmark problem, in Chapter 7 we analyze the non- 

linear, fully developed self-similar stage of turbulent mixing of two fluids initiated by the 

Rayleigh-Taylor instability. We also use this same problem in the single-point discussions of 

Chapters 3, and 4. Data also exists for the incompressible turbulent mixing of two fluids due 

to a free shear layer (Brown and Roshko, 1974), but the scope of this work is limited to the 

turbulent mixing due to the Rayleigh-Taylor instability. 

This literature survey is presented in two parts. The first part is used to review the 

previous investigations of the Rayleigh-Taylor instability and the consequential two-fluid tur- 

bulent mixing. Within the first part, we review the literature of relevant experimental data of 

Rayleigh-Taylor mixing that is available for comparison. We also use this survey to define im- 

portant concepts for the rest of this report. In the second part, we survey the evolution of tur- 

bulence modeling to set a perspective for the contributions of this work with respect to other 

turbulence models. 

I .4.A Two-fluid turbulent mixing due to the Rayleigh-Taylor instability 
The Rayleigh-Taylor instability occurs at the interface of two fluids of different densi- 

ties configured such that the lighter fluid is accelerated by a pressure gradient into the heavier 

fluid, i. e., whenever the pressure gradient opposes the density gradient (VF.  Vf5 < 0). This 
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can occur, for example, in ICF targets during the laser implosion of a dense shell (pusher) 

filled with deuterium-tritium gas. The effects of this instability during the acceleration phase 

are of current interest to the ICF community (Takabe, et al. 1985). For this study, we consider 

the incompressible case of the Rayleigh-Taylor instability where a body force due to an accel- 

eration produces a pressure gradient across the fluid-fluid interface such that the higher pres- 

sure occurs in the lighter fluid. The reason that this point is emphasized here is that a similar 

instability can also occur at an interface due to the passage of a shock wave (Richtmyer, 1954 

& 1960; Meshkov, 1969; Andronov et al. 1976). Richtmyer investigated the small amplitude 

theory for this case, and Meshkov performed the related shock tube instability experiments. 

The distinction is made because we investigate the case of a continuous (pressure gradient) 

driver with incompressible fluids (Rayleigh-Taylor instability) rather than an instantaneous 

(shock wave) driver with compressible fluids (Richtmyer-Meshkov instability). 

Given an interface between two different fluids with gravity oriented so as to create a 

higher pressure in the lighter fluid, the lighter fluid could, in theory, support the heavier fluid 

with no mixing if the boundary interface is perfectly smooth with no perturbations. In nature, 

however, a perfectly smooth interface is practically impossible. Neglecting surface tension or 

viscosity, all interfacial perturbations begin to grow exponentially, and it is the smallest pertur- 

bations (those corresponding to the largest wave numbers) that dominate the growth of the 

Rayleigh-Taylor instability at the interface. 

Using the linearized form of the dynamical equations (which is only possible for small 

perturbations), Chandrasekhar (1961) shows that in the absence of viscosity the amplitude, a, 

of a small sinusoidal perturbation of wavelength h on the interface between two fluids grows 

according to the formula 

a = a;f exp(nht) + a, exp(-nkt) , 

where the growth rate nk is given by 

(1.4.1) 

(1.4.2) 
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For a configuration of fluid#2 sitting over fluid#l, the configuration is unstable, i.e., it grows 

exponentially, for two cases: (1) p2 > p I with g < 0; or, (2) p 1 > p2 with g > 0. The 

configuration is stable, i.e., the solution oscillates, for two cases: (1) p1 > p2 with g 0; 

or, (2) p2 > p1 with g > 0. Chandrasekhar (1961) also shows that, for the case with vis- 

cosity, nX reaches a maximum value, n,, 

where h, ,which corresponds to a most unstable wavelength, is given by 

(1.4.3) 

(1.4.4) 

Here, the mean kinematic viscosity, v, is given by 

v =  Ell +P2 (1.4.5) 
PI +P2 

From the above solutions, it can be seen that for the case where random perturbations 

of many wavelengths are present on the interface, it will be the shorter wavelengths that will 

dominate the growth. Thus for the inviscid case, the short wavelength, small perturbations 

dominate the long wavelength small perturbations in the growth rate of the instability. This 

growth rate goes to infinity as h + 0. For the viscous case, the minimum size of the pertur- 

bation wavelength, h, , is mitigated by the effect of viscosity, which prohibits the growth rate 

of the instability from going to infinity. 

Youngs (1984) describes the "basic picture of the mixing process" due to the Rayleigh- 

Taylor instability in which he identifies three stages of evolution for the instability. The first 

stage that he identifies corresponds to the appearance of the most unstable perturbation of 

wavelength h, , occurring about two or three times the characteristic time, zm, after the body 

force has been applied to the system, where zm = 1hm. Stage two of the evolution is charac- 

terized by a slowing of the growth rate of the amplitudes of the perturbations that penetrate the 

denser fluid from exponential to a rate proportional to @ . Stage two is characterized by the 
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classical Rayleigh-Taylor picture of interpenetrating spikes and bubbles and commences when 

the height of the perturbation is approximately half the value of the wavelength. If the initial 

perturbations are small, then it is the nonlinear coupling between the small scale structures that 

creates larger wavelengths. These interactions facilitate the loss of memory of the initial 

conditions. All memory of the initial conditions is lost when the dominant wavelengths of the 

perturbations are about 10 times larger than A,. During this period of the mixing, spikes of 

the heavier fluid penetrate the lighter fluid while round ended columns of bubbles of the lighter 

fluid penetrate the heavier fluid. This marks the beginning of the final stage of evolution. The 

effects of viscosity diminish as the scale structures continue to grow. 

Once the perturbation amplitudes have reached stage two, the experiments of Lewis 

(1950) and Emmons et aZ. (1960) show that it is a competition between bubbles that leads to a 

bubble amalgamation process where the larger bubbles crowd out the smaller ones. The veloc- 

ity derived in the theory by Davies and Taylor (1949), v = ( 2 / 3 ) a  also shows that the bub- 

bles of larger radius will dominate the flow. This process by which dominant wavelengths in- 

crease to infinity is also referred to as bubble doubling. 

In the final stage, the flow (for the mixing region) is defined as completely turbulent, 

and it is this mixing zone between the two fluids that is referred to hereafter as the Turbulent 

Mixing Zone (TMZ). Since all memory of the initial conditions is lost at the beginning of this 

stage, the flow is said to be self-similar. Consequently, the only remaining identifiable length 

scale of the flow is the quantity gt2. Thus, the width W, of the TMZ can only be expressed as 

a product of this quantity and some function of the density, namely, 

W=F(+ P2 . (1.4.6) 

Youngs (1984) cites a simple argument to qualitatively support this dependence on the 

density ratio. He supposes that throughout the final stage of growth, the dominant wavelength 

take N exponential growth periods to appear. Then from Eq. (1.4.2) and Eq. (1.4.1) it fol- 

lows that 
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w = h, = T-(gt2). 2n PI -P2 

N PI + P 2  
(1.4.7) 

The previous two paragraphs (due to Youngs (1984)) serve us well in illustrating the 

stage of the Rayleigh-Taylor instability that is of interest to this study. It is the final self-similar 

(stage 3) stage of turbulent mixing on which this work is focused. It also leads nicely into the 

identification of three very important variables that are used throughout this report, and they are 

hl, h2, and a. 

By definition, the width, W, of the TMZ is the algebraic sum of hi and h2 such that, 

W = hl + h2. The definition of hi is the difference in height between the position of the 

original undisturbed interface and the position where the volume fraction of the heavy fluid has 

decreased from 1.0 to something near 0.95, Le., near the edge of the bubble envelop; whereas 

h2 is defined as the height difference between the position of the original undisturbed interface 

and the position where the volume fraction of the light fluid has decreased from 1.0 to some- 

thing near 0.05 (Smeeton & Youngs, 1987; Read & Youngs, 1983; Youngs, 1992a). The ex- 

act volume fraction that is used to determine hi and h2 differs among experimenters. 

Kucherenko et al. (1991) define L21 for the British value of h2 and L12 for the British value of 

hi, but for simplicity, the data of Kucherenko, et al. is re expressed in terms of hl and h2 

within this report. 

Both numerical simulations (Youngs, 1984 & 1991) and experimental results (Smeeton 

& Youngs, 1987; Youngs, 1992a; Read, 1984; Read & Youngs, 1983) indicate that 

Eq. (1.4.6) is more applicable to the depth of penetration of the lighter fluid (bubble envelop) 

into the heavier fluid, hi, than for the total width of the TMZ, W. Read and Youngs (1983) 

and Burrows et al.. (1984) show that if the mixing between the two fluids evolves from small 

random perturbations, the penetration of the mixing region into the denser fluid, hi, is given by 
PI - P2 gt2 h, =a- , 
PI +P2 

(1.4.8) 

where the self-similarity coefficient a was found to be insensitive to the density ratio and var- 

ied little from a value of about 0.06 among different experiments. One final definition that is 
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used throughout this report is that of the variable X, the scaled acceleration used in the above 

experiments, which is given by 

X=- PI -P2 gt2 
Y 

PI + P 2  
(1.4.9) 

or, X=(At)gt2, where (At) is the Atwood number and pi > p2. 

Many authors have investigated the early stages of the Rayleigh-Taylor instability. A 

quantitative overview of the Rayleigh-Taylor instability which describes the phenomenology 

that occurs at an unstable interface is given by Sharp (1984). Lord Rayleigh (1883) was one 

of the first to investigate the equilibrium of a stratified inviscid fluid. Lamb (193 1) discusses 

some of the problems related to Rayleigh's paper. Taylor (1950) generalized the linear analy- 

sis which took into account inertial and body forces to include the effects of surface tension. 

Lewis ( 1950) experimentally confirmed Taylor's findings by accelerating an initially stably 

stratified fluid downward at a rate 50 times greater than the acceleration due to gravity. This 

study by Lewis showed that, for an air-liquid interface, the linear analysis was correct for the 

initial stages of the instability. The experiment also shed some light on the large amplitude 

evolution of the instability. 

This instability has been investigated using infinitesimal perturbations on the initial in- 

terface (Lamb, 1931; Taylor, 1950; Allred & Blount, 1953; Birkhoff, 1954 &1956), as well 

as finite amplitude initial perturbations (Birkhoff, 1954 &1956; Emmons, et aZ. 1960). The 

investigations have been extended to include the effects of surface tension (Bellman & 

Penningon, 1954), viscosity ( Chandrasekhar, 1954; Hide, 1955), gradual density gradients 

(LeLevier, et al. 1955; Case, 1960), as well as diffusion (Duff, et al. 1962). Mitchner, et al. 

(1964) extend the above work to include the effects of compressibility. 

Experiments that have concentrated on the growth of a single wavelength perturbation 

due to the Rayleigh-Taylor instability include the work of Emmons, et al. (1960), Cole and 

Tankin (1973), Ratafia (1973), and Popil and Cunon (1979). Ratafia (1973) experimentally 
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demonstrated the existence of Kelvin-Helmholtz roll up structures on the sides of the interpene- 

trating spikes of the heavier fluid. 

The first successful numerical calculations of the early stages of the Rayleigh-Taylor 

instability were performed Harlow and Welch (1965) using their MAC method (Marker and 

Cell) for free surface calculations. Welch, et al. (1966) describes a multi-fluid extension to the 

MAC method which was then used by Daly (1967) to study the influence of density variations 

and viscosity on the rate of growth and shape of the Rayleigh-Taylor instability. Daly found 

agreement with the predictions of Chandrasekhar (1954) for the growth rates in the linear 

regime. Daly investigated the evolution of a single wavelength initial velocity disturbance for 

various density ratios and established the now well-known behavior of a single wave at large 

amplitudes. For small density differences, Daly showed how the interface rolls up into two 

counter rotating vortices. For large density differences, the classical picture of the spikes of the 

heavier fluid are seen penetrating the lighter, which in turn, bubbles up around the interpene- 

trating spikes. Daly (1969) extended his work of 1967 to include the influence of surface ten- 

sion on both the linear and the non-linear phase of the instability. 

All of the above investigations have focused on the early stages of the Rayleigh-Taylor 

instability. This stage, which is amenable to analytic solution, is ideal for model verification 

and numerical validations. However, the emphasis of this report is on the late-stage, self-simi- 

lar, turbulent mixing of two fluids which has been initiated by the early stages of the Rayleigh- 

Taylor instability. Experimental data for the last stage of the instability exists for the evolution 

of the width of the TMZ, the profile of the density across the TMZ, and the rate at which the 

bubbles of the lighter fluid penetrate the heavier fluid. 

Read and Youngs (1983) and Read (1984) use a rocket-rig apparatus at the British 

Atomic Weapons Establishment (AWE) in Aldermaston to investigate the behavior of mixing 

induced by the Rayleigh-Taylor instability. Also, Kucherenko, et al. (1991) use a similar ap- 

paratus at the Soviet All-Union Research Institute of Technical Physics at Chelyabinsk-70. 

Rocket motors are used to accelerate a glass walled tank of a stably stratified solution vertically 
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downward constrained by a rail of about 1.5 meters in length. The track is backlit, and pic- 

tures of the TMZ are analyzed with a densitometer to determine the evolution of the fluid pro- 

files across the TMZ. Nominal experiments last about 80 ms, and, typically, a series of about 

six pictures are taken for each experiment. Accelerations as high as 45go are achieved at AWE, 

and Chelyabinsk-70 claim accelerations as high as 2xl@go, where go = 9.8ds2. Two types 

of tanks are used in the AWE experiments. One tank is designed for ambient pressures, and 

one is pressurized to achieve larger density ratios (pressures as high as 10 bars are reported). 

AWE has the capability of tilting the rig and studying the two-dimensional motion of the inter- 

face set up by the acceleration (none of these experiments are considered in this report). Six 

different combinations of working fluids are used in the AWE experiments, but the only data 

that is used to compare our TMZ profiles with in this report is the’combination of aqueous so- 

lution of calcium chloridehexane (Atwood = 0.267). The AWE apparatus is capable of accel- 

eration, acceleratiodcoast, and acceleratioddeceleration profiles. 

Data from both sets of the above experiments (AWE and Chelyabinsk-70) are used as a 

basis for comparison in this report. These experiments and numerical studies (Youngs, 1984) 

indicate that the instability becomes self-similar during this latest stage of growth. That is to 

say, the width of a TMZ that grows from an initial interface of small random perturbations 

spreads in proportion to gt2, where t is time and g is the acceleration of the apparatus. The 

depth of penetration of the bubbles of lighter fluid, hl, into the heavier fluid is described empir- 

ically (Smeeton & Youngs, 1987) as h, = aX, where X = Atwood*g*t2. The Atwood num- 

ber is a dimensionless number between zero and one used to describe the density ratio: 

Atwood = (p2-pl)/(p2+pl). X is the self-similarity variable. This relation for hl is valid 

only after the TMZ has reached self-similarity, Le., all memory of the initial conditions is lost. 

In the literature, the depth of penetration of the spikes of heavy fluid into the lighter fluid is de- 

fined as h2. The self-similar coefficient (acceleration constant), a, which defines the slope of 

hl for the self-similar stage of growth, is found to be insensitive to the density ratio and varies 
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little from experiment to experiment (Linden, et al. 1992; Read, 1984; Read & Youngs, 1983; 

Andrews, 1992). 

The best experimental estimates for a in a truly three-dimensional situation are approx- 

imately 0.07. Youngs (1 992a) gives a range of values from 0.050 to 0.077 for a. Linden, et 

al. (1 992) report a value of 0.070 for a when using a relatively large, three-dimensional, tank. 

Andrews and Spalding (1990) cite a value of 0.04 for a. Snider and Andrews (1994), who 

report values of a = 0.070+0.011, explain that the container used to hold the mixing fluids 

of the experiment of Andrews and Spalding ( 1990) was narrow (approximately "two-dimen- 

sional"), and that this could account for the smaller value of a. On the average, the values of a 

are higher for three-dimensional tests than those values of a found in "two-dimensional" tests. 

Youngs confirms this numerically; for two-dimensional numerical calculations, Youngs 

(1991,1992a) reports values of a between 0.04 and 0.05, while the early time values of a are 

reported as higher for the three-dimensional case (Youngs, 199 1). Others have numerically in- 

vestigated the evolution of the TMZ (Andrews, 1992; Gardner, et al. 1988; Glimm, et al. 1992; 

Li, 1993; Tryggvason & Unverdi, 1990), and have all reported values of a close to the above 

values reported by Youngs. The lower extreme of the range being a = 0.038 and the upper 

extreme being a = 0.07 1. 

It should be mentioned that, in the literature, Kucherenko, et al. use a self-similarity 

variable, S, defined as S = gt2/2, but the data from Chelyabinsk-70.that we use in this report 

is for a density ratio of 3, which coincides with an Atwood number of 0.5. Thus, the self- 

similarity variable X from the British and the S from the Soviets are identical for the results that 

are presented in this report. 

Demixing has also been investigated (Smeeton & Youngs, 1987; Kucherenko et al. 

1994; Stafford, 1982). Kucherenko, et a!., as well as Smeeton and Youngs, accomplish this 

by changing the acceleration during the stage of self-similar growth of the TMZ. They observe 

a partial contraction in the width of the TMZ and define a constant to accompany this process 

which is similar to the acceleration constant of a as described above. They cite values for this 
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constant on the order of 117 of the values of a given above. Other variants of the change in ac- 

celeration are reported by Smeeton and Youngs (1987). Stafford (1982) achieved unstable 

stratification by heating an initially stably stratified solution of water over saline solution. 

Buoyancy forces mixed the two fluids, and eventually a partial de-mixing was observed due to 

the fact that the two fluids did not completely mix at the molecular level. Spalding (1985b) 

used a direct numerical simulation to study this de-mixing process. Andrews (1986), as sug- 

gested by Spalding (1985a) used a two-fluid model to predict both the Rayleigh-Taylor mixing 

and the late time de-mixing. 

Andrews (1986) states that the use of a two-fluid model is necessary because the TMZ 

is comprised of fragments of different density fluids. A body force induces different accelera- 

tions on each fluid fragment causing different relative fluid velocities, and, hence, different in- 

ter fluid drags. For a comprehensive summary on two-phase flow modeling, the reader is re- 

ferred to Drew (1983). Andrews paraphrases Spalding (1985a) by referring to this phenom- 

ena as "sifting", and suggests the use of a two-fluid model to capture correctly the relative mo- 

tion of the fluid fragments. A two-fluid model was necessary as opposed to a turbulence 

model which uses a diffusive type gradient approximation for closure of the triple terms to 

capture the effects of a counter-gradient flux. Youngs also uses a two-fluid model to investi- 

gate the turbulent mixing of the late stages of the Rayleigh-Taylor instability (1992b). He finds 

good agreement with his own experiments. For these same reasons, we also incorporate a 

two-fluid model into our investigations as described later in this report. 

Many investigators have used single-point variable density turbulence transport models 

to investigate the late stages of the Rayleigh-Taylor instability (Anchina, et al. 1978; Andrews, 

1986; Anisimov & Polyonov, 1989; Kucherenko, et al. 1986; Nikiforov, 1991; Polyonov, 

1989b; Belenkii, 1965; Neuvazhaev, 1989; Neuvazhaev & Yakovlev, 1984). Decent agree- 

ment with experiment is easily achievable with the adjustment of parameters, but their results 

are not universal due to the implicit assumptions behind single-point models. Another problem 

with single-point models is the diffusive nature of the closure assumptions. These diffusive 
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closures do not allow for the proper representation of de-mixing (Andrews, 1986) due to any 

types of transients in the flow. To address this problem, investigators have tried to form hy- 

brid models using both the single-point transport models combined with the equations of two- 

fluid models (Cranfill, 199 1; Youngs, 1989 and 1992b). 

An avenue that has proved useful in simulating the early stages of the Rayleigh-Taylor 

instability is numerical simulation using front tracking (or interface tracking) methods (Youngs, 

1994; Tryggvason, 1988; Linden, et al. 1994; Li, 1993; Glimm, et al. 1987). Also, the pres- 

ence of widely varying length scales makes high Reynolds number turbulence very expensive, 

if not impossible, to simulate using Direct Numerical Simulations, The investigator must have 

a sufficiently resolved grid in order to compute the transfer of energy to the finest scales of the 

flows correctly. Due to the complexity of the structures after the self-similar stage has been 

reached, these methods tend to become very expensive numerically, and one finds motivation 

to approach the problem from a statistical point of view. 

To this date, however, only the investigations of Steinkamp, et al. (1995) have devel- 

oped a statistical spectral model to examine the self-similar phases of mixing. This spectral 

model is capable of describing a turbulent flow that is far from self-similarity. This capability 

goes beyond that which any single-point models may claim. 

1.4.B Turbulence transport modeling 

There is a long legacy of turbulence modeling upon which the model developed in this 

study is based. This section of the literature survey is intended to give an overview of the 

evolution of turbulence modeling and the subsequent increase in sophistication as to how one is 

able to handle the turbulence problem. This section serves to place the model developed in this 

work in context with other turbulence transport models in the literature, and it also shows a 

need for a spectral model instead of a typical single-point engineering model. The model de- 

veloped in this study is by no means the most mathematically sophisticated when compared to 

other spectral models. However, when developing this model, an attempt is made to capture 
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the essence of the physics present in a variable density inhomogeneous mixing situation. In 

order to capture the transients in general flows such as these one is forced to go to a spectral 

model, and, in this sense, the model developed herein is more sophisticated than the current 

single-point turbulence transport models. 

For a comprehensive overview of the evolution of turbulent modeling the reader is re- 

ferred to Markatos (1986) and Launder and Spalding (1972); for further comments on second- 

order closures (single-point), see Launder ( 1990). 

The simplest way to close the Reynolds stress tensor in the mean flow equation (after 

the Navier-Stokes equations have been decomposed into mean and fluctuating parts and en- 

semble averaged) is to use a simple algebraic expression that relates the mean field behavior to 

the turbulence. The most well known of these types of models are those that use the Prandtl's 

mixing length hypothesis.(Anderson, et al. 1984; Bradshaw, et al. 198 1). Obviously, since 

these types of models do not transport any turbulence variables, they quickly break down in 

situations with flow transients. These models are only useful for flows in which the total effect 

of the turbulence on the mean flow is small. 

For constant density turbulence there is a hierarchy of single-point modeling strategies 

ranging from the very simple algebraic closure as described above to the two-equation transport 

models such as the "two-equation-eddy-viscosity" models or the "second order" models. The 

two turbulence quantities that are typically chosen to be transported in the two-equation models 

are the turbulent kinetic energy, K, and the dissipation rate of K, namely E. These models are 

known as the K-E models. Second order models transport the entire Reynolds stress tensor, 

Rij, and the kinetic energy dissipation rate, E. 

A single-point two-equation K-E transport model was first proposed by Harlow and 

Nakayama (1967, 1968). Some of the variants of this model that have been proposed include 

the work by Jones and Launder (1972, 1973), Chien (1982), and Nagano and Hishida (1987). 

Other two-equation models exist such as models that transport K times a length scale instead of 
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E (Ng & Spalding, 1972), and models that transport the second moment of the vorticity fluc- 

tuation instead of E (Saffman, 1970; Saffman & Wilcox, 1974; Ilgebusi & Spalding, 1985). 

Second order two-equation transport models (Rotta, 1951; Daly & Harlow, 1970; 

Hanjalic & Launder, 1972) represent the next step in complexity above the two-equation mod- 

els just discussed. These types of models transport the full Rij tensor as opposed to only the 

trace of Rij, where K is equal to one half the trace of Rij. An advantage of over the K-e type 

models is that these types of models are able to describe flows in which the off-diagonal com- 

ponents of Rij are significant. Variable density extensions to these models also exist (BHR, 

1987; Andronov, et aZ. 1982). 

In an attempt to compensate for flows departing from spectral self-similarity, second- 

order models that transport Rij and E at both the energy containing eddy scales and the energy 

cascade length scales are known as multi-scale models (Hanjalic, Launder & Schiestel, 1980). 

These types of models represent the first indications that it is necessary to go to a two-point 

spectral model in order capture the dynamics of the turbulent kinetic energy spectrum. 

Spectral models have been proposed for constant density homogeneous flow circum- 

stances. In these models an exact but unclosed Rij transport equation is derived for two points 

in spaces as opposed to one (as in the discussions above). An E transport equation is no longer 

necessary in these models. Strategies for closing the triple correlations range from the rela- 

tively simple diffusion type approximation models of Leith (1967) imd Kovasnay (1 948) and 

the Eddy-Damped Quasi-Normal Markovian (EDQNM) model of Orsag (1970) to the more 

complicated Direct Interaction Approximation (DIA) family of closures (Kraichnan, 1958; 

1959; 1964; 1965), the Random Coupling Model (RCM) (Kraichnan, 1961), and the Test 

Field Model (TFM) (Kraichnan, 1971; 1972). The work of Leith (1967), which follows the 

approach often used in radiation and neutron transport, and Kovasnay (1948) treat the transfer 

of energy in k-space as a local process while the rest of the previously mentioned models at- 

tempt to capture the nonlocal transfers of energy in k-space. Kraichnan (1966) showed quanti- 

tatively that a local approximation captures the essence of the physics. The BHRZ (1990) 
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model for homogeneous constant density turbulence implements this local version of k-space 

dynamics. 

Other two-point constant density turbulence transport models include those proposed 

by Cambon (1979), Cambon, et al. (198 l), and Bertoglio (1982). Bertoglio and Jeandel 

(1987) use a spectral closure (EDQNM) for boundary layer calculations with constant density. 

Jeandel, Brison and Mathieu (1978) as well as Besnard et al. (1990) show how a spectral 

model can be integrated over k-space by assuming self-similar form functions in k-space. This 

integration reduces the spectral model to a single-point model, i.e., a K-E type of model. 

Jeandel, et al. have applied their resulting single-point model to homogeneous and 

inhomogeneous turbulence and have had some success. 

All of the spectral work mentioned to this point has been for constant density flows. 

Clark (1992) used the BHRZ spectral transport model to examine constant density anisotropic 

flows and the spectral behavior of return to isotropy. Clark and Spitz (1995) have developed a 

spectral transport model for homogeneous variable density flows. The work described herein 

addresses variable density inhomogeneous turbulence. 
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2. Configurational Definition of the Transported 
Variables Describing the Turbulent Mixing of Two Fluids 

2. I Introduction 

This chapter introduces and defines the flow field variables that are used in this study 

to describe the mixing of two immiscible fluids. These variables are used in the single-point 

BHR turbulence transport model discussed in Chapter 3, and the single-point two-fluid model 

discussed in Chapter 4. The two-point extension of the variables discussed herein are used in 

the spectral turbulence transport model developed in Chapter 5. 

At this point we introduce the concept of an "ordered" and a "disordered" component 

of the flow. This concept fits in nicely with the ideas associated with the configurational 

variables discussed in this chapter. We associate the ordered component of the flow with the 

configurational variables discussed in this chapter. We have found that in keeping this con- 

ceptual detail of the flow in mind, it has aided us in the conceptual formulation of the spec- 

tral model of Chapter 5. For brevity we have elected to present the discussion on ordered and 

disordered components of the flow in Appendix C. 

The next two chapters present two very different approaches for the theoretical anal- 

ysis of fluid interpenetration across a nominal interface. One of these, based on a single-field 

approach (Chapter 3), is a single-point turbulence transport description, which we expand to 

a two-point (spectral) description in Chapter 5. The other is based on the equations for two- 

field flow (Chapter 4), from which we also use ideas and concepts in formulating the spectral 

transport model of Chapter 5. 

The main thrust of this report is to develop a more firmly based foundation for turbu- 

lence transport calculations that are relevant for a broad scope of circumstances. The tech- 

niques for this endeavor are based on significant extensions of two-point spectral analysis to 

circumstances with large variations in properties from point to point throughout the fluid. 

This work is described in Chapter 5. However, in so doing, a firm understanding of the sin- 
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gle-point modeling techniques for variable density turbulence must be established. 

Therefore, this chapter examines the relevant transported variables of a single-point turbu- 

lence transport model (BHR) and attaches physical meaning to these variables. The follow- 

ing two chapters then describe modeling techniques used to close transport equations for the 

variables discussed in this chapter. 

2.2 Description of the flow field variables 

In this study of variable-density turbulent mixing, it is necessary to define variables 

and concepts in addition to those used for the constant density case. In this section we de- 

scribe the variables we work with in this report and use the configuration of a simplified one- 

dimensional mixing layer between two incompressible immicible fluids to illustrate their 

definitions. For simplicity we use the linear stage of the Rayleigh-Taylor mixing layer as a 

basis for the example, but the concepts apply equally well to other mixing scenarios such as 

Kelvin-Helmholtz shears (Brown & Roshko, 1974). 

and 

where 

The conservation of mass and momentum equations are 

- -  a~ + aPun =0, 
at ax, 

<Tin = -p6jn +Ti, . 
The viscous stress is taken as 

Tin =p -+LL2&,”), aui aU [ ax, axi 3 ax, 

(2.2.1) 

(2.2.2) 

(2.2.3) 

(2.2.4) 

where p is the molecular viscosity. 

We are interested in the ensemble averages of these equations. The definition of en- 

semble averaging that we use is analogous to that used by Hinze (1987) for N identical 

experiments. There exists a strong motivation to identify a velocity associated with the 

average mass flux, fi (the overbar denotes an average), since this quantity occurs in both the 
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averaged conservation of momentum equation as well as the averaged conservation of mass 

equation. If we apply the standard Reynolds decomposition, i.e., u = ii + u’ where 2 = 0, to 

this momentum density, @, we get 

- - 
pui = (p + p’)(ai + u;) = piii + p‘u; . (2.2.5) 

In order to identify a velocity that is responsible for fluxing the mass, we can use the Favre 

mass weighted velocity, ii, where u = ii + u’’ with pu’’ = 0. (Favre decomposition for the 
- 

case of variable density flows contains many potential benefits over Reynolds 

decomposition, which incorporates many complexities into the averaged governing 

equations.) Thus we incorporate the mass weighted velocity, 
- 

into Eq. (2.2.5) to get 

- PUi ui =y 
P 

(2.2.6) 

(2.2.7) 

We define another important variable here, namely the velocity a, associated with the 

net mass flux relative to the U frame of reference. From Eq. (2.2.7) we can see that this ve- 

locity associated with this mass flux is just 

(2.2.8) 

This is a very important quantity as far as this study is concerned. I t  is this quantity that de- 

scribes the fluxing of mass relative to the 6 frame of reference, and this idea is quantified by 

the resulting expression, 

i i= i i+a .  (2.2.9) 

There are two key concepts to identify in the above relationships. The first is the idea 

that from the quantity pii we see that it is the velocity ii that carries the mass flux, and the 

second is that it is this same velocity that carries the total momentum per unit volume. Here, 

it is instructive to note that a relationship between a and the mass weighted velocity 
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fluctuation, u", can be established by inserting the Favre and Reynolds decomposition into 

Eq. (2.2.7) and ensemble averaging to obtain 
- 

a = -u" . 
(Note here that the ensemble average of the fluctuating mass weighted velocity is nonzero). 

A transport equation for a is derived from the Navier-Stokes equations in the single- 

point model that is discussed in this Chapter 3. A transport equation for a is also formulated 

for the spectral model of Chapter 5. 

We will now define the particular form of the Reynolds stress tensor, Rij, that is used 

in this study. Decomposing the flow field variables of the mass and momentum equations 

into their mean and fluctuating parts followed by the ensemble averaging yields 

ap a p ,  
at ax, -+--0, 

and 
apq a asin 

at ax, axi + -(pfiiGn + Rin) = - +Pgi 3 

where, the Reynolds stress tensor, Ri,, in the momentum equation is 

- 
I f f  - Rij = puii,$' = puW ' 1  -paiaj + p  uiuj. 

(2.2.10) 

(2.2.11) 

(2.2.12) 

Here the added complexity due to volume weighted variables as compared to mass weighted 

variables can be seen in the definition of Rij. It should also be noted that the process of Favre 

decomposition allows us to express both the momentum and mass equations in conservative 

form. These considerations of conservation also reinforce the motivation behind the identifi- 

cation of this generalized Reynolds stress tensor. 

With the above expression for Rij, it is instructive to look at the expression for the ki- 

netic energy per unit volume, Tj-KE, hereafter referred 

flow. By definition, the total kinetic energy of a flow is 

1- pKE = ypunun . 

to as just the kinetic energy of the 
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The total kinetic energy receives contributions from the mean flow associated with the center 

of mass as well as the turbulent component of the flow. To demonstrate this we substitute 

the mass-weighted decomposition of the velocity field, u = ii + u”, into Eq. (2.2.13), 

and, upon ensemble averaging, the expression for the total kinetic energy becomes 

- 
Since (by definition) pu” = 0, the expression for the kinetic energy simplifies to 

- 1 -- pKE = ?[ punfin + pu;u;], 

(2.2.14) 

(2.2.15) 

(2.2.16) 

From this expression it is easy to identify the only two contributions to the total kinetic en- 

ergy of this particular turbulent flow. Here Rnn  represents the total kinetic energy per unit 

volume that is not associated with the movement of the center of mass, i.e., it represents the 

turbulent contributions only. 

Two more important quantities to be identified here, which appear in the transport 

equation for a, are the density-specific volume correlation, b, and the density-density self 

correlation, B, where 
- 

b = -P’v’ , 
and, 

The specific volume, v, is defined by 

- 
B = p’p‘ , 

1 
P 

v = - .  

(2.2.17) 

(2.2.18) 

(2.2.19) 

Here for the idealization of a smooth interface between two interpenetrating liquids, 

we attach physical significance to the variables used in this study by examining this highly 

idealized mixing interface. The following figure used to describe the mixing situation is 

highly idealized, but nonetheless, it serves a useful purpose. 
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fluid #2 

~ 

Figure 2.2.1. Idealized schematic of an interface between two interpenetrating fluids (top) with 
the corresponding density profile (bottom) found in the thin horizontal strip through the mixing layer. 

Given the mixing interfacial configuration of Fig. 2.2.1, both materials are in the liq- 

uid phase in order to simplify this explanation. In this figure a heavy fluid is situated over a 

lighter fluid with gravity pointing down. The fluids are constrained to be at rest far above 

and below the interface. Thus a vertical pressure gradient is created by the presence of 

gravity, and the configuration is unstable. The perturbed interface is shown with a thin strip 

drawn horizontally through it. The bottom half of the figure shows the spatial density distri- 

bution found within the strip. For our purpose, imagine this slice of the interface extending 

forever in the horizontal direction. A spatial average across the strip can be thought of as an 

ensemble average of a large number of experiments describing fluid mixing. 

To identify average values of density, velocity and other variables it is instructive to 

take a strip average as shown in the above configuration. As we traverse the strip, it can be 

seen that there will exist a fraction of circumstance, a,, when we are in fluid 1 and a differ- 
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ent fraction of circumstance, a, , when we are in fluid 2. From this process it follows that we 

can define a volume averaged density, p, and a volume average velocity, 3 ,  for the strip as 
(2.2.20) P = alp, + a 2 P 2  7 

- 

and 

where, 

- u = alu] + a,u, , 

a, +a, = 1. 

(2.2.2 1) 

(2.2.22) 

Here a, , and a,, are the volume fractions, p, and p2 are the microscopic densities of fluid 1 

and 2, respectively, while uI and u2 are the separately averaged velocities of fluid 1 and 

fluid 2, respectively found in the thin strip. Note that for the special case when u, = - u2, at 

the center of the mixing layer where a1 = a2 = 0.5, then the condition of incompressibility 

ensures the condition ii = 0, for the whole mixing layer. It should also be noted that these 

two averages can be generalized for a mixture involving a large number, n, of fluids as 

and, 

n - u = p i u i  , 
i=I 

n 
Cai=l. 
i = I  

(2.2.23) 

(2.2.24) 

(2.2.25) 

In the same light that we define a volume fraction for fluids 1 and 2, we also define mass 

fractions, c, and c2 , of fluids one and two such that 

Here 

and, 

c , + c 2 = 1 .  (2.2.26) 

(2.2.27) 

m2 = p,a,GV = c,M , (2.2.28) 

where M is the total mass of all fluids in a 6V volume segment of the strip. Thus cl p = a l p ]  
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It is very useful to describe the momentum of the strip of fluid as the product of the 

overall density times the velocity, 6.  If one observes the flow field in the frame of reference 

in which the strip is at rest, the volumetric flux through the strip will be zero due to incom- 

pressibility. For the incompressible case of two non-equal fluids mixing, p1 is different from 

p2, and there is a net mass flux across the strip. This mass fluxing velocity is clearly not ii, 

since ii is zero in this case. Upon careful examination of the strip, we realize that the mo- 

mentum per unit volume for fluid one and two is pluI and p2u2, respectively, and the total 

momentum density of the strip is just a,p,u, + a2p2u2. This allows for the very useful and 

intuitive identification for the mass-fluxing velocity of the strip, such that 

-- 
PU = P,a,ul+ P2a2u2 * (2.2.29) 

The relationship provides a bridge between the two-fluid flow variables and the total momen- 

tum of a single combined field. 

We can also determine equivalent configurational expressions for ai, the velocity of 

the net mass flux, and RQ, the Reynolds stress tensor. While horizontally traversing the strip 

of fluid in Fig. 2.2.1, fluctuating quantities can be expressed as deviations of that field away 

from the overall averages of the flow in the strip. That is to say, the density fluctuation, p’, 

can be expressed as either pI - p or p2 - p depending on whether we are in fluid one or fluid - 

two. Similar expressions can be formulated for the following two representations of the fluc- 

tuating velocity field: (1) the quantities u, - ii or u2 - u, depending on which field we are 

in, for the fluctuating velocity u’, or (2) the quantities uI - ii or u2 - ii, again depending on 

which field we are in, for the fluctuating velocity u”. As we horizontally traverse the strip 

we are in fluid one a1 fraction of the traverse and fluid two a2 fraction of the traverse. 

Thus, upon substitution of these expressions into Eq. (2.2.8) we find that 
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An exercise in algebra leads to the following configurational formulation for the velocity of 

the net mass flux, ai: 

(2.2.31) 

From the bottom configuration of Fig. 2.2.1 it can be seen that the density changes as 

we transverse the thin strip. These fluctuations away from the average value of density are 

once again defined as (pI - p) or (p2 - p), depending upon which fluid we are in. Upon 

substitution of the expressions for the fluctuating quantities into the specific volume-density 

correlation, b, we get 

(2.2.32) 

An exercise in algebra leads to the following configurational expression forb: 

b =  a P 2 ( P I  -P2)2 (2.2.33) 
PIP2 

Likewise, a similar expression can be derived for the density-density self-correlation, B. 

Substitution of the expressions for the fluctuating densities into the definition of B, results in 

B = a1 (PI - a ( P 1  - + a 2 ( p 2  - P>(P2 - P) (2.2.34) 

Once again, after some algebra, the expression for the density-density self correlation within 

the thin strip of Fig. 2.2.1 becomes 

€3 = a,a,(p, - P2)2 - (2.2.35) 

In this study, we work with b as one of our primary variables. 

Substitution of the configurational expressions for the mass weighted fluctuating ve- 

locities into Eq. (2.2.12) results in a similar configurational expression (denoted by the super- 

script, c) for Rij, namely, 

(2.2.36) 
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which, after some algebraic manipulation, becomes 

(2.2.37) 

This expression for the Reynolds stress also allows for the description of the turbulent kinetic 

energy per unit mass, K, via the two field variables, where 

namely, 

(2.2.38) 

(2.2.39) 

Here, the repeated indices are summed in the usual fashion. Because ul and u2 are average 

velocities within each fluid, the Rij and K calculated in this manner carry none of the effects 

of the intrafluid fluctuations. We are, therefore, led to the idea that these configurational de- 

scriptions carry, in some sense, only the effects of the ordered part of the interpenetration. 

To be more illustrative of the idea, consider the decomposition of the kinetic energy in 

Eq. (2.2.15) to be further subdivided into that part which represents the fluctuations from 

blob to blob and the part which represents the fluctuations of velocity within fluid 1 and 

fluid 2. 

This suggests an identification of the ordered and disordered parts of the turbulent ki- 

netic energy such that Eq. (2.2.39) is appropriately recognized as the ordered part and 

the disordered part of the turbulent kinetic energy per unit mass, Kdiss, is represented by the 

expression 

Rnn RC,n 
2 p  2p  

Kdiss = --- . (2.2.40) 

In this section definitions of important variables and their associated configurational 

basis that are to be used for the rest of this report have been given. 
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2.3 Summary of the flow field variables 
In this chapter we discussed the variables used for the rest of this study. The vari- 

ables are derived from a configurational point of view for a two-fluid flow configuration. 

This chapter has been included to give a physical feel for the significance of the variables that 

are transported in the spectral turbulence transport model developed in Chapter 5 and also the 

single-point discussions of Chapters 3 and 4. 

The variables in this chapter were described in a single-point context to give an intu- 

itive feel for the physics that we wish to represent with each of them. These are all important 

concepts when one thinks about the ideas of mass-flux and density correlations as being the 

primary sources for variable density flows. 

38 



3. Single-Point Turbulence 
Transport Modeling 

3.1 Introduction 
This chapter presents a single-point turbulence transport approach for the theoretical 

analysis of fluid interpenetration across a nominal interface. This approach, based on a sin- 

gle-field description, is a single-point turbulence transport model (BHR), which we expand to 

a two-point (spectral) description in Chapter 5. The purpose of this chapter, along with 

Chapter 4, is to present some of the strategies that are used as a basis for the formulation of 

the spectral approach to the theoretical analysis of fluid interpenetration that is presented in 

Chapter 5. 

Here, when we refer to the single-point turbulence transport model, we are referring 

to a model developed directly from the Navier-Stokes equations which treats the entire flow 

field at a single point in space. The flow field variables are decomposed into mean and fluc- 

tuating parts, and through the process of ensemble averaging a mean flow field and a turbu- 

lent flow field can then be identified. This differs from the two-field approach in that the 

two-field flow model discussed in Chapter 4 follows the standard convention of keeping two 

separate velocity fields and the mixture fraction at every point for a nonturbulent highly dis- 

persed flow. Both models come from the Navier-Stokes equations and require much 

modeling, incorporate much empiricism, and neither is capable of describing all the circum- 

stances that are currently of interest. 

There are many scenarios that can be described in the variable density context or the 

two-field flow context. An example for each is, respectively, (1) two interpenetrating fluids, 

and, (2) widely dispersed marbles falling through a fluid. These two examples are given only 

to represent the extreme cases which might be described either by the single-point turbulence 

transport equations for a variable density fluid or the two-field flow equations. The flow that 

this study is concerned with is the case for two immiscible interpenetrating fluids under the 
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influence of an acceleration with vanishing viscosity or the case of blobs of fine particles in a 

fluid mixing into the pure fluid. In all cases, the issue of changing flow scales is of extreme 

significance. A model must be capable of capturing the experimentally observed flow scale 

growth. For the case of two interpenetrating immiscible fluids, the quadratic growth of bub- 

bles can be observed, and for the case of particulate mixing within a pure fluid the coales- 

cence or fragmentation of particle-liquid blobs can be observed; both represent examples of 

scale growth. 

In this chapter we present a discussion of single-point turbulence transport modeling 

for variable density mixing of two fluids. The guidance one can obtain from two-field flow 

when attempting to model single-point turbulence transport equations will be discussed. We 

also investigate the various modeling techniques used in the single-point theory. In the litera- 

ture (Polyonov, 1989a, 1989b & 1989c; ) it is demonstrated that current single-point transport 

models can be adjusted to agree rather well with a restricted subset of interesting problems of 

fluid-interface instability and turbulent mix, and the single-point transport models give quali- 

tatively useful results for a somewhat greater set of problems. These agreements with exper- 

iments and numerical simulations come at the expense of requiring inconsistencies in the 

formulations, like the elimination of terms that seem to arise properly from the modeling but 

are deleterious when tested in calculations. In this chapter it will also be shown that there are 

major, fundamental elements of formulation that are missing from the current single-point 

transport formulations. These elements cannot be found with the guidance of two-field flow 

formulations, because they are associated with the changing scales of fluctuation that two- 

field flow theories are incapable of describing without empirical supplementation. 

Thus the purpose of this chapter is two-fold. It demonstrates a basis for partial valid- 

ity of current single-point transport modeling and indicates some major directions for im- 

provements that can be made to increase the breadth of that validity. In this chapter we ad- 

dress many of the philosophical shortcomings of single-point turbulence transport theories to 
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motivate the need for the enhancements of a spectral theory. It establishes a perspective for 

the spectral developments and comparisons discussed in Chapter 5. 

3.2 Single-point turbulence transport equations 

There are many single-point theories for constant density turbulence. As stated in the 

literature survey of Chapter 1, these theories range from the very simple zero-equation mod- 

els to the more complicated multi-equation models. For two-fluid mixing problems, there are 

many fewer single-point transport models, and these consist mainly of variations of the 

model developed by the authors Besnard, Harlow and Rauenzahn (Besnard et al. 1992), and 

the models developed by Nikiforov (1991) and Launder, et al. (1975). Jones and Launder 

(1 972) introduced a two-equation, K-E, single-point turbulence transport model for constant 

density recirculating flows. They make use of gradient-diffusion models for the turbulent 

flux of scalar quantities. Kuo (1986) proposes an extension of this model to account for vari- 

able density but points out that these extensions have not been tested and, according to Jones 

and Whitelaw (1982), more than likely will not be tested in the near future. The current sta- 

tus of variable density turbulence transport research is adequately described in the rest of this 

section. A more complete overview (up to 1980) of the current state of variable density tur- 

bulence transport models is given by Jones (1980). This was presented as part of a lecture 

series on turbulent flows. 

The purpose of this section is to establish an overview on the current state of single- 

point theory as applied to variable density problem of interface mixing. Since the emphasis 

of this report is on the extension to two-point spectral turbulence theory, this discussion em- 

phasizes the single-point model (BHR) used as a basis for the spectral model developed in 

Chapter 5 and indicates some of the deficiencies of the BHR single-point model in terms of 

scale considerations. This serves as an indicator of current modeling techniques used for 

variable density flows. 
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The BHR single-point turbulence transport model is applicable to multimaterial com- 

pressible turbulent flows. In this section, in compliance with the strategy of BHR, a set of 

transport equations for second order correlations, namely a, b, and Rij, appropriate to vari- 

able-density turbulence as described earlier in Chapter 2 are derived from the Navier-Stokes 

equations. Gradient-type diffusion approximations developed from mean flow variables are 

applied to some but not all of the other second and higher order correlations to properly close 

the system of model equations. The BHR model is developed for compressible turbulent 

flows whose fluctuating velocities are far subsonic. This scenario is very common in nature. 

In Appendix A, we show that this single-point turbulence transport model (BHR) 

conserves energy. This is an important and necessary condition for a credible transport 

model. This conservation of energy consideration is also very important in the formulation 

of the spectral model of Chapter 5. It can be shown that the spectral model of Chapter 5,  

when fully integrated in k-space, also conserves energy. 

In this section a derivation for the transport equations of the BHR single-point turbu- 

lence transport model is presented to point out some of the modeling techniques for variable- 

density single-point theory. The modeling techniques associated with this model are used as 

a basis on which to build the spectral model for variable-density turbulence presented in 

Chapter 5. 

The BHR model allows for the mean flow to be compressible, and only the turbulent 

velocity field is subsonic. For the purposes of this report we assume that the entire flow field 

is divergence-free, so that V E = 0 and V . u’ = 0. Since our applications are to the turbulent 

mixing of incompressible fluids the internal energy equation, equation of state, and the 

species transport equation are not required here. For the incompressible case involving only 

two species, a species transport equation is derived directly from the conservation of mass 

equation. The different types of modeling used to close the system are discussed. The 

derivation rests on the assumptions that the Navier-S tokes equations completely describe a 
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fluid flow field in which there can be large discontinuities in density and that this flow field 

can be separated into mean and fluctuating components. 

The equations for the conservation of mass and momentum, restated from Chapter 2 

here for convenience, are 

and 

where 
Gin =-p6, +p - + 1 - - 6 i n - ) .  aui aU 2 aU [ ax, axi 3 ax, 

(3.2.1) 

(3.2.2) 

(3.2.3) 

For this study, the fluids are taken as immiscible; therefore, no account must be taken 

for molecular diffusion. Also, no account is taken of phase transitions, and molecular 

viscosity, p, is considered to be vanishingly small, since this effect is negligible for the case 

of the Rayleigh-Taylor instability (Youngs, 1984). The Reynolds decomposition, as dis- 

cussed in Chapter 2, is applied to these equations in the conventional manner by decompos- 

ing the flow field variables into their mean and fluctuating components. Once these decom- 

positions are inserted into the above conservation relations, the resulting equations are en- 

semble averaged. At this point we make use of the Favre decomposition allowing for a con- 

venient description for the momentum of the flow field. As shown in Chapter 2, the Favre 

decomposition separates the velocity field into the mass weighted 'ensemble averaged com- 

ponent and the fluctuating component. 

After introducing the above decompositions, ensemble averaging, and applying the 

applicable relations from Chapter 2, we get the following conservation relations: 

and 
ap apiin 
at ax, -+-=o. 
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Notice here that the Favre decomposition process allows us to express the mass and the mo- 

mentum equations in conservative form and allows for the simple identification of the gen- 

eralized Reynolds stress, pu”u”. Here it is observed that, when written in this form, the 

Reynolds stress represents that part of the flow which is not mean flow. 

In the BHR model a transport equation is derived for Rij. This transport equation is 

first derived in rigorous but unclosed form from the Navier-Stokes equations. To construct a 

transport equation for Rij, the variables in the Navier-Stokes equations are decomposed into 

mean and fluctuating parts and transport equations are derived for pu” and u”. The trans- 

port equation for pu” is multiplied by u”, and the transport equation for u” is multiplied by 

pu” . The resulting two transport equations are added together and ensemble averaged so as 

to create a transport equation for Rij. The resulting unmodeled transport equation for the 

Reynolds stress, Rij is 

aRij aR.4 aii aiii aRnij - + 2 + Rin - + R,j-+- 
at ax, ax, ax, ax, (3.2.6) 

- -  -- 
&lip’ &fp’ au; au; 

J axi axi axj axi axj 
=(..a +ai- :) ---- + p’-+ p’- . 

The triple correlation Rnij is defined as pu:uib;. Notice a paradox that emerges from 

Eq. (3.2.6) when molecular viscosity is neglected. There are no dissipation terms. Yet, it is 

well known that all forms of turbulence decay, even at very high Reynolds numbers, i.e., 

where the molecular viscosity is practically zero. This is the identification of one of the mo- 

tivating reasons to construct a two-point spectral model. As will be shown in Chapter 5 the 

spectral model is capable of producing terms that, when spectrally integrated, represent a 

physically plausible means of dissipation. In the spectral model of Chapter 5 the dissipation 

rate is determined by the rate of inertial transfer and is insensitive to the magnitude of vis- 

cosity. The rate of inertial transfer is scale dependent, and the single-point formulation of 

Eq. (3.2.6) is incapable of providing any meaningful description of a scale for Rij. 
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TO model the triple correlation, Rnij, of Eq. (3.2.6), we use the relation u: = ui - a,, 

to re-express the gradient of this correlation as 

This procedure produces a triple correlation that must be modeled and a term that can remain 

unmodeled. The following gradient approximation used by Daly and Harlow (1970) is used 

to model the triple correlation and the conservative part of the pressure-velocity correlations: 

punuibj f I If- - - C,, "[ R,, &[ ?)]. 
E 

(3.2.7) 

Here CDR is a constant, K is the turbulent kinetic energy, and E is the decay of K. See 

Eq. (3.2.13) and Eq. (3.2.14) for transport equations for K and E. Although numerous permu- 

tations of indices are suggested by the symmetries of Rnij, we follow the procedure of using 

only the part that is directly proportional to the gradient of Rij itself. 

The modeling of the pressure-velocity gradient correlations is divided into two parts: 

the part that is coupled directly to the mean flow gradient, and the part that is modeled as a 

return to isotropy due to turbulent eddy interactions. This is expressed as 

(3.2.8) 

The part that is coupled directly to the mean flow is modeled as a direct extension of the 

model developed by Launder, Reece, & Rodi (1975) for the constant density case, namely, 

(3.2.9) 

A type of dissipation must be included to describe the decay of turbulence. As 

pointed out by previous authors (Launder, et al. 1975; BHR, 1987), for constant-density tur- 

bulence, the decay of Rij is well represented by the addition of the term, 

(3.2.10) 2- 
3 

--pe6, , 
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but more generally we believe that there could be significant off-diagonal contributions to 

this decay term. In Chapter 5 we address these issues from spectral derivations. 

With the above modeling, the transport equation for Rij becomes 

aRij aR,a, aiij aiii -+- + Ri, - + Rj, - 
at ax, ax, ax, 

(3.2.1 1) 

Instead of transporting the full Reynolds stress tensor R,, a transport equation for the 

turbulent kinetic energy per unit mass, K, is sometimes used and is derived with the follow- 

ing definition: 
- 1  
pK = TRnn * 

Contraction of Eq. (3.2.1 1) results in 

apK + apKii, +R,, - aii, = a, -+-[ ap a - put z ) - p & .  aK 
at ax, ax, ax, ax, 

(3.2.1 2) 

(3.2.13) 

From the transport equation of the turbulent kinetic energy, dimensional arguments can be 

used to establish the following transport equation for the decay of the turbulent kinetic 

energy, E: 

ati, E ap apE a p q ,  
at ax, ax, K ax, + C,, KR,, - = C,, -a, - + CD, +- - 

Some investigators prefer to combine the K and E equations, discarding some terms 

along the way, in order to transport K ~ / E  , which has the dimensions of length, and is here 

called S. The resulting equation for the length scale S is 

a p s  apsu, - 
at ax, 

-+-- 
(3.2.15) 
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Equations (3.2.14) and (3.2.15) provide additional motivation to formulate a spectral 

transport model. Both equations are derived heuristically on the grounds of dimensional 

arguments. A wonderful feature of the spectral equations is the alleviation of this need for a 

transport equation describing the dissipation of turbulent kinetic energy, K. This concept of 

dissipation is handled with a spectral model in terms describing the cascade of energy from 

the large scale structures to the smaller scale structures, which is a feature that the single- 

point equations are incapable of describing. This concept is tied much more closely with 

physical reality than Eq. (3.2.14). The only time that Eq. (3.2.14) gives a valid representation 

of the dissipation of turbulent kinetic energy is when the flow is in this so-called spectral 

equilibrium. That is to say, if the flux of energy from the large scales of the flow is identical 

to the flux of energy being converted to heat through viscous processes, then the flow is in 

spectral equilibrium, and the single-point dissipation equation is valid. But, once this equi- 

librium is ruined due to a transient in the driver of the flow, then Eq. (3.2.14) is no longer 

valid, and a spectral representation is necessary to describe adequately the flux of energy to 

smaller scales. 

The BHR model also transports the net mass flux velocity, a, which appears in one of 

the mean flow pressure gradient source terms in the transport equations for Rij, K, and E. 

This transport equation for a is also derived from the Navier-Stokes equations in rigorous, 

but unclosed form, and then closed through modeling. To accomplish this derivation, the 

conservation of mass equation is multiplied by u’ and the conservation of momentum equa- 

tion is multiplied by p’. The flow variables of the two resulting equations are decomposed 

into mean and fluctuating parts, and the equations are then ensemble averaged (Besnard, et 

al.; 1992) to obtain 

and 

aP’ a u;-+u;-(pul, +p’& + p’ul,) = 0, 
at axn 
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These two equation are added together to create a transport equation for p’u’ , namely, 
- 

The density-stress correlation can be rewritten as 

and this can be separated and rewritten as 

From the definition given in Chapter 2 , 

so that this correlation can be rewritten as 

Because 

the resulting transport equation for a becomes 

A gradient approximation is used to model the triple correlations, i.e., 
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(3.2.19) 

(3.2.20) 



The modeling of the density-pressure correlation of the a equation is split into a part 

that responds to mean flow gradients, namely 

and a part which represents a decay term of a, namely, 

E 

- claSSKai 
With the above modeling choices, the transport equation for a in the BHR model is 

(3.2.22) 

(3.2.23) 

(3.2.24) 

The quantity b, the specific volume-density correlation, is coupled to the principal 

driving term in the a equation. The BHR model also transports this quantity b. A transport 

equation for b is derived via the Reynolds decomposition of the conservation of mass equa- 

tion coupled with the definition for specific volume, v (see Chapter 2). The equation for the 

specific volume derived from the conservation of mass equation is 

”( L) + ”( “) = 0. 
at v axn 

Substitution of the Reynolds decomposition coupled to ensemble averaging yields 

(3.2.25) 

(3.2.26) 

Using Eq. (3.2.18) a transport equation for b can be derived from Eq. (3.2.26), namely, 

at 
(3.2.27) 

For the case of the mixing layer studied in this work, Equation. (3.2.27) contains a 

correlation, v’u;, that must be modeled. The BHR authors (Besnard, et al., 1987) have cho- 

sen to model this term as a diffusion term. We have improved the modeling of this term. 

- 
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Through careful geometrical considerations, an expression for the time evolution of single- 

point b can be derived. In Appendix B we demonstrate, in two different ways, that this term 

should not be modeled as a diffusion term but rather as a modification to the source term. It 

could therefore be argued that there should not be a diffusion term in the b equation, because 

all the mass flux is already accounted for in the transport equation of a. Thus, b should only 

react kinematically to the dynamical behavior of the rest of the equations of the model. 

This concludes the abridged formal derivation and discussions of the single-point tur- 

bulence transport model equations for Rij, a, and b. This brief exercise was included to pro- 

vide a meaningful background on which to base some of the modeling ideas for the spectral 

model presented in Chapter 5, to contrast the single-point and two-phase flow models, and to 

provide motivation for a spectral turbulence transport model. 

3.3 Numerical results for the single-point turbulence transport approach 

Two computer codes were developed to study the capability of the BHR single-point 

turbulence transport model for describing the mix of two incompressible fluids subjected to a 

pressure gradient normal to their interface. They differ only in the coordinate system. One is 

Lagrangian, the coordinates moving with the net mass flux, p a .  The other is Eulerian, with 

a fixed coordinate system. Each incorporates various consistency conditions in order to be 

compatible with the constraints of microscopic incompressibility. Results from the two inde- 

pendently-constructed codes were compared and found to have negligible differences. 

Results of calculations were also compared with those of a Lagrangian code for compressible 

flows, for examples at very low (but finite) Mach number, and again the agreement lends 

confidence to the validity of all three codes. The numerical result presented here is from cal- 

culations with the incompressible Eulerian code. 

The calculations have concentrated on flows at vanishingly small Mach number. 

There are two fluids, with negligible molecular viscosity and diffusivity, so that the density 

of each element of either fluid remains constant (incompressible). The fluids are confined to 
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a rigid-wall rectangular box that remains at rest, with an initially horizontal interface between 

them. A body force (acceleration) establishes a pressure gradient normal to the interface in 

the unstable direction, such that the higher pressure is in the lighter fluid. The fluids mix; 

with constant pressure drop the TMZ develops into a self-similar behavior in which the 

width, W, grows as 

W = cons tan t*At*gt2 , (3.3.1) 

where the Atwood number, At, is defined as (p1-p2)/(pi+p2), g is acceleration, and t is time. 

Traditionally, the mix width is divided into two parts, namely, (1) h2 the spike penetration 

depth of the heavier fluid into the lighter fluid, and (2) hl the bubble penetration depth of the 

lighter fluid into the heavier fluid,. A self-similar coefficient, a, is defined such that 

h, = a(At)gt2 . (3.3.2) 

Most experimental investigators (Read & Youngs, 1983; Read, 1984; Smeeton & 

Youngs, 1987; Andrews, 1992; Linden et aL, 1992; Youngs, 1992a) agree that for non-dif- 

h i v e  fluids, a = 0.065+0.015. The configuration is statistically one-dimensional in physi- 

cal space, and the effects of the box walls are considered negligible. (Experimental tech- 

niques to ensure this consideration are not trivial). Our calculations develop the self similar- 

ity by advancing through time from a prescribed initial state. 

For the turbulent fluid mixing calculations there are three principal criteria for merit. 

(1) The calculation must be capable of evolving from arbitrary initial conditions to 

self-similarity that does not depend on initial conditions. 

(2) The depth of the bubble envelop penetration into the heavier fluid, hl, must grow 

at the proper rate as determined experimentally by Read (1984) and Youngs (1989), as 

h, =m, (3.3.3) 

where X = (At)*g*t2, with a close to 0.065, together with the correct experimentally ob- 

served ratio between hi and h2 which depends on Atwood number. 
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(3) The profiles of p (and thus of ai, a2, and of cl and c2) through the TMZ must 

exhibit the relatively smooth (monotonic) character of the experiments of Youngs (1989) and 

Read (1984) and Kucherenko, et al. (1991). 

This third requirement has been the most challenging to achieve with the BHR single- 

point turbulence transport model. 

There are, of course, other criteria for merit, but currently available experimental re- 

sults do not permit their testing. These include, most especially, the ratio of turbulence en- 

ergy to U2, which should vary only with Atwood number in a "universal" fashion. 

Smoothness of profiles for a and b are also useful for discriminating merit. However, we an- 

ticipate experiments that are capable of measuring these additional quantities to begin in the 

near future at Lawrence Livennore National Laboratory under the direction of Guy DeMonte 

and Bruce Remington (Remington, personal comm., 1995). 

For incompressible flow in a box at rest, there is no net volume flux, and ii (in the y 

direction, also) equals zero, so that U = a. It is through the incompressibility condition and 

this equality of U and a that the pressure profile across the mixing layer is determined. 

The differential equations solved by the incompressible Eulerian code are the 

following: 

apij apij2 a 
at ay aY (B+ Ryy ) + Fg 7 

-++=-- 

(3.3.4) 

(3.3.5) 

(3.3.6) 

(3.3.7) 

2 
ala2 (PI - P2 ) b =  

PIP2 
(3.3.8) 
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- aps +-=-[--)-c,,ys- apsii a put as aii 
at ay ay OE ay a Y  

and 

“ ( ~ - ~ s 4 ) a ~ - ( ; - c , l ) R y y ~ ] - ( ; - c , 2 ) p ~ ,  K 2  

i i = a ,  

KdE 
s ’  

E=- 

a, +a, = 1 ,  

(3.3.9) 

(3.3.10) 

(3.3.1 1) 

(3.3.12) 

(3.3.13) 

(3.3.14) 

ut = ( 0 . 0 9 ) S a .  (3.3.15) 

The BHR authors (BHR, et al. 1987) have elected to use the configurational form for 

b(y,t) as described in Chapter 2; Chapter 5 along with Appendix B describes a much more 

general transport description for this variable in spectral space. The transport equation for 

the turbulent kinetic energy dissipation rate, E, is replaced by a transport equation for the 

length scale, S, of the turbulent kinetic energy, K. Previous experience (Daly, personal 

comm., 1994) with using these equations for mixing problems has shown that use of an E 

transport equation can lead to deleterious behavior near discontinuities in the flow, i.e., 

shocks (Daly, 1992). The authors of BHR also found that it is easier to implement boundary 

and initial conditions for the length scale S as opposed to E. These two variables are related 

by Eq. (3.3.11). 

The six phenomenological constants are assigned the following values (Daly, 1992): 

(3, = 1.3, C,, = 2.25, C,, = 1.55, C,, = 2.0, C,, = O.Ol,C,, = 1.35. 
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In the cell that contains the initial fluid interface, the length scale is initialized as 

So = 1x10-5, and b is assigned its maximum configurational value when a1 = a;! = 0.5. The 

numerical results were found to be insensitive to variations (within reason) in the initial val- 

ues of these two variables For the numerical results of the above turbulence transport equa- 

tions applied to a mixing circumstance, refer to Fig. 3.3. l. This result is for the incompress- 

ible case of a heavy fluid, p = 2.0, sitting over a lighter fluid, p = 1 .O, with an acceleration of 

g = - 1 .O applied to the system in such a way as to initiate mixing, i.e., the extended Rayleigh- 

Taylor instability. The configuration just described corresponds to the lighter fluid occupy- 

ing the region of y < 0 and the heavier fluid occupying the region of y > 0. For the mixing 

case, the acceleration vector is pointing from top to bottom, which establishes a pressure gra- 

dient in the fluid that is consistent with the highest pressure residing in the lighter fluid. The 

calculation is carried out to a time of 30 to show some of the difficulty encountered when 

applying this version of the BHR model to this mixing problem. 

Density across TMZ 
2.0- . I . .  : . . . : . - .  : .  

1.8-- 

I .6-- 
. 

1 . 4 -  

1.2- 

1.0 

IQ 

t = 3 0  : 
12 20 

' . ' . . . ' . . . '  . . : ' ' _  
-20 -12 14 4 

Y 

Figure 3.3.1. Density profile across TMZ at t = 30. 

This "cleave" of fluid that is observed in the TMZ in Fig. 3.3.1 has led the BHR au- 

thors to consider a different formulation for the transport of mass. As background investiga- 

tions for this report, some variations in the modeling of the transport of the mass-flux 

variable, a, were tried, but to no avail. The experience of code implementation and testing 

has led the BHR authors to introduce a conceptual inconsistency into the model formulation. 

The reason is purely empirical. To formulate a model that is at least monotonic through the 

TMZ, the following strategy was implemented by the authors. 
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Due to incompressibility, the mass concentrations of a two fluid problem, cl and c2, 

can be determined uniquely from j5, and the mass conservation equation can be transformed 

into the following transport equations for c 1 and c2: 

apcl +- apc,t = -"[ ""), 
at ay a Y  P2 -P1 

Figure 3.3.1 shows that the fluxes of mass fractions, c l  and c2, given by 

PlP2a and - PlP2a 
PI -P2 P2 -PI 

(3.3.17) 

(3.3.18) 

(3.3.19) 

respectively, do not agree well with the results from experiments. 

An empirically effective variation was suggested by R. Rauenzahn (personal comm., 

1994). In the mass-fraction transport equations he replaces the species flux by a diffusive 

form, namely, 

and, 

(3.3.20) 

(3.3.2 1) 

The justification of this gradient flux form for a can be "derived" from the a equation 

by neglecting all terms except the decay term and the density gradient "source" term in 

Eq. (3.3.7), which is the so-called homogeneous, steady state balance approximation. This 

approximation assumes that once a steady-state condition is reached, a balance is set up by 

the source of turbulent energy and the decay, i.e., 

and since, from the Boussinesq approximation, 

R,, = (Constan t)K , 

(3.3.22) 

(3.3.23) 



the expression for the net mass flux relative to ii can be expressed as 

where, 

(3.3.24) 

‘ut = (0.09)S*. 

The inconsistency of this modeling choice lies in the use of a transported a in the 

equations for p, K, and S, but a diffusive representation of a for the species mass-fraction 

transport. Although cl and c2 should be uniquely determined as functions of p, this treat- 

ment violates that constraint. The virtue of his approach, however, lies in the relatively good 

results that are obtained for the comparisons with experiments. 

The equations expressed in this inconsistent form describe a particular form of the 

more general BHR equations, which has seen extensive implementation and testing in large 

multi-dimensional fluid dynamics codes (F.H. Harlow, personal comm.) at Los Alamos 

National Laboratory. 

The substitution of the diffusive form into the species transport equation eliminates 

the cleave that is seen in Fig. 3.3.1; however, the divorce of the transported a from the trans- 

port of the species prohibits any counter-gradient fluxing of species. That is to say, the 

model cannot accurately predict any type of demixing due to a reversal of acceleration (rapid 

transient). For that matter, it is incapable of representing any type of transient in the driver 

that would produce a counter-gradient flux of mass. 

Another motivation for this part of the study was to examine different closures to re- 

place the diffusive type closures used to model the triple correlations of the single-point tur- 

bulence transport equations. We tried to use the configurational techniques described in 

Chapter 2 to derive a modeling of the triple correlation found in the a equation, p’uiu; , as 

This procedure gives a wave-like flux term in the a equation, which seems appropriate when 

we have situations of inadequate mass fluxing in strongly driven mixing type flows, which 
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we have observed in some of our numerical tests. Major difficulties occurred with the b and 

B that appear in the denominator, which quickly deterred any further investigations. 

3.4 Summary of the single-point turbulence transport approach 

As a comment on this approach, it should be noted that the construction of single- 

point turbulence transport equations has been saturated with the introduction of heuristic 

modeling terms for nearly three decades. Our goal in this Chapter is not to demonstrate con- 

ceptual or empirical validity for this derivational procedure. We seek instead to indicate the 

effects of a representative set of modeling terms as background for the spectral techniques 

that we propose in Chapter 5. 

We believe, however, that the difficulties with current single-point transport equations 

for mixing-layer calculations are much more fundamental, and that alleviation of the prob- 

lems cannot be accomplished satisfactorily with simple variants of the current formulation. 

As shown in Chapters 5 and 6,  there are numerous clues to transport-variable structure as re- 

vealed in a spectral formulation of the equations. 

While all of the single-point turbulence transport theories may give respectable results 

for developed turbulent flows, they are severely limited in the case of rapid transients, like in 

generalized Rayleigh-Taylor mixing layers or other transitional flows that are of interest to 

the engineer. In these cases, Le., when the time scales for the turbulence and the mean flow 

are the same, one cannot assume spectral equilibrium. Hence, the fundamental principles 

upon which the single-point transport theories are constructed are no longer valid. In this 

light, the motivation for the development of a spectral model for generalized turbulent flow is 

clear. 

Motivation for the formulation of a spectral model can be found when examining all 

of the shortcomings of the single-point model of this section. One implicit problem of the 

single-point equations that has been alluded to in this section is the absence of any type of 

length scale which can have a meaningful relationship to the turbulent flow. This shortcom- 
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ing is manifested in the derivation of the Reynolds stress transport equation. To understand 

the scales associated with turbulence, we use the fact that the Navier-Stokes equations can be 

written at two different points in space. It is this fact that allows us to assumes that the two- 

point correlations contain all of the necessary information about the correlations of 

fluctuations. These correlations are formulated in terms of the principal variable, r, which is 

the separation vector. Our approach has been to Fourier transform relative to the separation 

variable r in order to obtain a spectral description from which we can examine the Reynolds 

stress tensor for all wave numbers. Each procedure, i.e., whether we work with r or k as the 

primary variable, has its advantages and disadvantages, we choose k. The weaknesses of the 

single-point theory that the spectral approach can address are the following: 

(1) The single-point Rij equation contains the energy decay term Eij, where (Daly and 

Harlow; 1970) 

(3.4.1) 

By definition, this term is directly associated with the decay of the turbulent kinetic energy 

due only to the molecular viscosity, and this requires the understanding of local fluctuating 

velocity gradients. The other term associated with the viscous decay includes the viscosity 

multiplied by the second derivative of Rij. Daly and Harlow (1970) show by order of magni- 

tude arguments that this latter term can be neglected when compared to the term of 

Eq. (3.4.1). To understand how these velocities in Eq. (3.4.1) change over small regions of 

space requires knowledge of a flow length scales and how the turbulence behaves at all 

scales. This is an impossibility with a single-point model. As shown by the authors of 

BHRZ, Eij is more appropriately associated with (in general) the rate of energy transfer from 

the large (important scales) to the fine scales structures that have relatively little effect on the 

mean behavior of the flow. It is only in a circumstance of spectral equilibrium, that the two 

different interpretations of Eij are equivalent. 

(2) The identification of the various dominate scales of the flow, Le., a separate 

length scale for each of the following, ai, by Rnn, and any other components of the Reynolds 
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stress tensor that are relevant to the particular problem at hand. With spectral self-similarity 

these scales are all proportional to one another. In some important drive circumstances of 

interest, however, this proportionality is lost, and the spectral issues must be addressed to see 

how the ratios of the dominant length scales change. With the full spectral equations, 

however, the rapid transient of the driving source terms that is responsible for destroying the 

spectral self-similarity can nevertheless be completely represented. 

(3) An implicit but essential constraint for the validity of single-point turbulence 

transport equations is the existence of constraints that are powerful enough to ensure spectral 

self-similarity. Otherwise the infinite number of degrees of freedom cannot be characterized 

by the small number of variables that occur in the single-point formulation. (This is in close 

analogy to the example of molecular dynamics in which the universal self-similar form of the 

Maxwell-Boltzmann distributions allow for meaningful identification of such variables as a 

pressure, temperature, density, and velocity). Spectral transport equations enable the deter- 

mination of self-similar forms, and the determination of rates of return to these self-similar 

forms once a transient in the driving source term occurs (Clark, 1992). Spectral formulations 

also enable us to determine strongly anisotropic self-similar forms in circumstances of 

inhomogeneity. Hence, they can be used as a basis to generalize current single-point models 

and characterize the circumstances in which the single-point models are valid. An example 

of this is to be able to characterize the competition between a transient driver and other equi- 

librating terms which dictate a rate of return to self-similarity. 
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4. Two-Field Flow Modeling 

4.1 Introduction 
In view of what is presented in Chapter 2 and Appendix C concerning the ordered 

components of a mixing problem, a set of the two-field flow equations is presented. In this 

chapter different strategies to overcome some of the difficulties associated with the two-field 

flow equations are discussed. For comparison with the turbulence-transport model presented 

in Chapter 3 we have included calculations of the low-speed mix problem using two-field 

flow equations. More specifically, we have made comparisons with the experiments of 

Youngs (1992a) and Burrows, Smeeton and Youngs (1984) that examine the turbulent mix- 

ing due to the late self-similar stages of Rayleigh-Taylor instability. 

This chapter is included to outline some of the potential modeling strategies that one 

can use from the two-field theory to supplement the single-field theory of Chapter 3, and to 

review some of the techniques that serve as a basis for the development of the spectral trans- 

port model of Chapter 5. We also use this opportunity to discuss some of the modeling as- 

sumptions that go into a two-field model such as this one. These discussions serve as a moti- 

vation for developing a spectral turbulence transport model for describing variable density 

turbulent mixing. 

4.2 Two-field approach 

Two-field modeling for mix problems works with the configuration variables de- 

scribed in Chapter 2, i.e., al, a2, p1, p2, u1, u2, and follows the evolution of these variables 

through time. There are two levels of modeling that have been incorporated into the two- 

field formulation (Youngs, 1992b). The first of these is the "up-front" modeling that relates 

the momentum sharing between fluids to the drag that would be felt by an individual parcel 

of one fluid moving through the other. The second is the extended modeling that 

(1) modifies the drag coefficients to represent effects of interface contortion, (We confirm 
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Youngs (1992b) requirement of an order-of-magnitude greater drag coefficient than that of an 

individual sphere. This is expected because the drag term for a sphere contains a fixed diam- 

eter in the denominator while our drag term contains the width of the evolving TMZ in the 

denominator.) (2) that modifies the scale of drag (in proportion to the relative velocity of in- 

terpenetration between the two fields; see Eq. (4.2.9)) to account for bubble doubling or 

clumping of particles, in recognition that the principal drag is that of the clumps, not the 

particles, and (3) that replaces the molecular viscosity in the viscous drag term by a simple 

representation of the turbulent viscosity, vt, where, for example, we could put 

v, = 0.09SlK. (4.2.1) 

S is the clump (turbulence) scale, and K is determined from either of two models. The first 

of these assumes that the disordered part of the turbulence energy can be approximated as a 

prescribed fraction, KO, of the ordered part of Eq. (2.2.39), namely, 

K=K,  ala2PlP2 (u* - u2)* 
2 p  Y (4.2.2) 

or, the second (Youngs, 1992b & 1989) transforms ordered-energy loss from drag completely 

to disordered energy as an intermediate step on the way to heat, i.e., 

(4.2.3) dK - = (source from energy loss due to drag). 
dt 

This addition of a disordered component to the flow by which to achieve a further degree of 

interpenetration beyond that of the ordered velocities of the materials was dictated by the ex- 

cessive rate of demixing in calculations when the body force was reversed. For our needs in 

this chapter, we have not, however, incorporated this diffusive effect into the calculations. 

Youngs (1992b) and Cranfill(l991) assume that the drag scale changes at a rate pro- 

portional to the relative velocity of interpenetration; note that self-similarity for Rayleigh- 

Taylor linear stability analysis is achieved by this assumption, as described in Section 6.2. 

Two-field flow equations have an advantage over the single-field turbulence transport 

equations when describing mix problems by keeping two separate fields to allow for the 
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tracking of mixtures fractions at any point. The two-field continuum flow equations can take 

on many forms, depending on the amount of flow detail the researcher wishes to capture, i.e., 

phase transitions between fluids, virtual mass effects, etc. The set of differential equations 

governing two-field flow for the case of constant microscopic densities, which we present 

here, is 

'u, = O.O9S&. 

(4.2.4) 

(4.2.5) 

(4.2.6) 

(4.2.7) 

(4.2.8) 

(4.2.9) 

(4.2.10) 

Here S ,  the clump scale has replaced the particle radius in the terms for form and viscous 

drag. The turbulent kinetic energy, K, can be found by either of the two ways shown by 

Eq. (4.2.2) or (4.2.3). The coefficient p is the fractional value of the TMZ width that the 

dominant scales of the flow appear to be as observed in experiments (Youngs, 1992b). 

The momentum transfer term, Eq. (4.2.8), is made up of a form drag component as 

well as a viscous drag component. Upon substitution of Eq. (4.2.2) and (4.2.10) into the tur- 

bulent viscosity, it can be seen that both the form drag and the viscous drag are proportional 

to the relative velocity between the two fields. Thus, for this study, we have neglected the 

viscous part of the exchange term and work with only the form drag. As a consequence of 

62 



this, we never introduce a disordered component into the flow. The set of differential equa- 

tions that we solve numerically are given in the next section. 

In addition to solving equations for the primary two-field variables, we can use these 

equations to derive other equations that describe the variations of configurational versions of 

ai, b, and Rij, and compare these with the single-field transport equations of Section 4 of this 

Chapter. The goal is to provide guidance for closure modeling for the single-point turbulence 

transport equations. A transport equation for a is derived in terms of two-field variables by 

making use of the following relation between the net mass flux velocity and the mean flow 

velocity, - pa = pii - j3 i .  

Recognizing that these two-field equations without augmentation represent only the 

ordered component of the interpenetrating process allows us to take advantage of their seem- 

ingly well behaved nature within the structure of the mixing layer. Perhaps guidance to the 

modeling of the single-point turbulence transport equations can be taken from the transport 

equation for a derived from two-field variables. 

Thus, we need transport equations for ii and ii. For the transport equation of ii we 

add the two momentum equations, Eq. (4.2.4) and (4.2.5), and make use of the expression for 

the total momentum per unit volume, 
-I 

P U i  = alPluli + %P2u2i 9 

and the expression for average density, 
- 
P = alp,  + a2p2 3 

to obtain the following transport equation for the total momentum density: 

From Chapter 2, the sum in the advective derivative can be expressed as 
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(4.2.12) 

(4.2.13) 

(4.2.14) 



Thus, the transport equation for the total momentum per unit volume can be expressed as 

(4.2.15) 

One thing that should be noted here is the identification of the Reynolds stress tensor 

that emerges from the two-field flow description of the mean flow equation, namely, 

Paiaj R.. = - . 
" b  

(4.2.16) 

This form for Rij can be thought of as the ordered component of the Reynolds stress tensor 

since it emerges from these equations. 

A transport equation for the mean flow velocity, E, is derived in the same way. We 

add the two momentum transport equations, which for constant microscopic densities, can be 

written as 

and, 

Referring to Chapter 2, the terms in the advective derivative can be expressed as 

(4.2.17) 

(4.2.18) 

(4.2.19) 

and, after multiplication by F, coupled with the incompressibility condition for the mean 

flow, the resulting transport equation for j%i is 

The transport equations for ii and ii are then combined to form the following equation for a: 

apaiq,  aian ap --- apai + apaiii, - - -"[paian(i-i)]- 
B ax, at ax, ax, ax, 

where, 

- zi ap 
ax, ax, -pa, -+ b- - KbPai 

K; = KDF2 
aIa2PlP2 

(4.2.20) 

(4.2.21) 
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Equation (4.2.20) can be used to suggest new modeling ideas for the a equation in the single- 

point turbulence transport model. 

In this section, the two-field flow equations are presented so as to get an idea of the 

types of terms that represent the ordered part of a mixing flow. In Chapter 3, we presented 

the single-point turbulence transport equations and pointed out diffusive modeling features 

that could be aided by the equations of this section. As part of the background investigations 

for this study, we attempted to enhance the diffusive closure modeling for some of the single- 

point turbulence transport terms with ideas derived from the two-field equations of this sec- 

tion (R. Rauenzahn personal communication, 1994). In following the spirit of LA-12303-MS 

(BHR), we attempted to model some of the spatial transport terms of the BHR model using 

their two-phase equivalence. Some features of the numerics (singularities) prohibited us 

from propagating the turbulence into a stationary fluid (as is the case for the spreading TMZ 

of the Rayleigh-Taylor instability). We quickly abandoned this approach and restricted our 

work to using the two-fluid model to demonstrate the ideas as discussed in the summarizing 

section of this chapter. However, the work of Cranfill (1991 & 1992) demonstrates the 

essence of this type of a hybrid type model for turbulent mixing. The primary function of 

these types of models is to capture both the "ordered" and the "disordered" parts of an inter- 

penetrating flow. 

4.3 Numerical results for the two-field approach 
In this section we show numerical results from a set of two-field equations. The set 

of equations that are numerically solved here are those discussed by Harlow and Amsden 

(1975) with one modification; an evolving length scale is used in the momentum exchange 

term instead of a fixed length scale representing particle size. Such things as phase transition 

and virtual mass terms have all been neglected. The resulting set of one-dimensional equa- 

tions for which numerical solutions are given is 
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aa, aaIu, a2a, - +-- - 0 7 ,  
at ay JY 

(4.3.1) 

(4.3.2) 

(4.3.3) 

(4.3 -4) 

(4.3.5) 

s=pw,  (4.3.6) 

(4.3.7) - 
P = alp,  + a 2 p 2  * 

Where W is the width of the TMZ, and a1 + a;! = 1 .  Equations (4.3.3) and (4.3.4) are 

derived from the conservation of mass equation using Eq. (4.3.7) for the definition of the av- 

erage density. The KD term in the momentum equation represents the momentum exchange 

between fields and is derived on the basis of a single particle falling through a liquid. 

Applying these equations to the case of two interpenetrating fluids, we have found through 

investigation that the drag coefficient, CD, should, for reasonable results, be increased at least 

an order of magnitude compared to the nominal values of about 1.0 for a single sphere falling 

through a liquid. Hence, for these calculations, we have set CD = 12.0, which is consistent 

with the value that Youngs (1992b) needed in order to match experimental mixing rates 

(Smeeton & Youngs, 1987). We speculate that the need for an enhanced drag coefficient 

arises due to the fact that the complicated configuration of the TMZ for two interpenetrating 

fluids produces much enhancement to the inter fluid surface drag as a result of dead-end 

channels and the blunt mushroom-like tips at the end of penetrating spikes of fluid. Another 

way to explain this is that the "effective sphere" size becomes more closely approximated by 

S/10 or S/20 due to our replacement of the TMZ scale in the denominator of the momentum 

exchange term. 
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Most cases of two interpenetrating fields are inherently unstable. It has been shown 

through the use of linear stability analysis (Murray, 1965; Travis, Harlow & Amsden, 1976) 

that the above set of equations is unconditionally unstable. It is well known that many simple 

multi-field models give rise to an ill-posed equation set (Jones & Prosperetti, 1985). These 

instabilities represent the physical instabilities known to be present in interpenetrating flows. 

As was stated earlier in this chapter, the two-field equations are properly applicable to only 

the ordered part of the flow and small fluctuations away from a purely ordered flow. It is this 

differential instability that represents the tendency for transition to the disordered compo- 

nents of the flow, namely the turbulence at all scales and in all three directions. These physi- 

cal instabilities add diffusive transport to the species equations, which enhances the mixing 

process and retards the demixing rate. Youngs (1992b) found that the incorporation of a dis- 

ordered type of diffusion, calculated by means of a transport equation for turbulent kinetic 

energy, IS, was necessary to enhance the mixing rates and also slow down the rate of demix- 

ing for acceleration reversal problems (personal comm. 1993). Instead of the diffusive terms 

in the a equations, Youngs incorporated a turbulent diffusion and uses ut = O.O9S-& to rep- 

resent the physical instabilities. It appears possible to remove all of the numerical instabili- 

ties of the difference equations and yet retain all of the physical instability in this simple 

model. Travis, et al. (1976) have shown that the incorporation of a dissipative process, rep- 

resented by momentum diffusion terms, does not remove the physical instability but only 

serves to damp out the growth rates for the very high wave number perturbations. The addi- 

tion of artificial viscosity in the momentum equations was tried in our calculations, but nu- 

merical instabilities persisted. Here we use artificial diffusion of species added to the a 

equations in order to damp out numerical instabilities, and after some experimentation we 

have observed that the best compromise is achieved with 0 set to 0.1. This has allowed for 

the identification of real physical instabilities that may occur in the calculations with minimal 

numerical instability to cloud the results. Species diffusion not only mitigates numerical in- 

stabilities, but it also serves as a crude representation of the physically real enhancement of 
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species transport due to the disordered part of the species interpenetration. Youngs (1992b) 

has carried out a more thorough study of these matters via the addition of a transport equation 

for K, from which a better representation of the diffusion of species can be extracted. 

To achieve self-similarity, it is necessary to include an evolving length scale, S. For 

the calculations of this section, the scale is set proportional to the width of the mixing layer 

which also evolves with time, see Eq. (4.3.6). The proper choice for p is somewhat 

uncertain. For this demonstration, p was set to 0.3 in order to approximate the relative scale 

sizes that are observable from photographs of the TMZ of the Rayleigh-Taylor instability as 

reported by Smeeton and Youngs (1987). Actually, the two parameters, CD and p, can be re- 

duced to one parameter since they only appear as a ratio in the momentum equations. We 

find that reasonable agreement with experiment occurs when this ratio is kept near 40. 

To demonstrate the capabilities of the above set of two-field equations, we show how 

they behave in a one-dimensional calculation of both mixing and demixing circumstances. 

The ability to demix is relatively straight forward for the two-field equations, and it is for this 

reason that the two-field equations sometimes find favor with researchers over the single- 

point turbulence transport equations for modeling circumstances with variations in 

acceleration. The plots will be given as functions of y, the distance across the TMZ, time, 

and the self-similarity variable X, where X = (At)*g*t*. 

4.3.A Mixing 

For the numerical results of the two-field equations applied to a mixing circumstance, 

refer to Fig. 4.3.1 through Fig. 4.3.3. These results are for the incompressible case of a heavy 

fluid, p = 2.0, sitting over a lighter fluid, p = 1 .O, with an acceleration of - 1 .O applied to the 

system in such a way as to initiate mixing, i.e., the extended Rayleigh-Taylor instability. In 

all of the plots, the configuration just described corresponds to the lighter fluid occupying the 

region of y c 0 and the heavier fluid occupying the region of y > 0. For the mixing case, the 

acceleration vector is pointing from top to bottom, which establishes a pressure gradient in 
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the fluid that is consistent with the highest pressure residing in the lighter fluid. The calcula- 

tion is carried out to a non-dimensionalized time of 55 in order to show the earliest manifes- 

tations of physical instability inherent in the two-field equations. As discussed above, the 

modified equations are only capable of describing ordered interpenetration and small depar- 

tures from this. The differential equations are unstable in the presence of a relative velocity 

for any level of viscosity. Viscosity renders the equations well-posed, but nevertheless 

nominal levels of viscosity leave the perturbation growth rate relatively unchanged except at 

high wave numbers. The physical process represented by the real differential instability that 

appears in the calculations near t =50 is identified as early stages in the transition to a 

turbulent flow. 

When referring to the plots we use the words "bubble" and "spike" to characterize the 

configuration of the two interpenetrating fluids. The word "bubble" is used to define the 

configuration of the lighter fluid as it penetrates the heavier fluid, and the word %pike" is 

used to define the configuration of the heavy fluid as it penetrates the lighter fluid. It is un- 

derstood that only in the earliest stages of the Rayleigh-Taylor mixing does the configuration 

resemble anything close to bubbles and spikes, and the later time behavior of the two fluids 

can only be characterized as a turbulent or chaotic flow. For lack of a more descriptive 

terminology, we will use the words "bubble" and "spike" to describe the two interpenetrating 

fluids for the late stages of the mixing process. 

The plots of Fig. 4.3.1 are evolving in a self-similar fashion. This self-similarity is an 

important feature to these types of flows and has been observed experimentally for Rayleigh- 

Taylor type mixing problems (Smeeton & Youngs, 1987; Burrows, et al., 1984; Read, 1984). 

In Chapters 3 and 4, extensive use will be made of the fact that this turbulent flow develops 

in a self-similar fashion. A feature that should be mentioned about Fig. 4.3.1 is the appear- 

ance of the instability for times near t = 50. This is a manifestation of the physical instability 

present for the case of two interpenetrating fields. 
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Figure 4.3.1. Examples of various two-field variables plotted across the TMZ throughout the 
mixing process of the Rayleigh-Taylor instability. Plots (a), (c) and (d) illustrate the time evolution of the vari- 
ables by plotting a profile every 10 time units from a time of 0 to 50. Plots (b) and (e) show the variables at a 
time of 50. Plot (f) illustrates the effects of cell size on the physical instability that is becoming significant by a 
time of 55. 
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As was stated earlier in this section, the diffusion coefficient, 0, was chosen so as to 

mitigate the deleterious effects of any numerical instabilities while preserving the capability 

of the code to describe the physical instability. Figure 4.3.l(f) is included to confirm that this 

is indeed a physical instability by showing that the instability growth rate increases for the 

finer grid (6x = 1.0). This is consistent with the fact that for the finer grid, we are resolving 

the shorter wavelengths, Le., the larger wave numbers, which are shown by stability analysis 

to have a larger growth rate of the perturbation amplitude. Plots of the Reynolds stress 

tensor, the mass-fluxing velocity, and the density-density self correlation are included for 

comparisons with the spectral transport results of Chapter 3. 

The principal feature that should be pointed out is the excellent agreement with 

experiment. The plots of Fig. 4.3.1 show the general behavior of the TMZ for the configura- 

tion described above, but in order to compare with experiment we will use a plot of the vol- 

ume fraction when the TMZ is approximately 100 mm wide for densities and an acceleration 

that match exp. #94 of Smeeton and Youngs (1987). Figure 4.3.2 shows this comparison 

with data taken from exp. ##94 at t = 79.4 ms. For this experiment, calcium chloride solution 

(p = 1.142 g/cm3) and hexane (p = 0.66 g/cm3) are the two fluids. The two-fluid configura- 

tion is accelerated at 43g0, where go = 980 cm/s*. This set of data is taken for comparison 

because it represents a typical TMZ structure found in results for this type of mixing experi- 

ment once the TMZ has reached the self-similar stage of development. Once this occurs the 

width of the data sets can be rescaled so as to coincide with other sets of data. For this 

reason, the basic feature to note is the agreement between the structure of the two data pro- 

files of volume fraction within the TMZ of Fig. 4.3.2. The bubble interpenetration depth is 

also compared between this model and experiment. For this experiment, Youngs reports a 

value of 0.051 for the self-similarity coefficient, a, i.e., the slope of the line describing the 

bubble penetration depth when plotted as a function of X. From our numerical calculation, 

we find a value of 0.055 for a. 
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Upon examination of Fig. 4.3.3, it is evident that the flow is close to self-similarity by 

t = 30. We can identify this behavior by the linear variation of the TMZ profiles when plot- 

ted against the self-similarity variable, X. When the flow attains self-similarity, all of the 

flow variables change in constant proportion to one another; hence, the spike to bubble ratio 

maintains a constant value of 1.25 which is consistent with the experimental observations of 

Smeeton and Youngs (1987). A self-similar value of a = 0.050 for the coefficient is also 

consistent with the value that Youngs reports from his experiments (1987), and calculations 

when using a two-field model (1992b) to simulate this same flow. 

4.3. B Demixing 

The second example is the application of the above two-field equations to a demixing 

of the TMZ due to a reversal of the acceleration field. The results of this calculation are pre- 

sented in Figs. 4.3.5 - 4.3.7. For the purpose of this illustration, we first mix the layer as de- 

scribed above. At a time of t = 30, (the time at which the flow has become approximately 

self-similar), the acceleration is reversed so as to created a pressure gradient in the opposite 

direction. 

Numerical simulation of demixing is a greater challenge than mixing. When demix- 

ing occurs, pure fluid situated immediately next to the TMZ is receiving a flux of droplets of 

its own kind. These droplets could, in physical reality, penetrate into the depths of its own 

kind of pure fluid, possibly with significant splash, and even with entrainment of the other 

material. In our two-field representation, however, the possibility of a statistical component 

to the velocity for each material at a given height is precluded; ul  and u2 describe only a sin- 

gle velocity, for which there is no fluctuating part. For the numerical calculations reported 

here this constraint implies that a returning droplet comes instantly to rest when it encounters 

the current pure-fluid interface. Consider, for example, the lower fluid, #1 of Fig. 4.3.4. 

When cell #j attains (or exceeds) a1 = 1.0, the value of a1 in that cell is set equal to 1.0, and 

we also set a 2  = 0.0. 
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( With sufficiently small time step per calculational cycle, the effects due to the violation of 

the conservation of mass from this process can be made as small as desired ). 

Incompressibility forces alul + a2u2 = 0 in general, so that when a1 = 1.0, the immediate ef- 

fect is ul = 0. Thus this technique destroys kinetic energy, which is instantaneously con- 

verted to heat in this highly dissipative model. As described elsewhere, the turbulence trans- 

port description (single-point of Chapter 2 or spectral of Chapter 3) is capable of representing 

more general interactions between pure fluid and the returning droplets, for which a more 

careful accomplishment of the dissipation is required. 

The plots of Fig. 4.3.5 are laid out in such a way so as to illustrate the demixing due 

to the acceleration reversal at t = 30. The left column shows evolution profiles for the 

density, Reynolds stress (ordered component), and B up to the time o f t  = 30. The right col- 

umn shows the demixing due to the acceleration reversal that occurs at t = 30. The plots are 

given from t = 30 through t = 50, incrementing in steps of At = 5. The density plot of 

Fig. 4.3.5(b) illustrates the demixing of the TMZ back to an almost completely demixed ini- 

tial configuration by a time of t  = 50. 
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Figure 4.3.5. Plots (a), (c), and (e) show the variable profiles through a time of 30, which corre- 
sponds to the time at which the acceleration is reversed, and plots (b), (d), and (f) illustrate the demixing that re- 
sults from the acceleration reversal. 
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0.2.: 

Figure 4.3.6 is included to show the effects of the acceleration reversal on the mass- 

t = 3 5  

fluxing velocity, a, which is defined and identified in Chapter 2. Figure 4.3.6(a) shows the 

increasing velocity associated with the mass fluxing due to the acceleration from t = 0 

n o  

-0.1 

-0.2 

-0.3 

through t = 30. The overall mass-fluxing velocity is negative, which corresponds to the 

heavier fluid falling into the lighter and a net downward motion of the center of mass of the 

le 

t = 3 0  

system. Figure 4.3.6(b) shows the manner in which the velocity reverses in response to the 

acceleration reversal. Note that the velocity reverses in an asymmetric manner across the 

mixing layer. This is consistent with the expectation that bubbles of lighter fluid will reverse 

more quickly than spikes of heavier fluid due to inertial effects. This evolution of the mass- 

fluxing velocity shown in Fig. 4.3.6(b) bears significance on Chapters 3 and 4. Notice that 

these profiles are not self-similar. That is to say, if we were to modulate all of the profiles 
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with the maximum amplitude, they would not overlie one another. This is a circumstance 

(rapid transients) in which the single-point models break down. In Chapter 7 the lack of self- 

similar persistence of the spectral shapes for the mass-fluxing velocity, a, through a rapid 

transient will be discussed and compared in order to verify the loss of self-similarity of the 

amplitude-modulated profiles observed in Fig. 4.3.6(b). In Fig. 4.3.6(c), the profiles for 

t = 35 through t = 50 decrease as expected. 
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Figure 4.3.7 shows the expected growth of the TMZ during the acceleration phase and 

the resulting shrinkage of the TMZ due to the acceleration reversal. Note that the spike to 

bubble ratio grows more quickly after the acceleration reversal due to the inertial effects that 

were mentioned in the discussion of Fig. 4.3.6. One more feature that can be attributed to the 

inertia of the heavy fluid and is interesting to comment on is the dip in the self-similarity co- 

77 



efficient of Fig. 4.3.7(c) at the time of the acceleration reversal, t = 30. Since 

hl = a*At*g*t2, we can express the velocity of the bubble penetration as h, = 2*a*At*g*t. 

The value for (x is calculated by dividing the bubble velocity by 2*At*g*t. This denominator 

instaneously becomes negative upon acceleration reversal from a value of+l .O to - 1 .O at 

t = 30. Due to the inertia of the fluid, there is a finite amount of time involved with reversing 

the bubble velocity from its positive value at t = 30 to the negative value associated with the 

shrinking of the TMZ (demixing). Hence, the dip to negative values for a. If the calculation 

had been run with a smaller time step, a much sharper dip to negative values would be 

observed. 

Another interesting feature of the plot of Fig. 4.3.7(c) is the return of a to approxi- 

mately the same value as before the acceleration reversal. We do not expect the system to 

asymptote to a self-similar state for the demixing circumstance due to the introduction of the 

additional dimension, the width of the TMZ at the time of the acceleration reversal, but the 

fact that the mixing and the demixing rates are practically the same is what motivated 

Youngs (1992b) to add some "disordered" turbulence to his two-fluid approach in the first 

place. This feature increases the mixing and inhibits the de-mixing. 

4.4 Summary of the two-field approach 
The two-field equations are discussed and applied to the mixing of two fluids via the 

late stages of the Rayleigh-Taylor instability. These equations were discussed to demonstrate 

the following ideas: (1) the two-field equations can be made to match experimental data 

upon implementation of enhanced drag terms and an evolving length scale that is somewhat 

arbitrary in its origin, (an evolving length scale is necessary for the attainment of self- 

similarity) and (2) the two-field equations can be made to describe de-mixing once careful 

attention is paid to the region where mixed fluids fall back into the pure fluid and proper dis- 

sipation methods are included in the numerics. 
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The above comments nicely motivate the need for the development of the spectral 

model discussed in Chapter 5. The desire to provide a basis upon which to formulate a rele- 

vant length scale of the flow provides significant motivation for the development of the 

spectral model. Also, ideas about the drag terms of this two-field model are extended to the 

formulation of the spectral model. 

An issue that deserves comment here is the logic behind using the single-point turbu- 

lence transport equations as the basis upon which to build the spectral model of Chapter 5. 

After reviewing the behavior of both the single-point turbulence transport approach of 

Chapter 3 and the two-phase flow equations of this chapter, one might be inclined to desig- 

nate the two-phase flow equations as the basis for further investigations. A key issue in 

deciding which modeling technique to follow is the proper identification of the components 

of a variable density fluid. As two fluids mix down to the molecular levels it becomes 

increasingly difficult to identify the original components. Yet it is very simple to identify 

fluctuations in the density as a result of this mixing. Considerations such as this have 

prompted us to develop the spectral model of Chapter 5 from a single-field approach as 

opposed to a two-field approach. 
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5. The Variable Density Spectral Approach 

5.1 Introduction 

For two or more interacting fluids, the usual approach in describing their 

interpenetration has been through the use of two-field or multifield equations, as discussed 

above. More novel is to consider the problem in terms of a single field of variables in which 

there are large variations in fluid density. [Single-point models have been described, and 

applied with considerable success, by Andronov, et al. (1982), by Nikiforov (1991), and by 

Besnard et al. (1987).] Two-point models are only recently being investigated, notably by 

Clark and Spitz (1995), Godeford and Cambon (1994), for homogeneous circumstances, and 

in this current work for inhomogeneous configurations. 

In this study we obtain correlations that are functions of two points in space. We pass 

to wave-vector space by means of Fourier transforms of the separation variable of the two 

points. Due to the complex nature of the transformed governing equations, we angularly 

integrate these equations in k-space to reduce the spectral dependence to Ikl. This 

transformation allows for a convenient identification of length scales of Fourier modes. We 

realize that this simplification captures only the real part and not the imaginary part of the 

spectrum, and that a significant portion of the physics is averaged out of the equations. For 

now, however, we feel that a fully three-dimensional k-space model is unwarranted due to lack 

of any experimental verification. 

In the current form of our representations, we are not especially concerned with that 

part of the spectrum that is associated with density discontinuities and is richly filled with the 

high-wave-number components. Its existence requires consideration, possibly through 

boundary conditions at high-wave-numbers in k-space, but for our purposes the dominant 

spectral structure is associated with relatively large clouds or clumps of a fine-scale dispersed 

phase or with large-scale coalescent structures. Thus we ignore for now the interesting 
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questions that can arise with a large Schmidt number, in which the kl “passive-scalar” 

behavior of imbedded material in a carrier fluid extends well beyond the wave numbers for 

which viscosity effects dominate the dynamics of the Rij spectrum. 

Building on the analytical foundations of Clark and Spitz (1993, we incorporate much 

guidance from two-field formulations and from many of the constant-density developments, 

both single-point and spectral. These relationships are discussed more fully in the next section, 

which describes the equations and the origins of contributing terms. 

It will be noted that the equations for our current formulation have already been 

angularly averaged in (wave vector) k-space so that the variables are functions of k 3 lkl (wave 

number as well as x and t). Moreover, for clarity of description we give them first as functions 

as k, y, t, only, as specialized to a free mixing layer of infinite extent in the x and z directions 

and accordingly the ensemble averages varying spatially only in the y direction. 

As with single-point turbulence transport modeling, there are many powerful 

constraints that useful spectral equations must include. Some of these are discussed in 

Sections 5.2 and 5.3. The list includes 

0 conservation of mass, momentum, and energy in both physical and wave-number 

space; 

proper tensor formulation; 

- same free indices 

- samesymmetries 

- proper tensor properties: modeled terms in comparison with unmodeled terms; 

dimensional consistency; 

Galilean invariance; 

integrability (over wave numbers) to reasonable single-point forms; 

in absence of further guidance, simpiicity, manifested by omission of certain 

products of first derivatives and of higher derivatives than second (in the spirit of 

the Stokes stress tensor in the Navier-Stokes equations); 



realizability, more generally that the modeling obeys some (as yet unformulated) 

principal resembling the second law of thermodynamics. 

These constraints help us to achieve meaningful formulations. They may lead to simple 

low-order approximations ( eg ,  for cascade in wave-number space) that capture much of the 

physics of what is happening, both qualitatively and quantitatively, as illustrated by the test 

examples described in this report. 

To summarize the motivations for developing a tractable and broadly applicable spectral 

formulation for turbulenFe in a fluid with variable density, we have mentioned its relationship 

to the enhancement of single-point models. In Section 1.1 it was pointed out that a transport 

equation for the dissipation tensor must be derived. For this endeavor, the knowledge of the 

scales associated with the turbulence proves very useful for formulating credible turbulence 

transport equations. The spectral formulation described in this report provides a basis on 

which to extract scale information of the turbulence. In addition, the spectral studies go much 

further in delivering both theoretical and practical value. 
They serve as a basis for understanding many properties of turbulence, for example 
anisotropic self-similarity. 
They show the limitations of single-point models in circumstances of rapid 
transients. 
They remove the constraints of assumed spectral equilibrium in situations of 
spectral transients. 
- Frees the modeling from the simplistic characterization of turbulence by the 

magnitude of turbulence energy ( K )  and a turbulent length scale (L), or a 
dissipation rate (E). 

- Leads to less drastic modeling assumptions. 
- Not limited to certain regimes of Reynolds numbers. 
Hence, they allow a much greater scope of interesting problems to be solved 
realistically, albeit at greater computational expense, and allow the derivation of 
model equations that go beyond current one-point formulations in their applicability 
(as shown in Appendix E). 
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5.2 Formulation of the model equations 

Development of the spectral model equations is described schematically in Fig. 5.2.1. 

From the spectral formulation there radiate numerous directions for investigation as shown in 

Fig. 5.2.2. 

The physical processes described by the spectral transport equations are of three types, 

advective, pressure-related, and viscous. For each there are several features that need 

representation. 

Advective processes 

- mean-flow advective transport 

- mean-flow source to Rij 

- stochastic advective transport 

- kinematics of mixing 

Pressure processes 

- local 

0 differential acceleration of fluids 

0 momentum exchange (drag) 

- nonlocal 

0 in physical space: mean-flow coupling, diffusion 

0 in wave-number space: cascade, return to isotropy- 

* Viscous processes 

- diffusion 

- dissipation to heat 

- momentum exchange between fluids 
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Navier-Stokes equations 

Identification of principal descriptive 
quantities, R, a, b, and auxiliary 
quantities such as turbulent viscosity 

I 
f 

Derivation of unclosed 
correlation heirarchy 

I 
Fourier transformation to 
independent variables, vector x & k, 
and time 

Angular integration in vector k-space 
to independent variables, vector x, 
scalar k, and time 

I 
Terms that 
require 

Terms that do not 

?+ Spectral formulation 

Figure 5.2.1. Flow chart describing steps of the spectral formulation. 
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Figure 5.2.2. Flow chart describing all of the potential uses of a spectral formulation. 

The representation of these processes is described in the discussion of terms for each of 

the transport equations. Some of them descend directly from the Navier-Stokes equations 

without the need for closure modeling. Others require the derivation or a postulate of closure 

modeling, for which some closure constraints were described in the previous section. As 

guidance for the development of closure modeling we further constrain our approach by means 

of identifying a one-to-one correspondence between turbulent processes and the individually 

modeled terms. Although, for example, the processes of return to isotropy, diffusion, and 

cascade in wave-number space all have their origins in pressure-velocity correlations, we 

employ separate terms for their effects with neither allowed to represent any part of the other. 

In this manner we intend to capture the dominant effects of each without the higher-order 

complexity of combined effects representation. Several other instances are mentioned in the 

descriptive text for each of the terms that have required modeling. 

Wherever possible, closure modeling has been guided by extension of the procedures 

employed by previous investigators for single-point (nonspectral) closure. 

With all of these constraints, both hard and soft, there remains surprisingly little 

flexibility in the formulation, so it should not be unexpected that applications to real-world 
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circumstances exhibit a good degree of validity. The principal areas that remain for extension 

lie in nonlocal processes in wave-number space. These extensions for the variable-density 

formulation will likely result in additional tightening of agreement between calculations and 

experiments. 

Although this discussion focuses on closure modeling by means of severely 

constrained postulates, there are several partially-derivational techniques that can be employed. 

Two examples are the following: 

Closures for an Nth-order correlation are often accomplished through the derivation 

of its transport equation, the appending of a dissipation term proportional to the 

correlation, the neglect of both time variations and advection, and a very simple 

treatment of the N + lst-order terms. In this way the Nth-order correlation 

emerges as a purely algebraic expression of the lower-order quantities. The famous 

Boussinesq approximation of the Reynolds stress tensor as discussed by Hinze 

(1987, page 23) can be obtained in this fashion, and gradient-flux expressions for a 

variety of closures have likewise been derived (Harlow, 1968; Daly & Harlow, 

1970;.Schubauer & Tchen, 1959). 

A useful closure guidance comes from the idea that the larger-scale part of the 

turbulence spectrum can be temporarily viewed as mean flow. Source terms for the 

small-scale part of the turbulence are then modeled from the “mean-flow” driving 

terms, and the loss from the large-scale parts is equated to the gain to the small- 

scale part. The next step is to return to considering the entire structure of scales to 

be turbulence and thus to use the derived source-sink model as a representation of 

cascade flux through wave-number space. 

86 



5.3 The spectral equations 

Following the usual convention of single-point turbulence modeling of variable density 

flows, the flow field variables, p, u, and p, are decomposed into their mean and fluctuating 

parts and substituted into the conservation equations. The decompositions are 

and 

p = P + p ' ,  
u=i i+u ' ,  
p = F + p' , 

where the overbar denotes the non-mass-weighted ensemble average, and the prime denotes a 

fluctuation about the average with the average of a fluctuating quantity equal to zero. For 

variable density flows, it is useful to incorporate the mass-weighted averaging procedure 

introduced by Favre that leads to a conservative form of the Reynolds stress tensor, Rij, in the 

averaged momentum equations, where Rij(x,t) = p(x)u" (x)u" (x). The averaged mass- 

weighted velocity, ii , is defined as 

and u" denotes the mass-weighted fluctuation about this averaged quantity, such that 

u = ii + u" with put' = 0. 
- 

There exists a strong motivation to identify a velocity associated with the average mass 

flux, fi, since this quantity occurs in both the averaged conservation of momentum equation 

as well as the averaged conservation of mass equation. If we apply the Reynolds 

decomposition to this momentum density, F,  we get 

- -  
p.i=(p+pt)(i i i+uli)=pu, + p w i .  

In order to identify a velocity that is responsible for fluxing the mass, we can use the 

Favre mass weighted velocity, 6. Thus we incorporate the mass weighted velocity into the 

expression for momentum density to get 
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We define another important variable here, namely, the velocity a, associated with the 

net mass flux relative to the 5 frame of reference. From the above equation, we can see that 

this velocity associated with this mass flux is just 

This is a very important quantity as far as this study is concerned. It is this quantity 

that describes the fluxing of mass relative to the Ii frame of reference, and this idea is 

quantified by the resulting expression, namely, 

i i=i i+a.  

A transport equation for a is derived from the Navier-Stokes equations. This transport 

equation contains a source term, namely b, which couples with the mean pressure gradient, 

where b = -p' (k) , A transport equation for b is derived from the conservation of mass 
1 

equation. 

Clark and Spitz (1995) give an extensive description of the foundations for two-point 

spectral representations of variable-density turbulence and describe the numerous chaIIenges 

and issues associated with closure modeling for circumstances in which the distribution of one 

fluid throughout the other is purely homogeneous. Clark (personal communication, 1994) has 

subsequently proposed an extension for inhomogeneous distributions. The functions that he 

uses are similar to the single-point descriptors introduced in the BHR model. For two arbitrary 

points in space, XI and x2, the two-point generalization of the single-point descriptors in the 

BHR model (Besnard, et al. 1987) are 

and 

where 
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(5.3.1) 

(5.3.2) 

(5.3.3) 



1 
1 

v(x> = po . (5.3 -4) 

Note that there are other forms that could be used for these quantities, which also 

satisfy the requirement of reducing to the single-point form as X I  + x2 and possess the 

desired symmetries, i.e., those possessed by the constant density Reynolds stress tensor. 

The constraints on the Reynolds stress tensor, as required by Clark and Spitz (1995) 

(3) 

There is no obvious constraint as to which choice is best except that whatever is chosen 

must be correctly transported by the Navier-Stokes equations. The choice is thus dictated more 

by properties of manipulative ease and transparency of interpretation. 

Rij(Xl,X2) remain bounded as Ixl - x21 + 0.  

Let us define 

(5.3.5) 

r = x 1 - x 2 ,  (5.3.6) 

We have for the additional Fourier 

1 
2 

x = -(XI + x2), 

and substitute into the transported variables. 

transformations, 

and 

Rij(x,k) JRij(x,r)e-ik.'dr, 

ai (x, k) = I a i  (x, r)e-ik'rdr , 

(5.3.7) 

(5.3.8) 

b(x, k) = I b(x, r)e-jk"dr. (5.3.9) 

In this report, we work with variables and equations that have been angularly averaged 

in k space, that is, 
Rij(x,k) = [Rij(x,k)- k2m, 

(2.rc)3 
(5.3.10) 

89 



ai(x,k)=jai(x,k)- k2dR, 
( 2 n ; ~  

and, 
k 2 m ,  b(x, k) = b(x, k)- 
(2n)3 ’ 

(5.3.1 1) 

(5.3.12) 

where d Q  = sin 9d9d$ for 0 5 9 I n; 0 5 @ 5 2n. From these we can recover the single- 

point forms, 

and, 

m 

Rij(x) = jRij(x, k)dk , 
0 

m 

ai (x) = l a i  (x, k)dk , 
0 

m 

b(x) = b(x, k)dk . 
0 

(5.3.13) 

(5.3.14) 

(5.3.15) 

Clark and Spitz (1995) derive equations for a completely homogeneous configuration. 

For the inhomogeneous free mixing layer, we describe the necessary extensions in the most 

stripped-down form that we have found to give agreement with experiments. Thus we 

consider the special case of a mixing layer of infinite extent in the x and z directions, so that 

ensemble averages vary only with normal direction, y, scalar wave number, k, and time. For 

this configuration, the ensemble averages are equivalent to averages over each x-z plane. The 

fluid is subjected to a body force, pg, directed in the y direction. Below the mixing layer is a 

fluid with density p 1 ; above the layer is a different fluid with density p2; for all of our 

calculations p1 < p2, so that when g < 0 the configuration is unstable and mixing takes 

place. We also discuss the consequences of a reversal of the sign of g after the mixing layer 

has become well developed. The fluid is confined by stationary boundaries far above and 

below the turbulent mixing zone (TMZ), so that there is nowhere any vertical volumetric flux 

and Z(y, t )  = 0, so that G(y, t) E a.  
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The appropriate equations for p and fi are the same as for the single-point formulation. 

The equations are presented here for one spatial dimension, with ii and a representing the y- 

component of the respective velocity vectors; 

ap + apa 
at ay - -- -0, 

ape apaa ap aRyy +k, at ay ay ay -+-=---- 

and 
i i = a .  

(5.3.16) 

(5.3.17) 

(5.3.18) 

The new equations for the spectral variables, a(y,k,t), b(y,k,t), Rn,(y,k,t), and 

R,,(y,k,t) are presented in the following discussion, along with descriptions of the 

contributing terms in each. Assuming axisymmetry, so that Rxx = Rzz, the values for these 

quantities can be determined by knowing R,, and Rnn. For this configuration in principal 

coordinates, Rij has no off-diagonal components. With the addition of horizontal shear the 

additional terms are the same as those given by Besnard et al. (1990) in their analysis of a free 

shear, and equations for Rxy andor R, are obtained as straightforward extensions. 

For a(y,k,t), we write 

(5.3.19) 

The contributing terms, discussed in the order they appear on the right side, are 

1. the advective term relative to the volume-weighted coordinate system. 

2. a principal driving term, written as a direct extension of the term in the single-point 

formulation, on the assumption that spectral b produces spectral a at the same wave 

number. From direct numerical simulation calculations, there is reason to believe 

(Sandoval, 1995) that there are modifications to this term that arise from inclusion 

of appropriate modeling of the closure for a single-point term like 
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The effect can be described by using some appropriate fraction of b(k) in this 

source term; we have not, however, included this modification in our present 

investigations. The assumption that b(k) produces ai(k) at the same k is somewhat 

justified by the fact that Clark and Spitz (1995) apply an approximate Rapid 

Distortion Theory to their model for the case of homogeneity and find that: 
-= aa(k) b(k)$. Sandoval (1995) has also given reasons to believe that this is true 

at 

from his DNS calculations of homogeneous variable density turbulence. Note that 

this term contributes a pressure gradient to the equation ii = a(y, t), which serves to 

determine the value of the pressure gradient at every time through the transient 

dynamics. 

3. the representation of drag between the two fluids. The C, 1 term represents the 

form drag, with C,1 being directly related to the drag coefficient that Youngs 

(1992b) required to be an order of magnitude greater than the classical value for an 

isolated sphere. The length scale that is used by Youngs in the denominator of the 

drag term is that associated with the thickness of the evolving TMZ as opposed to 

some fixed sphere radius. We confirm the Youngs finding and attribute the 

necessity for large magnitude to the effects of convoluted flow paths along the 

interface between the fluids. The CV2 term represents the viscous drag, in this case 

resulting from effective turbulence viscosity rather than molecular viscosity. These 

terms are derived directly as extensions of the usual two-field formulation. There 

are some possible alternative expressions for these drag terms, which could 

incorporate relevant effects that are nonlocal in wave number space. For example, 

we could consider replacing 

.. . 
L.. . 
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(5.3.2 1) 
0 

In addition, these terms could depend on a nontrivial fashion on dimensionless 

functions of dimensionless b(y,t). This nonlocal form describes contributions to 

drag at wave number k from all other wave numbers lying between k = 0 and 

k = kl. There is no difficulty with this formulation if we attempt to let kl + OQ. 

With the expectation that a +  k-7/3 for large k (see form-function discussion 

below), the integral converges in that limit. Similar comments can be made about 

possible nonlocal forms for the Crp2 term. It is tempting to consider various 

nonlocal drag expressions because of the heuristic idea that the effects of many 

wave numbers can combine collectively to transfer momentum at any particular 

wave number between the fluids. We have not at this stage found any formulation 

that works better than the simple local form, insofar as comparisons with 

experimental data are concerned. 

4. a second principal drive term. This is called the gradient-flux term because 

whenever it is roughly balanced by drag the result is an expression for pa (the 

spectral mass flux), proportional to the gradient of p. Term #2, in contrast, can 

contribute a counter-gradient flux, notably when reversal of gravity turns the 

mixing zone into a demixing zone. More generally, the two principal drive terms, 

#2 and #, interact with the other terms in the a equation in various possible ways. 

In the start-up phase of unstable mixing, the pressure-gradient term acts wherever b 

is seeded at the interface to drive a wave-like part of aa/&. The growing value of 

a interacts with the pressure gradient in the Rnn and R,, equations (see below), 

which produces a disordered component of Reynolds stress, which in turn yields a 

source to a disordered component of aa/at. In this mixing stage of the TMZ 

growth, the two sources reinforce each other. As the TMZ dynamics mature into 
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5 .  

self-similar growth, the large-wave-number components of b may cascade into an 

inactive range at higher wave numbers, which means that for those wave numbers 

the pressure-gradient source to aa/& has changed to essentially complete balance 

with the drag term. Only the low-wave-number parts of b (along with the density- 

gradient source) are effective in perpetuating the continuing self-similar growth of 

a. The spectrum of b can be considered to possess active and passive parts, i.e., 

the low and high wave number parts, which is significant for deriving single-point 

equations from the spectral equations. More details regarding the concept of active 

and passive parts of the b(k) spectrum are given in Section 7.3 in the discussion of 

acceleration reversal. If g suddenly vanishes, then only the #4 source term remains 

to continue widening the TMZ; however, its effectiveness for this purpose is 

significantly curtailed by the drag (#3) and cascade (#5) terms. When g is 

completely reversed, we have an adjustment period in which the #2 source term 

works in concert with drag (#3), across all parts (previously active and passive) of 

the b spectrum, to accomplish the reversal of a. This represents a spectral 

nonequilibrium process. Only when a has changed sign do these terms again 

oppose each other, and the passive part of the b spectrum returns to dormancy. It is 

interesting to confirm in calculations of these processes that the passive part of the b 

spectrum indeed has very little effect on the overall spectrally integrated dynamics, 

as demonstrated by comparison of two calculations, one that retains the passive part 

and the other that discards it. The only significant difference between the two 

calculations lies in the value of b; everything else is essentially the same. 

the cascade terms. These are both conservative in k-space. They are based on the 

model proposed by Leith (1967) for local cascade, with a wave-like part (the C1 

term) and a diffusive part (the C2 term); see Besnard et al. (1990) for an extensive 

discussion. With C1 > 0 the wave-like cascade is direct (i.e., to higher wave 

numbers). Of necessity, C2 > 0, which results in both direct and inverse 
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contributions to cascade. Several nonlocal forms of cascade representation have 

been considered. These nonlocal forms attempt to represent the triad interactions 

associated with triple-correlation terms in the formal derivation for constant-density 

turbulence as integrals over k-space [e.g., EDQNM (Orsag, 1970) or DIA 

(Kraichnan, 1964) derivations]. Integral formulations for the variable density case 

are not yet rigorously developed, but one way to accomplish some degree of 

nonlocality would come (as in the drag term #3) from replacement of the local 

cascade rates by nonlocal integral cascade rates; for example, 

(5.3.22) 

becomes 

(5.3.23) 

Both forms are essentially equivalent in the inertial range. It should be noted that, 

because of modeling problems, Rnn(k) is not a nonnegative definite function; 

hence, the simpler local form (5.3.22) will fail for circumstances of Rnn(k) < 0. 

Clark and Spitz (1995) chose form (5.3.23) on this basis and also on the 

observation that the so-called “catastrophe time” (Leisure, 1990) for constant- 

density isotropic turbulence is predicted with good agreement to EDQNM. 

However, for most circumstances, we have seen little difference between the results 

using either cascade rate time-scale, and we have not encountered negative values of 

Rnn(k); thus, we have opted for the simpler form (5.3.22). Indeed, it appears, as 

stated above, that the modeling constraints (conservation, tensor form, 

dimensionality, etc.) used for our cascade (and other) terms enable the simplest 

forms (like term #5) to capture a substantial portion of the physical processes that 

we wish to represent. 

6. spatial diffusion. This term is of the same form as that used by many previous 

authors. In similar fashion parts of the Boussinesq approximation (Hinze, 1987) 



have been used to represent the diffusion flux of momentum, and the extension of 

this concept to other turbulence quantities has been made by Daly and Harlow 

(1970). Two comments are required pertaining to the possible choices for 

expressions for the eddy viscosity, ut: first, it is well known that the eddy 

viscosity, ut ,  should be modeled nonlocally; and second, the processes associated 

with an eddy viscosity are anisotropic. Nevertheless, until further investigation, for 

simplicity we chose an isotropic form which reduces to the commonly used single 

point form 

ut = 0 . 0 9 s a  , (5.3.24) 

in which S is the mean turbulent scale and K is the total turbulence energy per unit 

mass. To accomplish this correspondence requires the identification of a generic 

form function for Rnn and the evaluation of an appropriate moment integral, as 

discussed below. An appropriate Cd must be chosen. 

Next, for b(y,k,t) we write 

(5.3.25) 

+ 2 { k 2 . , / F [ - c l b  + c2k-  ab ] } + c d & u t F - c d b k  a ab 2 Db* 
ak ak 

The contributing terms on the right side are 

1. the kinematical source term, derived in Appendix B for single-point transport of b. 

Because this term describes the effects of fluid mass transfer, there is no 

requirement for an advective term in the b equation. This term maintains the value 

of b at nearly its configurational value, a1 a2(p  1 -p2)2/p 1 p2. 

2.  the transport of b through wave-number space, as induced by the presence of 

inhomogeneity in the mixture of fluids. This term was formally derived by Clark 

(personal communication, 1994) as a next-higher-order contribution to the Taylor 

expansion of points, XI and x 2  about the central point, x, for variable density 
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inhomogeneous flows. It resembles the Cf terms previously proposed by Besnard, 

et al. (1990) in the BHRZ model to describe the mean-flow-shear-induced 

distortions of turbulence spectra in a constant-density fluid. In the latter case, the 

term contributes to the vortex-pairing process that occurs in a free shear layer. For 

this report, it contributes to the bubble-doubling process that is known to occur in 

the self-similar stages of TMZ growth at small wave numbers and to an alteration of 

cascade that occurs through “eddy distortion” at high wave numbers. Its presence 

is very important for the achievement of agreement with experiments. A higher- 

order degree of nonlocality (e.g., an integral expression) may be appropriate, but at 

this stage there is no proof of the necessity for this complication. 

A heuristic derivation of this term to describe the transport of b through wave- 

number space suggests that it must couple the inhomogeneity as described by Vp , 

with the presence of interpenetration, described by a. [Direct coupling to Vp 

seems implausible, as this contributes to the creation of interpenetration via 

differential accelerations between the different fluids, and is not a measure of the 

current level of inhomogeneity.] Thus we have 

as a basis formulation for this term. Dimensional arguments and the necessity for 

conservation in k-space suggests a form proportional to 

(5.3.26) 

which is very close to term #2 of Eq. (5.3.25). Term #2 of Eq. (5.3.25) and 

Eq. (5.3.26) become identical for small differences in density. 

3.  the cascade terms. These have the same forms as the cascade terms for a, and the 

same comments apply here. It should be noted that cascade rates proportional to 

k * d G  could be proposed on dimensional grounds, although their physical 
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significance is not obvious and their inclusion in calculations produces very minor 

- -I-- 

- aRnn - - -- aRnnU + f [2a(y,y', k ) m )  

effects, neither helpful nor harmful in matching results with existing experimental 

data. Similar to the discussion of (#5) for the a equation, this expression is not a 

acl 
yy ay dy'-2R - exP(-2klYt -Y I) 

+m 5 exp(-2 kly' -yl)dy' I 

nonnegative definite function, and a similar argument is used for our choice of 

cascade rates. 

4. the spatial diffusion term. This term has been added to correct a small numerical 

problem at the center of the TMZ. The term has virtually no effect on any of the 

other variables and only serves to correct for an anomalous depletion of spectralIy 

integrated b at y = 0. 

5. the decay term resulting from molecular diffusion between species, for which the 

kinematic diffusion coefficient is D. In the studies described here, D + 0. 

( -- 

+Cd -ut a - aRnn +A{ k z E [ - C , R n n  + C , k s ] } ,  ay a y  ak ak 

and 
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The contributing terms on the right side are 

1. the advective term. In contrast to the a equation, in which the conservation of mass 

equation is used to remove ij from 

aya apati, - +-, 
at ax, (5.3.29) 

these similar terms in the equations for Rij retain the j5 that is intrinsically present in 

the generalized expression for the Reynolds stress. 

2. a principal driving term, which couples a with the pressure gradient. This process 

3 

is intrinsically nonlocal in physical space, with effects that reach progressively 

further away for wave numbers approaching zero (i.e., for large scales). The basis 

for this nonlocality lies in the propagation of pressure waves. In linear Kelvin- 

Helmholtz or Rayleigh-Taylor stability analysis the effects are manifested in a 

velocity potential that varies as exp[-klyl], where lyl is the distance from the center 

of the instability layer. Thus the spreading of hj, which varies as the square of 

velocity fluctuations, is represented by the factor exp[-2klyl], as shown in the term. 

Otherwise the coupling of a with the pressure gradient is the same as the single- 

point coupling. The basis and consequences of this nonlocality spreading in 

physical space are discussed further in Section 6.2. 

another principal driving term, coupling Ryu to gradients of ti. This is a standard 

term (Besnard, et al. 1990) that is well known especially for constant-density 

turbulent flows, but which is equally relevant here (although of relatively minor 

importance for the TMZ studies). 

4. the spatial diffusion term. As in the a and b equations, the form to be used can be 

local or any of several nonlocal variants. As for the a and b equations we use 
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5 .  the cascade terms. The same formulation and comments apply here as for the 

cascade of a. 

6.  the return-to-isotropy term, which appears only in the equation for Ryu. The return 

rate can be written either in local form or, as shown, in the nonlocal form 

C , , , i , / F  dk. 
0 

(5.3.3 1) 

Another nonlocal form proposed by Herring (personal communication, 1994) 

addresses the issues discussed in term #5 of the a equation and is written as 

We have tried both forms for the return-to-isotropy rate and have found negligible 

difference. 

Boundary conditions must be considered whenever a finite-difference calculation is 

performed for limited domains in k and y. In the y direction the domain simply extends well 

into the pure material on either side of the TMZ, where everything is at rest. In k-space we 

assume that the resolved part of the calculation is bounded by exponential behaviors for both 

the large and small wave numbers beyond the resolved region. This prescription allows the 

variable to flux through the boundaries. We also experiment with an exception to this 

procedure, in which the flux of b at large wave numbers was set equal to zero, corresponding 

to D = 0. As illustrated and discussed in the chapter on numerical results, Chapter 7, the 

effect on b is large; but the difference is almost entirely due to the retention or discarding of the 

passive parts of the b spectrum, so that the effects on all the other quantities is negligible. 

Values for the C coefficients in these equations have been chosen to be the same as 

those used by previous investigators for constant-density or single-point studies. For the drag 

coefficients in the a equation, we use values that are greatly enhanced (Youngs, 1992b) over 

those for isolated spheres, as discussed earlier in this section. These are 
Crpl = 5.0, 
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and 
Crp2 = 6.0. 

For the local cascade coefficients, we use the values discussed by Clark (1992), namely, 

c1 = 0.1212, 
and 

C2 = 0.0606. 

while 

and 

Spatial diffusion is modulated by the coefficient, 

c d  = 0.03 , 

Cdb = 0.0, 
Cm = 1.0, 

Cfi = 0.5. 

Because (2% is the one coefficient that is not determined in previous investigations, we 

varied its value to determine the effect and observed that it is noticeable but not profound, as 

described below. Clark (1992) discusses a value of Cm for constant density turbulence that is 

smaller than the value used here. We have tested the model for values of Cm between that 

suggested by Clark (Cm = 0.17) and the value we use here and found negligible differences in 

the results. We suspect that this is due to the fact that our inhomogeneous flow is strongly 

dominated by the sources due to. mixing that renders the return to isotropy a second-order 

effect. 

For reference, we also give the full tensor forms of our base-model equations. In the 

reference frame with ii = 0, 
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+A{ a ab 
ak 

(5.3.3 3) 

and 
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6. Behavior of the Model Terms in both Physical Space 
and Spectral Space 

6.1 Introduction 
In this chapter we present two separate discussions: (1) a detailed analysis of the 

derivation of the nonlocal pressure source term in the Reynolds stress transport equation (as 

described in Section 5.3) due to the effects of incompressibility and (2) an investigation of 

how this nonlocal formulation alters the spectral behavior of our model and how the 

additional complexities of inhomogeneity and variable density tend to alter the spectra as 

compared to the case of constant density homogeneous turbulence. 

In Section 6.2 we demonstrate the strategy we use in deriving a nonlocal source term 

for the Reynolds stress tensor transport equation. We appeal to the linear analysis of the 

Rayleigh-Taylor instability as guidance in deriving a function that will spread the effects of 

the source term past the edges of the TMZ. The unmodeled source term is made up of a 

density-velocity correlation (ai) coupled to the mean pressure gradient. 

In Section 6.3 we use schematic drawings to explain the effects of this nonlocal 

spreading function, Q(y,y',k), on the spectral behavior of the model. In Section 6.3 we also 

discuss the various other alterations of the spectrum due to terms in this model. We use the 

case of constant density homogeneous turbulence as a reference to' demonstrate the spectral 

alterations. 

6.2 Nonlocal processes in physical space 
Integral formulations in physical space enable the characterization of instantaneous 

pressure-wave propagation of fluctuations from one point in physical space to another. Thus, 

for example, the existence of mean-flow shear can contribute to the nonlocal creation of 

turbulence at localities lying outside the shear layer. Likewise a TMZ between two fluids, 
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subjected to a mean-field pressure gradient, can manifest the effects of differential 

acceleration beyond the borders of the mixing zone. 

Classical Rayleigh-Taylor analysis for the linear instability of an interface introduces 

a velocity potential that varies as exp(-klyl), in which lyl is the distance from the interface 

(Chandrasekhar, 1961). If we assume that the amplitude of the perturbation on the interface 

is approximately half the width of the TMZ, then for a TMZ with width W and for wave 

numbers such that kW > 1.0, the linear theory does not apply. For parts of the turbulence 

spectrum with kW << 1.0, however, the linear theory is relevant and shows that fluctuating 

components of velocity extend appreciably beyond the boundaries of the TMZ. This 

“creation-at-a-distance” of velocity fluctuations translates into a nonlocal source for Rij. It 

does not, however, indicate nonlocal sources for ai or b, which are associated with the 

transport of fluid rather than pressure effects. We don’t use, however, nonlocal sources for ai 

and b. For b, there are no pressure terms to provide this effect; for ai, preliminary 

simulations of Sandoval ( 1995) indicate fluctuating pressure correlations act to modify the 
b 3 ,  which is already included as a local term. 

JY 

Guided by the results of linear analysis, we have modified the source terms for Rnn 

and Ryy in the following manner. The local form, 

is rewritten as 
+m 

= [z.9]Q(y’,y)dy’, aY 
-m 

at 

(6.2.1) 

(6.2.2) 

and similarIy for Ryy. 

The kernel Q(y ’y), “nonlocality function,” must satisfy the normalization condition, 
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For our problem we also expect it to depend only on y’-y and to decrease as exp[-2kly’-yl] as 

the separation between points increases. For large values of k, Q(y’,y) approaches a delta 

function. For now, we choose 

Q(Y’, Y) = kex~[-zkI~’ - YI] (6.2.4) 

which satisfies the normalization condition of Eq. (6.2.3), and has the desired delta-function 

behavior as k + 00. It remains to be demonstrated, however, that this “spreading” factor 

allows the turbulence model to recover the linear Rayleigh-Taylor behavior as k + 0. 

To give this demonstration, we will assume that the configuration starts at rest with 

only b present; the lowest order contribution to the evolution of a and Rij (when both are still 

very small) is described by the following subset of Eqs. (5.3.28) and (5.3.19). Consider the 

following parts at first without the Q(y’,y): 

and 
(6.2.5) 

(6.2.6) 

Differentiate the R,, equation with respect to t, allowing only for the variation of a, and 

insert adat from the second equation. Then 

(6.2.7) 

The second term on the right, in the qualitative fashion of the other terms here 

omitted, is not relevant to this discussion, while the first term on the right contributes either 

an oscillatory component (if > O )  or an exponentially growing component (if 

[ $)[ $) < 0). This last would appear to be the classic linear Rayleigh-Taylor solution but 

fails in that regard in one crucial respect. 
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To demonstrate this failure and its remediation, we note that, as it is written in local 

form, the first term distributes the turbulence energy only within the mixing layer itself. In 

that region for the unstable case, R,, grows as 

(6.2.8) 

Letting g (,?$)r%y) and a%y = , where Ap is the overall density difference 

across the mixing layer of width W, we get 

In contrast, for an infinitesimal velocity squared, classic linear Rayleigh-Taylor 

gives (Harlow and Amsden, 197 1) 

(6.2.9) 

analysis 

(6.2.10) 

(Note the factor of 2, to describe growth of velocity-squared.) The essential difference 

between these two results is the occurrence of 1/W in the first and k in the second. In both 

cases, R, , (0) may depend on k, but the turbulence-transport result is essentially independent 

of k in the exponent. The reason, of course, is that the creation of R,, in the purely local 

formulation confines the inertial resistance to growth to the mass within the mixing layer 

itself. In reality, as described above, the mass that must be set in motion extends well beyond 

the edges, so that R,, can be expected to grow with a much reduced exponent for structures 

that are large compared to W, Le., for kW << 1. Thus this local formulation preserves the 

spectral structure of Ryy(0). 

With nonlocality of Q(y',y), the turbulence-transport results account for the added 

inertia and give the classical exponential growth. As a practical consequence, the behavior of 

TMZ growth and appearance is significantly altered; as a conceptual consequence, the 
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influence of low wave numbers on self-similarity is quite different from that of the purely 

local theory. The nonlocal formulation does not preserve the spectral structure of Ryy(0). 

To demonstrate the remedial effects of including the nonlocal pressure-wave 

propagation, we return to the equation for Ryy which is rewritten as follows: 

+= 
- aRYY = f S(y’ )kexp[-2k)y’ - ylldy’ , 

at 
-00 

where 
S(y) = 2a-. aij 

aY 

(6.2.1 1) 

(6.2.12) 

To isolate the essence of our demonstration, it is sufficient to consider, for y > W/2, the 

approximation (an over estimation by choosing S(y) at y = 0) 

% 
-- aRyy - fS(O)kexp[-2kly’- yl]dy’ 

at -w/2 

= S( 0) exp[ -2ky]( exp(kW) - exp(-kW) 
2 

(6.2.13) 

Twice the integral from W/2 to 

outside of the TMZ, which, accordingly, is 

thus gives the total amount of R,, created per unit time 

-Ryy(outside) a = S(0) [ 1 - exti2kW) 
at  

(6.2.14) 

The total amount created per unit time everywhere is (because of the normalization of 

Q) the same as the local-theory total amount, namely S(0)W. Thus the nonlocal prediction 

for total Ryy created inside the layer per unit time is 

a 1 - exp(-2kW) -Ryy (inside) = S(0)W 1 - 
at [ 2kW 

For kW e 1, we expand the exponent to get 

a 
at 
-Ryy(inside) = S(0)kW2 . 

Divide this by W to get, within the layer, 
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(6.2.17) 

With this alteration the exponential growth for k W  small becomes 

(6.2.18) 

which now contains the essential dependence on k seen in the solution to the classic linear 

Rayleigh-Taylor analysis, Eq. (6.2.10). 

It is interesting to contrast our approach to nonlocal pressure-wave effects with the 

technique employed by Demuren, et al. (1994). They describe a procedure for “local 

diffusion sources to be distributed over lengths of the order of the integral scale.” They 

implement this technique into a nonspectral transport model and report that it “enabled the 

well-known free-stream edge singularity problem to be eliminated.” To the extent that 

turbulence self-diffusion receives contributions from the nonlocal triple-correlation terms that 

arise from pressure-velocity correlations through Greens-function integral solutions, we agree 

that turbulence diffusion should be distributed nonlocally. This effect is physically 

visualized in a two-point (spectral) formulation of the theory. To capture the effects of 

inertial response on the creation of turbulence (and thus the Rayleigh-Taylor linear growth 

rate), we believe the principal nonlocal effect must be as described by our Q(y’,y) 

modification to the differential-acceleration term (and to the mean-flow shear coupling). 

It is of interest to note the relation between linear Rayleigh-Taylor analysis and the 

self-similar analysis for the turbulence equations described in Chapter 7. If there is a rich 

spectrum of modes at t = 0, then each will grow exponentially, then saturate, creating an 

envelope for net growth of the fully nonlinear evolution (see Fig. 6.2.1). 

This envelope has the quadratic behavior dictated by the dimensionality of 

acceleration, g. A heuristic analysis of this process starts with the linear growth equation for 

amplitude, A, at wave number k, and Atwood number At, namely, 
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d2A 
dt2 
- = kg(At)A 9 (6.2.19) 

and replaces k by US, where S is the currently dominant scale at which growth is occurring. 

With self-similarity, S is a fixed multiple of A, that is, S = PA. Then 

and 

d2A g(At) 
dt2 p ' 
-=- 

A=-(At)gt 1 2 . 
2P 

(6.2.20) 

(6.2.21) 

If mode saturation were to occur when A is approximately 20% of S, then we get 

A = 0.1 *At*g*t2, which is consistent with the actually observed self-similar behavior of a 

TMZ, for which experiments give a coefficient of about 0.12. 

1 

# large scale (small k) 

Q, a s 
4 
.r( d 

Q 

(large 

time 
Figure 6.2.1 Schematic to demonstrate the growth and saturation of initial perturbations of the 
Rayleigh-Taylor instability. 
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6.3 Spectral behavior of the model terms 
As compared to the case of decaying homogeneous constant density turbulence, the 

added complexity of inhomogeneity and variable density changes the spectral behavior of- 

Rij(k). The additional variables that are a consequence of the variable density, namely ai(k) 

and b(k), also contribute to altering the spectral shape of Rij(k). In this section we examine 

the influence that these variables have on the spectra. In order to systematize the discussion, 

we first address the complexities associated with inhomogeneous turbulence and then discuss 

the resulting alterations in the spectra by splitting the spectra into two sections: (A) the high 

wave numbers and (B) the low wave numbers. For each section we identify the terms in the 

model that have the greatest influence on the behavior of the spectra. For each of the terms, 

we discuss how they interact with other terms in order to alter the spectrum. 

The BHRZ model (1990) shows the existence of self-similarity upon substitution of 

the self-similar form for the homogeneous isotropic turbulence energy spectrum as suggested 

by Von Karman and Howarth (1938) into their spectral model. With our variable-density 

circumstances the relevance of these simple observations is even less apparent. In this 

section we show the basis for numerous deviations from simple self-similarity in these more 

general circumstances. In Appendix E, we nevertheless describe a possible set of moment 

equations based on self-similarity. To proceed with this discussion, however, we will 

comment on the specific ways in which we can characterize the spectrum associated with the 

quantities of our model for variable density turbulence. 

Here we state the general principal that we follow for this study based on our beliefs 

about the nature of the attainment and persistence of the structure of spectral self-similarity. 

The entire evolution of spectral self-similarity is the direct result of a competition of 

processes that drive a flow. For the case of the decay of isotropic constant-density 

homogeneous turbulence, the identification of these competing processes is very simple and 

straightforward. The energy spectrum, E(k), where E(k) = E1 I(k) + E22(k) + E33(k), is 

altered only by the transfer of energy among different scales. This transfer can be 
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represented by the local diffusion model (Leith, 1967) which accounts for cascade to higher 

wave numbers as well as the diffusion to both higher and lower wave numbers. For decaying 

constant density isotropic turbulence, the transfer of energy through the inertial range of the 

spectrum is conservative. Besnard et al. (1990) give a discussion pertaining to the 

relationship between spectral self-similarity and the competition between the cascade and 

viscous dissipation terms. 

For the case of constant density homogeneous anisotropic turbulence with a source, 

such as an infinite shear layer, the balance between processes must also include the source, 

which in this case is due to the presence of the E12(k) spectrum coupled to the mean flow 

gradient. The E12(k) spectrum acts as a source to the E(k) spectrum at the smaller wave 

numbers. This is possible because the E12(k) spectrum goes as k7” ,  and the E(k) spectrum 

goes as k-5/3. Thus we have a source, namely E12(k), continuously pumping energy into the 

E(k) spectrum at the lower wave numbers, the conservative cascade of energy to the higher 

wave numbers, and the final decay of energy at the highest wave numbers. As in the 

isotropic case, once an equilibrium is reached among the different processes, the energy 

spectrum assumes a self-similar time-independent shape. 

For the case of inhomogeneous anisotropic constant density turbulence, such as a free 

shear layer, additional facets such as the diffusion, advection, and nonlocal sources to energy 

in physical space significantly complicate this balance of processes. With these additional 

facets to the flow, the cascade of energy through the inertial range from low to high wave 

numbers is no longer a conservative process. Account must also be taken for the transfer of 

energy in physical space. For example, in a given control volume in (k,y)-space, the transfers 

of the various Reynolds stress tensors are still conservative; but the added dimension in the y- 

direction distinguishes this from the homogeneous case. The sources are still predominately 

at the small wave numbers, and the sink is still at the highest wave numbers. For this case, 

the inertial range contains sinks and sources due to the inhomogeneity resulting in a 

nonconservative cascade of energy through the inertial range. 
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Another complexity that anisotropy adds is the addition of the remaining six 

components of the Reynolds stress tensor that do not contribute for the case of isotropic 

turbulence. This facet of self-similarity is difficult to represent schematically. The coupling 

of these components with one another and the exchange of energy that occurs between them 

also complicate the competition of processes. 

For flows that contain a time-dependent source, the characteristic time for the 

different processes that are responsible for the transfer of energy becomes an issue. For 

example, if a flow has reached a state of equilibrium between all of its competing processes 

that transfer energy and the driver of the flow undergoes some type of transient, then the rate 

of return of the flow to a state of equilibrium is governed by a competition between these 

characteristic times. The processes must compete with one another until an equilibrium is 

reached and the flow is once again self-similar. 

If we now allow the density to vary in the inhomogeneous circumstance, the 

competition between processes becomes even more involved due to the transfer of energy 

between the added functions that arise as a consequence of these density fluctuations. 

Referring to the equations of our model, we see that b drives ai and aj in turn drives Rij which 

feeds back into b and ai. Of course, a transient in the driver of the flow will also result in 

greater complications. 

As an example of the spectral altering effects of inhomogeneity, consider the 

turbulent viscosity, ut, which is present in the spatial diffusion term of each equation of our 

model. Letting cp represent any one of our transported turbulence variables, the turbulent 

viscosity appears in our model equation like 

acp(k,x,t) =-ut( a ...) acP(k,x,t) + . 
at axn axn 

The turbulent viscosity can be modeled in either a local (in k-space) version, e.g., 

(6.3.1) 

(6.3.2) 
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which maintains k-dependence; or any one of various types of nonlocal (in k-space) versions, 

the first of which maintains k-dependence and the latter 

(6.3.3) 

(6.3.4) 

which is independent of k. The 

second of the two nonlocal versions of ut is a consequence of considering the effect of all 

scales of the turbulence on the random walk process associated with diffusion. This 

consideration renders the turbulent viscosity independent of k. The first version accounts for 

only the wave numbers smaller than the point in the spectrum. The local version represents 

only the influence on the diffusive process due to eddies associated with the same wave 

number. A third version that has been suggested by Heisenberg (1948) which would account 

for the action of all wave numbers larger than the wave-number location, suggesting that it is 

the smaller turbulent structures that most influence the diffusive process, is written as 

(6.3.5) 

This type of representation is also dependent on wave number k. 

We emphasize the nature of the modeling for the turbulent viscosity, Le., whether or 

not it is dependent on the wave number k (roughly associated with the size of the eddies). 

For the case where ut is independent of wave number, the effective diffusion of the 

transported variable will be a flux proportional to the gradient that remains constant 

throughout the entire spectrum. For this particular case, as shown in Eq. (6.3.1) the diffusion 

term has no explicit dependence on k so that &p/& has the same spectral form as cp itself, 

resulting in no alterations of the spectrum due to the diffusion term. Since the same 

sink/source is “felt,’ on the entire spectrum, the diffusion term cannot be responsible for 

altering the neighboring (in physical space) spectra in any way. Contrarily, if a version of the 
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turbulent viscosity is used which renders vt dependent on the wave number k, the variation in 

the diffusion for a given point in physical y-space for different magnitudes of k will alter the 

spectral shape of cp. The variation in the level of diffusion in physical space, y, for all the 

different wave numbers effectively alters the neighboring spectra resulting in different 

spectral behaviors. 

Thus, the two main effects due to the inhomogeneity are (1) lateral spectrum changes 

as we move in y-space, and (2) the “inertial range” is altered even at the same point in y- 

space. That is to say, that not only the adjacent spectra are altered, but also the cascade flux 

in k-space is no longer constant in the “inertial range.” 

To illustrate this quantitatively, suppose that the energy tensor, E(k), behaves like k- 

513 through the inertial range. Then the local version of the turbulent viscosity, Eq. (6.3.2), 

will behave as k-413 through the inertial range, and since the form of the diffusion terms in 

this model is that found in Eq. (6.3.1), a quantity that behaves like k-913 through the inertial 

range will be diffused to the neighboring locations in physical space. 

In view of the above behavior, one may ask the question: does this behavior mean 

that we have lost the type of self-similarity that has been observed by Besnard et al. (1990) 

for the case of decaying constant-density homogeneous isotropic turbulence? The answer to 

this question is probably not. We believe that the spectrum evolves to a self-similar shape. 

The important concept to recognize here is the method used to detect a self-similar evolution 

of the spectrum and the fact that kmax (the value of k at which the spectrum attains an 

extremum) exhibits spatial dependence. 

In the process of determining if a spectrum is evolving self-similarly, two things must 

be done to a time sequence of spectral plots: (1) the magnitudes of the spectra are rescaled 

such that the extremum of the spectra coincide, and (2) the positions of the spectra are 

rescaled in such a way that all spectra attain their extremum at the same wave number. With 

these two rescalings, the spectra are said to be evolving self-similarly if a time sequence of 
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spectra can be made to overlay one another. The degree to which one may say that the 

spectrum is evolving self-similarly is the degree to which the overlaid plots coincide. 

To rescale spectra such that the maxima coincide, the value of kmax must be known. 

A feature of this study is the recognition that kmax is a function of the spatial variable y. 

With this identification of a spatially dependent kmax, we can effectively rescale the spectra 

so as to test for the self-similar behavior of the spectrum as functions of both y and t. This 

merely amounts to a different rescaling for each position in y-space through the mixing layer. 

The evolution of the spectrum may converge to an exact self-similar shape but we are 

discovering the importance of the concept of “almost” self-similar, and the evolution to a 

generic form of the spectra. 

6.3.A High wave numbers 
We now examine an important characteristic of the ai(k) spectrum at high wave 

numbers. It is shown that as a consequence of the decay terms in the ai(k) equation, the ai(k) 

spectrum falls off much more rapidly for high wave numbers than do the spectra for either 

b(k) or Rij(k). Since ai(k) is the principal source to both b(k) and Rij(k), this behavior of the 

ai(k) spectrum results in a source term to b(k) and Rij(k) that is effectively localized to the 

lower wave numbers. This behavior of the source term is closely aligned with the behavior 

of the source term due to a shear layer in a constant density flow as previously discussed in 

this section. 

The behavior of the high wave-number part of the ai(k) spectrum is dominated by a 

competition among four terms in the transport equation of ai(k). These four terms are the two 
source terms, i.e., the [b(k)]@/dxi term and the (Rin(k)/j52)(aj5/ilx,) term, and the two 

drag terms, i.e., the ( - C q i k 2 J m ) a i ( k )  term and the (-Cq2k J m ) a i ( k )  

term. A simple analysis of the competing terms in the transport of the aj(k) equation shows 

that the high wave-number behavior of ai(k) will either vary as k l * / 6  or k-713, depending on 

which drag term is dominating. Due to the lack of any drag-like decay terms in the Rij(k) and 

b(k) equations, the behavior of these quantities is dominated 
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constant flux in k-space, so that they vary closely as k-513 for the high wave numbers (see 

Fig. 7.2.3(b)). To demonstrate the consistency of these conclusions of ai(k) for high wave 

numbers, we use the fact that the two source terms in the ai(k) equation vary nearly as k-5'3 

and set up a balance among them and the decay terms. For this examination of the high wave 

numbers, let us represent the vector component ai as some constant multiplied by a power, n, 

of k, i.e., 
ai -+ aOkn . 

Likewise, we can closely approximate Rij and b in a similar fashion with 

R.. 'J -+ ~ ~ k - ~ / ~  
and 

b -+ . 
With these expressions, a balance among the source and decay terms on the right side of the 

ai(k) equation becomes 

From this expression, if the Crpl term is dominating, the following balance must exist 

between the exponents of k: 
-5 - = 2(n + I ) ,  
3 

from which we see that we get n = -1 1/6. This is the expected power of the high wave- 

number behavior of a(k) if the C,1 term dominates the decay. 

If the Crp2 term dominates the high wave-number behavior then the following balance 

is established: 

from which we see that the power law behavior for the high wave number part of the 

spectrum for ai(k), becomes n = -7/3. Numerically we observe this (see Fig. 7.2.2(a)) and 

see that indeed it is the Crp2 term that dominates the decay process. (This dominance is also 
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observed in calculations that show considerable insensitivity to the value of Crpl through any 

reasonable variations of its magnitude.) 

Now that we have established that for the self-similar regime, the high wave number 

for ai(k) goes as either k* l’6 or k7/3 it follows that since b(k) and Rij(k) both go as k5/3  for 

high wave numbers, ai(k) is a source that is localized to the low wave numbers for both b(k) 

and Rij(k), and the assumption of cascade dominance for them in the inertial range is 

confirmed. In this manner, this situation is much like any anisotropic flow. Since the source 

for both the b(k) and the Rij(k) equation is localized to the low wave numbers, there is a 

region of nearly constant flux through the inertial range for both b(k) and Rij(k) allowing the 

spectrum to develop into a k-513 spectral behavior. The flux is constant in this region for 

b(k). 

We should note however, that if vt varies with k, then there is a possible modification 

to the inertial spectra for b(k) and Rij(k) arising from variations with k of the y-direction 

diffusive flux (refer to the earlier discussion in this section). 

Conversely, for high wave numbers, b(k) creates ai(k) in a k5 /3  fashion across the 

inertial range. However, as stated above, the drag terms of ai(k) dominate in this region, 

which drives the spectrum to a behavior more closely dominated by these drag terms. 

6.3.B Low wave numbers 
We have seen the effective localization to small wave numbers of the source terms for 

Rij(k) and b(k) due to the decay terms in the ai(k) equation. We now examine the low wave- 

number behavior of the sources for this model. We first examine the source term of the 

Rij(k) equation and discuss the modifications resulting from the nonlocal extension to this 

term, which we have implemented into the model. We then describe the low wave number 

behavior of the source terms of the ai and b equations and other terms that play significant 

roles in the spectral modifications at low wave numbers. 

The main source term of the Rij(k) equation is composed of the net mass fluxing 
velocity, ai, coupled to the mean pressure gradient, i.e., [ai(k)]3p/axj + [aj(k)]3j@xi. This 
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term was examined in Section 6.2. Past authors of single-point and two-point spectral 

models have treated this source term due to the mean pressure gradient as a purely local term 

(BHR, 1987; BHRZ, 1990; Andronov, et al. 1982). That is to say, the production of Rij at a 

point x is influenced by the mean pressure gradient only at that same position, x. Due to 

incompressibility, we know that acoustic signals transfer the effects of the mean pressure 

changes instantaneously throughout the entire fluid, a global mechanism. In our model, in 

addition to the spectral formulation, we also formulate this source term for Rij(k) nonlocally 

in physical space (see Section 6.2). The formulation of this nonlocal source term is easier to 

specify for a spectral model as opposed to a single-point model. The nonlocal spectral 

formulation is chosen to agree with the known spectral behavior for Rayleigh-Taylor analysis 

at low wave numbers. The additional information regarding length scales resulting from a 

spectral formulation enhances our ability to capture the global effects due to 

incompressibility. 

However, as compared to a local source term for Rij(k), a nonlocal source term does 

change the spectral behavior of the model. The far reaching effects of the nonlocal term, i.e., 

the ly’-yl factor in the exponential of the Q function as discussed in Section 6.2, directly 

modify the Rij(k) spectrum and indirectly modify the ai(k) and b(k) spectra through the 

coupling to Rnn(k) in the local cascade rate and through the coupling to Ryy(k) in the density 

gradient source term to ai(k). 

Here we examine the modifications to the spectral behavior of the model due to the 

nonlocal source for Rij(k). We proceed by examining the two-dimensional (y,k) shape of a 

purely local source for Rij(k) within the TMZ. Since ai(k) is zero outside of the TMZ (no net 

mass flux), the local source, Si(y,k,t), for Rij(k) is likewise zero outside of the TMZ. We 

show the mechanism by which the local source undergoes a spreading over physical space 

due to the nonlocal modifications to the local source Si(y,  k, t ) ,  where 
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Figure 6.3.1 gives a qualitative idea of the nature of the effects of a local source term 
on aRij(k)/&. The wave number k l  is the wave number at which ai(k) attains its extremum. 

The TMZ is shown as the horizontal strip. The drawings across the horizontal TMZ 

represent, qualitatively, the relative magnitudes of the local source term in the Rij(k) 

equation. The purpose of these sketches is to depict the influence of the spectral shape of 
ai(k) on the source term of aRij(k)/&. At k = kl ,  the contribution to aRij(k)/& of the 

k e< k l  kl 

Figure 6.3.1. Schematic of the local source term across the TMZ as a function of y and k. The 

maximum source corresponds to the wave number kl where the spectrum of a(k) attains an extremum. 

source term has a maximum while it tapers off to zero for both the low and high wave 

numbers of the spectrum. Notice also that the local source term goes to zero at both edges of 

the TMZ. 

We now describe the smearing (across physical space) effect that the incorporation of 

the nonlocality has on the otherwise local source, Si(y, k, t) . As shown in Section 6.2, the 

form of the nonlocal source term is derived from considerations of Rayleigh-Taylor theory. 

The nonlocal source is written as 
+= 
IS$(y’, k,t)Q(y’,y,k,t)dy’ . 

-0o 
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We see that the source to Rij(k) at point y receives contributions from Si, the local 

term, integrated over all space; and it is the Q function that couples the global effects of Si 

back to the point of production. Since the Q function has the form 

Q(Y’ ,Y,~ ,~)  = Qo(k,t)exp(-k(y’-y() , 

it will be responsible for altering the shape of the spectrum due to the k in the exponential. 

(The Qo(k,t) is a normalizing function which guarantees a global conservation of the source 

term over physical space). 

If we first examine only the form of Q(y’,y,k,t) uncoupled from the source term, we 

see that the k in the exponential gives very different forms for large and small values of k. 

Figure 6.3.2 shows the different forms the Q function will take for different values of k. The 

structural feature that is important to notice in Fig. 6.3.2 is the narrow base width for large 

values of k as compared to the spread out structures for the smaller values of k. When 

coupled to Si, this feature represents the ability of the large structures of the flow (associated 

with small k) to reach out and influence remote parts of the flow while the influence due to 

the smaller structures of the flow (associated with high k) remains highly localized. 
L f  Now we couple the local source term, S, (y , k, t) to the reaching term, Q(y’,y,k,t) and 

show how the coupling results in a smeared out nonlocal source, SfL(y, k, t), for aRij(k)/at 

that extends past the edges of the TMZ in physical space. Figure 6.3.3 represents this 

coupling for a generic value of k. 

As before, the smooth hump-like figure represents the local source (figure on top), 

and the new feature to notice is how this local source is smeared out past the edges of the 

TMZ (figures on bottom). The points at the various y positions outside of the TMZ are used 

to show the form of the Q-function. (Only a few points are included for clarity). The point 

to be made with Fig. 6.3.3 is similar curves for Q exist for all values of y outside of the TMZ, 

which become more narrow at the base for the larger values of k and widen at the base for 

smaller values of k. As the integral in the nonlocal source term is performed, contributions 
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are made to aRij(k)/at at positions that lie outside of the TMZ due to the Q function 

the y direction becomes more narrow for larger values of k. The area contained by each curve is the 

same due to normalization. 

Local source 
and 

Q-functions 

I 

Resulting 
y Source 

I 

Figure 6.3.3. Schematic representation of the effect of the Q-function on the local source, Sk, to 

Rij(k) for a generic wave numbers. 
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Figures 6.3.2-6.3.3 show the effect of coupling the Q-function to the local source 

term to create a nonlocal source term. It is shown that as k gets larger, the width of the base 

of the Q function becomes more narrow which retards the ability of the nonlocal source term 

to reach out past the edges of the TMZ. In this limit, the Q-function spreading has little 

physical basis, and we require only that the result for large k reduce to the local source. 

Recall that the extremum of the ai spectrum is at k = kl. The consequence of this feature of 

the ai spectrum is that the effective local source for aRij/& will be larger for the wave 

numbers near kl .  The effect of the nonlocality is to flatten the peak of the source near the 

middle of the TMZ and to extend the source past the edges of the TMZ. The peak of the 

nonlocal source at the center of the TMZ will always be lower than the peak of the local 

source due to the normalization, 

-m 

For small wave numbers, the resulting nonlocal source is spread out over a relatively 

greater distance in physical space than for the larger wave numbers. This is to weight the 

nonlocal influence of the larger structures of the flow. Thus as we traverse the spectrum 

from k = 0 to very large values of k, the ai spectrum starts at zero, reaches a maximum and 

then asymptotes back to zero; the effect of the nonlocal Q function on the source is to reach 

out to infinity for k = 0 and asymptote to a local form for very large values of k. When 

coupled, these two effects produce a source that (1) is small in magnitude and extends well 

past the edges of the TMZ in physical space for small values of k, (2) is large in magnitude 

and is more restricted in physical space for intermediate values of k, and (3) is small in 

magnitude and completely confined to the TMZ in physical space for asymptotically large 

values of k. 

To summarize Figs. 6.3.2-6.3.3, examine Fig. 6.3.4 which compares the local and 

nonlocal shapes of the aRij/& source term as a function of y for three different ranges of k. 
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The three plots of Fig. 6.3.4 show both the local and nonlocal source as a function of 

y for different ranges of wave number. The main features of the plots are the decrease in the 

maximum of the source due to the nonlocality and the distance the nonlocal source extends 

past the local source as a function of wave number. These three plots of Fig. 6.3.4 can now 

be used to identify spectral modifications near the center and edge of the TMZ. A vertical 

strip is drawn through the edge of the TMZ as well as the middle of the TMZ (y = 0) to help 

identify how the nonlocal source term modifies the spectral behavior of dRij/at. The effect 

at the edge of the TMZ due to the nonlocality in the source term for aR,/at is an increase in 

curvature for the small wave numbers, an increase in the absolute magnitude of the source as 

well as a migration of kmax to lower wave numbers. The effect at the center of the TMZ due 

to the nonlocality in the source term for aRij/at is a decrease in the curvature of the 

spectrum at the lower wave numbers, a lower absolute magnitude of the source at the 

centerline, and a migration of kmm to higher wave numbers. This is shown in Fig. 6.3.5. 

The information from Fig. 6.3.5 can now be used to determine qualitatively the 

effects of a nonlocal source on the behavior of kmax through the TMZ. The local source 

produces a kmax that is concave upward, as a function of y, consistent with the largest 

turbulent length scales at the centerline of the TMZ, (Scale = lkmax).  The nonlocal source 

produces a kmax curve through the TMZ that is concave downward, consistent with the larger 

turbulent length scales found at the edges of the TMZ. Inspection of Fig. 7.4.5(c) and (d) 

indeed verifies this behavior. 

In the limit as k + 0, the value of n is preserved at the initial magnitude. From the 
nonlocal source term for example with Rnn going as kn e x p [ 2 t - , / m ]  for k sufficiently 

small, this becomes, to leading order, 

k n { l + 2 t , , / w +  ...} , 
which shows the preservation of kn in the limits as k + 0 and also the emergence of a kn+*/2 

contribution in the spectra from near k = 0 .  This effect can only be visible if Cfb is 
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sufficiently small, considerably less than that which is required for agreement with 

experiment. 

kl 

A k >> kl 

L 
C- Center strip - Edge strip 

Local Source 

Nonlocal 
Source 

Y 

Figure 6.3.4. Schematic to represent the different structures through the TMZ of the nonlocal 
source term for aR, /& due to the dependence of the nonlocality on wave number k. 
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Near edge of TMZ 

kmax for nonlocal source dt 

k,, for local souc, 

(a) 
At center of TMZ 

k 

Figure 6.3.5. Schematic representation of the spectral modifications to the time rate of change of 

the Reynolds stress tensor due to a nonlocal source term for: (a) the edge of the TMZ and (b) the 

center of the TMZ. 

In summary, the nonlocal source term for Rij affects the spectrum differently as we 

traverse the TMZ. Near the centerline of the TMZ the power, n, which dictates the power 

law behavior of the spectrum, kn, is decreased for the low wave numbers and only slightly 

changed at the high wave numbers. Near the centerline, the kmax migrates towards higher 

wave numbers. As we move out towards the edge of the TMZ, the power n is increased for 
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the lower wave numbers, the higher wave numbers are only slightly affected, and kmax 

migrates to the lower wave numbers. The nonlocal source term for Rij has a major effect on 

the components of that tensor and is also felt indirectly on ai and b, principally through the 

alteration of cascade rates. 

Two more items that alter the spectra for the low wave numbers are the initial 

conditions of b, i.e., the low wave number initialization for the b spectrum, and the Cfi term 

in the b equation. The low wave-number behavior for the b spectrum and the Cfi are in 

constant competition to determine the power law behavior for the low k parts of the spectra. 

This competition has the greatest influence within the b(k) spectrum itself. The Cfi term is 

responsible for a wave-like propagation of the b spectrum from high to low wave numbers. 

This effect will increase the downward curvature of the b spectrum for the low wave numbers 

which lowers the n of the spectrum where b - kn for small k. Hence it is apparent that this 

process will compete with the initial condition of the b spectrum since the spectrum is 

continually migrating toward smaller wave numbers, to allow for a continual influence of the 

initial conditions. The effect of the Cfi term, however, is to always lower the value of n for 

the low wave number parts of the.b spectrum. The outcome of the competition of these two 

items then determines the low wave-number behavior for the ai spectrum that in turn 

influences the Rij spectrum. 

One final class of terms to be mentioned that also alter the spectra at the low wave 

numbers are the C2 cascade terms in each of the equations (the C1 cascade terms are wave- 

like propagation to high wave numbers and have their principal manifestations at the high 

end of the spectrum). The C2 cascade terms alter the spectral shape at a rate that depends on 

Rnn(k). The alteration of this rate is thus affected by the nonlocal source, but this effect is 

considered to be secondary. The primary effect of the varying rate comes simply from the 

decrease in Rnn with y for either type of source. 
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6.4 Summary 
In this chapter we presented two separate discussions: (1) a detailed analysis of the 

derivation of the nonlocal pressure source term for the Reynolds stress transport equation (as 

described in Section 5.3) due to the effects of incompressibility and (2) an investigation of 

how this nonlocal formulation alters the spectral behavior of our model and how the 

additional complexities of inhomogeneity and variable density tend to alter the spectra as 

compared to the case of constant density homogeneous turbulence. 

In Section 6.2 we demonstrate the strategy we use in deriving a nonlocal source term 

for the Reynolds stress tensor transport equation. We appeal to the linear analysis of the 

Rayleigh-Taylor instability as guidance in deriving a function that will spread the effects of 

the source term past the edges of the TMZ. The unmodeled source term is made up of a 

density--velocity correlation (ai) coupled to the mean pressure gradient. 

In Section 6.3 we use schematic drawings to explain the effects of this nonlocal 

spreading function, Q(y,y’,k), on the spectral behavior of the model. In Section 6.3 we also 

discuss the various other alterations of the spectrum due to terms in this model. We use the 

case of constant density homogeneous turbulence as a reference to demonstrate the spectral 

alterations. 
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7. Numerical Results for the Spectral Turbulence 
Transport Equations 

7. I Introduction 

In this section, we present the numerical results computed with the spectral equations 

from Section 5.3 as applied to turbulent mixing by the Rayleigh-Taylor instability. The 

purpose of this section is to demonstrate the behavior of a base case of the spectral equations 

of Section 5.3, show comparisons with experiments, and show the effect of some variations 

to the base case. For this demonstration, we will present numerical results of a base case for 

mixing only, followed by examples to demonstrate the influence that the various coefficients 

have on the calculations. We also show the spectral behavior for the net mass flux velocity, 

a, during the process of a rapid transient (a gravity reversal is used for this demonstration). 

To study the properties of the spectral equations we have written a finite-difference 

code for their numerical solution. The configuration we have chosen for illustration is that of 

an initial interface between two nonviscous, incompressible fluids of different densities, 

subjected to a pressure gradient normal to the interface. The pressure gradient arises by 

applying a body force (acceleration) to the fluids but holding the containing vessel at rest. 

An equivalent procedure, employed by the experiments with which we compare, accelerates 

the vessel, with a pressure gradient arising in order that the fluid is accelerated commensurate 

with the motion of the vessel. 

The numerical solution technique and its validation for the present purposes is 

described in Appendix F. The computer code consists of a spectral part and a spectrally- 

integrated part. In the latter, with the containing vessel at rest, the pressure gradient is 

updated in such a manner as to ensure vanishing flux of material volume at all stations within 

the flow. Thus the transport equations for 5 and the spectrally integrated transport equation 

for a are forced to be equivalent, which determines the variations of pressure in response to 

the specified body force. 
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The principal data for comparison with calculations comes from extensive 

experimentation at AWE (Smeeton and Youngs, 1987) and Chelyabinsk-70 (Kucherenko, et 

al. 1991). The data are not as complete as we would like; we expect considerable more data 

from the anticipated experiments of Dimonte and Remington at LLNL (personal 

communication, 1995). The results currently available are profiles of estimated mix fraction 

across the layer, the mix interpenetration rates into each fluid, and some qualitative 

indications of dominant scale. 

7.2 Mixing due to an acceleration 
Figures 7.2.1-7.2.12 give results from a base-case calculation. In the following 

figures, the spectral behavior of the variables is plotted as functions of the nondimensional 

variable z, where z = Ln(k/ko). This logarithmic transformation is used to accentuate the 

regions of physical significance; that is to say, as the turbulence evolves the turbulent length 

scales grow, which corresponds to a migration of the turbulence spectra toward k = 0. Thus 

the transformation allows the details of the spectrum near k = 0 to be spread over the 

corresponding infinite interval in nondimensional z-space. The constant reference 

wavenumber ko serves to nondimensionalize the transformed spectral equations and to 

provide a reference wave number for specifying initial conditions. The time and length 

scales referred to in this chapter are set by the reference wavenumber ko and the acceleration 

g. The initial configuration consists of a heavy fluid (p = 2.0) sitting over a lighter fluid 

(p = 1.0). At the time t = 0, acceleration (g = -1.0) is turned on, and the mixing of the two 

fluids commences. For this calculation, the values of the coefficients are C1= 0.1212, 

c2 = 0.0606, cfb = 0.5, CD = 0.03, C,1 = 5.0, Crp2 = 6.0, Cm = 1.0, and Cbd = 0.0. The 

nonlocal version of the source term is used in the Reynolds-stress equations. At t = 0, the 

values of Rnn(k), Ryy(k), and a(k) are zero in every computational cell. The value of b(k) 

likewise vanishes in every cell except the one containing the two-fluid interface, where 
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b(k) = Ylk" 
1 i- y2kn+5'3 ' 

(7.2.1) 

The two coefficients, y1 and y2, have been chosen to ensure that the maximum of b(k) occurs 

at k = ko and the spectral integral of b(k,y), namely b(y), has the maximum configurational 

value corresponding to equal volume fractions, a1 and a2, of the two fluids in that cell, i.e., 

a1 = a;! = 0.5, 

b =  (P2 -P1 l2 (7.2.2) 

See Chapter 2 for a discussion on the configurational value of b. For the base case, n = 4.0, 

ko = 1.0, and 

and (7.2.3) 

where, 
k"dk 00 

f(n> = J 
ol+(3%)(x,).t%- 

(7.2.4) 

Boundary 

terminated before 

conditions in y space are of no significance because each calculation is 

the influence due to the nonlocd pressure effects have reached the edges of 

the computational mesh. Boundary conditions in k-space attach the low and high wave- 

number behavior for each variable to a power-law variation of k. For b(k) we have also used 

a boundary condition at high wave numbers that blocks the cascade flux, but for the base case 

the flux is not blocked. 

Figure 7.2.1 illustrates the time evolution of the spectral behavior for the variables as 

functions of the logarithm of (k/ko). In all four plots the spectra are migrating to the left 

(toward lower k values) as time progresses. We identify length scales as the reciprocal of the 

wave number at which the spectrum has its extremum. The leftward migration is thus 

consistent with an increasing length scale for each variable. The spectra are given for equal 
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, 

time increments, At = 10, so as to demonstrate the linearly increasing growth rate of the 

peaks of the spectra. This variation is consistent with quadratic growth in time of the TMZ 

width, in agreement with expected self-similar behavior as described in Appendix D. 
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Figure 7.2.1. Spectra at times t = 10, 20, 30, 40, 50, and 60, at the position of the initial fluid interface: 
(a) the net mass-flux velocity, a, (b) the specific volume-density correlation, b, (c) the contraction of the 
Reynolds stress tensor, Rnn, and (d) the Ryy component of the Reynolds stress tensor. 

One characteristic that demonstrates the intervariable relationships that exist within 

the equations is the differing behavior of the spectral structures at the higher wave numbers. 

The right sides of the spectra for a and b migrate rapidly toward smaller values of k causing 

an overlapping appearance for a sequence of plots, while the right sides of the spectra for Rij 

coincide for that same sequence of times. The strong migration to the left seen in the b 

spectrum is due to the value chosen for Cfi, the one free parameter in our equations. The 

value of Cfi significantly influences the leftward migration of the b spectrum. This effect 

- ----- ---- - - -  -- .- - - 
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influences the b spectrum the most. Because b is a principal source to ai(k), the effect is also 

seen in the ai(k) spectrum but to a relatively lesser degree. The Reynolds-stress spectra are, 

in turn, also moved to lower wave numbers. The effects are associated with nonlinear 

bubble-doubling in the mixing layer, as observed in numerous experiments and direct- 

numerical-simulation calculations, and are important for the agreement with experiments 

described below. These overall spectral forms result from a complex interplay among 

physical processes represented by the terms in the equations. In Section 6.3 we show in 

much more detail the origins for the behaviors described in this base-case calculation and its 

variants. 

The self-similar nature of the spectral evolution of Fig. 7.2.1 can be demonstrated by 

plotting the results in the form of Fig. 7.2.2. The plots are normalized in space so as to 

enable us to compare the shapes of these plots at successive times. The resulting normalized 

plots are called shape plots. To achieve this normalization two steps are taken. First, a 

spectrum is divided by its extremum, resulting in all of the spectral maxima coinciding with 

1.0 and values of the entire spectrum falling between 0 and 1 .  Next, the spectra are all 

shifted such that the maximum of the spectra coincide with k = ko. A sequence of times of 

these resulting shape plots are given on the same graph so as to identify any differences in 

their structures. The coincidence of all plots indicates a self-similar evolution of the mixing 

layer. The plots of Fig. 7.2.2 are taken from the cell where the initial fluid interface existed. 

The mixing evolution becomes self-similar near t = 30, and this is demonstrated by the 

overlapping plots of this figure. 

Notice the consequence of shifting the spectra so that their peaks coincide with 

k = ko. As the spectral peak migrates to the left, less and less of the spectrum lies to the left 

of that peak and more of the resolved spectrum lies to the right. When the spectra are then 

shifted in the normalizing process, the appearance of a diminishing tail on the left side and an 

increasing tail on the right side is observed. Thus the plot with the longest tail on the left side 

represents the earliest time of the sequence and the plot with the longest tail on the right side 
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represents the latest time in the sequence. The slopes at low and high wave numbers are 

given to demonstrate the behaviors of the spectral variables. The interpretation and 

significance of these forms and slopes is discussed in Section 6.3. It is especially noteworthy 

to observe here the very close achievement of self-similarity. 

The slopes in Fig. 7.2.2 represent the power law behavior of the spectra at only the 

initial position of the fluid interface, y = 0. Since these plots are functions of the logarithm of 

(k/ko), the slope of the line corresponds to the power, n, of the wave number, k. (These are 

slopes near k = 0 and represent modifying tendencies for low wave numbers near k = 0, but 

not at precisely k = 0, where the initial value of n is preserved.) The spatial variation of the 

value of n across the TMZ for both the low and high wave numbers is shown in Fig. 7.2.3. 

This plot is given for t = 65 well after the establishment of self-similarity. In effect, the 

spatial variations shown in Fig. 7.2.3 indicate the temporal evolution of the power laws for 

any one fixed position. The center of the plot (y = 0) has been developing the longest, and 

the edges of the TMZ are, relatively speaking, the newest parts. For the low wave numbers, 

the b(k) spectrum has a smaller value of n near y = 0 than occurs for the other spectra. The 

explanation lies in the effects of the Cfi term, which gives to b(k) the leading role in 

describing the nonlinear bubble-double process. Initialized with k4 variation near k = 0, the 

b(k) spectrum feels most strongly the modifying effects of leftward (in k space) propagation 

of a concave-downwards structure that decreases the exponent. With b(k) as a source to a(k), 

. and a(k) as a source to Rij(k), the decrement in exponent is successively less in these latter 

two functions. This behavior, and likewise, the behavior of both the a(k) and the Rij(k) 

spectra is consistent with the overlapping seen in Fig. 7.2.1. The high wave number power 

law behavior of the four variables coincides at the edges of the TMZ and then separates as 

time evolves. The values of n for the high wave numbers of Fig. 7.2.3(b) at y = 0 are equal to 

the slopes of the plots in Fig. 7.2.2. 
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Figure 7.2.2. Normalized spectra for t = 30, 35,40,45,50,55, 60, and 65, at the position of the initial fluid 
interface: (a) the net mass-flux velocity, a, (b) the specific volume-density conelation, b, (c) the contraction of 
the Reynolds stress tensor, Rnn, and (d) the Ryy component of the Reynolds stress tensor. 
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Only near y = 0 does one observe the values of n = -5/3 [for b(k) and Rij(k)] and n = -7/3 for 

a(k), which result from the constancy of cascade flux for b(k), Rnn(k), and Ryy(k) and the 

balance of drag with production for a(k), as discussed in more detail in Section 6.3. 

Figure 7.2.4 shows the evolving spectral forms at a distance of 50 units of length 

below the initial interface, showing the manner of arrival of the spectrum at each station as 

the TMZ widens. The spectrum of a(k) arrives at nearly its self-similar form for all wave 

numbers, whereas the spectra for the other quantities arrives in self-similar forms only for the 

lower wave numbers; at the higher wave numbers there is significant lag in the establishment 

of spectral self-similarity. There are two reasons for this behavior. One of these is the effect 

of nonlocal source for Rnn(k) and Ryy(k), which projects the low-wave number effects into 

lateral regions well 
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Figure 7.2.4. Normalized spectra for t = 30,35,40,45,50,55,60, and 65, a distance of 50 units of length 
below the centerline of the TMZ (a) the net mass-flux velocity, (b) the specific volume-density correlation, 
(c) the contraction of the Reynolds stress tensor, and (d) the Ryy component of the Reynolds stress tensor. 
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ahead of the effects at high wave numbers. The second reason is that the growth of spectral 

forms for b(k), Rnn(k), and Ryy(k) is at first dominated by the effects of sources which at any 

station tend initially to impart a k-713 form at high wave numbers, and then altered to k-513 as 

the effects of constant cascade flux begin to dominate. 

Figure 7.2.5 shows a comparison at t = 65 of the spectral form functions at y = 0 and 

y = -50. By this time the self-similar form has been completely reached at y = 0 and nearly 

so at 50 length units below y = 0. Their nearly identical forms serve as a confirmation of the 

hypothesis discussed in Appendix D. Figure 7.2.6 illustrates a similar comparison at y = 50 

units above the initial interface and again confirms the remarkable observation of the form 

function decomposition hypothesis described in Appendix D. This occurs only because of 

neglect of 

Normalized spectral a 
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Figure 7.2.5. Comparison of normalized spectra at y = 0 and y = -50 for t = 65 for the variables: (a) the net 
mass-flux velocity, (b) the specific volume-density correlation, (c) the contraction of the Reynolds stress tensor, 
and (d) the Ryy component of the Reynolds stress tensor. 
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molecular effects and surface tension. It should be emphasized that the spectral 

normalizations to unit magnitude and shift to k = ko have occurred over very large and 

different ranges in these figures, so that their coincidence seems all the more remarkable. 

Because this behavior has also been observed in free-shear turbulence of a fluid with constant 

density (BHRZ, 1990; Clark, 1992) we believe that there is a powerful underlying scaling 

principle that can be exploited in the systematic analysis of certain turbulence circumstances 

that are inhomogeneous, anisotropic, and even have large variations in fluid density. 

Figure 7.2.7 illustrates the nature of k shift that has been employed in getting the 

preceding plots of spectral form functions. In this figure we show the reciprocal of the wave 

number at 

(c) (d) 
Figure 7.2.6. Comparison of normalized spectra at y = 0 and y = 50 for t = 65 for the variables: (a) the net 
mass-flux velocity, (b) the specific volume-density correlation, (c) the contraction of the Reynolds stress tensor, 
and (d) the Ryy component of the Reynolds stress tensor. 
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which each spectrum has a maximum as a function of position across the TMZ . The 

ordinate is thus a length scale, which relates the length scale proportional to K3/2/~ that 

occurs in single-point K-E turbulence transport models. Structural details in these length- 

scale profiles have their origin in the initialization for calculations where we only initialize 

the one cell containing the original fluid-fluid interface, which is far from self-similar. These 

minor details, once established during the early-time adjustments to self-similarity, are 

captured and maintained by the achievement of that self-similarity, which indeed confirms 

the attainment of that state. Of more substance, however, are the overall forms of these plots. 

The length scales for a(k) and b(k) more-or-less decrease towards the edges of the mixing 

layer, whereas the length scales for Rnn(k) and Ryr(k) increase. The basic reason for the 

laterally increasing length scales for Reynolds 
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Figure 7.2.7. Profiles of the length scales across the Th4Z for t = 5, 15, 25, 35,45,55, and 65: (a) the net 
mass-flux velocity, (b) the specific volume-density correlation, (c) the contraction of the Reynolds stress tensor, 
and (d) the Ryy component of the Reynolds stress tensor. 
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stress can be traced to the nonlocal source. This identification is confirmed by contrasting 

with the results for a local source term; see Fig. 7.4.5, which shows a lateral decrease in scale 

for Rnn(k) and Ryy(k). The significance of this effect for single-transport modeling is the 

lack of proportionality among length scales, for which we obtain remediation by allowing for 

more than one scale to arise in the moment derivations. (This generalization becomes even 

more significant in the nonself-similar response to rapid transients of drive.) 

Self-similarity also occurs in physical space, as shown in Fig. 7.2.8, again confirming 

the hypothesis stated in Appendix D. The initialization of b(k) at y = 0 is seen as the spike at 

t = 0. Lateral "wings" on the Reynolds-stress profiles arise as a consequence of the 

a 

b across TMZ 
. . . .  : . . . .  ! . . . .  ! . . . .  ! . .  . . : .  . . . : .  . . .  : . .  . 

t-t=o 

R acrossTMZ 

25 

Figure 7.2.8. Profiles of spectrally integrated variables across the TMZ for t = 5, 15,25,35,45,55, and 65: 
(a) the net mass-flux velocity, (b) the specific volume-density correlation, (c) the contraction of the Reynolds 
stress tensor, and (d) the Ryy component of the Reynolds stress tensor. 



Figure 7.2.9 describes the numerical results in terms of observables that can be 

compared with experimental data. The principal data are the depth of penetration of heavy 

fluid into light, h2, of light fluid into heavy, hi, and the variations of relative concentration 

between these edges of the TMZ. In this figure we describe the concentration profiles in 

terms of mean density, j5 (Fig. 7.2.9(a)), together with the mass fraction and volume fraction 

of the heavier material (Fig. 7.2.9(b)). As pointed out by a Russian experimental group 

(Kucherenko, et al. 1991), the most convenient way to illustrate the profile shape is to plot 

volume fraction as a function of the reduced variable - - =  Y - Y0.l 
Y -  9 

Y 0.9 - Y 0.1 
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Figure 7.2.9. (a) Profiles of density across the TMZ for t = 0, 5, 15, 25, 35.45, 55, and 65. (b) Mass and 
volume fractions of the heavy fluid across the TMZ at t = 65. (c) Comparison of numerical results with AWE 
experimental data [Smeeton and Youngs, 1987 (Fig. 24 and 25)]. (d) Comparison of numerical results with 
Chelyabinsk-70 experimental data [Kucherenko, et al. 1991 (Fig. 1 l)] 

140 



where yo. 1 and y0.g are the positions at which the volume fraction is 0.1 and 0.9, respectively. 

The excellence of agreement with both the British (Fig. 7.2.9(c)) and Russian (Fig. 7.2.9(d)) 

experimental data is not as trivial as the simple structure of the profiles would suggest. Two- 

field transport theory also achieves this degree of agreement (see Chapter 4), but the single- 

point turbulence transport calculations using the BHR model has great difficulty in matching 

this simple profile of volume fraction across the TMZ without resorting to an ad hoc 

modification of the transport equation for the mass flux (see Chapter 3). 

We freely admit here that we may still have some lingering modeling problems. The 

fact that the density gradient is not monotone through the TMZ remains a slight cause for 

concern. The single-point two-field equations described in Chapter 4 produce smooth 

density gradients through the TMZ. The experimental data from AWE and Chelyabinsk-70 

seem to indicate a smooth behavior of the density. This detail remains as future work on 

improving this model. 

The plots as functions of 2 in Fig. 7.2.9 exhibit the structure but preclude the 

observation of behavior for hl(t) and h2(t). These quantities are shown in Fig. 7.2.10 as 

functions of time and of the similarity variable, 

X = (At)gt2 . 

Time evolution of TMZ 

time 
(a) 

Figure 7.2.10. Spikes, h2, and the bubbles, hl , (a) as functions of time and (b) as functions of the similarity 
variable, X. 
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From an experimental viewpoint, the evolutions of hl  and h2 depend on how the 

edges of the TMZ are located. The same comment applies to the calculation results. As 

shown by the Russian experimentalists (see Sec. 7.4), edge criteria at volume fractions of 

0.01 and 0.99 (fine-edge criteria) result in much larger values of hl and h2 (and of h2/h1) than 

criteria at volume fractions of 0.1 and 0.9 (coarse-edge criteria). They also show and we 

confirm that the ratio h2/hl converges very slowly to asymptotic value, being highly 

dependent on the early-time approach rate to self-similarity. They mitigate this difficulty by 

giving instead data for 
dh dh, 
dt dt 
L/--, 

which is calculated as the ratio of slopes in Fig. 7.2.10(b) and equals h2/hl at late stages in 

the self-similarity. In Section 7.4 the calculated results are shown to lie a bit low for a 

nonlocal source and a bit high for a local source when compared with the data. 

Self-similarity in our case means that the spreading of the TMZ can be characterized 

by 
h, = a(At) gt2 . 

This expression for the height of the bubble envelope was empirically formulated from 

experiments by Read (1984) and Youngs (1989). There is experimental uncertainty to the 

value of the coefficient, a, with quoted values anywhere from 0.02 to 0.3 and greater. 

Nikiforov (personal communication, 1994) speculates that the large range reflects the effects 

of miscibility of the fluids. For immiscible fluids there seems to be a fairly broad consensus 

that a = 0.065 k 0.01. Our calculated value, a = 0.079, is slightly higher than the currently 

accepted range. 

An issue of some interest for our spectral equations is the rate of return to isotropy. 

Because the process is nonlinear and nonlocal in wave-number space, we have not examined 

the process in great detail. One point that can be mentioned is illustrated in Fig. 7.2.1 1, 

which shows the degree of anisotropy in the base-case calculation. As plotted versus wave 

number, R,,(k) and Ry,(k) look nearly the same; whereas the spectrally integrated quantities 
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plotted as a function of y demonstrate that there is a significant difference between the two 

quantities. Note that if Ryy = Rnn, then Rxx = RZz = 0, and the behavior is completely 

anisotropic. If Ryy = Rnn/3, then the three diagonal components of the Reynolds stress are 

equal and the configuration is completely isotropic. At low wave numbers the former 

condition prevails; at high wave numbers the complete isotropy is approached. Thus the 

turbulence is created at low wave numbers in a primarily anisotropic fashion and becomes 

progressively more isotropic at any fixed wave number as the TMZ grows and the spectrum 

shifts to the left. Interpenetration at the large scales (low wave numbers) is thus 

predominantly wave-like (hyperbolic, as in multifield flow), whereas at the finer scales (high 

wave numbers) the interpenetration becomes predominantly diffusive (parabolic, as in the 

more classical circumstances of “turbulence”). 

(a> 
Figure 7.2.1 1. Comparison of the trace of the Reynolds 
and (b) in spectrally integrated form across the TMZ. 

v) 
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stress tensor with Ryy (a) at the centerline at t = 65 

We now describe some calculations that depart in one or another respect from the 

base case. In the first of these variants, we investigated the consequences of blocking the 

cascade flux of b(k) at a high wave number. Spectral integrals of b(k) are shown in 

Fig. 7.2.12. With zero spectral flux, the cascade flux is conservative, and the integral now 

includes the passive parts of the spectrum that pile up at large wave numbers. The 

representation is a crude approximation to the behavior that would be expected from the 
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presence of a smallest attainable scale that corresponds to a particle size that is not further 

subdividable. Whereas the Cfi term describes an inverse transfer to progressively larger 

scales, the cascade to small scales shows turbulence effects in tearing down the clumps. 

With a large Schmidt number, the latter process would be expected to lead to the k-1 spectral 

behavior of a passive scalar for those clump scales whose wave numbers exceed the viscous 

cutoff. We have not investigated such circumstances. 

Figure 7.2.12 shows that the added contribution to the spectral integral is noticeable, 

especially for the spatial positions (near the original interface) for which direct cascade has 

been proceeding long enough for a high-wave-number buildup. The most significant feature 

of this calculation is the negligible effect of blockage on the rest of the variables, not shown 

here because the differences are simply not visible on the plots. These observations motivate 

the identification of a passive region associated with the high wave numbers of the b 

spectrum. We identify this region as passive because of its minor effects on the rest of the 

transported variables. One of the principal creation terms for a(k) is the b(k)dp/dx term. In 

this passive region, the creation of a(k) due to b is essentially balanced by the large drag of 

the small-scale clumps. This balance of creation with drag coupled with the fact that a(k) 

behaves as k-7’3 for large wave numbers renders this portion of the b spectrum passive for 

mixing processes. The high wave number part of the b spectrum becomes active once again 

during a rapid transient. The details of these interactions are demonstrated in Fig. 7.3.1 and 

discussed more thoroughly in Section 7.3. The configurational value of b in the Fig. 7.2.12 is 

given in LA-12303-MS (Besnard, et al. 1992) as 
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Figure 7.2.12. Profile of b across the TMZ for the case of a spectrally unblocked calculation and a spectrally 
blocked calculation compared with the configurational calculation of b, at t = 65. 

The transported values of b(k) follow the configurational form rather closely and are 

less near the center and somewhat higher in the lateral regions of the TMZ, principally as a 

result of diffusion in the transport equation, which is conservative in physical space. Some 
r. 

implementations of single-point turbulence transport equations (e.g., the BHR model) into 

computer codes use a purely configurational form for b, and our results are consistent with 

that procedure. Having demonstrated the close relationship between transported b and 

configurational b, we wonder why not use purely the configurational form. The answer is in 

two parts. 
There is no configurational form for spectral b(k), for which the distribution 
across wave-number space is needed for the spectral analysis. 
In the presence of phase transitions or molecular diffusion between the two fluids, 
the transport equation can be directly modified to include these effects, together 
with the resulting decay of b(k) ultimately to zero. In the examples described 
here, however, we have assumed that the rate of these extra processes is zero, so 
that Cdb = 0. 

With a sudden complete reversal of the body-force acceleration (from g = -1 to 

g = +l), the zone is expected to de-mix back to its original state with a sharp interface. As 

pointed out by Nikiforov (personal communication, 1994), single-point transport equations in 

a finite difference implementation have difficulty in calculating this process. We confirm 
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that difficulty and have identified the problem. De-mixing is highly dissipative of energy. In 

contrast to mixing, in which clumps of a material do not collide with others of the same 

material, de-mixing is highly collisional within the field of each material. The inelastic 

collisions involve much more microphysics than our current model contains, in particular, 

splash with possible entrainment of the other material. Two-field models calculate de-mixing 

with deceptive ease in the circumstance of no splash (the "splat-and-stick" limit). When a1 

or a2 has increased back to 1 .O, the calculation holds the volume fraction constant thereafter, 

and the incompressibility condition for that field ensures that the velocity comes at once to 

rest, which results in a continuous dissipation of collisional energy as each fluid returns to its 

pure state. This matter is discussed more extensively in Chapter 4 for the two-field 

calculations in this limiting mode of de-mix representation. 

7.3 Numerical results for a rapid transient 
We have not yet investigated the possible inelastic collisional interactions within a 

fluid and their appropriate dissipative representation. The issue of particular concern to our 

developments is the question of self-similarity during the rapid-transient phase of turn around 

induced by acceleration reversal. Figures 7.3.2 and 7.3.3 describe the computed behavior of 

our spectral equations during this process. The principle issue concerns the variations of 

a(k). As shown in Fig. 7.3.2, the other variables, b(k), Rnn(k), and Ryy(k) have much smaller 

transient response. With the reversal of g there is likewise an instantaneous reversal of 

dp/dy, The differential acceleration driver to a(k) thus reverses; for a brief period of 

adjustment that term works in concert with the drag terms towards reversal of the sign of 

a(k); in this regard the entire spectrum of b(k) becomes active. For the acceleration stage, the 

pressure and density gradient terms in Fig. 7.3.l(a) balance the drag terms at high wave 

numbers, which results in negligible changes in a(k), vanishingly small da(k)/dt. 

Immediately after the acceleration reversal at t = 65, the pressure gradient term changes sign, 

which causes a relatively larger change of a(k) for the high wave numbers. In this respect we 
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say that the high wave number portion of the b(k) spectrum has changed from passive to 

active. 

When ai(k) reverses sign, the mass flux becomes counter-gradient to the density 

variation; the two driver terms in the evolution equation for a(k) now work in opposition to 

one other. To further illustrate this point, we see that the pressure gradient term and the 

density gradient term both counter the drag terms in Fig. 7.3.l(a), whereas in Fig. 7.3.l(b), 

immediately following the acceleration reversal, the density gradient term counters not only 

the two drag terms, but also the pressure term. (As pointed out by Youngs (personal 

communication, 1993), this opposition is necessary for describing his de-mixing 

experiments: differential acceleration works to compact the zone while density-gradient 

turbulence flux tends to preserve its dispersal.) 

Spectral contributions to a 
104 L 

2.'. ....... da/& . .  . .  . .  . .  
-b(dpldy) . 

v) t = 65.5 . 

Figure 7.3.1. Spectral contributions of the dominant sources and sinks to the a equation for: (a) mixing 
(g =-I) ,  and (b) demixing, immediately after acceleration reversal (g = 1). 

Although the brief opposition of a(k) and ap/ay during the slowdown parts of 

turnaround give a negative source to the components of Rij(k), the net effect is small. For the 

calculation of turnaround results, we used the spectrally blocked version of the base-case 

conditions described for Fig. 7.2.12, allowed the attainment of self-similar mixing, reversed g 

(from -1 to +1) at t = 65, and observed the turnaround until its more-or-less completion at 



t = 80. The transient phases of structure for a(k) are shown in Fig. 7.3.2(a). There is a clear 

departure from the self-similarity during the process. The large scales (small wave numbers) 

exhibit a more immediate response than the small scales (at large wave numbers). A simple 

amplitude-modulated function with slowly shifting position in k-space for its maximum is 

not strictly what occurs; although, in effect, single-point model equations assume this type of 

behavior. 

Figure 7.3.3 shows that, although the de-mixing process that follows flow reversal 

cannot be self-similar, the spectral forms as shown in Fig. 7.3.3 return to almost precisely 

those that were present before the acceleration reversal. The implications are important for 

moment-integral derivations of single-point transport equations: almost-universal forms 

occur in much wider circumstances than just those that are self-similar. 

Variations of spectrally integrated quantities across the TMZ are illustrated in 

Fig. 7.3.4. Figure 7.3.4(a) shows that the heavier clumps of fluid respond more quickly to 

gravity reversa1 than the Iight clumps. The most startling observation is in Fig. 7.3.4(b), 

which shows negative values of b where the heavier fluid is falling back into itself. 

The anomaly is also seen in Fig. 7.3.5, in which the average density exceeds 2.0 at 

this fall-back locality. In the two-field calculations of Chapter 4, this impossibility is avoided 

by the dissipative technique described above for one possible type of mixing. The same 

“stick-and-splat” fix technique could also be employed here, but the topic requires extensive 

consideration and discussion for more general de-mixing circumstances. 

The base case calculation without spectral blockage was also performed for the 

mixing of two fluids with a larger density ratio, p2/p1 = 5.0. The results exhibit essentially 

the same attainment of self-similarity, with spectral exponents corresponding to those in 

Fig. 7.2.2. 
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m 

Figure 7.3.2. Spectra at times t = 65 and 80, at the position of the initial fluid interface, for: (a) the net mass- 
flux velocity, a (including plots for every At = IS), (b) the specific volume-density correlation, b, (c) the 
contraction of the Reynolds stress tensor, Rn,, and (d) the Ryy component of the Reynolds stress tensor. 

149 

-- - - - - -  - '  I _  

-~ -. 
;p, 
i' 



Normalized spectral a 
0- 

-5 -: 
h 2 -10.: 
a 
3 3 -15.1 

-20 -. 

5 
-20 

Normalized spectral R,, 

-1 

Normalized spectral b 

z -15.1 

-20 -1 

y = o  1- 
- 0  -3 b 5 10 

Ln (Wk,) 
-25 

Figure 7.3.3. Normalized spectra for t = 65 and 80, at the position of the initial fluid interface, for: (a) the 
net mass-flux velocity, a, (b) the specific volume-density correlation, b, (c) the contraction of the Reynolds 
stress tensor, Rn,, and, (d) the Ryy component of the Reynolds stress tensor. - 

150 



a across TMZ 
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c t  

Figure 7.3.4. Profiles of spectrally integrated variables across the TMZ for t = 65 and 80 of (a) the net mass- 
flux velocity, a (including plots for every At = IS), (b) the specific volume-density correlation, b, (c) the 
contraction of the Reynolds stress tensor, Rn,, and (d) the Ryu component of the Reynolds stress tensor. 

Figure 7.3.5. Profiles of density across the TMZ for t = 65 and 80. 
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Quantity 

I I exPonent I exDonent I 
Low-k High-k 

-1.71 

ai (k) 3.92 -2.37 

Table 7.3.1. Power law behavior for both the 
low and high wave numbers for the transported 
spectral variables for the density ratio of 5.0. 

For the case with a density ratio of 5.0, as in Fig. 7.2.3, the ordering of exponent 

values in Table 7.3.1 for low wave numbers is the same and for the same reasons having to 

do with the effects of Cfi. For high wave numbers we see again the large contrast between 

the cascade-dominated behavior of R(k) and b(k), for which n = -5/3 and the drag-dominated 

behavior of a(k), for which n = -7/3. The value of a, the self-similar growth coefficient for 

h 1 , is 0.1 1 , which is appreciably larger than either the base-case result or the experimentally 

observed result. In addition, h2/hl approaches the magnitude 1.08, which is low. 

7.4 Local vs. nonlocal source term 

Two intriguing disagreements with experiments are especially noticeable in the 

results discussed so far (see Table 7.4.1). One is the coefficient for self-similar growth of hi, 

which is somewhat too large, and the other is the asymptotic ratio of h2/hl, which is too 

small. An intriguing clue to remediation of both discrepancies lies in the results described by 

Figs. 7.4.1-7.4.5. In those figures we compare the base case with local and nonlocal source 

terms for Rnn(k) and Ryy(k). Figure 7.4.1 shows the large contrast in results. With the local 

source, density exhibits sharp variations on each side of the TMZ; these are more spread out 

with the nonlocal source. 
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The coefficient, a, is sharply reduced to the value a = .042, while the ratio of 

penetration depths, h2/hl, approaches the much larger value of 1.79. In both respects the 

experimental values lie between the extremes. 

Source to Rii 

local 

a h 2 h  

.042 1.79 

Table 7.4.1. Self-similar coefficient, a, and 
the asymmetry of the TMZ for the two numerical 
runs and experiments. 

It thus appears that a more restrictive nonlocal formulation for Q(y',y) could produce 

closer agreement with experiments in both respects. The task of deriving such a formulation 

remains a challenge yet to be addressed. 

The spectral behaviors are compared at low and high wave numbers in Figs. 7.4.2 

and 7.4.3. At the low wave numbers, there is a significant effect that is discussed in 

Section 6.3. At the high wave numbers there is very little difference between the local and 

nonlocal formulations. Here we merely observe that the spectrally preserving local source is 

structurally dominated by the Cfi effects, so that the exponent is lower than with the nonlocal 

source, which is not spectrally preserving and indeed tends to increase the exponent at low 

wave numbers. This complex set of interactions is discussed in more detail in Section 6.3. 

Figure 7.4.4 is comparable to Fig. 7.2.4, with both showing the evolution towards 

self-similarity at a distance of 50 units below the original interface. The results are quite 

similar; in both cases the first influence to arrive is that of a(k), which tends to impart k7'3 

behavior at the high wave numbers, soon to be dominated, however, by the effects of cascade 

that convert the spectrum to k-5'3. At the lower wave numbers the spectrum arrives in 

completely self-similar 
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Figure 7.4.1 
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Comparison of the density across the TMZ for a local source to Rij and a nonlocal 

form. The contrast between local and nonlocal lateral propagation is manifested in slightly 

less departure from self-similarity at high wave numbers in the local case, especially in the 
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spectra of Rnn and Ryy. The reason is that nonlocal propagation favors more rapid lateral 

distribution of the larger scales, with corresponding slower lateral distribution of the smaller 

scales. 

This difference in lateral propagation is especially apparent in Fig. 7.4.5, which 

shows the spatial distributions of scale lengths (reciprocals of wave numbers for the spectral 

maxima) at a late time in self-similar TMZ growth. Disregarding structural details in the 

profiles, we notice a significant difference between the local and nonlocal results. For the 

local source term, the length scales all tend to decrease towards the edges of the TMZ. With 

a nonlocal source term, 

High k power law spectral behavior of R,, 
- 1 . 5 ~ , .  . .: -. ..:. . . . : .  h . : .  . . . : .  . .:. . . .;. . . . j  
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Figure 7.4.3. Comparison of the high wave number power law behavior of k at t = 65 for a local and 
nonlocal run for: (a) the net mass-flux velocity, a, (b) the specific volume-density correlation, b, (c) the 
contraction of the Reynolds stress tensor, Rnn, and, (d) the Ryy component of the Reynolds stress tensor. 
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the profiles for a and b are essentially the same, whereas for Rnn  and Ryy the scales increase 

significantly towards the edges. It is this feature that especially demonstrates the desired 

consistency with Rayleigh-Taylor theory, as discussed in Section 6.2. 

The issue of j5 variations across the TMZ can be put into clearer perspective by 

further consideration of the experimental observations. Figure 7.4.6 is adapted from the 

Russian report by Kucherenko, et al. (1991) in which they give a very thoughtful analysis of 

the situation for various different density ratios, n = p2/p1. The principal issue concerns the 

identification of edge locations for the TMZ for which they use both photographic and x-ray 

techniques. They define edge positions in terms of a fractional quantity, 6, which designates 

fraction of purity for the heavier fluid at which the edge is defined to be located. Typical 

values are 6 = 0.10,0.90 and 

Normalized spectral a 

Normalized spectral R,, 

Normalized spectral b 

- lY=-50  . /'\ 

t 
- 0  -3 b 5 10 

L n ( W  
-25 . 

(4 
Figure 7.4.4. Normalized spectra for t = 30, 35,40,45, 50,55, 60, and 65, a distance of 50 units of length 
below the centerline of the TMZ for: (a) the net mass-flux velocity, a, (b) the specific volume-density 
correlation, b, (c) the contraction of the Reynolds stress tensor, Rnn, and, (d) the Ryy component of the 
Reynolds stress tensor. 
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6 = 0.01, 0.99 (this last being stated as 0.98 on one of the figures in their report, presumably 

erroneously). Figure 7.4.6(a) shows the variation of p across the TMZ for a typical example. 

Error bars indicate the uncertainty, especially with implications for edge location. With 

6 = 0.01, 0.99, the distances hl, and especially h2 depend strongly on how the datum points 

are connected through the envelope of error bars. With 6 = 0.10, 0.90, the sensitivity is 

reduced and the ratio, h2/h1, is considerably smaller. Figures 7.4.6(b) and 7.4.6(c) illustrate 

the effects of choosing different edge criteria. Combining both Russian and British data, we 

see in Fig. 7.4.6(d) a considerable scatter in data. The figure also shows the base-case 

numerical results for both the local and nonlocal sources. Refer to Table 7.4.1 for the values 

of h2kl. The calculation with the nonlocal source is considerably closer to the most-likely 

experimental value, but it is apparent that more precise data would be useful as a basis for 

validation of any modified form for Q(y',y) in the expression for nonlocal creation. 

A calculation was performed for a somewhat different departure from the base case to 

examine the consequences of modifying the low-wave-number initialization of b(k). In the 

initial-condition formula for b(k) in the interface computational cell, 

b(k) = Ylk" 
1 + y2kn+5'3 ' 

(7.4.1) 

we used n = 4 in the base case and n = 2 in this modified run. Here y1 and y2 are the same as 

in the beginning of this section. All other conditions were the same for the two calculations. 

The purpose for the comparison is to explore the possibility of nonuniqueness for late-time 

self-similarity as induced by the persistence of structure at low wave numbers. This 

intriguing question has been discussed at length by previous investigators. If n 2 4 it is 

thought that a single self-similar form function will emerge (Batchelor, 1986); for n < 4 there 

is reason to believe that the form function will persistently depend on the value of n. In 

three-dimensional k-space the continued influence of low-wave-number structure on self- 

similarity gives a rich set of potential form functions. In the current comparison we see that 



with n = 2 the differences from the base-case results are so slight, largely due to choice of 

modeling, that we could not effectively illustrate them in figures. With n = 2 
the values of a(k), R(k), and Ryy(k) are slightly larger, 
h2A-11 is slightly smaller (asymptotically, h2/h1 = 1.03), 
the TMZ spreads a bit faster, a = 0.098, 
the spectra all propagate slightly faster toward low wave numbers. 

c 

3 

Figure 7.4.5. Comparison of the profiles of the length scales across the TMZ for a local and nonlocal run at 
t = 65 for: (a) the net mass-flux velocity, a, (b) the specific volume-density correlation, b, (c)  the contraction of 
the Reynolds stress tensor, Rnn. and, (d) the Ryy component of the Reynolds stress tensor. 

These trends are qualitatively consistent with the fact that n = 2 gives larger b(k) 

values for small wave numbers, which persistently causes creation enhancement for a(k) and 

in turn the Reynolds-stress components. 
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Chelyabinsk-70 experimental data (n=3) 
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Figure 7.4.6. Experimental data from Chelyabinsk-70 (Kucherenko et a]. 1991) for: (a) concentration 
profile through TMZ, (b) bubble and spike penetration depth, (c) asymmetry of spike to bubble ratio, and 
(d) comparison of numerical results to experiments (Kucherenko et a]. 1991; Smeeton and Youngs, 1987). 

As a last calculational example, we discuss the effects that result from a change in 

Cfi, the "bubble-doubling" coefficient. In the base case, Cfi = 0.50; in the comparison 

calculation Cfi is increased to 0.65. The most prominent of the results are shown in 

Fig. 7.4.7. As discussed in Section 6.3, there are competing processes at low wave numbers, 

for which the three most prohinent contributors are 

the value of Cfi, 
the initialization exponent, n, for b(k), 

the nonlocal source for Reynolds stress. 

The first of the above three bullets dominates the low wave number spectral behavior. 

A slightly modified value of n determines the exponent for all the variables which then 

persists into the self-similar stages. Nonlocality 
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increase the exponent; only the local source is spectral-form preserving @e., imparts the low- 

wave-numbers form of a(k) without distortion). The Cfi contribution tends to decrease the 

exponent at low wave numbers for b(k), with the effect spreading to a(k) and thence to 

Rnn(k) and Ryy(k). The net effect of these influences is seen in Fig. 7.4.7, which shows the 

greatest change in b(k), less in a(k), and even less in the Reynolds-stress spectra. Also 

apparent in Fig. 7.4.7 is the greater width of the TMZ for the calculation with larger Cfi. At 

high wave numbers the effects of this increase in Cfi are negligible. Comparisons of self- 

similar spectral forms are not illustrated in the figures; the forms are almost precisely the 

same as for the base case; with Cfi = 0.65 all of the normalized spectral forms show very 

slightly magnitudes at low wave numbers and slightly lower at high wave numbers. 
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Figure 7.4.7. Comparison of the low wave number power law behavior of k at t = 65 for two different values 
of C k  for: (a) the net mass-flux velocity, a, (b) the specific volume-density correlation, b, (c) the contraction of 
the Reynolds stress tensor, Rnn, and, (d) the Ryy component of the Reynolds stress tensor. 
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7.5 Summary 
In this chapter we have presented a base case to examine the behavior of our model 

for constant acceleration. We have shown reasonable agreement with experimental data. In 

addition to the comparisons to experiment, we have also demonstrated the spectral behavior 

of the model by showing: (1) the self-similar development for the case of a constant 

acceleration, (2) the deviation from self-similarity and the eventual return to self-similarity 

for the case of a rapid transient, and (3) the low and high wave number spectral behavior. 

Results are presented to contrast the spectral behavior for a local source to the 

Reynolds stress equation with a nonlocal source to the Reynolds stress equation. These 

results along with the results for two different values of the constant Cfi in the b(k) transport 

equation are given to demonstrate the influence of different facets of our model. 

The spectral self-similar results given in this chapter represent the first such results 

for a variable density mixing flow. It has been observed many times experimentally that the 

Rayleigh-Taylor instability eventually becomes self-similar. Many single-point K-E type 

models have captured this physical-space self-similarity, but to this day no one has 

demonstrated spectral self-similarity. The departures from self-similarity as demonstrated in 

the results for the rapid transient demonstrate the value of the spectral model. It is this 

feature that the single-point equations are incapable of capturing. . 
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8. Summary 

8. I Conclusions 
A spectral turbulence transport model for variable density flows has been formulated 

and applied to a self-similar turbulent mixing layer. Comparisons with experiment indicate 

that the model developed herein is capable of capturing the evolution of the self-similar stage 

of mixing that ensues from the Rayleigh-Taylor instability. In addition to matching the 

available experimental data on Rayleigh-Taylor instabilities, the formulation provides much 

more meaningful physical insight into the structure of the turbulence beyond that which 

single-point models are capable of providing. Examples are also given for a case of 

acceleration reversal to demonstrate the spectral behavior throughout a rapid transient in the 

mean flow driver. 

The exact unclosed two-point transport equations for the primary mass-averaged 

variables of this spectral model are derived directly from the Navier-Stokes equations. The 

transport equations have been Fourier transformed with respect to the separation vector 

between the two points. Due to their extreme complexity, the transport equations are 

angularly integrated in k-space to reduce the transport models to a simpler form in scalar-k- 

space. This reduction is justified by the fact that as a step to fully three-dimensional k-space, 

k-space captures the essence of the physics and is much less computer intensive. These 

derivations are given by Clark and Spitz (1995). Constraints and guidelines have been 

identified and incorporated for modeling the necessary closures for this variable density 

inhomogeneous model in k-space. Such things as tensorial and dimensional correctness, 

Galilean invariance, and conservation, act as constraints to abide by while appealing to 

simplicity to construct the closures for this model. 

This spectral formulation represents the first attempt at examining variable density 

inhomogeneous turbulence from a two-point approach. Admittedly, much of the spectral 

information associated with the physics is lost in the angular integration of the transport 
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equations, but we argue that this k-space statistical model serves two useful purposes: (1) it 

provides a decent foundation upon which to base extensions of complexity for future two- 

point modeling, and (2) it provides an extension to our current understanding of the physical 

processes involved with turbulent mixing. Thus, this spectral model allows us to examine the 

foundations of complex fluid flow, Le., understand how to pick out the essence of the main 

driving features of a complicated flow and to understand more fully complicated coherent 

structures of turbulent flows. 

Two chapters of this dissertation are dedicated to single-point modeling. Chapter 3 

reviews the BHR turbulence transport model and Chapter 4 reviews a generic two-fluid 

approach. Both approaches are applied to an inhomogeneous variable density mixing layer. 

These two chapters summarize the background work that was done in preparation for the 

spectral part of this research. Our objective for the single-point work was to show the current 

state of variable density turbulent modeling and that indeed these single-point models can be 

calibrated to match experiment, but on the other hand, each of these two approaches has its 

major deficiencies. We feel that the identification of these deficiencies provide a decent 

motivation to formulate the spectral model of Chapter 5, which purports to decrease the 

number of assumptions (relative to single-point models) that must be made and represents 

much more of the physics than either of the single-point approaches. Two major 

enhancements of the spectral model over any single-point model are: (1) the alleviation of the 

need for a transport equation for the length scales of the transported turbulence variables, and 

(2) the alleviation of the assumption of spectral equilibrium (a requirement for the validity of 

the single-point equations). The second of these two enhancements enables a spectral model 

to describe transient flows that are out of spectral equilibrium, whereas a single-point model 

cannot. Thus, with a spectral model, we are able to correlate the concept of turbulence decay 

with the cascade of energy from large turbulent scales down to smaller scales defined by a 

transfer rate that may vary with time. 
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The spectral model also allows us to develop a systematic way to incorporate 

increasingly more sophistication into a single-point model through spectral integration. As a 

result, we are able to develop a single-point model that includes more physics than the 

current single-point models. This technique gives us a basis for determining when a single- 

point model is adequate to describe a flow, i.e., the flow is in spectral equilibrium, and when 

we are forced to resort to the more expensive spectral model, Le., the flow is out of spectral 

equilibrium due to rapid transients in the mean flow drivers. When the flow is in spectral 

equilibrium, the length scales maintain a constant ratio, and the single-point models are 

adequate for describing the flow, but when the flow experiences a transient, the length scales 

fluctuate relative to one another and a full spectral model is needed to describe the flow until 

it has once again returned to a self-similar state. A spectral model allows us to investigate 

this rate of return to self-similarity and identify the primary competing processes responsible 

for these rates, such as mean flow time scales versus cascade and decay time scales. 

This spectral model has enabled us to identify spectral self-similarity in the mixing of 

two fluids for the first time. It has been known for some time, both experimentally and 

numerically, that the turbulent mixing due to the late stages of the Rayleigh-Taylor instability 

is a self-similar process. This model has, for the first time, allowed us to examine the 

spectral relations between the various components of the flow and gain insight into the realm 

of validity for the single-point models. We have been able to identify independent self- 

similar behavior for both k-space and physical space. That is, we observe that as we 

transverse the TMZ in physical space we see little change in the form of the self-similar 

spectra in k-space. This is an extension of what one sees in the constant density free shear 

layer as reported by Besnard et al. (1990) in their BHRZ report. This same insight can now 

be applied to other such self-similar flows such as the mixing of a free shear layer due to a 

Kelvin-Helmholtz instability. With this variable density model, an extension to buoyancy 

driven Kelvin-Helmholtz instability can be studied (Snider & Andrews, 1994). 
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A spectral model for inhomogeneous variable density turbulence has been pondered 

for some time, but has never been brought to fruition. This work now represents a 

culmination of ideas from past researchers as well as our own contributions to produce the 

first working spectral model. To complement the previous research in spectral turbulence 

transport modeling, this research has made three significant contributions: (1) a nonlocal 

source term for the Reynolds stress transport equation that accounts for the global pressure 

effects due to incompressibility, (2) a source term to the b(k) equation driven by the density- 

gradient that contributes to the "bubble doubling" phenomena of turbulent structures as 

observed by experiment, and (3) a configurational source term to the b(k) equation that is 

rigorously derived for the two-fluid circumstance. All three of these contributions resulted in 

significant improvements to the spectral model. 

This spectral model provides the physical foundations, above and beyond the single- 

point transport models, for the accurate modeling of flows that are aligned with real life 

situations. For example, the modeling of a flow through a pipe that experiences many turns 

and is thus never self-similar would be impossible with a single-point transport model. 

However, the spectral model developed herein allows for the description of these types of 

flows, and, hence, we can see the value of a spectral model for industrial applications. 

8.2 Future research directions 
The development of this spectral model forges the way for many different directions 

of future research. With the explicit presence of viscosity in the spectral model, future 

investigations can easily include the study of critical Reynolds numbers necessary for the 

transition to turbulence. This is not as easy with the single-point model due to the fact that 

the viscous dissipation term must be modeled by the formulation of an ad hoc dissipation rate 

equation. 

. 

This model is developed for scalar-k-space. The next obvious extension is to a model 

for fully three dimensional k-space. This will allow for the identification of coherent 
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structures associated with anisotropy's of a flow. The identification of the relationship 

between anisotropies in k-space and anisotropies in physical space will complement this 

study immensely. 

Many industrial flows of interest to the turbulence community involve chemistry. A 

very useful direction will be to couple this spectral model with preexisting software packages 

that contain chemistry. The effects of exothermic and endothermic reactions in a flow can be 

coupled to the concept of the b(k) in this model. The density variations associated with a 

fluctuating temperature can be coupled to the spectral model. 

As the model currently exists, there is only one nonlocal source term due to the 

pressure effects in the Reynolds stress transport equations. Nonlocal effects can also be 

incorporated to account for coupling to the mean flow shear. This term was kept as a local 

term in this study due to the fact that creation of Reynolds stress via mean flow shear in the 

Rayleigh-Taylor instability is negligible compared to the other source terms. The extension 

of this term to its nonlocal representation will enhance this model's capabilities when 

examining other types of flows where shearing has a greater influence. 

One issue that was never fully resolved in this study is a set of dissipative 

mechanisms that must be present in a model in order to represent properly demixing. For 

example, after an acceleration reversal, the TMZ should begin to demix. This physical 

process involves fluids falling back into regions of pure fluid, and collisions of similar fluids. 

A correct representation of this must be modeled as a type of dissipative process. An 

extension of the model in this fashion will nicely complement the models capability to 

describe transients in the driver that result in partial demixing. Experimental data exists for 

acceleratioddeceleration and accelerationkoast curves with the Rocket Rig apparatus and 

will serve as a benchmark for this modeling enhancement. 

The typical data that currently exists from mixing experiments of the Rocket Rig 

apparatus of AWE and Chelyabinsk-70 do not facilitate the spectral verification of our 

model. A similar Rocket Rig apparatus is under construction at Lawrence Livermore 
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National Laboratory and should be ready for operation sometime late in 1995 (Bruce 

Remington and Guy DiMonte, personal communication 1995). The unique feature of this 

apparatus is the novel way in which data will be collected. The use of two laser sheets will 

enable investigators to extract evolution two-point data sets. This type of data collection will 

greatly aid in the verification of the spectral behavior of this model. Attention should be paid 

to the status of this experiment and use made of the data in order to validate extensions to this 

model. 

Another elusive topic that deserves attention is the construction of an extension to this 

model that accounts for the effects of rigid walls. All spectral transport equations assumes an 

infinite domain over which Fourier transforms are performed and use as a constraint to 

modeling the fact that the correlations must go to zero as the correlation distance asymptotes 

to infinity. Modifications to the theory to account for finite domains should be investigated. 
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Appendix A. Conservation of Energy for Single-Point 
Transport Equations 

This Appendix addresses the issue of conservation of energy for the BHR single-point 

turbulence transport model which is discussed in Chapter 3. The analysis carried out in this 

Appendix is for the case of a mixing layer between two fluids resulting from a gravitational 

instability, i.e., Rayleigh-Taylor mixing. Here it is shown that the single-point turbulence 

transport model, which treats the flow field as a single fluid, does conserve energy. Since the 

mass and momentum equations are written in conservative form, it follows that momentum 

and mass are conserved also. The analysis of the conservation of energy is presented. It is 

discussed here in the context of the single-point BHR model of Chapter 3; a similar argument 

also exists for the spectrally integrated spectral model of Chapter 5. 

Refer to Fig. A. 1 for a schematic of the problem to be analyzed here. The heavy fluid 

is on top and the lighter fluid is on the bottom. Gravity in the downward direction sets up an 

adverse pressure gradient across the fluid interface, and the two fluids of the unstable 

configuration mix. For this analysis, it is assumed that the mixed layer (TMZ) extends to 

infinity in the horizontal x and z directions, and variations in the mean flow occur only in the 

vertical y direction. The differential volume of an element of the mixing layer is 

6V = A6y, (A.1) 

where A is the area of the base of an arbitrary vertical column, and 6y is the thin horizontal 

strip contained within the vertical column. This area, A, is treated as a constant throughout 

the analysis. The mean flow and the turbulent kinetic energy equations are used to 

demonstrate that the time rate of change of the total energy per unit volume, PE, integrated 

over the volume is zero, 

168 



Le., the model conserves energy. Here 
- 
PE = F(KE)MF + P(m),"R, + W E  + FH9 (A.3) 

in which PE is the potential energy per unit mass, H is the heat energy per unit mass, (KE)w 

is the kinetic energy per unit mass of the mean flow, and ( K E ) w  is the kinetic energy per 

unit mass of the turbulent flow. 

4 a- 
Y 

y=o- 

- 

f 

Figure A. 1. Schematic of an idealized TMZ. 

(A.4) 

The separation of contributions from the mean and turbulent parts of the flow is 

shown in Eq. (2.2.16), and for this purpose, can be rewritten as 

KE = (KE)MF + (m)mR, - 
We assume for this demonstration that ii = 0. 

Thus, we use the mean flow transport equation and the transport equation for the 

turbulent kinetic energy to derive a transport equation for the total kinetic energy per unit 

volume of the flow, FKE . 
In order to derive a transport equation for j5(KE)MF, the kinetic energy per unit 

volume of the mean flow, we start with the averaged equation for mean flow, Eq. (2.4.8). 

Use is made of the conservation of mass, Eq. (2.4.9), to rearrange the form of the terms on 
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the left side and the result is multiplied by ij and contracted (summing repeated indices and 

neglecting molecular viscosity), 

-ahi __ ab. ajj apu;q  +Fgifii, uip-+ uipu, 2 = -ui - - ui - 
at ax, axi axn 

The conservation of mass is used once again to obtain 

(A.5) 

or, using the definitions for the kinetic energy of the mean flow and for the Reynolds stress 

tensor, we write: 

A similar transport equation for the turbulent kinetic energy per unit volume, 

p(KE),,,,, can be derived from the transport equation for the Reynolds stress. The 

derivation of this transport equation is accomplished by applying Eq. (2.4.16), the definition 

of turbulent kinetic energy per unit mass, 

- 

R,, pu:u: KETURB = - = - 
2p 2p  

to the transport equation for the Reynolds stress tensor, Eq. (2.4.10) to find 

where E represents the irreversible conversion of turbulent kinetic energy into heat due to the 

pressure-velocity gradient correlations, i.e., PE is a source term to the transport equation for 

the heat energy. By using Eq. (A.3), a transport equation for the kinetic energy per unit 

volume of the flow can be derived by adding Eqs. (A.8) and (A.9). 
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For the case of ii = 0, and by allowing only variations in the y-direction, this can be written 

as 

(A. 11) 

Using Eq. (A. l), we integrate this equation over the volume of the mixing layer to obtain 

(A. 12) 

The position y = 0 is located well outside of the mixing layer (see Fig. A. 1) where Rij and the 

mean flow are all zero; obviously the ( ~ ) T U R B  will also be zero at this position. The 

position y = 0 is also the reference from which the potential energy is measured. The same 

boundary conditions that apply at the position y = 0 also apply as y + 00.  With these 

boundary conditions, the equation reduces to 

00 

A j( T ) d y  = Al(pgii - p&)dy . 
0 0 

(A. 13) 

Applying the Leibnitz rule to the partial time derivative on the left side, we arrive at an 

expression for the time rate of change of the total kinetic energy due to the motion of the 

fluid in the vertical column shown in Fig. A. 1: 

m 

(A. 14) 

Next, an expression for the time rate of change of the potential energy per unit 

volume, pPE , for the mixing layer is derived. From Fig. A. 1 it can be seen that the potential 

energy per unit volume for the thin horizontal strip of fluid in the gravitational field (body 

force field) is 

17 1 

(A. 15) 



where y is the height of the strip above the reference point, y = 0, in the gravitational field, 

and g < 0 for a downward pointing gravity vector. The gravitational field is taken as spatially 

constant. (Mixing problems with a spatially varying gravitational field are beyond the scope 

of this study but do occur, for example in astrophysical circumstances). To derive an 

expression for the total potential energy of the column of fluid through the mixing layer, 

integrate over the volume of Eq. (A. 1) and utilize the definition of p given in Eq. (2.2.20): 

m m 

The time rate of change of the total potential energy per unit volume is given by 

(A.17) 

With Eqs. (2.5.6) and (2.5.7), this can be rewritten as 

The time rate of change of the body force, dg/dt, will be neglected for these 

conservation of energy considerations since a changing gravitational field implies a changing 

point of reference, and this demonstration can be completed in its entirety without involving 

the additional complexities associated with this term. Thus we discard the jerk and make use 

of the chain rule to find 

Since gravity and the densities are spatially constant and the velocities go to zero at y = 0 and 

as y + 00, Eq. (A.19) becomes 

(A.20) 

By using Eq. (2.2.29) to reexpress the momentum of the strip, we arrive at 
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-(FPE)ToT c i  = -AgfpOdy. 

0 dt (A.21) 

The term in the transport equation for the turbulent kinetic energy which represents 

the dissipation to heat of the turbulent kinetic energy, FE, is a source in the transport 

equation for the heat energy per unit volume, pH. Without going into detail it will suffice to 

say that the remaining advective, diffusive, and other source (work) terms in the heat 

equation are conservative. Therefore, upon integration, the time rate of change of the total 

heat energy in the flow can be expressed as 

We can now use Eqs. (A.21) and (A.22) to rewrite Eq. (A. 14) as 

(A.22) 

(A.23) 

(A.24) 

Using Eq. (A.3), we can now show that the time rate of change of the total energy of the 

system is 
d -  
z(PE)TOT = O *  (A.25) 

Thus, we have shown that the BHR single-point transport model for variable density flows as 

discussed in Chapter 3 conserves energy. 

It should be noted here that only the mean flow equation and the unmodeled transport 

equation for the Reynolds stress tensor are necessary to show rigorously proper energy 

conservation. 
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Appendix B. Closure for the Single-Point b-Equation 

The single-point transport equation for b, which was derived in Chapter 3, contains 

one correlation, v’uf , that must be modeled. The authors of BHR (Besnard, et al. 1992) have 

chosen to model this term as a diffusion term. In this study, we have improved the modeling 

- 

of this term. Through careful geometrical considerations, an expression for the time evolu- 

tion of b can be derived. In this Appendix we demonstrate, in two different ways, that this 

term should not be modeled as a diffusion term but rather as a modification to the source 

term in the b equation. 

The first way we demonstrate how the specific volume-velocity correlation should be 

modeled is to approach it by showing the overall kinematics of the flow through a control 

volume and then see what the equation lacks to be consistent with the kinematics. It is be- 

lieved that what the equation lacks is then properly accounted for by the modeling of the v’ui 

correlation. The second approach will consider the configurational approach used in 

Chapter 2 to derive expressions for unclosed correlations. The two approaches are essentially 

equivalent. Both approaches suggest a consistent expression for the kinematical response of 

- 

b to the fluxing of the two fluids by the velocity a, namely: 

plus the U term if 3 f 0. ( Equation (B.l) is appropriate for the case of no interspecies dif- 

fusion such that the 6 transport equation has no decay terms. ) 

For the first approach, consider a given control volume, 6V, located in a flow. 

A rigorous derivation of the changes in the quantity b within the control volume can be for- 

mulated. Knowledge of the flux of each fluid through the boundary of the prescribed control 

volume is utilized to determine the changes in concentrations of each fluid. For an incom- 

pressible flow, an evolution equation for each species is derived from the averaged conserva- 
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tion of mass, Eq. (2.2.10). The following kinematical relations are used; they relate species 

concentrations to their respective microscopic densities: 

- a2p2 - Y c2-- - 9  
alp1 CI =- 

P P 

P = alp, +a2p2. 
and the average density equation, - 

Upon combining the above relations with the conservation of mass equation, the flux 

of each fluid can be determined as follows. The species concentration equations are 

03.3) 

The mass fluxes in these equations can be specified relative to either the Eulerian or the 

Lagrangian frame of reference. Using the above relations, we can express the Eulerian fluxes 

as 

and, 

It should be noted here that these fluxes are with respect to the laboratory frame of reference, 

moving with E, and E = 0. For the purpose of this derivation, the mass fluxes relative to the 

laboratory frame of reference are used in order to identify readily fluid fluxes across a control 

volume surface. 

Upon substitution of expressions for the masses of fluid one and fluid two, 

Eq. (2.2.27) and Eq. (2.2.28), into the configurational expression for b, Eq. (2.2.33), we ob- 

tain the expression, 
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The fluid flux across the surface of an arbitrary control volume is used to find the 

change in the amount of fluid in that particular control volume, i.e., 

m,(t+6t)= m,(t)-Gt$ii.F,dA+0(6t2) , 
S 

m2(t+6t)= m2(t)-6t$6.B,dA+0(6t2), 
S 

(B .9> 

(B.lO) 

where Ifi is an outward unit normal vector, and S is the surface area of the arbitrary control 

volume, 6V. Upon substitution of the definitions of the fluid fluxes, Eq. (B.4) and Eq. (BS), 

and application of the divergence theorem, Equations (B.9) and (B.10) become 

and, 

(B.11) 

(B.12) 

Thus, Equation (B.6) reduces to 

b(t + 6t) = [ ml(t) - 6t - (pa)dV][ m2(t) + 6t( A),. . (pi)dv] 1 p2r . 
P1-P2 v PI-P2 v PI P26V 

To first order in 6t this equation can be written as 

(B.13) 

Upon using the definition of p, performing the volume integral, and taking the limit as 

6t + 0 , and 6V + 0, the above expression becomes 
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(B.14) 

Equation (B.14) describes the change in b in an arbitrary control volume due to the 

fluxing of two fluids through the surface of the control volume. 
- 

For the second approach, we rewrite the unclosed correlation, v'uf, in terms of the 

configurational representation discussed in Chapter 2, namely, 

(B.15) 

After some algebra it is found that 
- ala2(uli - u2i )(P2 - PI 1 v'uf = 

P1P2 

Applying the configurational definition of a from Chapter 2 to Eq. (B.16), we can express the 

entire unmodeled term in the b equation as - - 
- a v y ,  2) --- P am" 

ax" PIP2 ax, * 

P- 03.17) 

Combining this term with the pre-existing unmodeled term in the b equation, namely, 

and making use of the relations, 

and 
a1 +a;!= 1 ,  

- 
P = alp, + a2P2 7 

lead to the following expression for the temporal evolution of b (for the case of ii = 0 .); 

at 
(B.18) 

- 
Thus it is shown that both approaches give the same form for modeling of. v'uf . 

This derivation provides an improvement in the current single-point transport equa- 

tion for b in the BHR model (Besnard, et al. 1992). This improvement is carried over into 

Chapter 5 where it is incorporated into our new spectral theory. In Chapter 5 it is assumed 

that the spectral mass-fluxing velocity, a, creates spectral b at the same scales. 
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Appendix C. Categorizing Two-Fluid Interpenetration 

Chapter 2 defined most of the important flow variables that are relevant to this study 

from a configurational approach. In this section a thought experiment is proposed to illus- 

trate some of the kinematical processes by which mass is fluxed in a mixing process. As was 

the case in Chapter 2, this appendix is also designed to be used as a tool for visualizing some 

of the underlying ideas used to create a model to describe the turbulent mixing of two fluids. 

There are two types of processes by which two immicible fluids can mix under the 

influence of a gravitational field oriented in such a way as to make the two-fluid configura- 

tion unstable. In this study we define these two types of processes as an ordered process and 

a disordered process. Both are component parts of the mixing process in the Rayleigh-Taylor 

instability . 
The first mixing process to be discussed, namely the ordered process, is exemplified 

in pictures of the early stages of the Rayleigh-Taylor instability. These pictures show that as 

the lighter fluid is accelerated into the heavier fluid, spikes of the heavier fluid penetrate into 

the lighter fluid and the lighter fluid bubbles up into the heavier fluid. This is what we define 

as the ordered mixing process, and it is anisotropic. 

An extreme example of this ordered process of interpenetration is the case of widely 

dispersed marbles falling through a homogeneous fluid. If there is no interaction between the 

falling marbles, that is to say, no marble-marble interactions which would alter the motion of 

the marbles, then the marbles fall in an orderly fashion. This example is given here so as to 

give an intuitive feeling for the type of motion that is being categorized as orderly. The two- 

field flow equations discussed in Chapter 4 are very useful in describing this dispersed-mar- 

ble type of purely ordered interpenetration. With two fluids the purely-ordered form of inter- 

penetration idealization is approached, as shown by Daly (1969), in the case of two very vis- 

cous fluids with large surface tension, for which the interpenetration takes place in long, 

slender fingers. 
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Now let us introduce the concept of a disordered flow by increasing the volume frac- 

tion of marbles in the above example enough so as to initiate marble-marble influences on 

one another as the marbles fall. This causes an additional component of the marbles trajec- 

tory that deviates from the direction of the pressure gradient, namely, lateral fluctuations in 

the flow that are characterized in this study as the onset of a disordered component of the 

flow. In most real circumstances the entire flow is comprised of the ordered plus the disor- 

dered components. 

Figure C. 1. Schematic of a two-dimensional box filled with sandy liquid on 
liquid on the left side separated by a vertical partition. 

the right side and pure 

To illustrate an example of disordered mixing that is of relevance to this study, con- 

sider a box filled with a pure liquid in one half partitioned from a sandy liquid in the other 

half. (See Fig. C.l ) Each liquid is then stirred well until both are completely turbulent. 

First, let us examine the case in which there is no body force induced by gravity on the liq- 

uids in the box, Le., g = 0. In this case when the partition is instantaneously removed, the 

two liquids mix by diffusive processes only. That is to say, the mixing of the two species can 

occur without any coupling to, or help from, gravitational body forces. The condition of in- 

compressibility dictates that the diffusive process will flux equal volumes of each material 

across the centerline which creates a net mass flux at this centerline. This type of random 

walk interpenetration of the two fluids is considered to be highly disordered and is directed 

along the average density gradient. This disordered process appears in the a equation, for 

evolution of the net mass flux, as a source due to the random-walk-like nature of the diffusive 



process. Since turbulence is a highly dissipative diffusive process, traditional modeling 

choices (Daly & Harlow, 1970) take this process into account when modeling certain higher 

order correlations by gradient-flux approximations. 

Extend this example to the case with the same setup as in Fig. C.1 but now gravity is 

turned on in such a way as to create a pressure gradient in the box resulting in higher pressure 

in the pure (lighter) fluid (see Fig. C.2). The arrow is pointed in the direction of the gravita- 

tional body force. This configuration is unstable. 

Figure C.2. Schematic of a two-dimensional box filled with pure liquid on the left side of the 
partition and sandy liquid on the right side of the partition. Gravity produces a pressure gradient across 
the interface such that when the partition is removed the highest pressure will be in the pure liquid. 

If the two fluids are initially stirred, they will still mix in the same diffusive manner 

as in the above example, but the mixing process is now augmented by a gravity driven 

interpenetration. Like the above scenario, this process is also highly anisotropic. The prefer- 

ential direction of this anisotropy is dictated by the external drivers, Le., gravity and the 

density gradient. The ordered part of the mix is described as a pressure gradient driven 

source in the a equation of the turbulence transport model. 

A third scenario must be mentioned here for completeness, and this is the case in 

which the gravity field of the second example is suddenly reversed after some mixing has al- 

ready taken place. Before the gravity is reversed and the demixing of the two fluids 

commences, both the density and pressure gradient terms of the a equation work in tandem to 

mix the two fluids. Once the gravity is reversed, however, the pressure gradient term re- 
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verses sign instantaneously, and the density gradient term maintains the same sign as before 

the gravity reversal. Thus the rate of demixing depends on a balance between these two 

terms in the a equation. This is discussed in Section 7.3. 

The above examples show that two very different mechanisms influence the mixing 

of two immiscible fluids. Due to the nature of both the single-point turbulence equations and 

the two-phase flow equations, neither set is independently capable of describing all facets of 

the mixing process described above. For this reason, hybrid type models (Cranfill, 1991 & 

1992) have been proposed which work reasonably well for describing mixing as well as 

demixing. 

Keeping the above discussion in mind, ideas that we are trying to convey in certain 

sections of the text might come a little easier. This section was included to highlight the is- 

sues that arise when attempting to model the different possible ways in which fluids can be 

fluxed. This issue was investigated as background work using the single-point turbulence 

transport model of Chapter 3 and the two-fluid model of Chapter 4. This issue also arises in 

the modeling strategy used for the two-point spectral model that is introduced in Chapter 5. 
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Appendix D. Self-Similar Form Functions 

The concept of statistical self-similarity is demonstrated in Chapter 7 for the example of 

a turbulent mixing zone between two immiscible fluids. As an idealization, the zone extends 

laterally in all directions and all quantities are statistically independent of the lateral dimensions. 

Indeed we shall assume that ensemble averaging can be replaced by lateral spatial averaging, 

with results that vary in time only as functions of wave number and the distance normal to the 

layer. Such an idealization does not exist in nature, but there are nevertheless numerous 

circumstances in which it serves as a good approximation. 

Besnard, et al. (1990) showed that statistical self-similarity is a crucial element for the 

validity of single-point turbulence transport models. In order to describe with a small number 

of variables the collective effects of a virtually infinite number of degrees of freedom, it is clear 

that severe constraints must exist to confine the dynamics of the fluid to a very small set of all 

possibilities. Moreover, one of the necessities for single-point applicability is that the return to 

self-similarity occur rapidly after a change in the external drive conditions. 

Self-similarity of the statistics is characterized by statistical form functions. They 

always occur with the same structure for each set of mean flow circumstances after proper 

space and time scalings are performed. Universal form functions, however, are idealizations 

that never precisely occur in nature, although in many situations of interest they are closely 

approximated. The forms of such functions may strongly reflect the existence of anisotropy 

and may even depend on persisting conditions in the limit as lkl+ 0. Our ultimate goal is to 

identify these form functions in six-dimensional k, x space. Subsets can be found in k or y 

space alone and in various other combinations of the wave number and position-vector 

components. Complete analytical derivation is difficult (see Besnard, et al. 1990); partial 

derivations are well known for simple cases (e.g., the k-5’3 inertial range for Raa; more 

general extraction may only be possible numerically as in Chapter 7). 
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The simplest statistical self-similar forms occur in the decay of homogeneous isotropic 

decaying turbulence in a constant density fluid with vanishing viscosity. This form and an 

anisotropic generalization thereof are used to derive spectral moments as discussed by Besnard, 

et aZ. (1990). They show that with this simple idealization, the single-point equations (e.g., K- 

E models) can be derived. These types of single-point equations have been successfully 

applied to circumstances far beyond the case of homogeneous anisotropic decay. 

In general, self-similarity for the behavior of some turbulence statistic like Rij (y,k,t), 

means that a scaling law can be found for its variations in magnitude, such that the scaled 

quantity is then a function only of the combined variables, y/L(t) and kL(t), in which L(t) is a 

function with the dimensions of length. Thus the function of three variables, y, k, and t, has 

been transformed to a function of two variables. 

This scaling of magnitudes and the independent variables that define self-similarity can 

be described more precisely. Consider the behavior of 

1 
E( y, k,t) = T R n n  (y,k, t) 9 (D.1) 

which has the dimensions of (distance)3/(time)2. Suppose we scale the space and time 

coordinates such that 

2P 

and 
t + o m t ,  

where o is a dimensionless number that defines the scale, while m and n are numbers to be 

specified. We also scale the magnitude of E according to its dimensionality, 

E .  E + 03n-2m 

Our constraint of self-similarity in this process results in the equation 

61~~-~"'E(k,y, t) = E(W"y,O-nk,omt). 

Differentiate with respect to o and then set o = 1. The result is 
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aE aE aE (3n - 2m)E = ny- - nk- + mt- , , ay ak at 

which can be solved to give 

in which e is an arbitrary function of its arguments. The origin of time is arbitrary, so that we 

may choose the onset of self-similarity at some time, to, write 

and 
L(t) = Lo(t - to)n’m 9 

3n-2m 
K(t)L(t) E KoLo(t - to )  m 9 

and express the solution in the form, 

where the function F has absorbed some constants and is an arbitrary function of its 

arguments. Note that from this form 

m 

E( y, k, t )dk = K( t )G 
0 

where 

(D.lO) 
0 

This form for E(y,k,t) describes a constraint of self-similarity It is derived without 

reference to the transport equation for E and serves to distinguish from all possible solutions a 

particular subset with a type of self-similarity. 

Dimensional arguments for the spectrally integrated quantities are based on the TMZ 

growth having “forgotten” all finite scale details of the initial conditions so that g is the only 

dimensional scaling parameter. Thus any velocity scale must vary as gt while the turbulence 

energy per unit mass varies as (gt)2 and length scales vary as gt2. Thus n and m are 

constrained to n = 2m. 
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Applied to homogeneous, isotropic turbulence (independent of y), the result of self- 

similarity is conversion of a partial differential equation for E(k,t) to an ordinary differential 

equation for F[kL(t)]. Besnard, et al. (1990) discuss in detail the properties of the function F. 

For the mixing-layer analysis in y-k space, the self-similarity constraint has likewise 

reduced the number of independent variables (see Appendix E). but insertion into the transport 

equation nevertheless results in a partial differential equation for F(y/L,kL), which has a much 

greater richness of possible solutions than the ordinary differential equation for homogeneous, 

isotropic circumstances. We thus see hints of possible nonuniqueness of self-similar mixing- 

layer turbulence. 

We are, however, concerned with extensions to the self-similar form in our special case 

of the mixing layer. We rewrite Eq. (D.8) with a different combination of variables in the F 

function (which is perfectly allowable), i.e., 

E(y,k,t) = K(t)L(t)F -,kL(t)G 
[Gt)  (&)]- 

We hypothesize that the G function can be found in such a way that 

(D. 11) 

(D. 12) 

This hypothesis, which merely suggests that kmax if a function of y, is capable of being 

tested numerically. It states in effect that the spectrum is self-similar in k-space with a shift in 

maximum and position thereof for which kL(t) depends only on q, where q = y/L(t). The 

first realization of this form was described by Besnard, et al. (1990) on the basis of numerical 

solutions of the spectral BHRZ model equations for a constant-density fluid in a temporally 

evolving shear layer. Chapter 7 of this report describes a further realization for the turbulent 

mixing of two fluids. 

We are led to define a length scale L(y,t) that varies with both position and time, as was 

assumed by Besnard, et al. (1990) in the BHRZ report (LA-1 1821-MS) for the spectral- 

moment derivations of single-point turbulence transport equations. Thus we define L(y,t) as 
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being equal to L(t)G(q), and K(y,t)L(y,t) as being identically equal to Fl(q)L(t)K(t). Then 

Eqs. (D. 11) and (D. 12) can be written as 

E( Y 9 k t )  = K(Y, t)L(Y 3 t)F*[ q y ,  t,] - (D. 13) 

Even more generally, if the mixing layer is of finite lateral extent or curved away from 

planarity, we postulate the concept of localized self-similarity with K(x,t) and L(x,t), which is 

the actual form used for deriving moment equations for turbulence in a constant density fluid. 
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Appendix E. Moments of the Spectral Equations 

With the spectral transport equations of Chapter 5, Le., Eqs. (5.3.19), (5.3.26), 

(5.3.28), and (5.3.29), it is possible to solve a much wider scope of problems than can be 

addressed with single-point (nonspectral) formulations. Rapid variations in drive, for 

example, distort the nearly self-similar form functions into strongly circumstance-dependent 

expressions. Spectral equations work fine for describing such processes, but spectrally- 

integrated moment equations, based on assumed persistence of self-similarity, may exhibit 

large errors for such applications. 

Spectral transport formulations are more complicated, however, as well as being much 

more expensive to use in numerical investigations with high-speed computers. Thus we use 

the two approaches in complementary fashion; in particular, we look at the spectral approach 

for clues to improving and extending the moment equations. 

In Chapter 3, the single-point turbulence transport equations in terms of previous 

nonspectral derivations (the BHR model of Besnard, et al. 1987) are discussed, to which some 

important clarifications and extensions have been discussed. Significant difficulties are also 

described, especially in regard to size scales associated with both the turbulence and the 

interfacial configuration of mixing fluids. Decay of turbulence, for example, is directly related 

to the transfer rate from low to high wave numbers. Sources of turbulence can be strong in the 

“active” scales and weak in the “passive” scales, the latter simply balancing the buoyancy 

forces with drag. The resolution of these and other questions leads directly to the spectral 

formulations; the inverse process takes the spectral equations back to single-point form but 

augmented with representations of the principal spectral improvements that were previously 

missing. 

Before proceeding with the derivations, we describe an example of the new single-point 

augmentation. For the simple self-similar mixing layer that dominates the considerations of 

this report, it is arguable that single-point transport equations are not required for both ai and 
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Rij. They are, after all, scaled in dimensionality by the same quantity, g; and the spectral 

functions on which they are based are of universal form, so that knowledge of one implies that 

the other is known. Moreover, the scales associated with b(k), ai(k), and all the components 

of Rij(k) must be directly proportional to each other with universal ratios. Thus a pair of 

single-point equations for ai and La should be sufficient to determine the entire process. These 

ideas are amply verified in the examples shown in Chapter 7. 

Those examples show, however, that the moment self-similarity is destroyed (e.g., 

through reversal of g), and the relationship among ai and the components of Rij are at once 

lost. Each evolves in its own particular response to the new circumstances, returning to a 

unique, universal relationship to each other only when (and if) self-similarity is again 

established (which is not the case during the de-mixing process), in which the width of the 

layer at the instant of g reversal is firmly implanted as an additional dimensional quantity. In 

addition, the length scales associated with each of the spectra are now no longer universally 

proportional to each other. If the driver continues to vary in capricious fashion, these 

independent behaviors continue; and the discernment of relationships among variables requires 

the simultaneous transport analysis of them all. 

The spectral equations describe all these “independent” but interactive behaviors. Can 

single-point (spectral-moment) equations do likewise? There is evidence to suggest that they 

can do fairly well in this regard. Simple Rij-E models (Rotta, 1951; Daly & Harlow, 1970; 

Hanjalic & Launder, 1972) describe at least some types of transient circumstances, despite their 

derivation being equivalent to moments of the spectral form functions. 

At least two things must contribute to the success of single-point (nonspectral) 

formulations. One of these is the tendency for spectra to vary principally in magnitude during 

many kinds of transients, with little change in form (for example, a during g reversal in 

Chapter 7). The second is the tendency for rapid return to self-similarity after a transient 

change in drive. This latter, indeed, furnishes a significant criterion for spectral-moment 
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transport validity in terms of the competition between change in rate of drive and return rate to 

self-similarity. With the spectral equations, this competition can be examined in detail. 

In this section we first show the spectral moment derivations for the simplest TMZ, in 

which all ensemble averaged (layer-averaged) quantities are functions of y, k, and t only. We 

and 

Here, K(y,t) denotes the turbulent kinetic energy and as usual, p(y, t) is the average density. 

The wave-number, k, occurs only in the self-similar form functions, the Fs. The other 

quantities, ai, b, K, La, Lb, and LR, are all functions of y and t; our goal in this section is to 

derive spectral moment equations to describe their transport. 

There are an infinite number of possible spectral moments one can take of our spectral 

equations of Chapter 5. One of these is the weighting function, ko (= 1.0). Another is km, 

for which Besnard et al. (1990) suggest a value of the exponent, m, that is close to -1.0. 

The spectral-moment transport equations that we require are six in number, two for 

each of the spectral equations for ai, b, and Rnn, since each has two unknown functions of 

position and time, a magnitude, and a length scale. (At this stage we assume that the difference 

between Rnn and Ryy is sufficiently represented by their two different forms, Fnn and Fyy.) 

We substitute the self-similar forms of Eq. (E. 1) into the spectral transport equations 

of Chapter 5, Le., Eqs. (5.3.19), (5.3.26), (5.3.28), and (5.3.29), and integrate over dk to 

get evolution equations for K(y,t), ai(y,t), and b(y,t). The resulting transport equations 

depend on time and the physical-space variable, y, only. Due to the self-similar forms of 

Eq. (E.l) length scales for each of the variables are incorporated into the new single-point 

transport equations. These length scales, namely La, Lb, and LR, may be considered the 

inverse of the dominant wave number kmax of the spectrum for each of the variables. In 

addition to performing the integrations just described, we also integrate the spectral transport 
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equations over kmdk for m = -I to get transport equations relating the single-point quantities, 

namely, K(y,t), aj(y,t), and b(y,t), to their associated length scales. 

The functions are normalized to 

m m m 

J ~ a ( t ) d t  = JF , (T; )~~ = JFnn(C)dC = 1. 
0 0 0 

The maximum value of all three form functions is unity corresponding to the position 6 = 1. 

The process of substituting the self-similar forms from Eq. (E.l) into the spectral 

transport equations and performing the integrations discussed above is straightforward. The 

local cascade terms are the only terms that warrant closer examination. The integration will be 

shown for the cascade of a generic variable, 9. 

The generic cascade terms of our model are expressed as 

Taking the m-th moment of this cascade term gives 

m 

J k m y d k ,  
0 

where 

Upon integrating by parts, it is found that 

m m 

Jk" F d k  = (k')mG(k')lk,+m - mJkmq1G(k)dk. 
0 0 

For this model, a good approximation for the high wave number behavior of the three 

quantities ai, b, and Rnn is that all three behave as kn, where n is at most -5/3. G(k) remains 

constant for large values only when one samples the spectrum far enough to the right [away 

from the influence of ai(k)]. Upon examination of G(k), it can then be seen that G(k) 

approaches a constant value as k + 00; thus, for all values of m such that m S 0, only the 

m = 0 moment will result in a nonzero contribution from the first term on the right side of 
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Eq. (E.6). Therefore, the moment integral of the cascade terms can be expressed as 

; for m#O 
(E.7) 

The term resulting from the moments for m f 0 on the right side of Eq. (E.7) is a constant that 

represents the decay of the quantity (p due the cascade action of the turbulence to higher and 

higher wave numbers. 

With the discussion of the cascade terms completed, the self-similar forms from 

Eq. (E.l) are now substituted into our spectral model equations of Chapter 5 ,  i.e., 

Eqs. (5.3.19), (5.3.26), (5.3.28), and (5.3.29), and the m = 0 and m = -1 moments are 

taken. The resulting three transport equations for a(y,t), b(y,t), and K(y,t) are 

and 
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The corresponding three transport equations for their respective length scales are 

and 

where 
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(E. 12) 

(E. 13) 



E a 

I 
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W 
J*r - 

1 
0 

8 " 

Z - 
0 



with 

and 
-m 

Note that the decay term due to molecular diffusion in the b(y,t) has been omitted since 

we have neglected this effect in this study. Note the persistence of the nonlocality in both the 

transport equation for K(y,t) and its length scale LR(y,t). This is an enhancement to the current 

formulation of the single-point BHR model equations (Besnard, et al. 1987). Another term 

that enhances the BHR model (Besnard, et al. 1987), as derived in Appendix B, is the density- 

mass-flux gradient source term to b(y,t). 
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Appendix F. Numerical Schemes 

F. I Introduction 
Three different numerical codes have been developed to obtain numerical results for 

the investigations of this report. The first code is written for the single-point turbulence 

transport model that is discussed in Chapter 3. This code transports the mean flow variables 

and the three single-point turbulence variables of the BHR turbulence transport model, Rij, ai, 

and b. A second code is written for the two-fluid model that is discussed in Chapter 4. This 

second code transports the mean flow variables, velocity ui and volume fraction a, for each 

field as well as a mean pressure, p. There are no turbulent variables transported in this code. 

A third code is written for solving the spectral turbulence transport equations that are 

presented in Chapter 5. The third code transports the mean flow variables and the spectral 

turbulence variables Rij, ai, and b. Due to the spectral nature of the formulation, the third 

code is computationally more costly than the other two due to the added spectral dimension. 

All three codes incorporate an Eulerian mesh, are first order in both time and space, and due 

to the fact that the fluctuations of the flow are assumed to be far subsonic, are implicitly 

formulated to satisfy incompressibility. 

For this study, the mixing layer is assumed to be infinite in the two spatial dimensions 

parallel to the original fluid interface, the x and z directions, and to have a finite width for the 

spatial dimension perpendicular to the original fluid interface, the y direction. Ensemble 

averaging of the fluctuating quantities is accomplished by performing strip averages on the 

infinite mixing layer in the x and z directions. The mean flow variables of the mixing layer 

are assumed to as statistically homogeneous in both the x and z directions, which restricts the 

variations to occur in only the one spatial direction, y. These assumptions allow for a one- 

dimensional code that fully describes all of the three-dimensional physics of the mixing 

problem. For this problem, our numerical domain consists of a one-dimensional box 

composed of a column of cells with unit cross sectional area. The cells continue far enough 
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past the initial fluid interface so as to allow the development of the TMZ to become self- 

similar. 

For the one-dimensional configuration of this problem, the mean flow, If, is zero, Le., 

there is no in flow or out flow at the upper or lower boundaries of the computational domain 

(box). From this constraint, Equation (2.2.9) becomes G = a. Equation (2.2.9) is substituted 

into the momentum equation and the time derivative of a is determined by the transport 

equation for a. The resulting equation is then integrated over the entire physical domain in 

order to determine the pressure field, which in one dimension allows for solution of an 

implicit pressure field without the necessity of iteration. This technique works equally well 

for both the single-point code and the spectral code. 

The code for the two-fluid model uses a similar procedure to solve for the pressure 

field. The momentum equations for the two fields are added, and the resulting equation is 

integrated to determine the pressure field. As in the case of the turbulence transport models, 

the addition of the momentum equations produces a time derivative term that must be closed. 

The addition of the time derivatives of the two momentum equations results in a time 

derivative of the mean flow velocity, i.e., a l u l i  + a 2 ~ 2 i  = ui; however ii= 0 at the 

boundaries of the box and is zero throughout the entire box due to incompressibility. Thus 

the pressure field can be determined. Likewise, the field can be determined implicitly 

without iterating due to the fact that the domain is one-dimensional.. 

- 

All numerical computations for this study where performed on two unclassified 

SGI Indigo I1 workstations (Gnarly and Guido) on the LAN in Group T-3 at Los Alamos 

National Laboratory. All of the numerical code editing and post-processing of the data were 

performed on a Macintosh IIci. 

F.2 Solution procedure for the single-point turbulence transport equations 
The problem is initialized with pure heavy fluid (p = 2) in the top half of the column 

of cells and pure lighter fluid (p = 1) in the bottom half of the column of cells. However, 
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there is one cell at the fluid interface that contains a mixture of half of each fluid. In this cell 

initialize mesh 

and variables 

we also initialize b with its maximum value, i.e. for a mixture of half of each fluid of the 

transport calculate 
)material-fluxing + masswith 

velocity, a new a 
.. 

given densities, b = 0.125. We realize that these are somewhat fictitious initial conditions, 

determine dt 
withCFLor 
diffusional 
stability condition 

. 

but these conditions bootstrap the calculation by initializing the source term to the a- 

update 
turbulence 
variables 

equation, Le., the b(dp/dx) term. 

The code is first order in both time and the one spatial dimension. Upwind 

N O  

differencing is used in the momentum and mass equations. The boundary conditions at the 

has the TMZ 
End 4 Y E S  reached 

top and bottom of the grid are insignificant due to the fact that the grid is made large enough 

to contain the developing TMZ to a state of self-similarity. Typically, this process required a 

update 
+ pressure with 

all updated 

grid of about 200 cells. 

The logic flow chart used to solve the single-point turbulence transport equations 

( Eqs. (3.3.4) - (3.3.15) ) from Chapter 3 is as follows: 

The code for the numerical solution of the single-point turbulence transport equation of the 

BHR model is included in the following text. Only those subroutines involved with the 
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variable updating process are included for brevity. All subroutines associated with I/O or the 

formatting of YO have not been included. 

c234567890123456789012345678901234567890123456789012345678901234567890 
program single-point 
include 'param.h' 
include 'comb1k.h' 
open(unit = 20,file ='aaviewdata.l', status = 'unknown') 
open(unit = 27,file = 'aagraphdata.l', status = 'unknown') 
open(unit = 28,file = 'aamaxdata.l', status = 'unknown') 
quit = 0 
k = l  
n = O  
pmaxtime = 1.0 
call heading 
call input 
call setup 
call psetup 
call timestp 
call print 

if (cpit.eq.l)then 
write(20,*) 'CRASHED IN TIMESTEP AT TIME = 
go to 99 
end if 

',time 

call grapher 
call maxvalu 

t ime=dt 
ptime=dmptime(k) 
do 20 while(time.le.(runtime+l.l*dt) 1 
if(time.ge.chvtopt) g = 92 
n=n+ 1 
if(time.ge.pmaxtime)then 

write(*,*)'time = I ,  time,' dt = I ,  dt,' n =',n 

call maxvalu 
pmaxtime = pmaxtime + 1.0 

call pbox 
call abox 
call massbox 
call turbflo 

end if 

if(time.ge.ptime)then 
call print 
call grapher 
write(*,*)'time = ' ,  time,' dt = I ,  dt,' n =',n 

if(time.ge.datadmp(k+l) )then 
ptime = datadmp(k+l) 
k=k+l 

end if 
ptime=ptime+dmptime(k) 

end if 
call timestp 
time = time + dt 
if (quit .eq.l) then 
write(20,*)'CRASHED IN TIMESTEP AT TIME = ',time 
call print 
got0 99 
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end if 
20 continue 

write(20, *)  ' I 

write(20,*) 'RUN WAS SUCCESSFUL' 
99 continue 

call grapher 
call maxvalu 
close ( unit = 20, status = 'keep' ) 
close ( unit = 27, status = 'keep' ) 
close ( unit = 28, status = 'keep' ) 
stop 
end 

c234567890123456789012345678901234567890123456789012345678901234567890 
subroutine input 
include 'param.h' 
include 'comb1k.h' 
open(unit=26,file='la.in',status='oldi) 
read (2 6, * ) height, j bar 
read(26, * ) courant, dif stab 
read (26, * rol , ro2 
read (26, * ) dtmin, dtmax 
read(26,*)csl,cs2,cs3,cs4,cal 
read ( 2 6, * ) Prandt 1 
read(26, * )  sigmac, sigmaep 
read(26, * )  tke0, tkeseed,AyO, SO 
read (2 6, * ) nmdtch 
read(26,") (datadmp(l),l=l,numdtch+2) 
read(26,*) (dmptime(l),l=l,numdtch+l) 
read (26, * ) chvtopt , g2 
read(26, *)g 
close (unit=26) 

intface = height/2.0 
J1 = jbar/2 

atwood = ( ro2 - rol 1 / ( ro2 + rol ) 
runtime = datadmp(nmdtch+2) 

return 
end 

c234567890123456789012345678901234567890123456789012345678901234567890 
subroutine setup 
include 'param.h' 
include 'comb1k.h' 

y(0) = -height/2.0 
dy = height/float(jbar) 

do 10 j = 0 , jbar+l 
if (j . It. J1) then 

M(j) = rol * dy 
alphal(j) = 1.0 
alpha2(j) = 0.0 
massl(j) = M(j) 
mass2(j) = 0.0 

cl(j) = 1.0 
c2(j) = 0.0 
rho(j) = rol 

alphal(j) = 0.5 
alpha2(j) = 0.5 

else if (j .eq.Jl) then 

massl(j) = alphal(j1 * rol * dy 
mass2(j) = alpha2(j) * ro2 * dy 

199 



else 

M(j) = massl(j) + mass2(j) 
cl(j) = massl(j) / M(j) 
c2(j) = mass2(j) / M(j) 
rho(j) = rol * alphal(j) + ro2 * alpha2(j) 
b( j )  = alpha1 (j) *alpha2 (j) * (rol-ro2) **2/ (rol*ro2) 

M(j) = ro2 * dy 
alphal(j) = 0.0 
alpha2(j) = 1.0 
massl(j) = 0.0 
mass2 (1) = M(j) 

cl(j) = 0.0 
c2(j) = 1.0 
rho(j) = ro2 

endi f 
y(j+l) = y(j) + dy 

tke(j) = tkeO 
s(j) = SO 

tnu(j) = 0.09 * s(j) * sqrt( abs( tke(j) 1 1 
epsilon(j1 = tke(j)*sqrt( abs( tke(j) ) ) / s(j) 

10 continue 
center = y(J1) - dy / 2.0 
return 
end 

c234567890123456789012345678901234567890123456789012345678901234567890 
subroutine abox 
include 'param.h' 
include 'comb1k.h' 

do 10 j = 0 , jbar 
olda(j) = a(j) 
orhoa(j1 = rhoa(j1 

do 20 j = 1 , jbar -1 
vavgup = O.S*(a(j)+a(j+l)) 
vavgdn = 0.5*(a(j)+a(j-l)) 
signvup = sign(0.5,vavgup) 
signvdn = sign(0.5,vavgdn) 

10 continue 

vuppos = 0.5 + signvup 
vupneg = 0.5 - signvup 
vdnpos = 0.5 + signvdn 
vdnneg = 0.5 - signvdn 

dp = p(j+l) - p(j) 

ryyterm = ( ryy(j) + ryy(jt1) 1 / ( rho(j) + rho(j+l) 1 
drho = rho(j+l) - rho(j) 

bterm = 0.5*( b(j) + b(j+l) ) 
denom = 1.0 + 2.0*cal*dt*sqrt(abs(O.5*(tke(j)+tke(~+l)))) 

? / ( s(j) + s(j+l) + small 

? - (dt/dy)*(vavgup*(vuppos*rhoa(j)+vupneg*rhoa(j+l)) 
rhoa(j) = ( rhoa(j) 

dn* (vdnpos*rhoa (j -1) +vdnneg*rhoa (j 1 1 
bterm*dp/dy - ryyterm*drho/dy 1 / denom 

? - vav 
? + dt* 

do3Oj = I ,  
a(j) = rhoa(j 

rhoa ( jbar) = 
rhoa(0) = 
a(jbar) = 

20 continue 

30 continue 

jbar - 1 
/ (  0.5*(rho(j)+rho(j+l) 1 1 

rhoa (jbar-1) 
rhoa (1 1 
a (jbar-1) 
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a(0) = a(1) 
return 
end 

c234567890123456789012345678901234567890123456789012345678901234567890 
subroutine massbox 

include 'param.h' 
include 'comb1k.h' 

do 10 j = 1 jbar 
oldrho(j) = rho(j) 

do 20 j = 1 jbar 
signvup = sign(0.5,a(j)) 
signvdn = sign(0.5,a(j-l)) 
vuppos = 0.5 + signvup 
vupneg = 0.5 - signvup 
vdnpos = 0.5 + signvdn 
vdnneg = 0.5 - signvdn 

10 continue 

rho(j) = rho(j) 
- (dt/dy) * (a ( j ) * (vuppos*oldrho ( j ) +vupneg*oldrho ( j +1) 1 

alpha2 ( j ) = (rho ( j ) -roll / (ro2-roll 
alphal(j) = (rho(j)-ro2)/(rol-r02) 
massl(j) = rol * alphal(j) * dy 
mass2 (j) = ro2 * alpha2 (j ) * dy 

? 
? - a(j-l)*(vdnpos*oldrho(j-l)+vdnneg*oldrho(j))) 

M(j) = rho(j) * dy 
cl (j) = mass1 (j) /M(j) 
c2(j) = mass2(j)/M(j) 

sumc(j) = cl(j) + c2(j) 
summass(j) = massl(j1 + mass2(j) 
sumalfa(j) = alphal(j1 + alpha2(j) 

if ((sumc(j) .lt.O.99) .or. (sumc(j) .gt.l.Ol))then 
quit=l 

end if 
20 continue 

rho(0) = rho(1) 

cl(0) = cl(1) 
c2(0) = c2(1) 

rho (jbar+l) = rho (jbar) 

cl (jbar+l) = cl (jbarl 
c2 (jbar+l) = c2 (jbar) 

alphal (0  ) = alphal (1) 
alpha2 (0) = alpha2 (1) 

alphal (jbar+l) = alphal (jbar) 
alpha2 ( j bar+l ) = alpha2 ( j bar 1 
return 
end 

subroutine turbflo 
c234567890123456789012345678901234567890123456789012345678901234567890 

include 'param.h' 
include 'comb1k.h' 

do 10 j = 1 , jbar 
oldrhok( j ) = rhok( j ) 
oldrhos(j) = rhos(j) 

do 20 j = 1 , jbar 
signvup = sign(O.S,a(j)) 
signvdn = sign(0.5,a(j-l)) 
vuppos = 0.5 + signvup 

10 continue 
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vupneg = 0.5 - signvup 
vdnpos = 0.5 + signvdn 
vdnneg = 0.5 - signvdn 
sdiff = (0.25/(dy*aY*sismaep))*( ( rho(j) + rho(j+l) 1 

? * ( tnu(j) + tnu(j+l)) * ( s(j+l) - s(j) ) 
$ - ( rho(j-l)+rho(j) ) * (tnu(j-1) +tnu(j) ) * ( s  (j)-s(j-l) ) 
tkedi f f = ( 0.2 5 / (dy*dy ) ) * ( (rho ( j +rho ( j +1) ) * ( tnu ( j ) +tnu ( j +1) ) 

* ( tke(j+l) - tke(j) 1 
- ( rho(j-1) + rho(]) ) * ( tnu 
* ( tke(j) - tke(j-1) 1 

sdecay = ( 1.5 - cs2 ) * rho(j) * sqrt( 
dp = 0.5*( p(j+l) - p(j-1) 1 
da = a(j) - a(j-1) 

ryytem = ryy(j) * da/dy 
tkedenom = 1.0 + dt*sqrt(abs(tke(j)))/(s( 
b(j) = alphal(j)*alpha2(j)*(rol-r02)**2 
adpdy = 0.5* (a (j +a(j-l) ) *dp/dy 

rhos(j) = rhos(j) 

) +small) 

/ (rol*ro2) 

? - (dt/dy)*(a(j)*(vuppos*oldrhos(j)+vupneg*ol~hos(j+l) 
? - a(j-l)*(vdnpos*oldrhos(j-l)+vdnneg*oldrhos(j))) 
? + dt*( sdiff - cs3*rhos(j)*da/dy 
? + ( s  (j ) / (tke (j ) +small) ) * ( (1.5-cs4) *adpdy 
? - (1.5-csl) *ryytem) - sdecay 1 

? - (dt/dy)*(a(j)*(vuppos*oldrhok(j)+vupneg*oldrhok(j+l) 1 
? - a(j-l)*(vdnpos*oldrhok(j-l)+vdnneg*oldrhok(j) 1 )  
? + dt*( adpdy - ryytem + tkediff 1 )  / tkedenom 

rhok(j) = ( rhok(j) 

20 continue 
do 30 j = 1 , jbar 
tke(j) = rhok(j)/rho(j) 
s(j) = rhos(j)/rho(j) 

epsilon(]) = tke(j) * sqrt( abs( tke 
tnu(j) = 0.09 * s(j) * sqrt( abs( 
da = a(j) - a(j-1) 

ryy( j )  = ( 2.0*rho(j)/3.0 ) * (  tke(j) 
30 continue 

s ( 0 )  = s(1) 

tke(0) = tke(1) 
s(jbar+l) = s(jbar) 

tke(jbar+l) = tke(jbar) 

ryy(jbar+l) = ryy(jbar) 

tnu (jbar+l) = tnu (jbar) 

rYy(0) = ryy(1) 

tnu(0) = tnu(1) 

return 
end 

2.0 * tnu(j) * da/dY 1 

c234567890123456789012345678901234567890123456789012345678901234567890 
subroutine timestp 
include 'param.h' 
include 'comb1k.h' 

ydifmax = 0.0 
yadvmax = 0.0 
do 10 j = 0 , jbar 
diffk = 0.25" (rho(j)+rho(j+l) ) *  (tnu(j)+tnu(j+l) ) 
diffs = (0.25/sigmaep)*( rho(]) + rho(j+l) 1 

* ( tnu(j) + tnu(j+l)) 
ydifmax = max (ydifmax, dif fk, dif f s )  
yadvmax = max (yadvmax, a ( j ) 

? 
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10 continue 
ydiffdt = difstab*O.S*dy*dy/ydifmax 
yadvdt = courant*dy/yadvmax 
dt = min(dtmax,ydiffdt,yadvdt) 
if(dt.lt.dtmin)quit=l 

return 
end 

c234567890123456789012345678901234567890123456789012345678901234567890 
subroutine pbox 
include 'param.h' 
include 'comb1k.h' 

do 10 j = 1 , jbar - 1 
vavgup = O.S*(a(j)+a(j+l)) 
vavgdn = 0.5*(a(j)+a(j-l)) 
signvup = sign(O.5,vavgup) 
signvdn = sign(O.5,vavgdn) 
vuppos = 0.5 + signvup 
vupneg = 0.5 - signvup 
vdnpos = 0.5 + signvdn 
vdnneg = 0.5 - signvdn 
dryy = ryy(j+1) - ryy(j) 
rhog = O.S*(rho(j) + rho(j+l) ) * g 
drhoa = rhoa(j) - orhoa(j) 
p(j+l) = p(j) - dy*( dryy/dy + drhoa/dt - rhog ) 

? - ( vavgup" ( vuppos*rhoa (j ) + vupneg*rhoa ( j + l )  ) 
? - vavgdn*( vdnpos*rhoa(j-1) + vdnneg*rhoa(j) ) ) 

10 continue 
if (g.le.O.0) then 

else 

end if 

pref = p(jbar) 

pref = p(1) 

do 20 j = 1 , jbar 
p(j) = p(j) - pref 

20 continue 
return 
end 

P m . H  FILE 
c234567890123456789012345678901234567890123456789012345678901234567890 

parameter(jbar0=904) 
parameter(smal1 = le-04) 
real M(O:jbarO),intface,massl(O:jbarO),mixwidt, 

integer quit 
$ mass2(0:jbarO) 

CCBVIBLK.H FILE: 
c234567890123456789012345678901234567890123456789012345678901234567890 

common/blkl/ 
$ dmptime(60),dt,height,ro2, 
$ 
$ 
$ quit,Jl,dtmin,dtmax, 
$ jbar,sO,tkeO,AyO,numdtch,chvtopt,g,g2, 
$ tkemax,smax,tnumax,epsimax,mixwidt, 
$ tkeseed,atwood,capx,hl,h2,center,dy 

$ p(0: jbaro), rho(0: jbarO), 
$ y(0: jbaro), tnu(0: jbar0) , 
$ datadmp(60) 

rol , runtime , time , di f s tab, courant, 
csl, cs2, cs3, cs4,cal, Prandtl, sigmac, sigmaep, 

common/blk2/ 
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comon/blk3/ 
$ b(0:jbarO) , tke(0: jbar0) , 
? s(0:jbarO) , 
comon/blk4/ 

$ olda(0: jbar0) , rhok(O:jbarO), 
? oldrhok(O:jbarO), rhos(O:jbarO), 
? oldrhos(0: jbarO), rhoa(O:jbarO), 
? 

$ sumalfa(O:jbarO), sumc(O:jbarO), 
? summass ( 0  : jbar0) , oldrho ( 0  : jbar0) 

$ a(O:jbarO), r y y ( 0 :  jbar0) 

$ cl(0: jbar0) , c2 (0: jbar0) , 
$ alphal(O:jbarO), alpha2(0:jbarO) 

eps i lon ( 0 : j barO ) 

orhoa ( 0  : j barO 1 
comon/blk6/ 

comon/blk7/ 

comon/blk8/ 

INPUT FILE 
100.0, 100 ; height,jbar 
0.2, 0.5 ; courant,difstab 

le-06,O. 01 ; dtmin,dtmax 
1.55,2.0,0.01,1.35,2.0 ; Cl,C2,C3,C4,Cal 

0.95 ; turbulent Prandtl Number 
0.7, 1.3 ; sigmac,sigmaep 

1.0 , 2.0 ; rol,ro2 

0.0,0.01,0.0,0.1 ; tkeO , tkeseed, AyO, so 
0 ; number of changes in dmptime 

0 .o, 20.0 ; times at which dmptime changes 
10.0 ; dmptimes 

1000,1.0 ; change acceleration time, new acc. 
-1.0 ; acceleration 

CODE VERSION: 04/17/95(1) 
RUN DATE: 04/18/95 

F.3 Solution procedure for the two-field transport equations 
This numerical scheme transports the volume fractions, a, and the veIocities, u, of 

both fields. Conservation of mass constrains the relationship between volume fractions to be 

a1 + a2 = 1. SmalI deviations away from this relation occur throughout the course of the 

calculation, and a corrective procedure which is suggested by Cook & Harlow (1984b) is 

used to keep this sum close to unity. The converging iteration procedure they suggest to 

maintain this relation is outlined here. Let 

where CR is set equal to 0.9, 
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and 

initialization calculate 
both velocity 
fields 

- 
h, and x2 are set equal to zero at the rigid boundaries to ensure conservation. This system is 

solved by iteration (replacing a by & at the end of each cycle) until the sum of a1 and a2 is 

sufficiently close to unity. Cook & Harlow suggest that the allowable tolerance is 0.05%. 

This problem is initialized by placing pure heavy fluid in the top half of the cells and 

pure light fluid in the bottom half of the cells. It is not necessary to initialize a cell at the 

fluid interface with half of each fluid as is done for the case of the single-field turbulence 

transport models in Appendix F.2. The acceleration is set to - 1 .O at t = 0 and mixing begins. 

The logic flow chart used to solve the two-field transport equations (Eqs. (4.3.1) - 

calculate 
volume 
fractions 

(4.3.7) ) from Chapter 4 is as follows: 

calculate 

using CFL 
criteria 

time step Is volume implement 

between correction 
Oandl ? scheme 

fraction N O  Cook-Harlow 
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The code for the numerical solution of the two-field transport model is included in the 

following text. Only those subroutines involved with the variable updating process are 

included for brevity. All subroutines associated with I/O or the formatting of UO have not 

been included. 

c234567890123456789012345678901234567890123456789012345678901234567890 
program 'TWO-FLUID 
include 'param.h' 
include 'comb1k.h' 
open(unit = 20,file =laviewdata.l',status = 'unknown') 
if(hardcpy.eq.l)then 
open(unit = 21,file ='data5.l',status = 'unknown') 
open(unit = 22,file ='data6.11,status = 'unknown') 
open(unit = 23,file ='data7.1t,status = 'unknown') 
end if 
open(unit = 27,file = 'graphdata.l', status = 'unknown' 1 
open(unit = 28,file = 'maxdata.l', status = 'unknown' 1 
open(unit = 29,file = 'out.l', status = 'unknown' 1 
quit=0 
n = O  
pmaxtime = 1.0 
1=1 
call 
call 
call 
call 
call 
call 

call 
call 

heading 
input 
setup 
times tp 
psetup 
print 

if (quit.eq.l)then 
write(20,*)'CRASHED IN TIMESTEP AT TIME = 
got0 99 
end if 

',time 

write(*,*)'time = I ,  time,' 
grapher 
maxvalu 

ptime=dmptime(l) 
time = dt 

do 20 while(time.le.(runtime+l.l*dt)) 
n = n + l  
if(time.ge.tchange)g=g2 

call pbox 
call vbox 
call alfabox 
call alfafix 
call extras 
if(time.ge.pmaxtime)then 

call maxvalu 
pmaxtime = pmaxtime + 1.0 

if(time.ge.ptime)then 
end if 

call grapher 
call print 
write(*,*)'time = I ,  time, ' dt = ',dt, ' ' In 

if(time.ge.datadmp(l+l))then 
ptime = datadmp(l+l) 
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1=1+1 
end if 

ptime=ptime+dmptime (1) 
end if 

call timestp 
t ime=time+dt 
if(quit.eq.l)then 
write(20,*)'CRASHED I N  TIMESTEP AT TIME = 
got0 99 
end if 

',time 

20 continue 

99 continue 
write(20,*)'NORMAL COMPLETION OF RUN WAS SUCCESSFUL' 

call grapher 
call print 

close ( unit = 20, status = 'keep' ) 
if(hardcpy.eq.l)then 
close ( unit = 21, status = 'keep' ) 
close ( unit = 22, status = Ikeep' ) 
close ( unit = 23, status = 'keep' ) 
end if 
close ( unit = 27, status = 'keep' ) 
close ( unit = 28, status = 'keep' ) 
close ( unit = 29, status = 'keep' ) 
stop 
end 

c234567890123456789012345678901234567890123456789012345678901234567890 
subroutine input 
include 'param.h' 
include 'comb1k.h' 
open(unit=26,file='la.in',status='old') 
read (26, * ) height, jbar 
read (2 6, * ) courant 
read(26, *)rol,ro2 
read(26, *)visc 
read(26,*)cdrag,rO,beta,csd 
read (26, * )viscosity 
read (26, *) v10, v20 
read (26, * ) dtmin, dtmax 
read (2 6, * 1 hardcpy 
read (2 6, * ) numdtch 
read(26, * I  (datadmp(1) ,l=l,numdtch+2) 
read(26, *) (dmptime(l), l=l,numdtch+l) 
read(26, *)g,g2 
read (2 6, * ) tchange 
read(26, *)casenum 
close (unit=26) 

intface = height/2.0 
J1 = jbar/2 

ncellsl = J1 
ncells2 = jbar - ncellsl 

dx = height/float(jbar) 
runtime = datadmp(numdtch+2) 
atwood = ( ro2 - rol 1 / ( rol + ro2 ) 

return 
end 

c234567890123456789012345678901234567890123456789012345678901234567890 
subroutine setup 
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include 'param.h' 
include 'comb1k.h' 

vbar(0) = 0.0 
~ ( 0 )  = -O.S*dx 

ycnorm(0) = ( y ( 0 ) )  - height/2.0 
center = 0.0 

v(0) = vbar(0) 
vl(0) = vbar(0) 
v2(0) = vbar(0) 

do 10 j=lljbar 
vbar ( j 
vl (j 
v2 (j 

vl (jbar 

= 0.0 
= v10 
= v20 
= vbar ( jbar) 

v2 (jbar = vbar (jbar) 
if (j .le.Jl)then 

rho(j) = rol 
M(j) = rho(j) * dx 
alphal(j) = 1.0 
alpha2(j) = 0.0 
massl(j) = M(j) 
mass2(j) = 0.0 
cl(j) = 1.0 
c2(j) = 0.0 

rho(j) = ro2 
M(j) = rho(j) * dx 
alphal(j1 = 0.0 
alpha2(j) = 1.0 
massl(j) = 0.0 
mass2(j) = M(j) 
c l ( j )  = 0.0 
c2(j) = 1.0 

else 

endi f 
10 continue 

do 20 j = 1 jbar 
v(j) = ( ( alphal(j) + alphal(j+l) 1 * rol * vl(j) 

$ + ( alpha2(j) + alpha2(j+l) * ro2 * v2(j) 1 / 
$ ( rho(j) + rho(j+l) ) 

v( jbar) = vbar (jbar) 
y ( j )  = y(j-1) + dx 
ycnorm(j) = y(j) - height/2.0 
r(j) = rO 
sumc(j) = cl(j) + c2(j) 
summass(j) = massl(j) .t mass2(j) 
sumalfa(j) = alphal(j) + alpha2(j) 
oalphal (j = alphal (j 1 
oalpha2 (j 1 = alpha2 (j 1 
vavgl(j) = 0.5*(vl(j)+vl(j-l)) 
vavg2 (j) = 0.5* (v2 (j) +v2 (j-1) ) 

20 continue 
Cl(0) = cl(1) 
cl (jbar+l) = cl (jbar) 
c2(0) = c2(1) 
c2 (jbar+l) = c2 (jbar) 
r(0) = rO 
r(jbar+l) = rO 
alphal (0  ) = alphal ( 1) 
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alpha2 ( 0) = alpha2 ( 1) 
alphal (jbar+l) = alphal (jbar) 
alpha2 ( jbar+l) = alpha2 ( jbar) 
oalphal(0 1 = alphal ( 0) 
oalphal (jbar+l) = alphal (jbar+l) 
oalpha2 (0  ) = alpha2 ( 1 ) 
oalpha2 (jbar+l) = alpha2 (jbar+l) 
rho (jbar+l) = rho (jbar) 
rho(0) = rho(1) 

return 
end 

subroutine vbox 
c234567890123456789012345678901234567890123456789012345678901234567890 

include 'param.h' 
include 'conb1k.h' 

do 10 j = 0 , jbar 
oalfaul (j ) = alfaul (j ) 
oalfau2 (j) = alfau2 (j ) 

10 continue 
do 20 j = 1 , jbar - 1 
signvupl = sign(O.5,vavgl(j+l)) 
signvdnl = sign (0.5,vavgl (j ) ) 
vupposl = 0.5 + signvupl 
vupnegl = 0.5 - signvupl 
vdnposl = 0.5 + signvdnl 
vdnnegl = 0.5 - signvdnl 
s ignvup2 = sign ( 0.5, vavg2 ( j +1) ) 
signvdn2 = sign(O.5,vavg2(j)) 
vuppos2 = 0.5 + signvup2 
vupneg2 = 0.5 - signvup2 
vdnpos2 = 0.5 + signvdn2 
vdnneg2 = 0.5 - signvdn2 
galphal = g * 0.5*(alphal(j)+alphal(j+l)) 
galpha2 = g * 0.5* (alpha2 (j ) +alpha2 (j+l) ) 
alfrol = 0.5*(alphal(j)+alphal(j+l)) / rol 
alfro2 = 0.5" (alpha2 (j ) +alpha2 (j+l) ) / ro2 

dp = p(j+l) - p(j) 
dv = v2(j) - vl(j) 

roalfa = 0.125 * (rho(j)+rho(j+l)) 
scale = 0.5 * ( r(j) + r(j+l) ) 

? * (alphal ( j 1 +alpha1 (j+l) 1 * (alpha2 ( j 1 +alpha2 (j+l) ) 

momxchg = 0.375 * dv * roalfa 
alfaul (j = oalfaul (j) 

? * ( cdrag * abs(dv) + 12.0 * visc / scale 1 / scale 

? - (at/&) * (vavgl (j+l) * ( vupposl * oalfaul(j) 
? + vupnegl * oalfaul(j+l) ) 
? - vavgl(j)*( vdnposl * oalfaul(j-1) 
? + vdnnegl * oalfaul(j1 ) ) 
? + dt*( -alfrol*dp/& + momxchg/rol + galphal ) 

? - (at/&) * (vavg2 (j+l) * ( vuppos2 * oalfau2 ( j ) 
? + vupneg2 * oalfau2(j+l) ) 
? - vavg2(j)*( vdnpos2 * oalfau2(j-l) 
? + vdnneg2 * oalfau2(j) ) ) 
? + dt*( -alfro2*dp/dx - momxchg/ro2 + galpha2 ) 

alfau2 (j ) = oalfau2 (j ) 

20 continue 
do 30 j = 0 , jbar 

oldvl(j) = vl(j) 
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oldv2(j) = v2(j) 
30 continue 

do 40 j = 1 , jbar 
denoml = 0.5*(alphal(j) + alphal(j+l)) 
denom2 = 0.5* (alpha2 (j) + alpha2 (j+l) ) 

vl (j ) = alfaul (j ) / (denoml+small) 
v2 (j) = alfau2 (j) / (denom2+small) 

vavgl(j) = 0.5 * ( vl(j-1) + vl(j) 1 
vavg2(j) = 0.5 * ( v2(j-l) + v2(j) ) 

40 continue 
Vl(0) = vl(1) 
v2(0) = v2(1) 

vl (jbar) = vl (jbar-1) 
v2 (jbar) = v2 (jbar-1) 
vavgl(0) = vavgl(1) 
vavg2 (0)  = vavg2 (1) 

vavgl (jbar) = vavgl (jbar-1) 
vavg2 (jbar) = vavg2 (jbar-1) 
alfaul(0) = alfaul(1) 
alfau2 ( 0 )  = alfau2 (1) 

alfaul (jbar) = alfaul (jbar-1) 
alfau2 (jbar) = alfau2 (jbar-1) 

c********* C & C m T I O N  OF LENGTH SC-E . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
oldr = r(0) 

do 50, j = 1 , jbar 
r(j) = beta * mixwidt 

50 continue 
r(0) = r(1) 
r(jbar+l) = r(jbar1 
return 
end 

c234567890123456789012345678901234567890123456789012345678901234567890 
subroutine alfabox 
include 'param.h' 
include 'comb1k.h' 

do 10 j = 0 , jbar + 1 
oalphal(j1 = alphal(j) 
oalpha2 (j = alpha2 (j ) 

10 continue 
do 20 j = 1 , jbar 
alphal(j1 = oalphal(j) - (dt/dx)*(alfaul(j)-alfaul 

? + (dt*viscosity/ (dx*dx) ) * (oalphal (j+l) 
? - 2.0*oalphal(j)+oalphal(j-l)) 

? + (dt*viscosity/ (dx*dx) ) * (oalpha2 (j+l) 
? - 2.0*oalpha2(j)+oalpha2(j-l)) 
alpha2(j) = oalpha2(j) - (dt/dx)*(alfau2(j)-alfau2 

if (alphal (j 1 . It. 0.0) then 
alphal(j1 = 0.0 
alpha2(j) = 1.0 

end if 
i f ( alpha2 ( j 1 .1 t . 0 . 0 ) then 

alphal(j) = 1.0 
alpha2(j) = 0.0 

end if 
sumalfa(j) = alphal(j1 + alpha2(j) 

20 continue 
alphal ( 0  
alpha2 ( 0 

= alphal ( 1 ) 
= alpha2 ( 1) 
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alphal ( j bar+l ) = alphal ( j bar) 
alpha2 (jbar+l) = alpha2 (jbar) 
return 
end 

c234567890123456789012345678901234567890123456789012345678901234567890 
subroutine alfafix 
include 'param.h' 
include 'comb1k.h' 

do 10 j = 1 , jbar 
lamdaO(j) = 0.45 * ( dx )**2.0 / dt 
lamdal(j) = lamdaO(j) * ( alphal(j) + alphal(j+l) ) / 2.0 
lamda2Cj) = lamdaO(j1 * ( alpha%(j) + alpha2(j+l) ) / 2.0 

lamdal(0) = 0.0 
lamdal(jbar) = 0.0 
lamda2 (0) = 0.0 
lamda2(jbar) = 0.0 

10 continue 

do 20 j = 1 , jbar 
to1 = 0.00001 
k = O  

do 30 while((sumalfa(j) .It. (1.0-tol)) .or. 

k = k + l  
$ (sumalfa(j) .gt. (l.O+tol))) 

alfhatl = alphal(j) + ( dt / dx**2.0 ) * 
$ ( lamdal(j) * ( ( alphal(j+l) + alpha2(j+l) ) 
$ - ( alphal(j) + alpha2(j) ) ) 
$ - lamdal(j-1) * ( ( alphal(j1 + alpha2(j) ) 
$ - ( alphal(j-1) + alpha2(j-l) ) ) ) 

alfhat2 = alpha2(j) + ( dt / dx**2.0 ) * 
$ ( lamda2(j) * ( ( alphal(j+l) + alpha2(j+l) ) 
$ - ( alphal(j) + alpha2(j) ) ) 
$ - lamda2(j-l) * ( ( alphal(j1 + alpha2(j) ) 
$ - ( alphal(j-1) + alpha2(j-l) ) ) ) 
alphal(j) = alfhatl 
alpha2 (j) = alfhat2 

if(k.gt.100)then 
sumalfa(j) = alphal(j) + alpha2(j) 

alphal(j) = alphal(j) / sumalfa(j) 
alpha2 (j) = alpha2 (j) / sumalfa( j) 
goto 15 

end if 
30 continue 
15 continue 

if (alphal ( j ) . It. 0.0) then 
alphal(j) = 0.0 
alpha2(j) = 1.0 

alphal(j) = 1.0 
alpha2(j) = 0.0 

end if 
if (alpha2 (j ) .It. 0.0) then 

end if 
sumalfa(j) = alphal(j) + alpha2(j) 

20 continue 
alphal (0) = alphal (1) 
alpha2 (0  ) = alpha2 (1) 

alphal (jbar+l) = alphal (jbar) 
alpha2 (jbar+l) = alpha2 (jbar) 
return 
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end 
c234567890123456789012345678901234567890123456789012345678901234567890 

subroutine pbox 
include 'param.h' 
include 'comb1k.h' 

do 10 j = 1 , jbar-1 
signvupl = sign(O.5,vavgl(j+l)) 
signvdnl = sign(0.5,vavgl (j) 
vupposl = 0.5 + signvupl 
vupnegl = 0.5 - signvupl 
vdnposl = 0.5 + signvdnl 
vdnnegl = 0.5 - signvdnl 
signvup2 = sign(0.5,vavg2(j+l) 1 
signvdn2 = sign(0.5,vavg2(j) 1 
vuppos2 = 0.5 + signvup2 
vupneg2 = 0.5 - signvup2 
vdnpos2 = 0.5 + signvdn2 
vdnneg2 = 0.5 - signvdn2 

xx = 2 .O*dx*rol*ro2/ ( r02* ( alpha1 (j +alpha1 (j+l) 1 

dv = (v2(j) - vl(j)) 
? + rol*( alpha2(j)+alpha2(j+l) 

roalfa = 0.125 * (rho(j) + rho(j+l)) 

scale = 0.5*(r(j)+r(j+l)) 
? * (alphal(j)+alphal(j+l) )*(alpha2(j)+alpha2(j+l)) 

momxchg = ((rol-r02)/(rol*ro2)) * 0.375 * dv * roalfa 

p(j+l) = p(j) - xx * (  
$ * ( cdrag * abs(dv) + 12.0 * visc / scale ) / scale 

? (l.O/dx)* (vavgl(j+l) * (vupposl*alfaul(j)+vupnegl*alfaul(j+l) 1 
? - vavgl(j)*(vdnposl*alfaul(j-l)+vdnnegl*alfaul(j))) 
?+(l.0/dx)*(vavg2(j+l)*(vuppos2*alfau2(j)+vupneg2*alfau2~j+l~ 1 
? vavg2 (j) * (vdnpos2*alfau2 (j-1) +vdnneg2*alfau2 (j 1 1 
? + momxchg - g 1 

- 

10 continue 
- if(g.le.O.O)then 
pref = p(jbar) 
else 
pref = p(1) 
end if 
do 20 j = 1, jbar 

p(j) = p(j1 - pref 
20 continue 

p (jbar+l) = p (jbar) + 0.5*dx* (rho( jbar) +rho (jbar+l) *g 
p(0) = p(1) - 0.5*dx*(rho(O)+rho(l) ) *g 

return 
end 

CN3LK.H FILE 
c234567890123456789012345678901234567890123456789012345678901234567890 

comon/blkl/ 
$ dt,height,rol,ro2,hl,h2,cdrag,r(0:jbar0),rO, 
$ runtime,time,courant,center, 
$ dtmin,dtmax,intface,beta,dx,g2,tchange,csd, 
$ mixwidt,atwood,capx,viscosity, 
$ casenum,bmax,g,vl0,v2O,visc,momxchg,sum 

$ p(0:jbar0),rho(0:jbar0),vref(0:jbar0),M(0:jbar0),v2~0:Jbar0~, 
$ vl(0:jbarO) ,y(O:jbarO) ,yc(O:jbarO) , 
$ datadmp(10),v(0:jbar0),dmptime(10),o1dv1(0:jbar0), 
$ o1dv2(0:jbar0),da1fau1(0:jbar0),da1fau2(0:jbar0~, 

comon/blk2/ 
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$ vbar(0:jbarO) ,oldrho(O: jbar0) 

$ b(0: jbar0) ,cl(O:jbarO) ,massl(O: jbaro), 
$ alpha1 (0:jbarO) ,c2 (0:jbarO) ,mass2 (0: jbar0) , 
$ ycnorm(0: jbar0) ,ay(O: jbarO) ,alpha2(0: jbar0) , 
$ sumc (0 : jbarO) , sumalfa (0 : jbarO 1 , summass ( 0  : jbar0) , 
$ epsilon(0: jbar0) ,vavgl(O: jbar0) ,vavg2 (0: jbar0) , 
$ alfauul(0:jbar0),alfauu2(O:jbar0) ,alfaul(O:jbarO), 
$ alfau2(0:jbar0),oalphal(0:jbarO),oalpha2(O:jbarO), 
$ lamdal(0:jbarO) ,lmda2(0:jbarO) ,lamdaO(O:jbarO) , 
? oalfaul(0:jbar0),oalfau2(O:jbar0) ,capb(O:jbarO),ryy(O:jbarO) 

$ Jl,ncellsl,ncells2,jbar,hardcpy,numdtch,quit,jref 

comon/blk3/ 

common/blk4/ 

PARAM.H FILE 
c23456789012345678901234567890123456789012345678901234567890123~567890 

parameter(jbar0=904) 
parameter(nmats=2) 
parameter(small=le-04) 
real M(O:jbarO),intface,massl(O:jbarO) ,mixwidt, 

integer quit,hardcpy 

$ 
$ lamda2(0:jbarO) ,lamdaO(O:jbarO) 

mass2 (0:jbarO) ,momxchg, lamdal(0: jbar0) , 

rn FILE 
100.0,100 
0.2 
1.0,2.0 
0.0 
12.0, 0.10, 0.30,O.O 
0.1 
0.0 , 0.0 
le-06, 0.01 

1 
0.0,30.0,66.0 

10.0,6.0 
-1.0 ,1.0 

30.0 

0 

4.07 
4/10/95 (1) 

; height and jbar 
; courant 
; rol,ro2 
; visc 
; cdrag,rO,beta,csd 
; viscosity 
; VlO,V20 
; dtmin,dtmax 
; hardcopy of results, l=yes,O=no 
; number of changes in dmptime 
; times at which dmptime changes 
; dmptimes 
; gl,g2 
; g change time 
; case number 
; code version 

F.4 Solution procedure for the spectral turbulence transport equations 
Since this code requires a two-dimensional grid, a much greater computational time is 

required. The equations are solved in y-space and logarithmic k-space (called z-space). This 

transformation from k-space (as the equations are presented in the text) to z-space is a 

convenience that allows for a spreading of the spectrum for ease of interpretation. The 

transformation is z = Ln(Mkg), where ko is some constant wave number used to determine the 

position of the maximum of the initializing spectrum. For all cases discussed in this study, ko 
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is set equal to 1.0. The dependent variables used in the computations are kai, kb, and kRij. 

All variables are transformed back to their original form, i.e., their k-space description, 

before any post processing is done. 

The algorithm employs upwind differencing in y-space, and centered differencing in 

z-space. Upwind differencing was tried for z-space, but it made virtually no difference, so 

we returned to centered differencing for simplicity. The code is first-order accurate in time 

and both z and y space. A tridiaganol solver is used to solve the z-space direction of the 

computation implicitly. This is done, because, due to the fact that the advecting velocities in 

z-space are exponential in z, the explicit time step for large values of z (out at high wave 

numbers) is driven down to very small values. This allows for a time step that is larger than 

the explicit CFL condition or the diffusional stability condition and more acceptable running 

times. 

As in the single-point code, the y-space boundary conditions are insignificant due to 

the fact that the spatial grid is made large enough and the problem is terminated before the 

TMZ reaches the edges of the grid. In z-space, a power law boundary condition is used for 

both the high and low wave numbers. A method was tried which allowed for the spectrum to 

find its own power law behavior at the edges of z-space (Clark, 1992), but numerical 

difficulties dictated that we use the same power law with which we initialized the b- 

spectrum. The grid was made large enough in z-space such that .the different power laws 

(within reason) where found to have virtually no effects on the dynamics of the spectrum. 

The problem is initialized with a spectrum for b in the cell that contains the interface 

of the two fluids. That is, qualitatively represent the perturbations that are present on the 

interface before the problem initiates. The b spectrum follows a power law in k, i.e., kn, at 

both the high and low wave numbers. At the high wave numbers, n = -5/3, and at the low 

wave numbers, n = 4 or n = 2 (numerical examples of both low wave number initializations 

are given in Chapter 7). The spectrum is normalized such that the integration of the spectrum 
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over z-space yields the maximum value for configurational b as discussed in Chapter 2, and 

the maximum of the spectrum coincides with k = ko, where ko = 1 .O. 

The logic flow chart used to solve the two-point spectral transport equations 

( Eqs. (5.3.19), (5.3.26), (5.3.28), and (5.3.29) ) from Chapter 5 is as follows: 

pressure 
field initialization afor 

z-space 

The code for the numerical solution of the two-point turbulence transport equations is 

included in the following text. Only those subroutines involved with the variable updating 

process are included for brevity. All subroutines associated with I/O or the formatting of UO 

time step 
calculation 

have not been included. 

interal of 
a over 
z-space 

c234567890123456789012345678901234567890123456789012345678901234567890 
program lagrange 
include 'param.h' 
include 'comb1k.h' 
open(unit = 20,file = 'aaviewdata.l', status = 'unknowni) 
open(unit = 21,file = '2-spaceab.l', status = 'unknown') 
open(unit = 22,file = 'z-spaceR.l', status = 'unknown') 
open(unit = 23,file = 'y-spaceab.l', status = 'unknown') 
open(unit = 24,file = 'y-spaceR.l', status = 'unknown') 
open(unit = 25,file = 'RTI-spec.l', status = 'unknown') 
open(unit = 27,file = 'aagraphdatal.l',status = 'unknown') 
open(unit = 37,file = 'aagraphdata2.l',status = 'unknown') 
open(unit = 38,file = 'aagraphdata3.18,status = 'unknown') 
open(unit = 28,file = 'aamaxdata.l', status = 'unknown') 
open(unit = 29,file = 'specdata.l', status = 'unknown') 
open(unit = 30,file = 'specWdata.l', status = 'unknowni) 
open(unit = 31,file = 'out.l', status = 'unknownl) 
open(unit = 32,file = 'contours.l', status = 'unknown') 

N O  
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open(unit = 33, file = 'spectra.1' , status = 'unknown' ) 
open(unit = 34,file = 'RTI-scal.l', status = 'unknown') 
open(unit = 35,file = 'RTI-time-l', status = 'unknown') 
open(unit = 36,file = 'kspecdata.l', status = 'unknown') 

17 format (lx, f 6.2 I lx, a3 I lx, f 6.2 I lx, a4 I lx, f7.5, lx, a3, lx, i5 , 

18 format ( 8  (lx, lpe10.3) 
? lx,a9,f6.3,lx,a7,f5.2,/ , lx,a7,1x,f7.4) 

quit = 0 
k = l  
n = O  

numiter = 0 
pmaxtime = 2.0 
call heading 
call input 
call setup 
call psetup 
call print 
call oldvalu 
call grapher 
call maxvalu 

avgiter = float(numiter1 
write(*,17)time,'W =',mixwidt,'dt =',dt,'n =',n, 

write(31,17)time,'W =',mixwidt,'dt =',dt,'n =',n, 
? 'avg its =',avgiterI'h2/hl =',ratio,'alpha =',alfa 

? 'avg its =',avgiterI'h2/hl =',ratio,'alpha =',alfa 
close ( unit = 31, status = 'keep' ) 

time = dt 
ptime = dmptime(k) 
do 20 while((time.le.runtime).and.(iibottom.gt.3) 

? .and.(iitop.lt.(ibar-3))) 
n=n+ 1 
if (time. ge . treverse) g=gl 

c*************** iterate to convergence . . . . . . . . . . . . . . . . . . . . . . . . .  
call oldvalu 
iterate = 0 
do 25 while((errmax.gt.errtol).and.(iterate.le.itmax)) 
iterate = iterate + 1 

call pbox 
call advspec 

25 continue 
...................................................................... 

if(iterate.eq. (itmax+l))then 
open(unit=3l,file='out.l',status ='unknown',access='append') 
write(31,*) 'd id  not converge, t =',time, 'errmax =',errmax, 

? 'dt = '  ,dt 
close ( unit = 31, status = 'keep' 1 
end if 
numiter = numiter + iterate 

if(time.ge.ptime)then 
call maxvalu 
call print 
call grapher 
call terms 

if(time.ge.datadmp(k+l))then 
ptime = datadmp(k+l) 
k=k+l 

end if 
ptime=ptime+dmptime(k) 
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end if 
if(time.ge.pmaxtime)then 

call maxvalu 
pmaxtime = pmaxtime + 1.0 
avgiter = float (numiter) /float (n) 

'avg its =',avgiter,'h2/hl =',ratio, 'alpha =',alfa 

open(unit=3l,file='out.l',status ='unknown',access='append') 
write(31,17)time, 'W =',mixwidt, 'dt =',dt, 'n =',n, 

close ( unit = 31, status = 'keep' ) 
end if 

? 

call timestp 
time = time + dt 
if(quit.eq.l)goto 99 

20 continue 
call mamalu 
call print 
call grapher 
call terms 

c WRITE TO CONTOURS 
do 40 i = 1 , ibar 
do 50 j = 1 , jbar 
write(32,18)z(j) ,yc(i) ,time,a(i,j) ,b(i,j) ,r(i, j) ,qy(i, j), 

? adpdty(i,j) 
50 continue 
40 continue 

write(20,*) I I 

write(20,*) 'RUN WAS SUCCESSFUL' 
write(30,") ' ' 
write(30, *) 'RUN WAS SUCCESSFUL' 

avgiter = float(numiter)/float(n) 
open(unit=3l,file='out.l',status ='unknown',access='append') 
write(31,17)time, 'W =',mixwidt, 'dt =',dt, 'n =',n, 

? 'avg its =',avgiter, 'h2/hl =',ratio, 'alpha =',alfa 
write(31,*) 'RUN WAS SUCCESSFUL' 

close ( unit = 20, status = 'keep' ) 
close ( unit = 21, status = 'keep' ) 
close ( unit = 22, status = 'keep' ) 
close ( unit = 23, status = 'keep' ) 
close ( unit = 24, status = 'keep' ) 
close ( unit = 25, status = 'keep' ) 
close ( unit = 27, status = 'keep' ) 
close ( unit = 28, status = 'keep' ) 
close ( unit = 29, status = 'keep' ) 
close ( unit = 30, status = 'keep' ) 
close ( unit = 31, status = 'keep' ) 
close ( unit = 32, status = 'keep' ) 
close ( unit = 33, status = 'keep' ) 
close ( unit = 34, status = 'keep' ) 
close ( unit = 35, status = 'keep' ) 
close ( unit = 36, status = 'keep' ) 
close ( unit = 37, status = 'keep' ) 
close ( unit = 38, status = 'keep' ) 
stop 
end 

99 continue 

c234567890123456789012345678901234567890123456789012345678901234567890 
subroutine input . 
include 'param.h' 
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include 'comb1k.h' 
open(unit=26,file='la.in',statu~='0ld') 
read(26,*)height,ibar 
read(26, *)rol,ro2 
read(26,*)dtmintdtmax,dtrate 
read(26,*)numdtch 
read (2 6, * ) (data- ( 1) ,1=1 , numdtch+2 1 
read(26,*) (dmptime(1) ,l=l,numdtch+l) 
read(26,*)treverse 
read(26, *)g,gl 
read(26, * )  zmin, zmax, jbar, kO 
read(26,*)cbl,cb2 
read(26, *)cfb 
read(26,*)cbaltcba2 
read(26, *)cbd 
read (26 , *)  crl , cr2 
read(26,*)cralrcra2 
read(26, *)crd 
read (26, * 1 crpl , crp2 
read(26,*)cad 
read(26, * )  cal, ca2 
read (2 6 , * ) caal , caa2 
read(26, *)cm 
read(26, *)local 
read(26,*)ngate 
read(26, *)m 
read ( 2 6, * ) numidmp 
read(26,*) (idump(1) , l=l,numidmp) 
read(26, *)numkdmp 
read(26, * )  (kdump(1) , l=l,numkdmp) 
read(26 , * )  errtol 
read(26, * )  itmax 
close (unit=26) 

return 
end 

c234567890123456789012345678901234567890123456789012345678901234567890 
subroutine setup 
include 'param.h' 
include 'comb1k.h' 

intface = height/2.0 
I1 = ibar/2 
dz = (zmax - zmin)/float(jbar) 
d y = h  eight / float(ibar1 

atwood = ( ro2 - rol ) / ( ro2 + r o l  1 
denratio = ro2/rol 
runtime = datadmp(numdtch+2) 

dt = dtmax 
y ( 0 )  = 0.0 
yc(0) = -(dy + height) / 2.0 
iitop = ibar-4 

iibottom = 4 
do 10 i = 1 , ibar + 1 
if (i.lt.Il)then 

M(i) = rol * dy 
alphal(i) = 1.0 
alpha2(i) = 0.0 
massl(i) = M(i) 
mass2(i) = 0.0 
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cl(i) = 1.0 
c2(i) = 0.0 
rho(i) = rol 

else if(i.eq.Il)then 

10 

20 

30 

alphal(i) = 
alpha2 (i) = 
massl(i) = 
mass2(i) = 

M(i) = 
cl(i) = 
c2(i) = 
rho(i) = 

M(i) = 
alphal(i) = 
alpha2 (i) = 
massl(i) = 
mass2(i) = 

cl(i) = 
c2(i) = 
rho(i) = 

else 

endi f 

0.5 
0.5 
alphal (i) * rol * dy 
alpha2 (i) * ro2 * dy 
massl(i) + mass2(i) 
massl(i) / M(i) 
mass2(i) / M(i) 
rol * alphal(i1 + ro2 * alpha2(i) 
ro2 * dy 
0.0 
1.0 
0.0 
M(i) 
0.0 
1.0 
ro2 

y(i) = y(i-1) + dy 
yc(i) = y(i-1) + (dy - height) / 2.0 
continue 
center = -dy/2.0 
do 20 i = 1 , ibar 
tnutot(i) = 
epsilon(i) = 
sumalfa(i) = 
summass(i) = 

sumc(i) = 
atot(i) = 

vcenter(i) = 
w(i) = 

continue 
cl(0) = 

cl(ibar+l) = 
c2(0) = 

c2(ibar+l) = 
rho(0) = 

0.09 * rlength(i1 * sqrt( abs( tke(i) ) ) 
tke(i)*sqrt( abs( tke(i) 1 1 / (rlength(i)+le-5) 
alphal ( i ) + alpha2 ( i ) 
massl(i) + mass2(i) 
cl(i) + c2(i) 
0.0 
( atot(i-1) + atot(i) ) / 2.0 
(1.0 + btot(i) ) / rho(i) 

cl(1) 
cl (ibar) 
c2 (1) 
c2 (ibar) 
rho(1) 

rho ( ibar+l') = .rho ( ibar ) 
w ( 0 )  = vr(1) 
vr(ibar+l) = vr(ibar) 
do 30 j = 0 , jbar+l 

z(j) = (zmin - dz/2.0) + float(j)*dz 
expz(j1 = exp(z(j1) 
wavenum(j) = kO*expz(j) 
expzh( j ) = exp ( z  (j ) +dz/2.0) 

sum = 0.0 
continue 

gamma2 = ( 3  .O*m/5.0) * (kO** ( -  (m+5.0/3 -0 )  ) ) 
do 40 j = 1 , jbar 
sum = sum + (expz(j)**(m+l.O)*dz)/ 

? ( 1.0+ ( (m*3 .O) /5.0) * (expz (j) ** (rn+5.0/3 .O) ) ) 
40 continue 

do 41 i = 1 , ibar 
rdiffy(i) = 0.0 
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bdiffy(i) = 0.0 
adiffy(i) = 0.0 

do 42 j = 1 I jbar 
a(i,j) = 0.0 
b(i,j) = 0.0 
r(i,j) = 0.0 

ryy(i,j) = 0.0 
radvz(i,j) = 0.0 
rdiffz(i,j) = 0.0 
badvz(i,j) = 0.0 
bdiffz(i,j) = 0.0 
aadvz(i,j) = 0.0 
adiffz(i,j) = 0.0 
rtirate(i,j) = 0.0 

42 continue 
41 continue 

gamma1 = ( alpha1 (11) *alpha2 (11) * ( (rol-ro2) **2) 1 
? / ((kO**(m+l.O))*rol*ro2*sum) 
btot(I1) = 0.0 
do 50 j = 0 , jbar +1 
b(I1, j 

btot(I1) = btot(I1) + kO*expz(j)*b(Il,j)*dz 
b(I1, j) = b(Il,j)*expz(j) 

50 continue 
vr(I1) = (1.0 + btot(I1) ) / rho(I1) 
return 
end 

= (gammal* (kO** ( m )  1 * (expz (j 1 ** (m) 1 1 / 
? (1.0+gamma2* (kO** ( (m+5.0/3.0) ) ) * (expz ( j ) ** ( (m+5.0/3.0) ) ) ) 

c234567890123456789012345678901234567890123456789012345678901234567890 
subroutine oldvalu 

include 'param.h' 
include 'comb1k.h' 

do 10 i = 0 , ibar 
oldrho(i) = rho(i) 
oldrhoe(i) = rhoe(i) 
oldatot(i) = atot(i) 
oldbtot(i) = btot(i) 

oldryytot(i) = ryytot(i) 
oldtnutot (i ) = tnutot (i) 

oldvr(i) = vr(i) 
do 20 j = 0 , jbar 
advection = (atot(i)/(2.0*@))*( a(i+l,])-a(i-l,j) 

drho = rho(i+l) - rho(i) 
dro = rho(i+l) - rho(i-1) 

adif f - a ( i I j 1 1 
? - adiffy(i)*( a(i,j) - a(i-l,j))) 

bdiff = (l.O/(dy*dy))*( bdiffy(i)*( b(i+l,j) - b(i,j) 1 
? - bdiffy(i-1)*( b(i,j) - b(i-l,j))) 

? - (r(i, j)+r(i-l,j))*atot(i-1) / dy 

? - (ryy(i, j)+ryy(i-l, j))*atot(i-1) 1 / dy 

= ( 1-01 (dy*dy) ) * ( adif fy ( i+l * (a ( i+l , j 1 

radvection = 0.5*(  (r(i+l,j)+r(i,j) )*atot(i) 

ryyadvection = 0.5*( (ryy(i+l,j)+ryy(i,j))*atot(i) 

du = atot(i) - atot(i-1) 
rsource = 2.0*ryy(i,j)*(du/dy) 
ryydiff = (l.O/(dy*dy))*( rdiffy(i)*(ryy(i+l, j) - ryy(i,j) ) 

? - rdiffy(i-l)*(ryy(i,j) - ryy(i-1, j)) 
rdiff = (l.O/(dy*dy))*( rdiffy(i)*( r(i+l,j) - r(i,j) 1 

? - rdiffy(i-l)*( r(i,j) - r(i-l,j) 1 1 
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C* * 
aO(i,j) = a(i,j) - dt*( advection 

? + 2.0*( (ryy(i,j)+ryy(i+l,j) 1 
? / ( (rho(i)+rho(i+l) 1 **2)) * (drho/dy) 
? - adiff ) 
olda(i, j) = a(i, j) 
bO (i, j ) = b(i, j 1 + dt* ( (-cfb/ (4.O*dz*dy) * ( (vr (i) **2 ) 

? * ( ( (rho (i+l) +rho (i) 1 / (vr (i+l) +vr (i) 1 1 - ( (rho (i-1) 
? + rho(i) )/(vr(i-l)+vr(i) 1 )  ) *  (a(i, j+l)+a(i-l, j+l) 
? - a(i, j-1)-a(i-1, j-1) + bdiff ) 
oldb(i, j) = b(i, j) 
ryyO(i,j) = ryu(i,j) + at*( -ryyadvection - rsource 

? + ryydiff + rtirate(i,j)*(r(i,j)/3.0-ryu(i.,j)) ) 
oldryy(i,j) = ryy(i,j) 
rO(i,j) = r(i,j) + dt*( -radvection - rsource + rdiff) 

C* * 
20 
10 

oldr(i, j) = r(i,j) 
oldrtirate(i,j) = rtirate(i,j) 

continue 
continue 

oldrho(0) = rho(0) 
oldrho(ibar+l) = rho(ibar+l) 

oldrhoe(0) = rhoe(0) 
oldrhoe(ibar+l) = rhoe(ibar+l) 
errmax = errtol + 1.0 

return 
end 

10 

20 

subroutine pbox 
include 'param.h' 
include 'comb1k.h' 

do 10 i = 1 , ibar - 1 
drhoa = rhoa(i) - orhoa(i) 
dryy = ryytot(i+l) - ryytot(i) 
rhog = (rho(i) + rho(i+l) ) * g / 2.0 

dvrhov = rho(i+l)*(vcenter(i+1)**2) - rho(i)*(vcenter(i)**2) 

p(i+l) = p(i) - dy*( dvrhov/dy + dryy/dy - rhog + drhoa/dt ) 
continue 
if(g.le.0.0)then 

else 

end if 

pref = p(ibar) 

pref = p(1)  

do 20 i = 1 , ibar 

continue 
p(i) = p(i) - pref 

p(ibar+l) = p(ibar) 
P(0) = P(1) 
return 
end 

c234567890123456789012345678901234567890123456789012345678901234567890 
subroutine advspec 
include 'param.h' 
include 'comb1k.h' 

do 10 i = 1 , ibar 
do 11 j = 1 ,  jbar 

alast(i,j) = a(i,j) 
blast(i,j) = b(i,j) 

22 1 



ryylast(i,j) = ryy(i,j) 
rlast(i, j) = r(i, j) 

11 continue 
10 continue C************************* a - eqtn . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

do 20 i = iibottom , iitop 

dp = p(i+l) - p(i) 
do 21 j = 1 I jbar 

drag = kO*expz(j)*( crpl*kO*abs(a(i,j)) + crp2 

bdpdy 

if(g.gt.0.0)then 
if(i.ge.(ibar/2)) bapdty = ((b(i+l,j)*2.O)/(rho(i+l)+rho(i))) 

if(i.lt. (ibar/2)) bdpdy = ((2.0*b(i,j))/(rho(i+l)+rho(i))) 

? * sqrt(kO*(abs(r(i,j)+r(i+l,j)))/(rho(i)+rho(i+l))) 
= ((b(i+l, j)+b(i, j))/(rho(i+l)+rho(i))) * dp/dy 

c** FOR REVERSE OF GRAVITy****************************X**************** 

? * (dp/dy) 
? * (dp/dy) 
end if 

diag(j) = 1.0 + (dt/dz) * ( dz*drag + adiffz(i,j)/dz 
rlow(j) = (-dt/dz)*( adiffz(i, j-l)/dz + aadvz(i, j-1)/2.0 1 
uppe(j) = (-dt/dz)*( adiffz(i, j)/dz - aadvz(i, j)/2.0 1 
res(j) = aO(i,j) + dt*bdpdy 

21 continue 
bcterm 

? + aadvz(i,O)/2.O)/(expz(l)**(m+l.O) 1 
drag = kO*expz(l)*( crpl*kO*abs(a(i,l)) + crp2 

? 
diag(1) = 1.0 + (dt/dz) * ( dz*drag + adiffz(i,l)/dz 

? + adiffz(i,O)/dz+aadvz(i,l)/2.0-aadvz(i,0)/2.O-bcterm ) 
bcterm = expz(jbar+l)**(-2.0/3.0)*(adiffz(i,jbar)/dz 

? - aadvz ( i , jbar) /2 . 0 ) / (expz ( jbar) ** ( -2.0/3 . 0) ) 
drag = kO*expz(jbar)*( crpl*kO*abs(a(i,jbar)) 

? + crp2*sqrt(kO*(abs(r(i, jbar)+r(i+l,jbar)) ) /  
? (rho(i)+rho(i+l))) ) 
diag(jbar) = 1.0 + (dt/dz) * ( dz*drag + adiffz(i,jbar)/dz 

? + adiffz(i,jbar-l)/dz + aadvz(i,jbar)/2.0 
? 

C********************************************************************* 

? + adiffz(i,j-l)/dz + aadvz(i,j)/2.0 - aadvz(i,j-1)/2.0 

= expz (0) ** (m+1.0) * (adiffz (i, 0) /dz 

* sqrt (kO* (abs ( r ( i , 1 ) +r ( i+l , 1 ) ) ) / ( rho ( i ) +rho ( i+l ) ) 

- aadvz(i, jbar-1)/2.0 - bcterm 
rlow(1) = 0.0 

uppe( jbar) = 0 .O 
call sy(l,jbar,rlow,diag,uppe,res) 
do 22 j = 1 I jbar 
a(i,j) = res ( j )  

22 continue 
20 continue 

call massbox 
do 60 i = iibottom , iitop 

c * * * * * * * * * * * * * * * * * * X i * * * * * * * * * *  b-eqtn . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

do 30 j = 1 , jbar 
diag(j) 

rlow(j) 
uppe(j) = (-dt/dz)*( bdiffz(i,j)/dz - badvz(i,j)/2.0) 
bdriver = ( ( 2.O*rho(i) - rol - ro2 ) / (  rol*r02 ) 

- a ( i-1 , j ) * (rho ( i-1 ) +rho ( i ) ) ) / ( 2.0*dy) 

= 1.0 + (dt/dz)*( bdiffz(i,j)/dz + badvz(i,j)/2.0 

= (-dt/dz)*( bdiffz(i, j-l)/dz + badvz(i,j-1)/2.0) 
? + bdiffz(i,j-l)/dz - badvz(i,j-1)/2.0 1 

? * ( (  a(i,j)*( rho(i) + rho(i+l) 1 
? 
res(j) = bO(i,j) + dt*bdriver 
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30 continue 
bcterm 

diag(1) = 1.0 + (dt/dz)*( bdiffz(i,l)/dz + badvz(i,1)/2.0 

bcterm = (expz(jbar+1)**(-2.0/3.0))*( bdiffz(i,jbar)/dz 
- badvz ( i , jbar) /2.0 1 / (expz ( jbar) ** ( -2.0/3.0) ) 

diag(jbar) = 1.0 +(dt/dz)*(bdiffz(i,jbar)/dz+badvz(i,jbar)/2.0 

= (expz (0  1 * * (m+l. 0 1 * ( bdif f z (i , 0 /dz+badvz ( i, 0) /2.0 ) 
/ ( expz ( 1 ) ** (m+l. 0) ) ? 

? + bdiffz(i,O)/dz - badvz(i,0)/2.0 - bcterm ) 

? 

? + bdiffz(i,jbar-l)/dz-badvz(i,jbar-l)/2.O-bctem ) 
rlow(1) = 0.0 

uppe(jbar) = 0.0 
call sy ( 1, jbar, rlow, diag, uppe, res) 
do 31 j = 1 , jbar 
b(i,j) = res(j) 

31 continue 
....................... Ryy-eqtn . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

do 40 j = 1 , jbar 
if(local.eq.0)then 
adpdysum = 0.0 

denom = 0.0 

denom = denom + (em( -2.O*wavenum(j)*abs(yc(ii)-yc(i)) ))*dy 
do 43 ii = iibottom , iitop 

43 continue 
q0 = l.O/denom 

do 42 ii = iibottom , iitop 
dp = 0.5 * ( p(ii+l) - p(ii-1) ) 

adpdysum 

42 continue 
adpdy (i, j ) = adpdysum 
else 

adpdy(i,j) = 0.5*(  a(i,j)+a(i-l,j) ) * (dp/dy) 
end if 
diag(j) = 1.0 + (dt/dz)*( rdiffz(i, j)/dz + rdiffz(i, j-l)/dz 

rlow(j) = (-dt/dz)*( rdiffz(i,j-l)/dz + radvz(i, j-1)/2.0 ) 
uppe(j) = (-dt/dz)*( rdiffz(i,j)/dz - radvz(i, j)/2.0 ) 
res(j) = ryyO(i,j) + dt*2.0*adpdy(i, j) 

40 continue 
bcterm = expz (jbar+l) ** (-2.0/3.0) * (rdif fz (i, jbar) /dz 

- radvz (i, jbar) /2.0) / (expz ( jbar) ** (-2.0/3.0) ) 
diag(jbar1 = 1.0 + (dt/dz)*( rdiffz(i,jbar)/dz 

bcterm = expz(O)**(m+l.O)*(rdiffz(i,O)/dz 

diag (1) = 1.0 + (dt/dz)*( rdiffz(i,l)/dz + rdiffz(i,O)/dz 

rlow (1) = 0.0 
uppe(jbar) = 0.0 
call sy (1, jbar, rlow, diag, uppe, res) 
do 41 j = 1 ,  jbar 
ryy(i,j) = res(j) 

do 50 j = 1 , jbar 

= adpdysum+ ( 0.5 * (a ( ii , j +a ( ii - 1, j ) ) * (dp/dy) ) 
? * qO*( exp( -2.O*wavenum(j)*abs(yc(ii)-yc(i)))) 

dp = 0.5*(  p(i+l) - p(i-1) ) 

? + radvz(i,j)/2.0 - radvz(i,j-1)/2.0) 

? 

? + rdiffz(i,jbar-l)/dz + radvz(i,jbar)/2.0 
? - radvz(i,jbar-l)/2.0 - bcterm) 
? 

? + radvz(i,l)/2.0 - radvz(i,0)/2.0 - bcterm ) 

+ radvz ( i , 0 /2.0 ) / ( expz ( 1) * * (m+l. 0 ) ) 

41 continue 
. . . . . . . . . . . . . . . . . . . . . . . . . . . . .  R-eqtn C********************** 

diag(j) = 1.0 + (dt/dz)*( rdiffz(i,j)/dz + rdiffz(i,j-l)/dz 



? + radvz(i, j)/2.0 - radvz(i,j-1)/2.0) 
rlow(j) = (-dt/dz)*( rdiffz(i, j-l)/dz + radvz(i,j-1)/2.0) 
uppe(j) = (-dt/dz)*( rdiffz(i, j)/dz - radvz(i, j)/2.0) 
res(j) = rO(i, j) + dt*2.0*adpdy(i, j) 

50 continue 
bcterm 

diag(jbar1 = 1.0 -+ (dt/dz)*( rdiffz(i, jbar)/dz 

= expz ( jbar+l ) ** ( -2.0/3 . 0 ) * (rdif f z ( i , jbar) /dz 
- radvz ( i, jbar) /2.0) / (expz ( jbar) ** (-2.0/3.0) 1 ? 

? + rdiffz(i,jbar-l)/dz + radvz(i,jbar)/2.0 
? - radvz(i,ibar-1)/2.0 - bcterm) . . <  
bcterm = expz ( 0 )  **  (rn+l: 0) * (rdif f z (i, 0) /dz 

? + radvz(i,O)/2.O)/(expz(l)**(m+l.O)) 
diag ( 1 ) = 1.0 + (dt/dz)*( rdiffz(i,l)/dz + rdiffz(i,O)/dz 

? + radvz(i,l)/2.0 - radvz(i,0)/2.0 - bcterm ) 
rlow ( 1) = 0.0 
uppe(jbar) = 0.0 
call sy(l,jbar,rlow,diag,uppe,res 
do 51 j = 1 , jbar 
r(i,j) = res(j) 
b22(i,j) = ryy(i,j)/r(i,j) - 1 

51 continue 
60 continue 

call scales 

0/3 .O 

.................... BOWmy CONDITIONS . . . . . . . . . . . . . . . . . . . . .  
do 70 i = 0 , ibar+l 

r ( i , jbar+l) = r ( i, jbar) * (expz ( jbar+l) ** ( -2.0/3.0)) / 
? 

ryy  (i, jbar+l) = ryy (i, jbar) * (expz ( jbar+l) ** (-2.0/3.0) 1 / 
? 

b(i, jbar+l) = b( i, jbar) * (expz (jbar+l) ** (-2.0/3 -0 )  ) / 
? (expz(jbar)**(-2.0/3.0) 

a ( i , j bar+l ) = a ( i , jbar ) * (expz ( j bar+l ) ** ( -2.0/3 . 0 1 1 / 
? (expz ( jbar) ** ( -2.0/3.0 1 

r(i, 0 )  = r(i, 1) * (expz(0) ** (rn+1.0) 1 / 
? (expz (1) ** (rn+l . O )  ) 

ryy (i, 0) = ryy (i, 1) * (expz (0 )  **  (m+l. 0)  1 / 
? (expz(l)**(rn+l.O) 

? 

? (expz(l)**(rn+l.O) 

r(ibar+l, j) = r(ibar, j) 
ryy(ibar+l, j) = ryy(ibar, j) 
b(ibar+l,j) = b(ibar,j) 
a(ibar,j) = a(ibar-l,j) 

(expz (jbar) ** (-2.0/3 . O )  1 

(expz (jbar) ** (-2.0/3 . O )  1 

b(i,O) = b(i,l) *(expz(O) **(rn+1.0) / 
(expz (1) ** (rn+l . O )  1 

a (i , 0) = a ( i , 1) * (expz (0 )  ** (rn+l . 0 1 / 

do 71 j = 0 , jbartl 

r(O,j) = r(1,j) 
ryy(0,j) = ryy(l,j) 
b(O,j) = b(l,j) 
a(O,j) = a(1,j) 

71 continue 
do 72 j = 0 , jbar 

turbvel = sqrt ( abs (kO* (r (i, j ) +r (i, j+l) ) / (2.0*rho (i 1 1 1 1 
avelocity = (0.25) * (abs (a (i, j ) ) +abs (a (i, j+l) ) +abs (a(i-1, j 1 1 

? + abs(a(i-1, j+l))) 
bdiffz(i,j) = kO*expzh(j)*(cb2*turbvel + cba2*kO*avelocity) 
badvz(i,j) = k0*expzh(j)*((cbl+cb2)*turbvel+(cbal+cba2~ 

? * kO*avelocity) 
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radvz(i,j) = k0*expzh(j)*((crl+cr2)*turbvel+(cral+cra2) 

rdiffz(i,j) = k0*expzh(j)*(cr2*turbvel+cra2*kO*avelocity) 
? * kO *aveloci ty ) 

turbvel = sgt(0.5*abs(kO*(r(i,j)+r(i,j+l)+r(i+l,j) 
? + r(i+lf j+l) ) /  (rho(i)+rho(i+l))) ) 

avelocity = 0.5*(abs(a(i,j)) + abs(a(i,j+l))) 
adiffz(i,j) = kO*expzh(j)*( ca2*turbvel + caa2*kO*avelocity ) 
aadvz ( i, j ) 

if(ngate.eq.0)then 

end if 

= kO*expzh ( j 1 * ( (cal+ca2 ) *turbvel 
? + (caal+caa2)*k0*avelocity ) 

72 continue 

bdiffz(i,jbar) = 0.0 
badvz (i, jbar) = 0.0 

bdi f fy ( i ) = cbd* ( tnutot ( i 1 + tnutot ( i+l ) ) /2.0 
rdiffy(i.1 = crd*(tnutot(i)+tnutot(i+1))/2.0 
adiffy(i) = cad*tnutot(i) 

rtirate(i, 0) = cm*kO*expz (0) *sqrt (kO*abs (r(i, 0) ) /rho 
do 73 j = 1 , jbar + 1 
rtirate(i, j) = rtirate(i, j-1) 

? + cm*kO*expz(j)*sqrt(kO*abs(r(i,j))/rho( 
73 continue 
70 continue 

call turbflo 
errmax = 0.0 

do 80 i = 1 , ibar 
rhoerror = 2.0*abs(rho(i)-rholast(i))/ 

aerror = 2.O*abs(a(i,j)-alast(i,j) ) /  

? ( abs(rho(i))+abs(rholast(i)) + small ) 
do 81 j = 1 , jbar 

? 

? ( abs(b(i,j)) + abs(blast(i,j)) + small 1 

? ( abs(r(i,j)) + abs(rlast(i,j)) + small ) 

? ( abs(ryy(i,j)) + abs(ryylast(i,j)) + small ) 
errmax = max ( errmax, aerror , berror rerror , ryyerror ) 

errmax = max (errmax, rhoerror) 

( abs(a(i,j)j + abs(alait(i,j)) + small 
berror = 2.0*abs(b(i, j)-blast(i, j) ) /  

rerror = 2.0*abs (r ( i , j ) -rlast ( i , j ) ) / 

ryyerror = 2.O*abs(ryy(i,j)-ryylast(i,j))/ 

81 continue 

80 continue 
return 
end 

c234567890123456789012345678901234567890123456789012345678901234567890 
subroutine sy (il , iu, bb, dd, aa, cc) 
dimension aa(1) ,bb(l) ,cc(l) ,dd(l) 

C 
c...subroutine sy solves tridiagonal system by elimination 
c...il = subscript of first equation 
c...iu = subscript of last equation 
c. ..bb = coefficient behind diagonal 
c...dd = coefficient on diagonal 
c...aa = coefficient ahead of diagonal 
c...cc = element of constant vector 

c...establish upper triangular matrix 
c.. . 
c.. . 

lp = il + 1 
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do 10 i = lp,iu 
r = bb(i)/dd(i-1) 
dd(i) = dd(i) - r*aa 

10 cc(i) = cc(i) - r*cc 
i-1 
i-1 

c.. . 
c...back substitution 
c.. . 

cc (iu) = cc (iu) /dd(iu) 
do 20 i = lp,iu 
j = i u - i + i l  

20 cc(j) = (cc(j)-aa(j)*cc(j+l))/dd(j) 
c.. . 
c.,.solution stored in cc 
c.. . 

return 
end 

c234567890123456789012345678901234567890123456789012345678901234567890 
subroutine massbox 

include 'param.h' 
include ' comblk . h ' 

do 10 i = 0 , ibar 
rholast(i) = rho(i) 

atot(i) = 0.0 
do 20 j = 1 , jbar 
atot(i) = atot(i) + kO*dz*a(i,j) 

orhoa(i) = rhoa(i) 

20 continue 
10 continue 

do 30 i = 0 , ibar 
signvup = sign(0.5,atot(i) 1 
signvdn = sign(0.5,atot(i-l)) 
vuppos = 0.5 + signvup 
vupneg = 0.5 - signvup 
vdnpos = 0.5 + signvdn 
vdnneg = 0.5 - signvdn 

c DONOR CELL 
C rho (i) =oldrho (i) 
C ? 
C ? -atot(i-l)*(vdnpos*rholast(i-l)+vdnneg*rholast(i) 1 )  
c CELL CENTERED 

- (dt/dy) * (atot (i) * (vuppos*rholast (i)+vupneg*rholast (i+l) 1 

rho(i)=oldrho(i)-(O.5*dt/dy)*(atot(i)*(rholast (i+l)+rholast (i) 1 
? - atot (i-1) * (rholast (i) +rholast (i-1) ) 

C** 
rhoa ( i ) = atot ( i ) * ( (rho ( i ) +rho ( i+l 1 

vcenter(i) = ( atot(i-1) + atot(i) 1 / 
flux1 (i) = -atot (i) * (rol*ro2/ (ro2-rol 

vr(i) = (1.0 + btot(i) ) / rho(i) 
alpha2(i) = (rho(i)-rol)/(ro2-r01) 
alphal(i) = (rho(i)-ro2)/(rol-r02) 
massl(i) = rol * alphal(i) * dy 
mass2(i) = ro2 * alpha2(i) * dy 

M(i) = rho(i1 * d y  
cl(i) = massl(i)/M(i) 
c2 (i) = mass2 (i) /M(i) 

sumc(i) = cl(i) + c2(i) 
summass(i) = massl(i) + mass2(i) 
sumalfa(i) = alphal(i) + alpha2(i) 
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if( (sumc(i) .lt.0.99) .or. (sumc(i) .gt.l.Ol) )then 
quit=l 
call print 
call grapher 
call maxvalu 
write(20, *)  'CRASHED IN MASSBOX' 

end if 
30 continue 

k=O 
do 40 i = 1 , ibar 

i f  (k.eq.0) then 
if((alphal(i).lt.l.O).or.(alphal(i).gt.l.O).or. 

? (alpha2(i) .lt.O.O) .or. (alpha2(i) .gt.O.O) )then 

iibottom = i - 10 
k = l  

end if 
end if 

40 continue 
do 50 i = ibar , 1 , -1 
if (k.eq.1) then 
if((alpha2(i).lt.l.O).or.(alpha2(i).gt.l.O).or. 

? (alphal(i) .lt.O.O) .or. (alphal(i) .gt.O.O))then 
k = O  
iitop = i + 10 

end if 
end if 

50 continue 
atot(0) = atot(1) 

rhoa(0) = rhoa(1) 

rho(0) = rho(1) 

vr(0) = vr(1) 

cl(0) = cl(1) 
c2(0) = c2(1) 

atot (ibar) = atot (ibar-1) 

rhoa ( ibar) = rhoa ( ibar-1) 

rho (ibar+l) = rho (ibar) 

vr (ibar+l) = VI (ibar) 

cl (ibar+l) = cl (ibar) 
c2 (ibar+l) = c2 (ibar) 
return 
end 

subroutine turbflo 
c234567890123456789012345678901234567890123456789012345678901234567890 

include 'pararn.h' 
include 'comb1k.h' 

do 10 i = 1 , ibar 
btotlast (i) = btot (i) 

btot(i) = 0.0 
tke(i) = 0.0 

tnutot(i) = 0.0 
ryytot(i) = 0.0 
rtot(i) = 0.0 

do 20 j = 1 , jbar 
btot(i) = btot(i) + kO*b(i, j)*dz 

configb(i) = alphal(i)*alpha2(i)*((rol-r02)**2)/(rol*r02) 

tke(i) = tke(i) + kO*r(i, j)*dz/(2.0*rho(i)) 
tnutot(i1 = tnutot(i1 + kO*dz*ssrt(abs(r(i,j)/rho(i)))/expz(j) 
ryytot(i) = ryytot(i) + kO*ryy(i, j)*dz 
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rtot(i) = rtot(i) + kO*r(i,j)*dz 
20 continue 

if(rtot(i).eq.O.O)then 
btot22(i) = 0.0 

btot22 (i) = ryytot (i) /rtot (i) - 1.0/3.0 
else 

end if 
10 continue 

do 30 i = 2 , ibar - 1 
source = 0 -5 * (atot ( i ) +atot ( i - 1 ) ) *rho ( i *g 
sink = atot (i) *kO* ( aadvz ( i, jbar) * O  .5* (a ( i , jbar) +a ( i , jbar+l) 1 

? - adiffz(i, jbar)*(a(i, jbar+l)-a(i, jbar))/dz 1 
? + 0.5*k0*( radvz(i,jbar)*0.5*(r(iljbar)+r(i,jbar+l)) 
? - rdiffz(i,jbar)*(r(i,jbar+l)-r(i,jbar))/dz 1 
advect = 0.5* (atot (i) * (rhoe (i+l) +rhoe (i) 1 

? - atot(i-l)*(rhoe(i)+rhoe(i-l)))/lty 
diff = ( 0.5*crd/(cty*dy) 1 

? * (  (tnutot (i)+tnutot(i+l))*(rho(i+l)*tke(i+l)-rho(i)*tke(i) 
? - (tnutot ( i ) +tnutot ( i-1 ) ) * (rho ( i ) *tke ( i ) -rho ( i-1) *tke ( i-1) 1 

rhoe(i) = oldrhoe(i) + dt * ( source - advect + diff - sink 
epsilon(i) = tke(i) * sqrt( abs( tke(i) ) ) / (rlength(i)+smll 

30 continue 
btot (ibar+l) = btot (ibar) 

tnutot(ibar+l) = tnutot(ibar1 
btot(0) = btot(1) 

tnutot (0) = tnutot (1) 
return 
end 

c234567890123456789012345678901234567890123456789012345678901234567890 
subroutine maxvalu 
include 'param.h' 
include 'comb1k.h' 

12 format(lx,f6.2,15(lx,lpelO.3)) 
13 format(lx,f6.2,2(lx,i3),3(1x,lpelO.3)) 
14 format (lx, f 6.2 , lx, i3, lx, 2 (lx, IpelO. 3 1 1 
15 format (lx, f6.2, lx, i3, lx, lpe10.3) 

k=O 
oldhl = hl 
do 10 i = 1 , ibar 

if(k.eq.0)then 
if(alphal(i) .le.0.95)then 

h2 = center- (yc(i-1)+(0.95-alphal(i-l) ) * (yc(i-1) -yc(i) 1 / 
? (alphal(i-l)-alphal(i))) 

k= 1 
ibot = i-1 

end if 
end if 

10 continue 
do 20 i = ibar , 1 , -1 

if (k.eq.l)then 
if(alpha2(i).lt.0.95)then 

hl = yc (i) + (0.95-alpha2 (i) ) * (yc (i) -yc (i+l) 1 / 

k=2 
itop = i+l 

mixwidt = hl + h2 
ratio = h2/hl 

(alpha2(i)-alpha2(i+l)) - center 

end if 

? 
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end if 
20 continue 

smax = 0.0 
tkemax = 0.0 
tnumax = 0.0 
b w  = 0.0 

epsimax = 0.0 
atotmax = 0.0 
almax = 0.0 
b l m  = 0.0 

ryylmax = 0.0 
do 30 i = ibot , itop 

smax = max (rlength (i 1 , smax) 
almax = max(alength(i) ,almax) 
blmax = max (blength (i) , blmax) 

ryylmax = max(ryylength(i1 ,ryylmax) 
tkemax = max(tke(i) ,tkemax) 
tnumax = max(tnutot (i) , tnumax) 
bmax = max(btot(i),bmax) 

epsimax = max(epsilon(i),epsimax) 
atotmax = max(abs(atot(i)),abs(atotmax)) 
atotmax = atotmax*sign(l.O,atot(i)) 

30 continue 
oldcapx = capx 
capx = atwood*abs (9) * (time**2) 

denom = capx-oldcapx 
if(denom.eq.0.0)then 

else 
alfa=O. 0 

alfa=(hl-oldhl)/denom 
end if 

write (28,12) time, smax, tkemax, tnumax,bmax, epsimax,atotmax, 

do 40 i = 1 , ibar 
write(34,14)time,i,yc(i) ,btot22(i) 

do 50 i = 1 , numidmp 
ipcell = idump(i) 

write(35,lS) time, ipcell,btot22 (ipcell) 
do 60 j = 1 , jbar 
write (25,131 time, j , ipcell, z Cj ) , wavenun( j) , b22 (ipcell, j ) 

60 continue 
50 continue 

return 
end 

$ mixwidt, capx, hl, h2, almax, blmax, ryylmax, ratio, alfa 

40 continue 

c234567890123456789012345678901234567890123456789012345678901234567890 
subroutine scales 
include 'param.h' 
include 'comb1k.h' 

do 10 i = 1 , ibar 

amax = 0.0 
yl = 0.0 
y2 = 0.0 
y3 = 0.0 
xl = 0.0 
x2 = 0.0 
x3 = 0.0 

c****************** a-length scale * * * * * * * * * f * X X * * * * X * * * * k * * * * * X * *  
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do 20 j = 1 , jbar 
if(abs(a(i,j)/expz(j) .gt.amax)then 

amax = abs(a(i,j)/expz(j)) 
yl = abs (a(i, j-1) /expz (j-1) ) 
y2 = abs(a(i,j)/expz(j)) 
y3 = abs (a(i, j+l) /expz (j+l) ) 
xl = wavenun(j-1) 
x2 = wavenum(j) 
x3 = wavenum( j+l) 

end if 

if(amax.eq.0.0)then 
alength(i1 = 0.0 
else 
alength(i) = l.O/fx(xl,x2,~3,yl,y2,y3) 
end if 

bmax = 0.0 

20 continue 

c****************** b-1engt-h scale * i * * X * * * * * * * * * * * * * * * * * * * * * * * * * *  

yl = 0.0 
y2 = 0.0 
y3 = 0.0 
xl = 0.0 
x2 = 0.0 
x3 = 0.0 

do 30 j = 1 , jbar 
i f ( (b ( i , j ) / expz ( j 1 1 . gt . bmax ) then 

bmax = b(i,j)/expz(j) 
yl = b(i,j-l)/expz(j-l) 
y2 = b(i,j)/expz(j) 
y3 = b(i, j+l) /expz( j+l) 
xl = wavenum(j-1) 
x2 = wavenun( j ) 
x3 = wavenun(j+l) 

end if 

if (bmax. eq. 0.0 1 then 
blength(i) = 0.0 

else 
blength (i 1 = 1 . O/fx (xl, x2 , x3 ,yl ,y2 ,y3) 

end if 

ryymax = 0.0 
yl = 0.0 
y2 = 0.0 
y3 = 0.0 
xl = 0.0 
x2 = 0.0 
x3 = 0.0 

do 40 j = 1 , jbar 

30 continue 

.................... Ryy-length scale ............................... 

if ( (ryy ( i , j 1 /expz ( j 1 . gt . ryymax) then 
w a x  = ryy(i,j)/expz(j) 

yl = ryy(i,j-l)/expz(j-l) 
y2 = ryy(i,j)/expz(j) 
y3 = ryy(i, j+l) /expz (j+l) 
xl = wavenun( j-1) 
x2 = wavenun( j 1 
x3 = wavenun( j+l) 

end if 
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40 continue 
if(ryymax.eq.0.0)then 

ryylength(i.1 = 0.0 

ryylength(i1 = l.O/fx(xl,x2,~3,yl,y2,y3) 
else 

end if 
..................... R-length scale * * X * t t * * * * * * * * t * * * * + * * * * * * * * * * * * *  

rmax = 0.0 
yl = 0.0 
y2 = 0.0 
y3 = 0.0 
xl = 0.0 
x2 = 0.0 
x3 = 0.0 

do 50 j = 1 , jbar 
i f ( ( r ( i , j ) /expz ( j 1 . gt . rmax) then 

rmax = r(i,j)/expz(j) 
yl = r(i, j-1) /expz (j-1) 
y2 = r(i,J)/expz(j) 
y3 = r(i, j+l)/expz(j+l) 
xl = wavenum(j-1) 
x2 = wavenum ( J  1 
x3 = wavenun( j+l 

end if 

if(rmax.eq.0.0)then 
rlength(i) = 0.0 

else 
rlength(i) = l.O/fx 

end if 

50 continue 

10 continue 
return 
end 

c************* QUADRATIC INTERPOLATION FUNCTION . . . . . . . . . . . . . . . . . . . . . .  
real function fx (xl , x2, x3, yl , y2, y3 ) 
fx = ( yl*(x2+x3)/( (xl-x2)*(xl-x3) ) + 

? y2* (xi+x3) / ( (X2-Xl) * (x2-x3) ) + 
? y3*(xl+x2)/( (x3-xl)*(x3-x2) ) ) /  
? (2.0*(yl/( (xl-x2)*(xl-x3) ) + 
? y2/( (x2-xl)*(x2-x3) ) + 
? y3/( (x3-xl)*(x3-x2) 1 1 1 
return 
end 

c234567890123456789012345678901234567890123456789012345678901234567890 
subroutine timestp 
include 'param.h' 
include 'comb1k.h' 

bdifymx = 0.0 
rdifymx = 0.0 
bdifzmx = 0.0 
rdifzmx = 0.0 
badvzmx = 0.0 
adifzmx = 0.0 
aadvzmx = 0.0 
adifymx = 0.0 
radvzmx = 0.0 
vadvymx = 0.0 
rtimax = 0.0 
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20 
10 

c** Y 

c** Y 

c** z 

c** z 

do 10 i = 1 , ibar 
bdifymx = max(bdifymx, abs(bdiffy(i))) 
rdifymx = max(rdifymx, abs(rdiffy(i)) 1 
adifymx = max(adifymx, abs(adiffy(i)) 1 
vadvymx = max(vadvymx, abs (vcenter (i) ) , abs (atot (i) 1 1 

bdifzmx = max(bdifzmx, abs(bdiffz(i,j))) 
rdifzmx = max(rdifzmx, abs(rdiffz(i,j))) 
adifzmx = max(adifzmx, abs (adiffz (if j) 1 )  
badvzmx = max (badvzmx, abs (badvz ( i , j ) 
radvzmx = max ( radvzmx, abs ( radvz ( i , j 1 
aadvzmx = max(aadvzmx, abs(aadvz(i,j))) 
rtimax = max(rtimax, abs(rtirate(i, j) 1 )  

do 20 j = 1 , jbar 

continue 
continue 
DIFFUSION: 
ydifmax = max( bdifymx, rdifymx, adifymx) 
ydif fdt = (dy*dy/2.0) /ydifmax 
ADVECTION : 
yadvmax = vadvymx 
yadvdt = dy/yadvmax 
ADVECTION : 
zadvmax = max(badvzmx, radvzmx, aadvzmx) 
zadvdt = dz/zadvmax 
DIFFUSION: 
zdifmax = max(bdifzmx, rdifzmx, adifzmx) 
zdiffdt = (dz*dz/2.0)/zdifmax 

c** RTI: 

C** 
rtidt = 1.5/rtimax 

dt = 0.3*min(ydiffdtI yadvdt, zadvdt, zdiffdt) 
dt = min(dtmax, dt) 
if (dt. le-dtmin) then 

quit=l 
call print 
write(20,*)'CRASHED IN TIMESTEP AT TIME = 
write(*,*)'CRASHED IN TIMESTEP AT TIME = 
write(31,*)'CRASHED IN TIMESTEP AT TIME = 

',time 
',time 
',time 

end if 
return 
end 

PARAM.H FILE 
c234567890123456789012345678901234567890123456789012345678901234567890 

parameter (jbar0=304) 
parameter (ibar0=904) 
parameter(small=le-6) 
real M,intface,massl,mixwidt,rnass2,kO 
integer quit 

EMI3LK.H FILE 
c234567890123456789012345678901234567890123456789012345678901234567890 

common/blkl/ 
? dt, height, ro2,d.y, rol, runtime, time, intface, 
? quit , I1 , dtmin, dtmax, dtrate, ibar, numdtch, g ,  mixwidt , 
? atwood,hl,h2,center,numidmp,numkdmp,rnfiibottomliitopf 
? ibot,itop,ptime,erm,errtol,itmax,local,ngate, 
? zmin,dz,jbar,zmax,k0,treverse,gl,ratiolcapxloldcapxlol~ll 
? alfa 
common/blk2/ 

232 



? crpl,crp2,crl,cr2,cm,crd,cbl,cb2,cbd,cad, 
? cbal,cba2,cal,ca2,caal,cfb,caa2,cral,cra2 

? fluxl(O:ibarO),idump(O:ibarO),dmptime(6O),datadmp(60), 
? sumalfa(O:ibarO),sumc(O:ibarO),summass(O:ibarO), 
? 

common/blk3/ 

diag (jbar0) , uppe (jbar0) , rlow( jbar0) ,res (jbar0) , kdump (0 : jbar0) 
common/blk4/ 

? p(O:ibarO), 
? y(O:ibarO), 
? M(0:ibarO) 
common/blk5/ 

? btot (O:ibarO), 
? epsilon ( 0  : ibar0) , 
? atot ( 0  : ibar0) , 
? cl(0: ibar0) , 
? mass1 (0: ibar0) , 
? 
? vcenter(O:ibarO), 
? 
? oldrhoe (0: ibar0) , 

? expz(0: jbarO), 
? a(O:ibarO,O:jbarO), 
? r(O:ibarO,O:jbarO), 
? wavenum(0: jbar0) , 
? bdiffz (O:ibarO,O: jbar0) , 
? 
? rdiffy(O:ibarO), 

? rdiffz(O:ibarO,O:jbarO), 
? oldrho (0: ibar0) , 
? ryylast(O:ibarO,O:jbarO), 
? rholast (0  : ibarO ) , 
? rlength (0 : ibarO ) , 
? blength ( 0  : ibar0) , 
? aO(O:ibarO,O:jbarO) , 
? ryyO(O:ibarO,O:jbarO), 
? bO (0: ibar0,O : jbar0) , 
? adpdy(O:ibarO, 0: jbar0) , 

? olda(O:ibarO,O:jbarO), 
? oldbtot (0  : ibarO ) , 
? oldb(O:ibarO,O:jbarO), 
? oldtnutot ( 0  : ibar0) , 
? oldr(O:ibarO,O:jbarO), 
? btotlast (O:ibarO), 
? b22(0:ibarO,O:jbarO), 

alpha1 (0 : ibar0) , 

orhoa (0 : ibar0) , 

common/blk6/ 

badvz (0  : ibarO , 0 : jbarO) , 

common/blk7/ 

common/blk8/ 

INFUI’ FILE 
400.0, 400 
1.0, 2.0 

le-06, 0.06, 1.0 
1 

0.0,30.0,65.0 
15.0,5.0 
4000.0 
-1.0, 1.0 
-8.8, 4.0, 32, 1.0 

0.12121212, 0.06060606 

rho(O:ibarO), 
yc (0:ibarO) , 

tke(O:ibarO), 
tnutot(O:ibarO), 
ryytot ( 0  : ibar0) , 
c2 (0:ibarO) , 
mass2 ( 0  : ibarO) , 
alpha2(0:ibarO), 
rhoa(O:ibarO), 
rhoe (0 : ibarO ) , 
rtot (0:ibarO) 

expzh(0: jbar0) , 
b(O:ibarO,O: jbar0) , 
ryy(O:ibarO, 0: jbar0) , 
vr(O:ibarO), 
adiffz(O:ibarO,O:jbarO), 
bdiffy(0:ibarO) , 
z ( 0 :  jbar0) 

radvz(O:ibarO,O:jbarO), 
blast(O:ibarO,O:jbarO), 
rlast(O:ibarO,O:jbarO), 
alast(O:ibarO,O: jbar0) , 
alength(O:ibarO), 
ryylength(O:ibarO), 
adiffy(O:ibarO), 
rO(O:ibarO,O: jbar0) , 
aadvz(O:ibarO,O:jbarO), 
rtirate(O:ibarO,O:jbarO) 

oldatot(O:ibarO), 
oldryy(O:ibarO,O: jbar0) , 
oldryytot ( 0  : ibar0) , 
oldvr (0  : ibar0) , 
oldrtirate ( 0  : ibarO , 0 : jbar0) , 
btot22(0:ibarO), 
configb(0:ibarO) 

height,ibar 
rol, ro2 
dtmin, dtmax, dtrate 
number of changes in dmptime 
times at which dmptime changes 
dmptimes 
acceleration reverse time 
accelerations 
zmin, zmax, jbar, kO 
cbl cb2 



0.50 

0 . 0 3  
0.0, 0.0 

0.12121212, 0.06060606 
0.0, 0.0 
0.03 
5 . 0 , 6 . 0  
0.03 

0.12121212, 0.06060606 
0.0, 0.0 
1.0 
0 
1 

: cfb 
: cbal cba2 
: cbd 
: crl cr2 
: cral cra2 
: crd 
: crpl crp2 
: cad 
: cal ca2 
: caal caa2 
: cm 
: local = 1 ;nonlocal = O(R-ij source) 
: spectral gate: flow to inf.=l, block=O 

4.0 
5 

2 
10,20 

: exponent for low wavenumber 
: number of icells to dump(numidmp) 

100,150,200,250,300 : icells to be dumped : idump(1) 
: number of kcells to dump(nddmp) 
: kcells to be dumped : kdump(1) 

le-00 : ERRTOL 
50 : maximun number of iters (itmax) 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
CODE VERSION: 03/23/95 (1) 
RUN DATE: 04/25/95 
TIME : P m  

CASE # 04.25.01 
PARENT CASE# 04.24.01 
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