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1. Introduction 

Great progresses have been made in 
combustion research, especially, the computa- 
tion of laminar flames [ 1,2,3,4] and the 
probability density function (PDF) method in 
turbulent combustion [5,6,7]. For one- 
dimensional laminar flames, by considering the 
transport mechanism, the detailed chemical 
kinetic mechanism and the interactions 
between these two basic processes, today it is 
a routine matter to calculate flame velocities, 
extinction, ignition, temperature, and species 
distributions from the governing equations. 
Results are in good agreement with those 
obtained from experiments [8,9]. However, 
for turbulent combustion, because of the com- 
plexities of turbulent flow, chemical reactions, 
and the interaction between them, in the fore- 
seeable future, it is impossible to calculate the 
combustion flow field by directly integrating 
the basic governing equations. So averaging 
and modeling are necessary in turbulent com- 
bustion studies. Averaging, on one hand, 
simplifies turbulent combustion calculations, 
on the other hand, it introduces the infamous 
closure problems; especially the closure prob- 
lem with chemical reaction terms. Since in 
PDF calculations of turbulent combustion, the 

This work is supported by AGTSR Subcontract number 
94-01-SROI 8 from the South Carolina Energy Research 
and Development Center, Research Manager 
Dr. Daniel B. Fant. 

averages of the chemical reaction terms can be 
calculated, PDF methods overcome the closure 
problem with the reaction terms. It has been 
shown that the PDF method is a most prom- 
ising method to calculate turbulent combus- 
tion [6]. PDF methods have been successfully 
employed to calculate laboratory turbulent 
flames: they can predict phenomena such as 
super equilibrium radical levels, and local 
extinction [7]. Because of these advantages, 
PDF methods are becoming used increasingly 
in industry combustor codes. 

Although PDF methods have shown 
great promise in studying turbulent combus- 
tion, there is still a challenge to be overcome - 
coupling the detailed description of the turbu- 
lent combustion flow field provided by PDF 
methods with detailed chemical kinetic mecha- 
nisms. Suppose that @(t) represents the com- 
position of a particle in a PDF calculation of 
turbulent combustion. Then we need to cal- 
culate the increment in composition A@(t) over 
a time step At. In principal, this can be done 
by directly integrating the ordinary differential 
equations stemming from the detailed kinetic 
mechanism. But in practice, since a typical 
combustion system involves dozens of chemi- 
cal species and hundreds of chemical reac- 
tions, and we need to do such integrations on 
the, order of lo9 times, the direct numerical 
integration of the equations would require 
huge amount of supercomputer time (several 
hundred days) and thus make it impossible in 
practical use. So simplifications of detailed 
kinetic mechanisms have been made in the 
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past in order to reduce the demand of compu- 
ter time. Results from the calculations of 
simplified chemistry are tabulated as functions 
of a few variables. Then these tables are used 
in turbulent combustion calculations. 

There are basically two different ways 
of doing the simplification of detailed 
chemistry: the reduced mechanism method 
[ 10,11,12] and the intrinsic low-dimensional 
manifold (ILDM) method [13]. For the 
reduced mechanism method, the simplification 
made to the detailed chemistry is achieved by 
the introducing steady-state assumptions for 
some species, usually the intermediate species, 
and the partial equilibrium assumptions for 
particular reactions. The reduced mechanism 
method has been employed in laminar flame 
calculations and in turbulent combustion calcu- 
lations [7,14]. It has several disadvantages 
because of it’s fundamental philosophy. For 
the reduced mechanism method, one needs to 
know in advance what species are in steady- 
state, and what reactions are in partial equilib- 
rium. Reduced mechanism systems are 
derived manually from the given detailed 
chemistry. For different fuel/oxidizer 
systems, or even for the same fuel/oxidizer 
system under different conditions, different 
reduced mechanisms should be used. Thus it 
requires a considerable amount of human time 
and labor to develop such systems. Assump- 
tions of partial-equilibrium and steady-state 
used in the reduced mechanism method are 
only valid in particular reaction ranges. Also 
the accuracy cannot be given and controlled. 

The manifold method is based on a 
more intrinsic study of the chemical reaction 
process happening in combustion [ 131. As it 
is observed, there is a wide range of time 
scales for chemical reactions, from lo-’ second 
to seconds. Fast reactions, or reactions with 

small time scales, quickly bring composition 
points down to attracting manifolds. Then 
composition points move along on manifolds. 
By assuming that the movement of the com- 
position point away from manifolds to be zero, 
detailed chemistry can be simplified. The 
manifold method overcomes the drawbacks of 
the reduced mechanism method. It requires no 
preliminary knowledge of which chemical 
species are in steady-state and which chemical 
reactions are in partial equilibrium. The only 
given assumption is the dimension of the 
manifold. The manifold method has been suc- 
cessfully used in both laminar flames and tur- 
bulent combustion studies [7,14]. In these 
studies, a manifold with fixed dimension, for 
example, two dimensions, has been considered. 
The results from manifold calculations are 
tabulated in a pre-processing stage. Then the 
method of table-look-up is used in PDF calcu- 
lations. There are still some difficulties and 
inconveniences: 

In general, it is not straightforward to 
parametrize the manifold. 

In different regions of the composition 
space, manifolds of different dimension 
are appropriate. 

The table generation (which is not fully 
automated) must be performed for each 
set of conditions of interest (fuel, pres- 
sure, equivalence ratio, etc.). 

The whole of the manifold is (waste- 
fully) tabulated since it is not known a 
priori which regions are needed. 

So a more efficient way is needed which can 
preserve the virtues of the manifold method 
and overcome these difficulties and inconve- 
niences. 
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2. Objectives 

Our objective is to develop a new 
method which can be used to study realistic 
chemistry in methane combustion with NO, 
mechanism. The realistic chemistry used is a 
simplification to a more detailed chemistry 
based on the manifold method. The accuracy 
of the simplified chemistry can be controlled, 
and it is determined by the interaction between 
the transport process and the chemical reaction 
process, and the phenomena we are interested 
in. 

3. Approaches 

The new method developed here is 
called the "tree method." The basic idea of it 
is quite simple. It is shown in the following 
picture. As the PDF or partially stirred reactor 
(PaSR) calculations are performed, an unstruc- 
tured table is generated, containing N pairs of 
compositions and their corresponding incre- 
ments, {QCn), A$(n), n = 1, 2, ..., N}. The table 
is stored in a tree structure that is initially 
empty (N=O). For each particle on each time 
step in the PDF or PaSR calculations, the 
increment A$ is sought based on the particle's 
composition $. The tree is searched for an 
entry $("I close to $. If one exists, then A$(n) is 
used to approximate A$. If a sufficiently close 
table entry does not exist, then A$ is computed 
by the direct integration of equations from 
detailed chemistry, and the result is added to 
the table. 

There are several key problems needed 
to be solved in the development of this new 
method. First, in the beginning stage, a par- 
tially stirred reactor needed to be constructed 
to provide composition particles and a tool for 
testing the new method. Second, for a com- 
plex chemistry like that of methane flames, the 
number of the pairs in the unstructured table 

4 ) 3 - t A 4 )  
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Figure 1. A Schematic Illustration 
of the Method 

may be very large for a required accuracy. So 
the way to search for a close entry $@') to $ 
should be efficient. Third, we need to develop 
a method to couple reaction and mixing. 

3.1 Partially Stirred Reactor 

A partially stirred reactor, as shown in 
the following picture, has M particles, or L = 
M/2 pairs of particles. For convenience, all 
particles in the PaSR are initialized to the 
complete combustion condition (for methane- 
air combustion, only N,, H,O, and CO, exist 
under the complete combustion condition) at 
the beginning. After time step At, there are 
q,,, = LAt/T,, pairs of particles flow out of 
the reactor, where z,, is the residence time. 
Randomly choose %ir = LAt/z,,, pairs of 
particle and put them in the candidate pile. 
Here T~~~ is a time scale of pairing. There are 
mi, = qUt pairs of particles flowing into the 
PaSR, and they pair randomly with the 
particles in the candidate pile. Then mixing 
occurs between pairs of particles. 

3.2 The Method 'for Generating An 
Unstructured Table 

The ideas of the method for generating 
an unstructured table are the followings. The 
composition space is covered by cells. There 
are two kinds of cells - the coarse cells (of 
different sizes) and the fine cells (of different 
sizes). There is a single composition point 
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Figure 2. A Partially Stirred Reactor 
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that represents a cell. For a fine cell, all 
increments of compositions of points in the 
cell are accurately represented by the incre- 
ment of the representative cell point. For a 
given composition point, the cells are searched 
based on the indexes of the components of the 
composition. These indexes are determined by 
the expected accuracy. If the indexes match 
the indexes of a composition point in the 
unstructured table, then the value of the incre- 
ment of this point is returned. Otherwise, the 
given composition point is added to the table 
and the increment is calculated. 

3.3 Coupling Mixing and Reaction in 
Intrinsic Low-Dimensional Manifolds 

As it will be shown in the section of 
accomplishments and applications, particles 
away from manifolds quickly relax to mani- 
folds due to the fast chemical reactions. So 
we base our calculations on the particles on 
manifolds. The following section describes 
the method, for a given particle, how to find 
the closest manifold point of it. 

3.3.1 The Closest Manifold Point 

Let the composition of a particle be 
Cp = {Y,, Yz, ..., Y,,, h)=, where Y,, i = 1, 2, ..., 
n,, is the mass fraction of species i, ns is the 
number of species, and h is the specific 

enthalpy. Let n = n, + 1 be the dimension of 
Cp. The evolution of Cp is determined by the 
equation: 

- -  do - s ,  
dt 

where S is the source term due to chemical 
reactions. For a given particle Cp('), the closest 
manifold point Cp(m) is defined as follows. At 
the manifold point Cp(m), let 

= E;] 
be the matrix such that, 6' = W '4 is in the 
slow subspace, and 6f = W f o  is in the fast 
subspace [ 13,141 (these subspaces are defined 
in terms of the eigenvalues hi and the 
eigenvectors of the Jacobian matrix J, Ja,p = 
aS,(Cp)/aCp,). The dimension of the slow 
subspace, q, is determined by the given flow 
time scale T*, which means that the eigen- 
values of the slow subspace, hi > - 1 / ~ * ,  i = 1, 
2, ..., q. The dimension of the fast subspace 
is m, = n - q. Suppose that We is a matrix 
determining the element conservation, then the 
closest manifold point Cp(m) is determined by 
solving the following problem: 

Minimize the 2-norm of CpCm) - Cp('), 
subject to the following conditions: 

WS(Cp'"') = 0, (3) 

Cpi 2 0, i = 1, 2, ..., n,. (4) 
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These equations are solved by the iteration 
method. Let $(i) be the estimate of $("') after 
the i-th iteration, the next iteration is 

With W evaluated at $('), linearize Eq. 3 
around @(i), write the equations in terms of 
A$('), Eqs. 2 and 3 become 

where zmix is the mixing time scale. Solving 
Eqs. 7 and 8, we can get 4 z ( t  +At) due to 
the mixing. This value is used to define the 
"mixing vector," F: 

(0) F [@-(t + At) - 4(O)]/At. (9) 

Eqs. 5 and 6 are underdetermined. Generally, 
they are solved by the singular value decom- 
position method to get a minimum norm solu- 
tion [15]. If a solution with negative mass 
fractions is found (in violation of conditions 
Eq. 4) then, we use the quadratic programming 
method [16,17] to get the minimum norm 
solution for Eqs. 5 and 6 under constraints (4). 

3.3.2 Coupling Mixing and Reaction in 
Manifolds 

This section describes how the coupling 
of mixing and reactions are treated to get the 
value of @(')(t + At) for a given particle, @(')(t). 
For ease of exposition, we use eigenvector 
basis vectors, in practical calculations, ortho- 
normal bases for the subspaces are used. 

At the beginning of the time step (from 
t = 0 to t = At), @(') is close to the manifold: 
any departure of $(') from the manifold is due 
to manifold curvature and the non-zero time 
step At. Denote the pairing particle of @(') by 
@I, perform the mixing: 

(7) 

Let e("') represent the closest manifold point to 
9"). At $("'), calculate the projection matrix P, 

PS 
P = P" 

-Pf- 

such that for any vector x 

where j zs ,  %", gf are the components of x in 
the eigenvector bases of the "slow reactive," 
"conserved," and "fast reactive" subspaces. 
The equation coupling reaction and mixing is, 

* = S(@) + F. 
dt 

Linearize it about $("'), 

d -64 = Scm) + J6@ + F, 
dt 

7 



s(m) = S(4p)), 

and J is the Jacobian matrix, 

Transform Eq. 12 by premultiplying it by P: 

d d 
dt dt 

P-64 = -Pa@ = 

d 
dt 
- 

9" 
0 
0 

+ 

Note that the "conserved" components of S("') 
and A are zero, by virtue of the conservation 
properties. The "fast" component of S("') is 
zero by definition of the manifold. 

For the "slow" and "conserved" compo- 
nents, Eq. 17 is to be integrated for a time step 
At from the initial condition, 

6@(0) = ()(O) - @(? (18) 

The "fast" components are set to 

64f(At) = 0, (19) 

so that the final result $(At) is close to the 
manifold (i.e., it has no component in the fast 
subspace at 0'")). 

For the conserved component we have, 

and so the solution is 

The second step follows from the definition of 
F, and the third from the constraint that 
P@("') = P@('). Thus, as expected, the conserved 
components in mixing are unaffected by reac- 
tions. 

For a slow reactive component a, 
Eq. 17 is 

This has the analytic solution 

8K(At) = a,8&:(0) + b, [$: + e : ] ,  (23) 

where 

b, = (e A:At - i)/a: , 

For positive A", the approximate solution, 
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. is used. This is corresponding to a, = 1, b, = 
At. 

For a given At, whatever basis is used 
for the slow subspace, because Eq. 13 is 
linear, the solution can be written as, 

In the eigenvector basis, A = diag(a,}, 
B = diag{b,}. 

Then the final result is 

= #m) + Q"a@(At) + Q%@(At). (33) 

4. Project Description 

The work of this 2-year project is 
divided into the following parts: 

Let QR be the exact solution to 

2. 

from initial condition Qcm), integrated for a time 
At, and define 

Observe that the solution to the linearized 
system Eq. 27 for the same case is 

1. Design a partially stirred reactor to 
provide sample points and integrate the 
governing equations of mixing and 
reaction simultaneously, 

Introduce a method to treat chemical 
reactions and perform the coupling of 
mixing and reaction, 

3. 

4. 

5. 

Find an efficient way of tabulation, 

Perform tests to determine the accura- 
cies and parameters used by the 
method, 

Apply the new method to PDF calcula- 
tions of turbulent methane combustions. 

(see Eq. 27). It is preferable to use the exact 
result. Hence Eq. 27 can be replaced by 

6$(At) = A&R + A6&S(0) + BBS. (3 1) 

Let 

P-' = Q = [Qs Q" Q']. 

At the present stage, as discussed in 
Part 3, most work on Parts 1-3 has been done. 
We have a partially stirred reactor and a code 
to do the direct integration of the governing 
equations of mixing and reactions. The 
method to treat chemical reactions and perform 
thq coupling of mixing and reaction was 
discussed in Section 3.3.2. The method is 
based on the manifold method, and the closest 
manifold point is used to do the mixing and 
reaction. The tabulation method is described 
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in Section 3.2. In order to determine the 
accuracies and parameters, we need to do 
some tests: PaSR tests - both for single 
particle and multiple particles (say 100 par- 
ticles), using direct numerical integration; tests 
of the coupling model of mixing and reaction 
to measure errors and determine quantities 
used in tabulation; tests of tabulation, given a 
required accuracy, determine the cell-size 
criterion. 

5. Accomplishments and Applica- 
tions 

The chemical kinetic mechanism used 
in calculations is shown in Table 1. It does 
not include the NO, chemistry at the present. 

In PaSR calculations, the incoming par- 
ticles to the PaSR are methane/air mixtures at 
stoichiometric condition. The particles in the 
PaSR are initialized to the complete combus- 
tion - only CO,, H,O, and N2 exist. Particles 
in the partially stirred reactor are arranged in 
pairs. Suppose that i’th and (i+l)’th particles 
are of a pair, the evolution of the particles are 
determined according to the following 
governing equations: 

here S is the source term due to chemical reac- 
tions. In calculations, the mixing time scale 
zmix = lo-“ second, the pairing time scale 
zpair = lo-“ second, the residence time scale 
T~~ = second. There are 100 particles 
in the partially stirred reactor, the time 

step At = 6 x 10” second, the pressure is 
1 atmosphere. 

From direct integrations of Eqs. 34 
and 35, the changes of the average mass frac- 
tions as functions of time are shown in 
Figs. 3-6. It can be seen that after about four 
residence times, the particles in the PaSR 
reach a statistically steady condition. For the 
first particle in the PaSR, the change of the 
mass fraction of water is plotted in Fig. 7. 
One interesting thing to note is that it reaches 
zero at time step 72, which means that this 
particle flow out of the PaSR at time step 72, 
corresponding to time = 4.32 x 10” second. 

From the PaSR calculations, we have 
an ensemble of particles. Investigations have 
been done to study the chemical process which 
relaxes the particles to manifolds. Randomly 
choose particles from the PaSR calculations, 
plot the distances of particles from the cor- 
responding manifold points, d, and the dimen- 
sions of the manifolds, m. They are illustrated 
in Figs. 8-13. In these figures, the solid lines 
represent the distances, and the dashed lines 
represent the dimensions. The figures show 
that the particles quickly relax to the cor- 
responding manifolds. The typical time scale 
of such a relaxation process is on the order of 
lo-“ second, which is much smaller than a 
typical mixing process which has a time scale 
on the order of second. So it would be a 
good assumption to assume that processes 
occur on manifolds. 

The closest manifold points are cal- 
culated for the particles of the ensemble from 
calculations of the partially stirred reactor. 
The time scale T* equals lo4 second. Fig. 14 
shows the number of particles as a function of 
the dimensions of manifolds. One can see that 
most points are concentrated on low dimen- 
sional manifolds. 
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Table 1. Chemical Kinetic Mechanism* 
~ ~ ~~~ 

En I Reaction 4, n 
1 H + 0 2 = O H + O  1.59E+17 -0.927 16874. 

11 8 I H 0 2 + H = O H + O H  I 1.50E+14 I 0.0 I 1004. 11 
11 9 1 H 0 2 + H = H 2 + 0 2  I 2.50E+13 1 0.0 I 693. 11 
11 10 I H 0 2 + 0 = 0 2 + O H  I 2.00E+13 I 0.0 I 0. II 
11 11 1 H 0 2 + O H = H 2 0 + 0 2  I 6.02E+13 I 0.0 I 0. II 
11 12 I - H m M = O H + O H + M  I 1.00E+17 I 0.0 I 45411. 11 

13 C O + O H = C 0 2 + H  1.51E+07 1.3 -758. 
14 C O + O + M = C 0 2 + M  3.01E+14 0.0 3011. 
15 H C O + H = H 2 + C O  7.23E+13 0.0 0. 
16 H C O + O = O H + C O  3.00E+13 0.0 0. 

11 27 I CH3+O=CH20+H I 8.43E+13 I 0.0 I 0. II 
11 28 I CH3 +OH=CH20+H2 I 8.00E+12 I 0.0 I 0. II 
11 29 I CH3 + 0 2 = C H 3 0 + O  I 4.30E+13 I 0.0 I 30808. 11 
11 30 I CH3 + 0 2 = C H 2 0 + O H  I 5.20E+13 I 0.0 I 34895. 11 

31 1 CH3 + H02 = CH30 + OH I 2.28E+13 1 0.0 1 0. II 
32 CH3 + HCO = CH4 + CO 3.20E+11 0.50 0. 
33 CH4 + H = CH3 + H2 7.80E+06 2.11 7744. 
34 CH4+O=CH3+OH 1.9OE+09 1.44 8676. 

11 35 I CH4+02=CH3 + H 0 2  I 5.60E+12 I 0.0 I 55999. 11 
11 36 I CH4 + OH=CH3 + H20 I 1.50E+06 I 2.13 I 2438. 11 
11 37 I CH4+H02=CH3 +H202 I 4.60E+12 I 0.0 I 17997. 11 
11 38 I CH30 + H = CH20 + H2 I 2.00E+13 I 0.0 I 0. II 
11 39 I CH30+OH=CH20+H20  1 5.00E+12 I 0.0 I 0. II 

40 CH30 + 0 2  = CH20 + H02 4.28E-13 7.60 -3528. 
41 CH30 + M = CH20 + H + M 1.00E+14 0.0 25096. 

* Rate constants are in the form k,, = A,,Texp[-En/(RT)], here R is the 
universal gas constant. Units are moles, cubic centimeters, seconds, 
Kelvins. and kJ/mole. 
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The complex tabulation method was 
tested for a simple function on a domain. This , 

method was also used to tabulate the particles 
from the ensemble of PaSR calculations. It 
worked well for both cases. Further tests are 
needed. 

Compared with the reduced mechanism 
method, the manifold method, and the tabula- 
tion method used before, the new method 
overcomes the drawbacks of the reduced 
mechanism method and preserves the advan- 
tages of the manifold method. The difficulties 
and inconveniences with the manifold method 
no longer exist in the new method because the 
dimensions of manifolds can be changed, the 
table is unstructured so that the manifolds do 
not have to be parametrized, the table is gener- 
ated in situ as the PDF calculations is in prog- 
ress so only the required regions are tabulated. 
Accuracy is achieved by specifying the size of 
the cell, which can be controlled. With all 
these advantages and it's high flexibilities, the 
new method will be a valuable toll for turbu- 
lent combustion calculations under various 
conditions. 

6. Future Activities 

In the future, we will test the method 
of coupling mixing and reaction against direct 
numerical integrations, determine the errors 
and the quantities that will be used in tabula- 
tion. Single particle calculation will 'be used 
to determine the effect of cell size on accuracy 
and storage in calculations using the tabulation 
method. The chemical kinetic mechanism will 
include NO, chemistry. 

Once we have all the information about 
accuracies, and control quantities, the new 
method will be applied to PaSR calculations to 
determine the overall performance. Finally, it 

will be implemented it to PDF calculations of 
turbulent methane combustion. 
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Figure 4. Average Mass Fraction of H, OH, 0 as Functions of Time 
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Figure 5. Average Mass Fractions of H,, CH,, HOz, CHzO as Functions of Time 
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Figure 6. Average Mass Fractions of HCO, H202, CH,O as Functions of Time 
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Figure 7. The Mass Fraction of H20 of the First Particle as a Function of Time 
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Figure 8. Changes of Distances of Particles from the Corresponding Manifold Points, d, 
Shown as Solid Lines, and the Dimension of the Manifolds, my Shown as Dashed 
Lines, With Time. The Initial Dimensions are 6. 
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Figure 9. Changes of Dtstances of Particles from the Corresponding Manifold Points, d, 
Shown as Solid Lines, and the Dimension of the Manifolds, my Shown as Dashed 
Lines, With Time. The Initial Dimensions are 5. 
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Figure 10. Changes of Distances of Particles from the Corresponding Manifold Points, d, 
Shown as Solid Lines, and the Dimension of the Manifolds, m, Shown as Dashed 
Lines, With Time. The Initial Dimensions are 4. 
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Figure 11. Changes of Distances of Particles from the Corresponding Manifold Points, d, 
Shown as Solid Lines, and the Dimension of the Manifolds, m, Shown as Dashed 
Lines, With Time. The Initial Dimensions are 3. 
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Figure 12. ‘Changes of Distances of Particles from the Corresponding Manifold Points, d, 
Shown as Solid Lines, and the Dimension of the Manifolds, m, Shown as Dashed 
Lines, With Time. The Initial Dimensions are 2. 
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Figure 13. Changes of Distances of Particles from the Correspondllig Man-Ad Points, d, 
Shown as Solid Lines, and the Dimension of the Manifolds, m, Shown as Dashed 
Lines, With Time. The Initial Dimensions are 1. 
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Figure 14. The Distribution of Particles as a Function of the Manifold Dimensions 
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