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ABSTRACT 

Resolution matrices are useful in seismic tomography because they d o w  us to evaluate the information content 
of reconstructed images. Techniques based on the multiplicity of equivalent exact formulas that may be used to 
define the resolution matrices have been used previously by the author to design algorithms that avoid the need 
for any singular value decomposition of the ray-path matrix. An explicit procedure is presented for computing 
both model and data resolution matrices using Amoldi’s algorithm for iterative inversion in seismic tomography. 
Amoldi’s method differs from the Lanceos scheme by including explicit reorthogonabation of basis vectors. Some 
convenient notation is introduced to permit ready comparison of Arnoldi’s method with the Lanczos approach. 
Arnoldi’s method requires greater storage of basis vectors but completely overcomes the lack of basis vector 
orthogonality, which is the major practical limitation of the Lancros method. 

INTRODUCTION 

In an earlier contribution to  SEP-77 (Berryman, 19931, I discussed general methods of constructing resolution 
matrices for iterative inverses and applied these techniques to both Lancros and Paige-Saunders (LSQR) algo- 
rithms (Lancsm, 1950; Paige and Saunders, 1982). The comment was made that those methods could be applied 
to a wide variety of iterative inversion methods. To illustrate the general utility of the methods, I want to show 
now how the methods can be applied to Arnoldi’s algorithm for iterative inversion. This algorithm may be viewed 
as a variant of the Lanczoa algorithm, but with reorthogonalieation of the basis vectors explicitly built in. I will 
first review the Lanceos method and then present the Arnoldi approach using a similar notation. Hopefully the 
similarities and differences of the two techniques will then become clear. 

1 REVIEW OF RESOLUTION MATRICES 

Discussions of resolution played a central role in the classic paper of Aki e t  uf. (1977) on large scale seismic 
tomography. Such discussions continue to play a key role in the interpretation of inversion results in seismology. 
For example, in their recent review article - which also includes an extensive discussion of resolution in seismic 
inverse problems - Evans and Achauer 11993) state that =.. . evaluating the whole resolution matrix, not just 
its diagonal elements, is a required part of interpreting [the reconstructed model].” Indeed, any inverse method 
based on incomplete or imperfect data should be expected to produce a filtered or blurred image of the object 
or region of interest. Apparent resolution is therefore an important figure of merit for practical imaging and 
inversion schemes, since the user of such schemes will eventually want to know what the smallest object is that 
can be distinguished. Judgments concerning reliability of features observed in the reconstructed image depend 
strongly on our understanding of inherent resolution capabilities of the inverse method used to produce the image. 
Therefore, a convenient quantitative measure of pointwise or cellwise model reliability is certainly helpful and 
perhaps essential for subsequent interpret ation. 

For completeness, I will review the main ideas about resolution matrices. For linear inversion problems, 



resolution matrices can be understood most easily by considering a matrix equation of the form 

M s = t  (1) 

and first asking the question: Given matrix M and data vector t, what model vector s solves this equation? 
When the matrix M is square and invertible, the answer to the question is relatively easy: s = MA1t, with M-' 
being the usual matrix inverse of M. However, it often happens in geophysical inversion problems that M is not 
square, or not invertible even if it is square. In these situations, the least-squares method is often used, resulting 
in the normal equations 

MTMs = MTt, (2) 

which can often be solved approximately for s since the normal matrix MTM is square and symmetric - although 
it may stiU be singular. It proves convenient now to introduce an approximate inverse Mt called the Moore-Penrose 
pseudoinverse (Moore, 1920; Penrose, 1955a). This generalized inverse is the unique matrix that satisfies the four 
conditions: MMtM = M, MtMMt = Mt, MtM = (M'M)=, and MMt = (MM')=. Although other choices 
for the approximate inverse are known [for example, see Rao (1965)], I will restrict discussion here to this best 
known approximate inverse. Then, after multiplying (1) on the left by Mt, the result is 

M'Ms = Mtt. (3) 

If it were true that MtM = I (the identity matrix), then I would have solved the inversion problem exactly, and 
also have perfect model resolution. But it is precisely in those problems for which no such inverse exists that the 
following analysis is needed. Define the matrix coefficient of s in (3) as the resolution matrix 

R I M ~ M .  (4) 

The deviations of R from the identity matrix I, i e . ,  the components of the difference matrix I - R ,  determine 
the degree of distrust appropriate for the components of the solution vector s that are most poorly resolved. 

For definiteness, consider the seismic tomography problem (see Figure 1): M is an m x n ray-path matrix, 
t is a data -vector of first arrival traveltimes, and s is the model n-vector for (possibly rectangular) cells of 
constant slowness (inverse velocity). I seek the slownesses s given the measured travetimes in t and the estimates 
of the ray paths between source and receiver locations contained in the matrix M [see Berryman (1990) and 
references therein]. Then, the resolntion matrix defined in (4) is the model resolution, since the slowness vector 
is the desired model of acoustic wave slowness. A data resolution matrix may also be defined. First, multiply (3) 
on the left by M so 

MM'Ms = M s  = MM't, 15) 

~ and then compare (5 )  to (11, noting that the matrix product multiplying t should equal the identity matrix if the 
approximate inverse Mt is a true inverse. Again, deviations of this matrix from the identity provide information 
about the degree to which the computed solution makes use of all the data in t. Thus, the data resolution matrix 
(Jackson, 1972; Wiggins, 1972) is defined by 2 

R~~~ M M ~ ,  (6) 

while the resolution matrix defined previously in (4) is the model resolution (Backus and Gilbert, 1968; Jackson, 
1972) 

E M ~ M .  (7) 

Furthermore, for seismic inversion, I must also consider mathematial nonlinearities involved in the process of 
finding a ray-path matrix M that is consistent with the model 8. For the present purposes, assume that M and s 
are the final (and mutually consistent) products of an iterative algorithm (Berryman, 1990). Then, the question 
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Figure 1: Schematic illustration of ray paths through a slowness model with rectanguiar cells. 

of resolution needs to be studied carefully in order to explore fully the range of possible solations resulting from 
inherent nonuniqueness of the inverse problem. 

The significance of these two resolution matrices may be understood by considering the singular value decom- 
position (SVD) of the matrix M, given by 

c 

i= 1 

where the m-vectors ui and n-vectors vi are the eigenvectors of M determined by Mvi = A;& and u?M = X;vT 
and the Xis are the eigenvalues. The eigenvectors are also assumed to satisfy orthonormality conditions %Tu, = 6, 
and V T V ~  = Si,-. The rank of M (the number of nonzero eigenvalues) has a value r 5 &(m, n). The Moore- 



Penrose pseudoinverse is then known to be given by 

so the resolution matrices are written explicitly in terms of sums of the outer products of the eigenvectors as 
r 

and 

irl 

When displayed in this form, it is clear that the resolution matrices simply express the completeness of the 
resolved model or data spaces respectively. They are projection operators on the span of the resolved parts of the 
model and data vector spaces. 

2 COMPUTING RESOLUTION 

Now it is important to recognize that, although the resolution matrices have generally been defined by equations 
(6) and (7) - or by (10) and (11) (which implicitly assume that a singular value decomposition has been 
performed), it may nevertheless be possible to compute these matrices in other ways. Of particular importance 
is the computation of an effective inverse matrix X generated by an iterative inversion procedure. 

To establish the plausibility of computing resolution without singular value decomposition, I first consider 
a simple pedagogical example that would not be ideal for computations. For convenience I define q to be a 
parameter having the significance of a continuous iteration number and let X(q) be the cnrrent approximation to 
the pseudoinverse Mi. Then the current value of the approximate solution vector is given by s(q) = X ( q ) t  and 
the unresolved part of the data vector is clearly given by the difference vector At = t - MX(q)t. The length of 
this vector is a scalar measure of the unresolved portion of the data. By designing the iterative inversion scheme 
to decrease the length of this vector progressively as q --* 00, the derivative of its square with respect to the 
continuous iteration number q is given by 

a axT ax 
arl all all 
-tT(I - XTMT)(I - MX)t = -tT-MT(I - MX)t - tT(I - XTMT)M-t. 

A sufficient condition for the traveltime data resolution to hprove continuously as q - 00 is then (see Lu and 
Berryman16) the equation of motion for X given by 

where 7 > 0 is some arbitrary scalar that determines the rate of convergence. It foflows by construction that the 
right hand side of (12) is always negative or zero. Thus, the nonnegative length It - MX(q)tl is a continuously 
decreasing function of the iteration parameter q as long as X(q)  has the equation of motion given by (13). Clearly, 
the right hand side of (13) vanishes if and only if the approximate inverse matrix satisfies 

MTMX(oo) = MT, 

which is equivalent to the normal equations of least-squares, so X(o0) = Mt as expected (Penrose, 1955b). 
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Assuming initial conditions for the integration are given by Emodet(0) = 0 and Eaa(0) = 0, it is easy to see 
that the solutions of these equations will be symmetric matrices as desired. This approach becomes an iterative 
procedure when the equations are wlved numerically by discretising the independent parameter and stepping 
from one discrete value of q to the next. 

The procedure just outlined estabbhes that iterative procedures for computing resolution matrices are cer- 
tainly possible. However, this particular method is less than ideal because it would be computationally intensive. 
So next consider a general procedure that could be applied to many iterative methods that are used in practice. 

I TO find a more eRicient approach that is also inherently symmetric, h t  analyze the SVD of the normal 
matrix, i e . ,  

r t r 
M ~ M  = C X~V~UT x jujv,T = xTv~vT. 

i= 1 j=l i=l 
I Then, it is easily shown that 

r 
(MTM)'MTM = C V ~ V ~  = R m d ,  

i= 1 

and similarly that an alternative is given by 
r 

MT (MMT)+M = CV~V? = R m d l ,  (19) 
i=l 

a formula that is automatically symmetric. The data resolution is given by the various alternative forms 

Iterative methods such as the method of Lanczos (1950) for solving (1) in the least-squares sense often 
compute the pseudoinverse - not of M itself but rather - of the normal matrix MTM. The appearance of the 
pseudoinverse (WM)'  of the normal matrix in these alternative expressions for the resolution matrices (18)-(20) 
then provides both a motivation and a clue to constructing methods for computing resolution with such iterative 
methods. Thus, in the following discussion, I am able to show haw these various equivalent formulas for the 
resolution matrices may be used efficiently, in the course of a routine computation whose primary goal is to find 
an approximate solution to Me = t by iterative methods. 

, 3 Tridiagonalization Method of Lanczos 

Consider the linear inversion problem of the form Ms = t, where s is the unknown. For a crosshole seismic 
tomography problem (Berryman,lOW), M is an mx IL ray-path matrix, t is an m-vector of first arrival traveltimes, 



and s is the model slowness (inverse velocity) vector, The method of Lancoos (1950) solves this problem by 
introducing a sequence of orthonormal vectors a(') through a process of tridiagonabation. To obtain the minimum 
norm least-squares solution of Me = t, the method may be applied to the normal equations (2), since they have 
the form Ax = b with square symmetric matrix A = MTM, unknown vector x = s, and data vector b = MTt. 

3.1 Lanczos algorithm 

With A = MTM and b = wt, the Lanczos algorithm is a projection procedure equivalent to the following: 

(21) 

and, for k 2: 2, 

T .  By simple induction on the recursion formufas, all the basis vectors satisfy (di ) )  e(J)  = &,, so ideally the z 
vectors are orthonormal. Of course, these conditions are not satisfied exactly for finite precision calculations - 
leading to  some practical difficulties that will not be discussed here for lack of space (Parlett, 1980). 

For the application to traveltime tomography, the pertinent constants are defined by Nl = lMTtl = ( ~ ( l ) ) ~  Wt, 
T T Dk = (d")) 

(21)-(23) determine a tridiagonal system of the form 
for k = 1,2,. . ., and Nk+l  = (dk+')) w M d k )  for k = 1,2,. . .. The equations 

~ ( ~ ' ~ ) e : N k + l +  ZkTk = MTMZk for 2 5 k 5 r, (24) 
where the tridiagonal matrix of coefficients is defined by 

and where the matrix Z k  = (dl) d2) d3) . . . ) is composed of the resulting orthonormal vectors. In 
practical implementations of the algorithm, the constants Nk+l are generally found through the normalization 
condition implicit in (23). 

Assuming infinite precision, the process stops when k = t (the rank of the matrix) because then N,+1 E 0 (or 
is numerically negligible). It follows from (24) that this tridiagonabation process results in the identity 

MTM = ZrTrZT. (26) 

(27) 

Since T, is invertible, the Moore-Penrose inverse (Penrose, 19553 of the normal matrix is given by 
(MTM)+ = z, (T,) -1 z, T . 

The solution to the least-squares inversion problem may therefore be written as e = Z ,  (T,.)-' ZTMTt = 
N l Z ,  (Tr)-' el. The first column of the inverse of Tr (the only one needed) may be found using an elementary 
recursion relation. 



3.2 Lanczos resolution 

Since the Lanczoa algorithm directly produces a sequence of orthonormal vectors in the model space, it is 
straightforward to see that the model resolution matrix for this method is 

R- = MTM (MTM) = ZvzT, (28) 
which is also clearly symmetric. I compute the data resolution matrix using the fact that R h t o  = MMt = 
M (MTM) together with (27), so 

(29) 
-1 TMT. 2-a = MZr (Tr) Zr 

Both resolution matrices are symmetric if the full Lanczos inverse is computed. 

Assuming only that orthogonality has been maintained among the vectors dk) [a nontrivial assumption for 
realistic applications (Parlett, 1980)], the matrix Zr is just the span of the model space associated with the ray- 
path matrix M. Thus, (28) is understood intuitively as the result one obtains by finding a new orthonormal set of 
basis vectors for the span of the resolution matrix. In other methods such as the PaigeSaunders LSQR algorithm 
(Paige and Saunders, 1982), it is also possible to obtain a corresponding formula for the data resolution. However, 
for the Lanczas algorithm, the data resolution must be computed indirectly from the available information using 

Once again, consider the linear inversion problem of the form Ma = t, where s is the unknown. For a 
crosshole seismic tomography problem (Berryman,l990), M is an m x n ray-path matrix, t is an m-vector of 
first arrival traveltimes, and B is the model slowness (inverse velocity) vector, The method of Arnoldi (1951) 
solves this problem by introducing a sequence of orthonormal vectors v(,) through a process similar to Lanczos 
tridiagonaliration, but with all vectors dk) reorthogonalized against all previous vfi) for i < k. To obtain the 
minimum norm least-squares solution of M s  = t, the method may be applied to the normal equations (2), since 
they have the form Ax = b with square symmetric matrix A = W M ,  unknown vector x = 8, and data vector 
b = MTt. 

4.1 Arnoldi algorithm 

With A = @M and b = MTt, the Arnoldi algorithm is a projection procedure equivalent to the following: I 
I -  

and, for k 2 2, I 

By construction, all the basis vectors satisfy ( v ( ~ ) ) ~ v ( ~ )  = hi, so to numerical accuracy the v vectors are 
orthonormal and furthermore they would each be identical to the corresponding vectors z appearing in the 



Lancros process if the computations could be performed with infinite precision. Results would be identical to the 
results of Lanclroa method in this ideabed situation. In fact, (30) and (31) are identical to (21) and (22), while 
(32) is identical to (23) for k = 2. Differences only begin to arise for k 2 3. 

For the application to traveltime tomography, the pertinent constants are defined by N1 = lMTtl = ( ~ ( l ) ) ~ M ~ t ,  
T T dk = ( ~ ( " 1 )  @Mv(~)  

1,. . . , k. The equations (30)-(32) determine a system of the form 
for k = 1,2,. . ., and ni j  = (di)) WMv(i )  for i = 1,2,. .. , and j' = i - 1,i + 

vk+lHk+l =MTI\IIVk for 2 < k 5 T, (33) 

where the upper Hemenberg matrix ((k + 1) x A) of coefficients is defined by 

for 2 5 kL r, (34) 

and where the matrix Vk = (v(l) v(') d3) . . . dk) ) is composed of the resulting orthonormal vectors. 

Assuming infinite precision, the process stops when k = r (the rank of the matrix) because then q+l,r E 0 (or 
is numerically negligible). Thus, the bottom row of the Hessenberg matrix H,+1 is full of zeroes, and therefore 
may be truncated to create the square (r x r) matrix H, which contains only the first r rows of H,+1. Then, it 
follows from (33) that this process results in the identity 

M ~ M  = v,S,vT. (35) 

Since a, is invertible, the Moore-Penrose inverse (Penrose, 1955a) of the normal matrix is given by 

The solution to the least-squares inversion problem may therefore be written as s = V, @,)-' V T w t  = 
NlV, @,)-'el. The first column of the inverse of H, is the only one needed and may be found wing an 
elementary recursion relation. 

4.2 Arnoldi resolution 

Like the Lanczos algorithm, the Arnoldi algorithm produces a sequence o€ orthonormal vectors in the model 
space. It is therefore straightforward to see that the model resolution matrix for this method is 

~ m * l =  MTM (MTM)+ = vrv,T, (37) 

which is also clearly symmetric. In analogy with the results for the Lancsos algorithm, I can again compute the 
data resolution matrix using the fact that = MMt = M (@M)+ MT together with (361, so 

R h * a  = MVr (By-)-' VTMT. (38) 

Both resolution matrices are symmetric if the full ArnoIdi inverse is computed. 



By design, orthogonality M maintained among the vectors Y('),  so the matrix V, ia just the span of the model 
space associated with the ray-path matrix M. Thus, (37) is understood intuitively as the result one obtains by 
finding a new orthonormal 8et of basis veetors for the span of the resolution matrix. However, for the Arnoidi 
algorithm as for the Lanexos algorithm, the data resolution must be computed indirectly from the available 
information using (38). 

ACKNOWLEDGMENTS 

I thank H. Tal-Ezer for introducing me to the Arnoldi algorithm. This work waa performed under the auspices 
of the U. S. Department of Energy by the Lawrence Livermore National Laboratory under contract No. W-7405- 
ENG-48 and supported specifically by the Geosciences Research Program of the DOE Office of Energy Research 
within the Office of Basic Energy Sciences, Division of Engineering and Geosciences. Part of the work was 
performed while the author was visiting the Geophysics Department at Stanford University. Partial support for 
this visit was provided by the Stanford Exploration Project, whose sponsors are hereby gratefully acknowledged. 

IWFERENCES 

Aki, K., Christoffersson, A., and Husebye, E. S., 1977, Determination of the three-dimensional structure of the 
lithosphere: J. Geophys. Res. 82, 277-296. 

Arnoldi, W. E., 1951, The principle of minimbed iterations in the solution of the matrix eigenvalue problem: 
Quart. Appl. Math. 9, 17-29. 

Backus, G., and Gilbert, F., 1968, The resolving power d gross earth data: Geophys. J. R. Astron. Soc. 16, 

Berryman, J. G., 1990, Stable iterative reconstruction algorithm for nonlinear traveltime tomography: Inverse 

169-205. 

Problems 6, 21-42. 

Berryman, 3. G., 1993, Resolution for Lancros and Paige-Saunders inverses in tomography: SEP-77, 161-173. 

Evans, J. R., and Achauer, U., 1993, Teleseismic velocity tomography using the ACH method: Theory and 
application to continental-scale studies: in Seismic Tomography: Theory and Practice, H. M. Iyer and K. 
Hirahara (eds.), Chapman and Hall, London, pp. 319-360. 

Jackson, D. D., 1972, Interpretation of inaccurate, insufficient and inconsistent data: Geophfrs. J. R. Astron. Soc. 
28,97-109. 

Lancsos, C., 1950, An iteration method for the solution of the eigenvalue problem of linear differential and integral 
operators: J. Res. Not. Bur. Stand. 46, 255-282. 

Moore, E. H., 1920, Bull. Amer. Math. SOC. 26, 394-395. 

Paige, C. C., and Sannders, M. A., 1982, LSQR An algorithm for sparse linear equations and sparse least squares: 
ACM Tram. Math. Softwurc 8, 43-71. 

Parlett, B. N . ,  1980, The Symmetric Eigenvalue Problem, Chapter 13, Prentice-Ha& Englewood Cliffs, NJ, pp. 
257-287. 

Penrose, R., 1955a, A generalized inverse for matrices: Proc. Cambridge Philos. Soc. 51,406-413. 

Penrose, R., 1955b, On best approximation solutions of linear matrix equations: Proc. Cambridge Philos. Soc. 
52, 17-19. 



Rao) C. R., 1965, Linear Statwticial Inference and Ifs Applications, Wiley, New York, pp. 24-26. 

Wiggins, R. A., 1972, The general linear hverse problem: Implications of surface waves and free oscillations for 
Earth structure: Rev. Geophys. Space Phys. 10, 251-285. 




