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Abstract 

Some dynamic environments are characterized by time 
histories that are not Gaussian. A more accurate 
simulation of these environments can be generated if a 
realization of a non Gaussian time history can be 
reproduced which has a specified auto spectral density 
(also called power spectral density) and a specified 
skewness and kurtosis (not necessarily the skewness and 
kurtosis of a Gaussian time history). The mean square of 
the waveform is reproduced if the spectnun is reproduced. 
Modem waveform reproduction techniques can be used to 
reproduce the realized waveform on an electrodynamic or 
electrohydraulic shaker. A method is presented for the 
generation of realizations of zero mean non Gaussian 
random time histories with a specified auto spectral 
density, skewness, and kurtosis. Kurtosis, defined in this 
paper as E[x4]/E2 [x ' ]  , greater than 3 can be realized. 
Realizations of the random process are generated with a 
generalization of shot noise. 

Keywords 

Shot noise, random noise, spectral density, skewness, 
kurtosis, non Gaussian 

Introduction 

Several methods are available to generate a realization of 
a Gaussian distriiuted waveform with a h o w n  auto 
spectral density. The method of Smallwood and Paez [l] is 
an example. However, the generation of random noise 
with a specified spectral density but with a non Gaussian 
distriiution is less well known. In general the production 
of random noise with a specified spectral density and a 
specified non Gaussian distriiution is very difficult. 
However, it is also known that a distribution can be 
specified by its moments, with higher order moments often 
becoming less important. This paper will develop a 
method for producing realizations of a zero mean random 
process with a specified spectral density, skewness and 
kurtosis. This in essence specifies the first four moments 
of the distriiution in addition to the spectral density. The 
solution is not unique. Many wavefoms can have the 
same spectrum and the same first four moments. 

Theory 

A generalization of shot noise will be used for the 
realizations. Shot noise is defined [papoulis [3], p.2881 as 
a filtered sequence of impulses, governed by a Poisson 
process. The filter impulse response is h(r). 

ca 

s(t) = c h(t - Ti) 

where Ti are random times where the time between 
impulses is governed by an exponential distriiution with 
an average rate of h occurrences per second. It is well 
known that as h approaches infinity the process becomes 
Gaussian [papoulis, p.5701. By taking advantage of the 
process for h less than iniinity we can generate 
realizations with a specified skewness and kurtosis (or 
equivalently the third and fourth moments) different than 
for a Gaussianprocess. It canbe shownthat the first four 
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moments of shot noise are givenby [see Papoulis and Lin] 
qS] = ah, 
as2] = ah, 

parameters to define the amplitude function. Several 
options are available. One method would be to describe 
the amplitude as a random process of independent 
amplitudes, with a normal distn'bution described with a 
mean, p A , and standard deviation, OA , which gives (2) as3] = ah, 

a s 4 ]  = ah, + 2a2e 
where 

x,, = jh"(t)dt  
00 

-0 

(9) 

A second method would descriie a series of impulses with 
two fixed amplitudes, 4 and A, , and a probability of 
112 for each amplitude. Each amplitude Ai is chosen 
independently as one of these two amplitudes, which gives 

Further discussion will be restricted to the case where 
& = 0 , which results in a zero mean process. 

First the shot noise will be generalized with the addition 
of an amplitude parameter. 1 

00 ~ [ 4 = 5 ( 4 + A , )  
x(t) = CAh(t -Ti) (4) E[A2] = :(& 1 + A ; )  

I=- 

a x "  Wl= Am" (a (5) 1 
The above expression is not used directly but as a step to E [ A ~ I  = --(A: + 4) 

E [ A ~ ]  = ($ + 4) 
the following expression. The amplitude itself can be a 
random process, in which case the generalized shot noise 
takes the form 

1 

EAi and zi are independent 

An impulse response function will be chosen as the 
inverse Fourier transfom of the square root of the 
required auto spectral density, G,. 

A third method will describe impulses chosen with fixed 
amplitudes A, or -A,. The amplitudes Ai will be chosen 
independently with a probability ofp for A, and (l-p) for - 
A,. The expectedvalues ofA are . 

EUI = 4 P  + (1 - P)(-Ax) = Ax(2P - 1 )  
E [ A 2 ] = 4 , 2 p + ( 1 - p ) ( - 4 ) 2  =& 
E[A3]= ~32p-1 )  

(11) 
E[A4] = 4 
The last method will be used in this paper because it leads 
to a simple closed form solution for the three parameters; 
h, A,, and p. The combinations of Eqs. (2), (7), and (11) 
gives 

If the spectrum of Ai is white with unity amplitude, the 
resulting spectrum of x will be the desired spectrum. The 
next step will be generation of an amplitude function that 
can be used to control the 2nd through 4th moments of 
x(d. In each case we will need three flee parameters. h 
will serve as one of the parameters. This leaves two 
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E[x] = 0 
-3 - 

E[x2]  = qz& 
E[x3] = q 3 ( 2 p  - 1)& 
E[x4]  = A,”(G4 + 3 A z g )  

The solution for Eq. 12 for the unknown parameters is 

where 

a x 4 ]  
$3 = and K4 =- 

E3’2[x2] E2[x2]  

Several observations can be made from the solution. First, 
as I? 3 3, h+- as expected. Since h must be positive, 
only a kurtosis greater than 3 can be achieved. Second, the 
product A,”A is equal to the constant E[xZ]I% . Third, 
if S = 0, then p = 1/2; if S is greater than 0, p>1/2; and if 
S is less than 0, p <1/2. 

Since p is limited to the interval [0, 13, the skewness is 
limited by 

I 1  
s34q 

K? 
Since as I? +3, h +w, S + 0, only a skewness of near 
zero is available as the kurtosis approaches 3. Fourth, as 

Which implies any kurtosis greater than 3 can be 
achieved. 
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Digital Implementation 

The impulse response function h(t) can be approximated 
in a digital simulations by taking the inverse FFT of the 
square root of the auto spectral density of the random 
process to be simulated 

where N is the block size. In this form samples of the 
impulse response for negative time will be in the upper 
half of the transfona A circular shift of N/2 will place 
the samples of the impulse response in a more convenient 
form. This will result in a delay in the output of N/2 
samples, but will not change the final result. In theory the 
impulse response is not time limited. To reduce leakage 
caused by truncation of the impulse response, the sampled 
impulse response can be multiplied by a window and the 
mean removed. 

where 

The times of the impulses are Z, . The sample number of 
the mth impulse is given by iL. A realization the next 
delay is given by 
k, = z, I At = km-l + round(r, I At)  

where At is the sample interval, and r,,, are independent 
numbers generated from a exponential distriiution with a 
mean of A. Since the impulse response function is non 
zero only in the interval 0 to N-1, the sum deiining x @q. 
(6)) must extent only over the t e r n  where h( j - k j )  is 
non zero. This interval includes i’s where 
0 I j - ki I N - 1 .  Samples of the random realization 
canthe be realized using 

where i extends over the values 

jI kj I j + N - 1  
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Conclusions 
If the first impulse is at = 1 , after a transient of N 
samples a stationary output wil l  be generated. The 
frequency resolution (in this case we mean the bandwidth, 
B, of the smallest frequency feature which can be 
generated in the realization) of the expected spectral 
density of samples of x(t), xi , will be determined by the 
block size, N, and the window used. As N increases the 
bandwidth of the smallest feature decreases such that 
product B * NAt remains approximately a constant. 
Sometimes h is so large that the quantization of Z, can 
be a significant problem, For this case h(t) can be sampled 
at a multiple of the sample rate for x(0. An offset of the 
first sample of h(0 and decimation can be used to improve 
the resolution of the delays. 

Examples 

Realizations of random processes for six variations of 
skewness and kurtosis were generated. In each case the 
sample rate was 10,000 samples per second, and 8192 
samples after the transient at the beginning were 
computed for each realization, Each example was repeated 
10 times. The mean and standard deviation computed 
from these 10 realizations are shown in Table 1 with the 
standard deviation in parenthesis. The reference spectrum 
is shown as the dashed line on Figs. 2 and 4. Figures 1 
and 3 plot 8000 points of the time histories. The block size 
for the impulse response function was 1024. The window 
used for the impulse response was a Hanning window. The 
auto spectral density for each of the realizations was 
estimated using Welch's method [4] , using a Block size of 
512 with 50% overlap and a Hanning window. For the 
example problems 

6 = 0, & = 290, & = l.le5, and & = 83e7 
Table 1 lists several parameters for each of the 
realizations. It is seen that most estimates of the means 
fall within one standard deviation, and all the estimated 
means fall within 2 standard deviations of the expected 
values. 

The paper presents a convenient way to generate 
realizations of a non Gaussian random process with a 
specified spectral density. The method uses shot noise 
with a rate of occurrence less than that required for a 
Gaussian distriiution, This suggests a physical 
interpretation for the origin of some field data with a non 
Gaussian distriiution. If a system is excited with an 
impulsive source, or if impulses are generated within the 
system, and the frequency of these impulses is less than 
that required for a Gaussian distribution, the distriiution 
w i l l  be non Gaussian in a manner very similar to the 
process desmied above. An example of an impulsive field 
excitation might be vehicle road data where part of the 
input is generated by bumps and potholes in addition to 
the normal random road variations. An example of 
impulses generated within a system can be a "rattle". If the 
rattle is threshold sensitive and the excitation source is 
random, the threshold will be crossed randomly and is 
often assumed to be a Poisson process. 
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I Eb21 2830 2830 2830 2830 2830 2830 
l N  2830 2890 2810 2840 2820 2800 
-Ex; N ;=.I (820) (900) (940) (170) (130) (101) 

Table 1 Parameters for example realizations 

.-A 

s‘ 0 
a x 3  1 0 
1 *  -.7e4 -Ex? (1.4e4) N :-, 

-5- 

0 0 0.1 0.4 0.7 
0 0 1.5e4 5.5e4 l.le5 

-.9e4 .2e4 1.6e4 5.5e4 1.03e5 
(2.4e4) (3.8e4) (.le4) (1.4e4) (.le5) 
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h 
A 
P 

Case1 Case2 Case3 Case4 Case5 Case6 
E[”] 0 0 0 0 0 0 

1X 0.01 .06 0.02 -.01 .04 

987 329 141 987 987 987 
0.099 0.172 0.263 0.099 0.099 0.099 
0.5 0.5 0.5 0.57 0.78 0.99 

K4 I 4 I 6 I 10 I 4 I 4 I 4 
3.2e7 I 4.4e7 I 8.0e7 I 3.2e7 I 2.7e7 I 4.3e7 

l N  3.3e7 5.2e7 7.9e7 3.6e7 3.le7 3.le7 I -Ex: N >-. 1 (.3e7) I (.6e7) I (l.le7) I (.6e7) I (.4e7) I (.3e7) I 
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Figure 1 Time histories for Cases 1,2, and 3, from top to bottom 

Figure 2 Auto spectral densities for Case 1,2, and 3, from top to bottom 

Figure 3 Time histories for Cases 4,5, and 6, from top to bottom 

Figure 4 Auto spectral densities for Case 4,5, and 6, from top to bottom 
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ence herein to any specific commercial product, process, or service by trade name, trademark, 
manufacturer, or otherwise does not necessarily constitute or imply its endorsement, recom- 
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