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Stress transfer between the fibers and the matrix in the fiber-reinforced composite has been 
analyzed extensively using a shear lag model. The ends of the embedded fiber are generally 
assumed to debond from the matrix and stress transfer occurs only at the interface along the 
fiber length. The debonded ends are stress-free and the boundary condition at debonded ends 
in solving the stress transfer problem is trivial. When the ends of the fiber are bonded to the 
matrix, stress transfer also occurs at bonded ends, and the stress at bonded ends is finite. 
However, this finite stress is not a predetermined value, and the boundary condition at 
ends becomes ambiguous. To rssolve this ambiguity, a technique of adding imaginary 
in the shear lag model is devdoped. Stress transfer problems are analyzed when the 
composite is subjected to residual stresses or load. Comparison with experimental results 1 
also made. 
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INTRODUCTION 

Many structural materials (e.g., concrete and ceramics) display brittle behavior. This behavior 
is characterized by a linear stress-strain relationship up to the ultimate tensile strength, beyond 
which catastrophic failure occurs. However, substantial reinforcement can be achieved by 
incorporating aligned fibers in concrete or ceramics with the fiber axis parallel to the loading 
direction [l], and there has been a rapid growth in the use of fiber-reinforced composites in 
engineering applications due to their great versatility and high perfoxmance. The mechanics of 
reinforcement relies on stress transfer between the matrix and fibers when the composite is 
subjected to loading. The stress transfer phenomena have been confirmed by the measurement 
of the strain distribution along the fiber length using Raman spectroscopy [2,3]. Numerical 
methods r4-q have been employed to analyze the stress transfer behavior. The first attempt to 
obtain analytical solutions for the stress transfer problem was perfoxmed by Cox r7-J in 1952 
in which a repsentative volume element consisting of a fiber and a coaxial cylindrical matrix 
was used for modeling. This model is now referred to as the shear lag model, which has been 
adopted and refined by many others [ 1,8-131. 

Whereas continuous fiber-reinforced composites can only be molded into simple shapes, 
composites in which fibers are discontinuous and controlled in orientation have good 
mechanical properties and can be molded into complex geometries. For discontinuous fiber- 
reinforced composites, fibers have finite length and are fully embedded in the matrix A 
question regarding the boundary condition at the ends of a fully embedded fiber is hence 
raised In the classical shear lag model [7], the ends of the embedded fiber are assumed to 
debond b m  the matrix and stress transfer occurs only at the interface along the fiber length. 
The debonded ends are stress-free and the boundary condition at debonded ends in solving the 
stress transfer problem is trivial. When the ends of the fiber are bonded to the matrix, stress 
transfer also occurs at bonded ends, and the stress at bonded ends is finite. However, this 
finite stress is not a predetermined value, and the boundary condition at bonded ends becomes 
ambiguous. Different assumptions have been made to analyze the stress transfer problem with 
bonded fik-ends. In the solutions obtained by polynomial approximation [4], a constant 
axial stress or displacement is assumed in the matrix at the cross-section corresponding to the 
fiber ends. In the solutions obtained by the finite element method [a, a uniform axial 
displacement is adopted at the end of the matrix In the finite difference analysis [a, the lattice 
in the composite is strained by a constant amount; then, a technique of overrelaxation or block 
relaxation is used to calculate the displacement in the equilibrium condition. Recently, a 
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modified shear lag model [14,15] was developed which resolved the problem of the 
ambiguous boundary condition at the bonded ends and derived analytical solutions. 

This paper reviews the modified shear lag model [ 14,151 for the stress transfer problems of a 
fully embedded fiber with a bonded interface and bonded ends. Two types of stresses are 
considered: residual stresses [lS] and axial loading stresses [14]. First, the essence of the 
modified shear lag model is reviewed. Second, the analytical solutions for the case of residual 
stresses are summarized, and their comparison with experimental results are shown. Finally, 
while the analytical solutions for the case of loading can be found elsewhere [14], comparison 
of analytical solutions with both numerical solutions and experimental results are summarized. 

THE MODIFIED SHEAR LAG MODEL 

A fiber with a radius a and a length 21 is embedded at the center of a coaxial cylindrical matrix 
with a radius b and a length 21'. md the composite is subjected to either residual stresses or a 
loading stress, ai, parallel to the fiber axis (Fig. 1). The geometry described in Fig. 1 is 
symmetric, and only the region 2 2 0  is discussed. Stress transfer between the fiber and the 
matrix in the region OSz9 car' be analyzed using a shear lag model; however, two questions 
remain. The first question regards whether stress transfer occurs in the region 11211', in 
which there is no fibers and 0.11~ the mamx exists. The second question regards the stress at 
the fiber end (Le., at z=Z) which is required as a boundary condition in solving the stress 
transfer problem; however, this stress is not a predetermined value. To address the above two 
questions, the technique of assuming imaginary fibers in the composite has been developed 
[ 14,151. The matrix connecting the fiber end to the surface of the composite (see the region 
r<d and Z99' between dash lines in Fig. 1) is treated as an imaginary fiber, which has the 
matrix properties. With the imaginary fiber, stress transfer in the region 11251' can also be 
analyzed using a shear lag model provided that the stress in the fiber at z=Z is predetermined. 
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Fig. 1. A schematic showing the modZed shear lag model for stress transfer between the 
matrix and the embedded fiber. The imaginary fibers are added to analyze the case 
that the ends of the real fiber are bonded to the matrix. 

Unless the axial stress at z=Z is equal to that at z=Z', stress transfer in the region 1129' should 
occur. Due to the discontinuity of material properties at z=Z, the axial stress at z=Z is expected 
to be different from that at z=Z'. Hence, stress transfer occurs in both regions, O l z l l  and 
195Z', and one shear lag model is required for each region to analyze stresses. However, due 
to the unknown stress at z=Z, the solution of stress distribution within each region contains 
one unknown parameter. It is noted that the two regions join at z=Z. Hence, both the axial 
stress and the interfacial shear stress obtained from the above two shear lag models for the 
above two regions should be continuous at z=Z. These two continuity conditions at z=Z 
provide solutions for the two unknown parameters, and the solution for stress transfer in the 
entire composite is complete. 
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RESIDUAL STRESSES 

Residual stresses develop due to the thennomechanical mismatch between the fiber and the 
matrix during cooling of the composite from its fabrication temperature. The general solutions 
for the residual axial stress in the fiber, of, and the interfacial shear stress along the fiber 
length, q, have been derived, such that [15] 

T i  = -[ -aP Aexp (pz) -  Bexp ( -Pz)] 
2 

where the coefficients, A and B,  are to be determined from boundary conditions, E and v are 
Young's modulus and Poisson's ratio, a is the coefficient of thermal expansion, AT is the 
temperature change for smss development, the subscripts f and m denote the fiber and the 
matrix, respectively, f is the area fraction of the fiber (=&b2), and D1, D2 and p are given 
by 

1 P=; 

The general solutions of the axial stress, of, and the interfacial shear stress, q', for the 
imaginary fiber are 

(for ZSzSZ') 

(for 1911') 

Determination of the coefficients, A and B for the real fiber and A' and B' for the imaginary 
fiber, requires four boundary conditions. These four boundary conditions are the free surface 
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condition at z=I', continuities of the axial stress and the interfacial shear stress at z=Z, and the 
symmetric condition at z=O. The solutions of A, B,  A' and B' subjected to the above 
boundary conditions are 

Property PRD-166 Pyrex 
Young's modulus (GPa) 380 61 

Coefficient of Thermal Expansion (x10-6) 9 3.85* 

Poisson's Ratio 0.27 0.3 
- 820 Softening Point (OC) 

B = A  

SLS 
74 
0.3 
700 

10.9* 

The stress-induced axial strain along the length of a fully embedded fiber has been measured 
using fluorescence specnoscopy by Yang and Young (31. A model composite was fabricated 
by embedding a single PRD- 166 alumina-zirconia fiber in a glass matrix, for which either 
Pyrex or soda-lime silicate (SLS) was used. The material properties are listed in Table 1 
[3,15]. The fiber has a radius, a, of 10 pm, and a length, 21, of 1.2 mm and 1.4 mm, 
respectively, for PRD- 166/Pyrex and PRD-l66/SLS composites. The matrix radius is about 
100 times the fiber radius (Le., b/a=lO), and the matrix length is about three times the fiber 
length (i.e., 1'=31). Also, since the measurements were performed at -22OC, AT is taken as 
the difference between 22OC and the softening point (see Table 1) of the glass matrix. 
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Fig. 2. Distributions of the elastic stress-induced axial strain along the fiber length for (a) 

PRD-lM/Pyrex and (b) PRD-l66/SLS composites. The predicted elastic axial strain 
in the imaginary fiber (i.e., the matrix) is also shown. 
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The measured stress-induced axial strains along the fiber length are shown in Figs. 2a and 2b 
for PRD-166Pyrex and PRD-l66/SLS composites, respectively. The strain has a finite value 
at the fiber end, and its magnitude increases along the fiber length and reaches an asymptote in 
the central region. The positive and the negative signs for the strain correspond to tension and 
compression, respectively. The measurements along the fiber length are in excellent 
agreement with the predicted results (Fig. 2). The predicted stress-induced axial strains along 
the imaginary fiber (i.e., in the matrix) are also shown in Fig. 2; however, the experimental 
measurements are not available for comparison. Compared to the fiber, the matrix has a 
greater stress-induced axial strain around the fiber end. This is due to the lower Young's 
modulus of the matrix compared to the fiber. 
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AXIAL LOADING STRESSES 

The analytical solutions for this case have been derived and can be found elsewhere [14]. The 
effectiveness of stress transfer f n m  the matrix to the embedded fiber depends on both the 
fiber length and the Young's modulus ratio, Ef/Em. A critical fiber length, IC, has been 
defined [6,16] such that at this; critical length, the maximum fiber stress (Le., the fiber stress at 
z=O in Fig. 1) equals 97% of that for an infinitely long fiber. Knowledge of IC is of primary 
importance to ensure that the f. ber is sufficiently long to achieve the efficient reinforcement 
effect. 
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Fig. 3. The normalized critical fiber length, Ida, for effective stress transfer as a function of 
the Young's modulus ratio, Ef/Em. (-) Analytical solution [14], (---) finite 
difference solution [6], (--) empirical equation [18], and ( 0 )  experimental [17]. 

The experimental measurements of IC have been performed on polydiacetylene fiber/epoxy 
resin matrix (for which b/a=ll, vma.35, Ef/Em=16, and ZJa=26.7) [17]. Using b/a=ll 
and m4.35, the predicted normalized critical fiber length, ZJa, as a function of the Young's 
modulus ratio, &/Em, is plotted in Fig. 3. The results obtained from the finite difference 
solution [6] and the analytical solution [14] are shown. The finite difference solution [6] gives 
an approximately linear relation between ZJa and Ef/Em. It is noted that the predicted curve 
should intercept the x-axis at a value greater than 1 (Le., Ef/Em>l when ZJa=O) in Fig. 3 
based on the definition of ZC. This is because the axial stress in a discontinuous fiber is always 
equal to that of an infinitely long fiber (and the applied stress) when EfEEm (Le., of=oo 
when E p E d .  Unlike the predicted curve from the finite diffeIence solution [6] which 
passes through the origin in Fig. 3, the predicted curve from the analytical solution [14] 
intercepts the x-axis at a value greater than 1. Also, based on experimental results performed 
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on various composites (for which Ef/Em>15), an empirical equation [18], lda = 
4.7(Ef/Em)1/2, has been proposed to describe the relation between 1Ja and Ef/Em. 
Compared to the finite difference result, the analytical solution is in better agreement with the 
empirical equation. 

CONCLUSIONS 

The classical shear lag model deals with stress transfer at the interface along the fiber length 
only. However, for discontinuous fiber-reinforced composites, the fibers are fully embedded 
in the matrix. When the ends of fibers are bonded to the matrix, stress transfer also occurs at 
fiber-ends. Knowledge of stress transfer at fiber-ends is essential in predicting the efficiency 
of reinforcement effect by the discontinuous fiber. Various assumptions have been made for 
the boundary condition at the bonded fiber-ends to analyze the stress transfer problem. 
However, the physical basis of those assumptions is lacking. The technique of adding the 
imaginary fiber in the model ir reviewed which satisfies the continuity condition at fiber-ends, 
and its analytical solution agrees well with experiment results. The analytical solutions 
summarized in the present siudy are for composites subjected to either residual stresses or 
axial loading. When composites are subjected to both residual stresses and loading, the 
solutions can be obtained by superposition due to the linear stress-strain relationship in the 
analysis. However, when thc: interface becomes debonded and frictional, superposition 
cannot be applied. 
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