
Consider perfectly ordered wet foams in which nonspherical gas 
bubbles with identical shape and orientation are arranged on a 
crystal lattice. The volume fraction q5 of continuous liquid phase 
is finite. Films with zero thickness separate adjacent gas bubbles 
so all liquid is located in Plateau borders that form intercon- 
nected channels along bubble 'edges' where films join. We con- 
sider elastic deformations of foams ranging from dry polyhedral 
cells (4 = 0) to close packed spherical bubbles = 0.2595). 
In the dry limit, Plateau borders degenerate to form curved lines 
that define the edges of polyhedral cells. Plateau's laws require 
that four edges meet at each cell vertex, to  minimize surface area 
in dry foams. The Kelvin cells in a perfectly ordered dry foam 
have fourteen faces with zero mean curvature: eight hexagons 
and six quadrilaterals. When the stress is isotropic, the Kelvin 
cells sit on a body-centered-cubic (bcc) lattice. As q5 increases, 
films shrink in area and eventually vanish when bubbles lose con- 
tact. Closest packed monodisperse spheres have many possible 
configurations, but only face-centered-cubic (fcc) packing has one 
bubble per unit cell. The polyhedron associated with an fcc lat- 
tice is the rhombic dodecahedron (RD), which has twelve flat 
rhombic faces. The obtuse angle of these faces equals the tetra- 
hedral angle, cos-'(-1/3) w 109.47'; Plateau's laws are satisfied 
at these vertices where four edges meet. A dry foam with rhom- 
bic dodecahedral cells is unstable because eight edges meet at the 
cell vertices with acute angles, violating Plateau's laws. Plateau's 
laws - originally established by experimental observation - are 
a mathematical consequence of minimizing the surface area or 
surface energy of a foam, which is necessary for 'stability' of the 
structure (1). Plateau's laws do not apply to  wet foams, where 
in particular, Plateau borders can meet at the vertices of a stable 
structure other than four at a time. 
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Figure 1. Bubbles in perfectly ordered foams: (a) Kelvin cell, (b) 
rhombic dodecahedron, (c) wet Kelvin cell, and (d) wet rhombic 
dodecahedron with Plateau borders, q5 = 0.06. 

RESULTS 
The Surface Evolver (2) was used to  compute the geometry of wet 
foams with minimal surfaces. Single bubbles and Plateau border 
segments for foams with Kelvin and RD topology are shown in 
fig. 1. The dry films have zero mean curvature and tension 2T 
from two interfaces. The Plateau border interfaces have constant 
mean curvature given by (Pb-Ppb)/T=l/R+ where P b  and P p b  
are the bubble and Plateau border pressure and 4 b  is the effec- 

tive radius of curvature away from the junctions. The Plateau 
border and film interfaces are tangent at the common line. The 
unit cell contains two regions: bubble and Plateau border with 
volumes (l-4)V and 4 V  respectively. In all calculations, T and 
V equal one, which is equivalent to scaling length by V1I3 and 
s t r k  and interfacial energy density by T/V1I3. 
Elastic behavior is evaluated by subjecting a foam to homoge- 
neous deformations and computing the deformed structure and 
corresponding stress (3,4). n o m  cubic symmetry, Kelvin and RD 
foams on bcc and fcc lattices have two independent shear moduli 
G1 and G2, which can be averaged over all orientations to ob- 
tain an effective isotropic shear modulus G. In fig. 2, these shear 
moduli are compared with the empirical correlation of Princen 
& Kiss (S), obtained from shear modulus data for concentrated 
oil-in-water emulsions with polydisperse dropsize distributions. 
The perfectly ordered structures exhibit anisotropic linear elastic 
behavior. Both structures have positive Gi and are stable over 
some overlapping q5 range. The smaller shear modulus for the 
Kelvin foam decreases rapidly as q5 -+ &,cc M 0.11; &,cc corre- 
sponds to the situation where the smaller (original 4-sided) films 
shrink to  zero area as they are consumed by Plateau borders that 
grow with 4. When these films w i s h ,  only eight films remain 
on each bubble. More important, aZZ of the Plateau borders con- 
verge to  form eight-way vertices - this situation is unstable. 

Figure 2. Shear moduli for wet Kelvin and rhombic dodecahedral 
foams compared with the empirical relation of Princen & Kiss. 
Consider large, isochoric, uniaxial extension of a Kelvin foam 
along a (1,0,0) direction; the bcc lattice becomes fcc at Hencky 
strain efcc = $log2 = 0.231. Figure 3 shows the evolution of 
bubble shape with strain. As e increases, the foam structure 
undergoes a topological transition from Kelvin t o  RD topology 
at ET < Efcc. Films perpendicular to  the stretching axis shrink 
and eventually vanish at ET, resulting in bubbles with twelve 
thin films and some eight-way Plateau border vertices. Further 
stretching takes these bubbles to  wet RD with isotropic stress at 
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€Icc. Figure 4 shows the tensile stress u and interfacial energy 
density E for this process. The slope du/& at e = 0, €Icc is three 
times the smaller shear modulus of each structure. The energy 
maximum Emaz, which okurs when u changes sign at emaz,  de- 
termines the energy barriers between the undeformed structures, 
e.g. AEbcc=Emaz-Ebcc, which also represent areas ‘under’ the 
stress-strain curve. Ebcc and Efcc both decrease with and cross 
when 4 W 0.064; Ebcc is lower when 4 is small. . 

Figure 3. Evolution of bubble shape with increasing strain (a-e) 
as a wet Kelvin foam on a bcc lattice stretches to a wet rhombic 
dodecahedral foam on an fcc lattice, + = 0.04. 
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Figure 4. Tensile stress u and interfacial energy density E vs. 
strain e as a wet Kelvin foam stretches to a wet rhombic dodec- 
ahedral foam, + = 0.06. 
Figure 5 contains stress-strain curves for different +. When + 
falls in the range where both undeformed structures are stable, 
the curves exhibit all of the features just discussed. As the foam 
becomes wetter emar and decrease. Our simulations sug- 
gest that both €ma= and A&,,, go to zero when 4 = &cc- The 
situation for +>&,cc is represented by the curve for 4=0.12. The 
stress u stays negative as a wet RD foam is compressed to the 
bcc lattice at e = 0. The energy of the deformed RD foam on a 
bcc lattice is lower than that of an unstable ‘Kelvin foam’ with 
all eight-way vertices. For a dry Kelvin foam (+=O), u does 
not change sign but exhibits a maximum and a turning point as 
c -t 0.254 > efcc. The deformed foam at e = efcc has lower 
energy than an unstable foam composed of rhombic dodecahe- 
dra. It is difficult to  compute accurately the microrheology of 

wet foams when + is very close to zero. It is reasonable to as- 
sume that U(E)  for a slightly wet Kelvin foam lies just below that 
of the dry foam for E 5 cfcc. The behavior of .(e) for a slightly 
wet RD foam is not so obvious, even though it has been argued 
that an eight-way vertex is metastable for arbitrarily small + (6). 

CONCLUSIONS 
The Kelvin cell is the only known topology for stable, perfectly 
ordered, dry foams. During topological trinsitions (Tls) asso- 
ciated with large elastic-plastic deformations, these cells switch 
neighbors and some faces gain or lose two sides, but the resulting 
bubbles with different shape are still Kelvin cells. The bubbles 
in a stable, perfectly ordered, wet foam are not limited to  one 
topology (or even the two described here). The topological tran- 
sitions considered here result in gain or loss of two dry films per 
bubble. The transition from Kelvin to RD topology is triggered 
by films shrinking in area, as in the dry case. However, the re- 
verse transition from RD to Kelvin topology involves a different 
mechanism - opposite interfaces of an eight-way vertex touch 
and a new film grows from the point of contact as the foam is 
compressed. Microrheological analysis based on 2D models of 
foam structure has been useful preparation for 3D, despite ob- 
vious differences between 2D and 3D. Linear elastic behavior is 
anisotropic for perfectly ordered 3D foams - nonlinear elastic 
behavior is isotropic for 2D foams with polydisperse hexagonal 
structure. The shear moduli of a wet Kelvin foam decrease with 
increasing 4 - the shear modulus of a wet 2D foam (with three- 
way Plateau borders) does not depend on + at all. The effective 
isotropic shear moduli G of perfectly ordered wet foams tend to 
decrease with increasing + but do not exhibit linear dependence 
(see fig. 2), which may stem from the disorder of real systems. 
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Figure 5. Tensile stress u vs. e for various + as wet Kelvin or 
rhombic dodecahedral foams are stretched or compressed. 
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